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ABSTRACT

This dissertation introduces a novel theory of piezoelectromagnetic crystal ho-
mogenization which provides the basis to characterize media with nonlocal piezoelectric
and piezomagnetic properties, normally described by material tensors. The introduced
formalism extends the conventional homogenization theory which can not predict the dis-
persion of certain resonant structures of the electromagnetoelastic medium beyond the long
wavelength limit. Specifically, the existence of the negative refraction index for photonic
crystals and negative dynamic mass density and bulk modulus for phononic crystals can
not be predicted by classical formalisms.

The new theory is able to describe accurately the physical parameters of the ho-
mogenized electromagnetoelastic medium, even for wavelengths comparable with the char-
acteristic period of the crystal lattice. The results of the novel theory application to the
photonic and phononic crystals show a very good correspondence with those of other ho-
mogenization theories with the assumption of weak piezoelectric and piezomagnetic effects.

Furthermore, a metamaterial transformation of the nonlocal response of the ho-
mogenized piezoelectromagnetic medium is proposed. The developed theory of the meta-
material response was applied to well-known metamaterials (2D system of metallic wires,
split-ring resonators) and for introducing a new symmetric window resonators metamate-
rials with enhanced properties. The experimental study of the window resonators proved
the correctness of the new formalism predictions. An important advantage of the proposed
homogenization theory is that it allows to calculate reflectivity and transmission coefficients

for finite-size samples in the nonlocal regime.



RESUMEN

Esta tesis introduce una novedosa teoria de homogeneizaciéon de cristales piezo-
electromagnéticos que proporciona la base para caracterizar medios con propiedades piezo-
eléctricas y piezomagnéticas no locales que normalmente se describen con tensores mate-
riales. El formalismo introducido extiende la teoria convencional que no puede predecir la
dispersién de ciertas estructuras resonantes del medio electromagnetoelastico més alla del
limite de longitud de onda larga. KEspecificamente, la existencia del indice de refraccién
negativo para los cristales foténicos, y la densidad de masa dindmica y el médulo de bulto
negativos para los cristales fononicos no puede predecirse con formalismos clasicos.

La nueva teoria es capaz de describir con precisién los pardmetros fisicos del medio
electromagnetoeldstico homogeneizado, incluso para longitudes de onda comparables con el
periodo caracteristico de la red cristalina. Los resultados de la aplicacién de la nueva teoria
a cristales foténicos y fonénicos muestran una muy buena correspondencia con los resultados
de las teorias de homogeneizacién publicadas con la suposicién de efectos piezoeléctricos y
piezomagnéticos débiles.

Ademsds, se propone una transformacién metamaterial de la respuesta no local
del medio piezoeléctricomagnético homogeneizado. La teoria desarrollada de la respuesta
metamaterial se aplicé a metamateriales bien conocidos (sistema 2D de alambres metélicos,
resonadores de anillos abiertos) y para introducir un metamaterial nuevo basado en re-
sonadores tipo ventana con propiedades mejoradas. El estudio experimental de los re-
sonadores de ventana comprobd la exactitud de las predicciones del formalismo propuesto.
Una ventaja importante de la teoria de homogeneizacion propuesta consiste en que permite
calcular coeficientes de reflectividad y transmision para muestras de tamaifio finito en el

régimen no local.
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Chapter 1

Introduction

Since ancient times, the humans have utilized the natural materials such as metals,
wood, or ceramics to satisfy everyday needs. The modern industry dictates the novel level
of the physical properties of these materials. For example, certain technological processes
require improved mechanical strength, enhanced stability at low and high temperatures,
chemical resistance in aggressive environment, enhanced lifetime, decreased weight etc. The
obvious way to solve this problem is to combine the materials with dissimilar physical
properties into the composite, in other words, to synthesize complex structures inheriting
native parameters of the original elements. Additionally, these complex structures could
acquire unique mechanical, electrical, magnetic, and optical properties. One of the most
significant innovations in materials science is the introduction of the so-called metamaterials.
Such materials possess novel physical behavior that could not be found in nature. As an
example, the metamaterials exhibit extraordinary properties such as the negative refraction
index. This effect introduces a new class of mechanisms for controlling the propagation of

the electromagnetic and acoustic waves.

1.1 Electromagnetic metamaterials

The prefix “meta-” comes from the Greek word pera and means “to go beyond”.
The direct translation gives an idea that a metamaterial should be a material with unusual
properties, which are very different from that found in nature.

Although V.M. Agranovich and V.L. Ginzburg in 1966 reported the repercus-

sions of negative permittivity, negative permeability, and negative group velocity during

12
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(a) Victor Georgievich Veselago, (b) Sir John Brian Pendry, Imperial College

Moscow Institute of Physics and Technology.  London.

Figure 1.1: Pioneers in metamaterials - Victor Veselago and John Pendry.

their study of crystals, the scientific work [1] by Victor Georgievich Veselago, published in
1967, is considered the starting point of metamaterials research. Despite no such materials
were known at the time of the paper publication, V. Veselago predicted wave phenomena
occurring in the case of the simultaneously negative electrical permittivity and magnetic
permeability. The exhaustive definition of a metamaterial was given later in [2]: “..Meta-
materials are defined as macroscopic composites having a man-made, three dimensional,
periodic cellular architecture designed to produce an optimized combination, not available in

nature, of two or more responses to a specific excitation”.

In order to achieve non-usual physical properties, the electromagnetic metama-
terials are assumed to be metal-dielectric periodic structures. A high dielectric contrast
in such systems together with specific inclusion geometry results in a metamaterial effects
appearance. Works of John Pendry about the control of the effective negative permittivity
in thin wire systems ([3], [4]) together with artificial magnetism creation using the specific

resonators configuration [5] opened a new era in materials science.

Nowadays, metallic inclusions of negative index metamaterials (NIMs) or left-
handed metamaterials (LHMs) can have a great variety of forms [6]. The first implemen-
tation of NIMs [7] was based on the superposition of the conducting wires and split-ring

resonators (SRRs) [5] to achieve the simultaneous negative permittivity and permeability
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(Fig. 1.2). The structural asymmetry of the original SRRs design leads to a significant

Figure 1.2: David R. Smith (UCSD, Duke University) and first ever implementation of a

double-negative metamaterial, a split-ring resonators structure.

magneto-electric coupling, making their electromagnetic response bianisotropic [8]. An-
other class of SRRs was proposed to eliminate the bianisotropy [8] and to fabricate NIMs
with broadband response [9] for any direction of propagation and any polarization [10]. In
order to shift the operating frequency of metamaterials from microwave to optical range,
the SRRs have been redesigned and scaled. Subsequently, new types of NIMs such as arrays
of paired metallic nanorods [11], the staple-shaped nanostructure [12], arrays of ellipsoidal
voids in a pair of metal sheets [13], and the nanofishnet negative-index structures with
rectangular voids [14]-[15] were introduced.

The alternative design of left-handed metamaterials (LHMs) contains metallic
double-crosses inclusions inside the unit cell [16]-[18]. The double-cross metamaterial is
introduced by adding a second orthogonal wire pair. The bars of the metallic crosses are re-
sponsible for the negative permittivity of the medium in certain frequency interval, whereas
the negative permeability emerges because of the presence of the bar of the second cross
[16], [17]. In [18], it was shown that metamaterials with double-cross structure can have a
negative refractive index at the visible range and exhibit much lower losses in comparison to
the nanofishnet LHMs. An interesting cross metamaterial is a periodic array of tightly con-
ductor pairs forming Jerusalem cross [19], [20], that possesses NIM response to the linearly
s-polarized incident waves [19].

NIMs can also be fabricated by using chiral structures presented in [21]-[24]. The
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chiral metamaterials are characterized by the absence of the inversion symmetry and may
contain inclusions of following samples: metal rosettes [25], [26], metallic crosses [27]-[29],
‘U’-shaped SRRs [30], [31]), conjugated structures (gammadion resonator pairs [32], bi-layer
C8 structures[33]), metal helices [34], and other complex structures (see [21], [22], [35]-[37]).
These artificial structures can exhibit enhanced optical activity and circular dichroism in
comparison to those observed in natural materials [22], [25], [26], [32], [33], [38]. In chiral
metamaterials with strong magneto-electric coupling, the negative refraction may occur

even if both permittivity and permeability are positive [22], [23].

1.2 Acoustic metamaterials

Among metamaterials, the acoustic ones are most commonly studied. Alike elec-
tromagnetic metamaterials, acoustic metamaterials can possess negative refraction of sound
waves. This unusual property can be employed to make focusing and filtering of sound
waves possible, which has a variety of applications. Recently, the acoustic metamaterials
(or metafluids) are the object of intensive study ([39]-[49]). Such artificial materials are
periodic arrays of liquid or solid isolated inclusions in a liquid or gas matrix. They behave
like fluids and may have either anisotropic effective mass density [44]-[48] or negative effec-
tive dynamical parameters (mass density and/or bulk modulus) within certain frequency
intervals [39], [42], [43], [49]. If the matrix is a solid host material, the phononic dispersion
of the periodic structures (elastic metamaterials) may additionally exhibit narrow bands
with negative effective shear modulus as well as negative dynamic mass density [50]-[54].

The use of solid components increases the number of relevant parameters and,
therefore, the behavior of elastic metamaterials is rather complex [45]-[50], [55]-[57] com-
pared with that of the metafluids. For example, as is demonstrated in ref. [49], the phononic
band structure for a two-dimensional elastic metamaterial with multi-mass locally resonant
inclusions exhibits a double-negative pass band where its behavior is “fluid-like”, whereas in
other negative dispersion bands the phenomenon of “super-anisotropy” occurs, i.e. compres-
sional waves and shear waves can propagate only along different directions. The anisotropy
of mass density in acoustic metamaterials is well manifest in the low-frequency limit [44]—
[48]. In the case of elastic metamaterials, the mass-density anisotropy has been observed
at resonant frequencies only. In ref. [50], the experimental observation of strong anisotropy

of mass density along two principal orientations of metamaterials, based on a soft-coated
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elastic core embedded in a solid matrix, has been reported. There, it was found that the
local stiffness anisotropy in the coating layer is responsible for the difference of the locally
resonant frequencies for the effective mass densities along two principal directions of the
system and leads to the anisotropy of the mass density for the elastic metamaterial in bands
close to the resonant frequencies. For such a system, the effective mass densities for the
principal directions turned out to be equal to the average density in the static limit.

In a work [51], a homogenization theory, based on the plane-wave expansion (PWE)
method, to calculate the effective elastic response of phononic crystals (PCs) with solid
components, was put forward. It was shown how the derived expressions can also be applied
to phononic crystals with liquid components.

Besides, it was demonstrated that rectangular two-dimensional lattices of water-
filled holes in an elastic host matrix exhibit solid-like behavior with strongly anisotropic mass
density in the low-frequency limit. These new elastic metamaterials were called metasolids.
However, the experimental observation of their intriguing mass-density anisotropy in the
quasi-static case has not been reported yet. Therefore, designing three-dimensional periodic
structures with mass density anisotropy is an actual scientific problem with a variety of

potential applications.

1.3 Overview of the existing homogenization theories

1.3.1 Electromagnetic crystal homogenization formalisms

One of the central problems of crystals study is to determine the medium disper-
sion. For the electromagnetic system it can be achieved if one could calculate the dielectric
function which is generally speaking is dependent on the frequency w and the wave-vector k.
That is, an appropriate nonlocal theoretical description should be used. Unfortunately, the
classical theories can give an exhaustive response in the limited number of relatively simple
cases. The reason for that is the high contrast of the physical parameters inside the unit cell
(in particular, the metal-dielectric contrast in photonic crystals, the high solid-liquid shear
modulus contrast in elastic structures) together with difficulties of the analytical problem
solution due to boundary conditions determination ([58], [59]).

To overcome the mentioned difficulties, a homogenization approach is widely used.

The core idea of the homogenization is to replace a real structure with a homogeneous
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medium described by effective parameters. Indeed, the fast-oscillating physical fields inside
a homogenized medium should be properly described to work at high frequencies. There
exist several homogenization procedures for calculating the effective parameters of photonic
metamaterials (see, for example, [60]-[69]), their main difference is how to represent average
electromagnetic field inside the unit cell to describe medium dispersion in correct manner.

Perhaps, the most commonly-used procedure is the effective parameter retrieval
[60]. With this method, the effective permittivity ¢(w) and permeability p(w) (and, inclu-
sively, parameters of the bianisotropic response [22], [38], [63]) are determined by requiring
that experimental optical scattering spectra for a heterogeneous slab coincide with theo-
retical spectra for a homogeneous layer. However, such procedure may provide multiple
solutions [21]. Besides, unlike homogeneous media, the retrieved effective parameters are
sensitive to the slab thickness [70], [71] and depend on the characteristics of the substrate
and top layers [63]. The application of homogenization approach to periodical media is still
far from final solution due to several difficulties (see, for example, [72]-[74] and references
therein).

Recently in [75], a general homogenization theory for metal-dielectric photonic
crystals (PCs) based on the Fourier formalism was proposed. Unlike similar approaches [52],
[76]-[83], in the work [75] the macroscopic magnetic field and electric displacement vector
were redefined such that the non-magnetic inclusions in metal-dielectric periodic arrays can
produce not only magnetic effects but also chiral ones. Nevertheless, the calculation of the
effective tensors of the bianisotropic response, namely the permittivity, the permeability
and the crossed magneto-electric tensors, is complicated due to the inversion of very large
matrices [75]. To avoid these numerical difficulties, for example, in [84]-[86] an efficient
recursive method to calculate the effective optical response of three-dimensional (3D) peri-
odic metal-dielectric structures with an arbitrary form of the inclusions has been developed.
This method makes use of the Haydock’s recursive scheme [87] and, consequently, requires
minimal computing resources to obtain well-converged results. Another useful method is
the form-factor division approach (FFDA) [52], which also leads to a substantial reduction
of the computation effort.

In spite of the existence of many methods for calculating effective parameters,
each method has certain disadvantages even at the long wavelength limit. Hence, the
development of a consistent homogenization approach has known difficulties and remains

as an actual scientific problem.
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1.3.2 Elastic medium homogenization theories

The description of sound propagation through a phononic crystal, composed of
materials with different mass density, elastic parameters, arbitrary Bravais lattice and any
inclusion shape, could be a quite complex task. To simplify the calculations needed for such
a description, as in the case of electromagnetic crystals, an elastic homogenization approach
is commonly used. The main idea of the homogenization approximation is similar to that
of the electromagnetic case - to consider a phononic crystal as a homogeneous medium with

<~ <~
effective parameters - effective mass density P and effective compliance tensor §.

In the quasi-static limit (w — 0), where the phononic dispersion relation is linear
and, therefore, phase and group velocities coincide, the effective sound velocity can be
directly calculated by using the plane wave expansion (PWE) method (see, for example,
Refs. [53], [54], [88]-[93]). The effective sound velocity veg depends not only on the type of
the periodic array and the geometry of the unit cell but also on the direction of propagation.
According to the exact analytical formulas for the speed of transverse sound propagating
in a two-dimensional arrangement of solids, derived in Ref. [53], the effective speed of
transverse sound is determined by the average density 7; and an effective shear modulus

depending on the details of the microstructure.

On the basis of the homogenization method presented in Ref. [53], compact for-
mulas of the effective velocities for the quasi-longitudinal, quasi-shear vertical, and shear
horizontal modes were obtained in the works [88], [89]. The fact that the effective mass
density in the quasi-static limit is given by the average one, jf_)), implies that such an effective
parameter depends only on the filling fraction of the components, but it is independent of
their shape, as well as of their distribution inside the phononic crystal. As it has been shown
in several works (see, for example, Ref. [48], [50], [94]), at sufficiently high frequencies, the
effective mass density for solid phononic crystals depends not only on the filling fraction
of the components but also on frequency w of the phononic modes. Besides, the effective
mass density turns out to be distinct for transverse and longitudinal phononic modes, and
it may even be negative at certain frequency intervals.

Recently, a general homogenization theory [51], based on the Fourier formalism,
has been proposed to calculate the effective parameters for phononic crystals having solid
inclusions embedded in a solid host matrix. The theory provides explicit formulas for

determining all the components of the effective mass-density and compliance tensors for any
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Bravais lattice and shape of the inclusion not only in the long wavelength limit, but also at
high frequencies where the effective dynamic parameters depend on both frequency w and
wave vector k and, therefore, the effective elastic response is nonlocal. The homogenized
rectangular 2D PC can be called metafluid [95]-[98] since it behaves as a liquid, having
zero effective shear modulus, but possessing an anisotropic effective mass density tensor.
Besides, it was found that rectangular two-dimensional lattices of water-filled holes in an
elastic host matrix exhibit solid-like behavior with strongly anisotropic mass density in the
low-frequency limit.

Another useful general homogenization scheme was introduced in the work [99],
where expressions for the fully dynamic effective material parameters, governing the spa-
tially averaged fields by using the plane wave expansion method, were obtained. As it is
shown there, the effective material parameters can be calculated for arbitrary frequency and
wave number combinations, including but not restricted to Bloch wave branches for wave

propagation in the periodic medium.

1.4 Thesis objectives

The progress in homogenization theories study lead to invention of new and more
efficient metamaterials. Despite that a huge progress was made last decade, due to concep-
tual and numerical difficulties of existing approaches the feasible results of real structures
study are often located in the long wavelength limit both for homogenized electromagnetic
and elastic metamaterials. In practice, it is strongly desirable to calculate effective pa-
rameters of a designed structure far beyond the quasi-static limit with ability to predict
metamaterial effects (negative permittivity and permeability for photonic crystals, negative
mass density and bulk modulus for phononic structures). On the other hand, there consis-
tent homogenization theory that could describe wave propagation in a photonic-phononic
(foxonic) structures still not exist.

Taking into account the state-of-art of metamaterials science, the main objectives

of this dissertation are:

e To develop a consistent electromagnetoelastic homogenization formalism to calculate
nonlocal effective parameters of a coupled elastic and electromagnetic crystal that is

valid far beyond the long wavelength limit.
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e To apply the new theory for designing, fabricating and characterizing metamaterials

in the microwave range.

e To design metasolids using the piezoelectromagnetic homogenization formalism.

According to the research objectives, the present thesis is organized as follows:

1. Theoretical description of a homogenized piezoelectromagnetic crystal (Chapter II):

(a)

(b)

Development of a theoretical formalism to calculate the effective parameters of

the homogenized nonlocal piezoelectromagnetic crystal.

Demonstration of the nonlocal response transformation into a metamaterial one

to describe metamaterial effects such as the negative refraction.

2. Electromagnetic metamaterials (Chapter III):

(a)

(e)

Theoretical description of the nonlocal dielectric response of a homogenized elec-
tromagnetic crystal being a particular case of the general piezoelectromagnetic

formalism.

Demonstration of the metamaterial transformation of the nonlocal dielectric re-
sponse.

Comparison between the purely nonlocal response and its metamaterial trans-
formation for well-known physical systems in the microwave range.

Determination of the correct boundary conditions for the macroscopic electro-
magnetic field to calculate reflectivity and transmittance spectra of a finite-size

metamaterial slab.

Design, modeling, and characterization of microwave metamaterials: split-ring

resonators and a new structure - framed crosses.

3. Acoustic metamaterials (Chapter IV):

(a)

(b)

()

Derivation of homogenization formalism based on the developed nonlocal piezo-

electromagnetic homogenization theory.

Transformation of the nonlocal elastic response into a metamaterial one to de-

scribe the elastic metamaterial behavior.

Design and modeling of an acoustic metamaterial with mass density anisotropy.



Chapter 2

Theoretical description of a
homogenized piezoelectromagnetic

crystal

This part is focused on the theoretical formalism development that could pre-
dict effective dynamic properties for a homogenized nonlocal piezoelectromagnetic crystal.
Within such a formalism the explicit expressions for all material tensors of the coupled
photonic-phononic structure beyond long wavelength limit will be obtained. In fact, a new
class of metamaterials - piezoelectromagnetic metamaterials, can be introduced, possessing
quadruple-negative behavior: negative dynamic mass density and bulk modulus together
with negative permittivity and permeability.

A medium allowing the propagation of an elastic-electromagnetic wave is called
piezoelectromagnetic or electromagnetoelastic[100]. The main characteristic of such a medi-
um is the existence of the elastic-electromagnetic wave coupling mechanism inside the crys-
tal. This mechanism is presented by the piezoelectric and piezomagnetic effects correspond-

ingly, so it is necessary to bring up a brief description of the effects involved.

2.1 Piezoelectric effect

The piezoelectric effect is a physical phenomenon of electrical charge appearance in

a crystal under applied mechanical pressure. The piezoelectricity can only occur in crystals

21
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Figure 2.1: Schematic representation of piezoelectric effect.

without inversion symmetry. There exist direct and reverse piezoelectric effects (Figure
2.1):

The phenomenon of the piezoelectricity was observed in 1880 by Jacques Curie
and Pierre Curie. The reverse piezoelectric effect was discovered by Gabriel Lippmann from
theoretical predictions of thermodynamics in 1881 and in the same year it was demonstrated

by Jacques and Pierre Curie.

Figure 2.2: Jacques Curie (1856-1941), Pierre Curie (1859-1906) Nobel Prize in Physics,
1903; Gabriel Lippmann (1845-1921), Nobel Prize in Physics, 1908.

One of the most classical examples of piezoelectricity is observed in a crystal of
quartz SiOo. To give an example of the quartz efficiency, a centimeter thick slab of quartz
under pressure of 2 kN produces 12500 V.

The origin of the piezoelectric effect by using a crystal of quartz can be described
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Piezoelectric Effect in Quartz
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Figure 2.3: Piezoelectric effect explanation in SiOy quartz unit cell.

using the scheme displayed in Figure 2.3. In the absence of external mechanical pressure,
a crystal remains in the unstrained state; that is, the net charge is equal to 0. Due to the
application of a mechanical stress in a particular crystal direction, a relative displacement
of both silicon and oxygen atoms occurs. The geometry of a deformed crystal cell no
longer allows the compensation of the total charge. The latter results in the appearance of
electric dipoles polarization. In other words, an external force leads to a compulsive charge
separation, which results in the appearance of voltage between two points of a piezoelectric
crystal. Besides, the voltage application from an external source between two opposing
points in a piezoelectric crystal produces charge redistribution inside the crystal in order
to reach a charge equilibrium state which is a phonon excitation process. Feeding a quartz
slab with the external voltage source using frequency that is close to a resonance frequency
of the slab, a very efficient mechanical oscillator can be built with quality factor @ reaching
105. This property of a piezoelectric quartz slab is widely used in electronics to make a very

stable and efficient frequency generator.

Although the quartz plays important role in modern electronics, more efficient ma-
terials were synthesized to achieve higher values of the piezoelectric coefficients, an increase
of the electromechanical coupling factor (denoted as tensor Z) - an indicator of the efficiency
of the electrical-mechanical energy conversion. Lead zirconate titanate Pb[Zr,Ti;_,]O3 ce-

ramics is an example of piezoelectric materials with enhanced properties (Table 2.1).
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a—quartz | PZT 65/35 PZT-4
Density, kg/m? 2650 7825 7600
Lattice Trigonal | Hexagonal | Tetragonal
C11, GPa 86.74 159.4 139
Ci2, GPa 6.99 73.85 77.8
Ci3, GPa 11.91 70.13 74.3
C14, GPa -17.91 0 0
Cs33, GPa 107.2 126.1 115
Cu4, GPa 57.94 38.9 25.6
Ce6, GPa 39.875 42.775 30.6
e11, C/m? 0.171 0 0
e14, C/m? -0.04 0 0
e31, C/m? 0 -6.127 -5.2
e33, C/m? 0 10.71 15.1
e15, C/m? 0 8.387 12.7
611/60 4.51 639.24 728.46
€33/ €0 4.63 253.32 634.72

Table 2.1: The elastic tensor components C;i, piezoelectric stress tensor coefficients e;x; and
permittivity tensor components /€y of commonly-used piezoelectric materials - quartz

[101], PZT 65/35 [102] and PZT-4 [103].

The piezoelectric effect is widely used in practice, and there is a big field for the
metamaterials science. A possible investigation is the demonstration of the piezoelectric
effect in the macroscopic periodic structures. Questions of the piezoelectric effect enhance-
ment are also very important, it is necessary to develop materials with coefficients higher

than those of the already known piezoelectric materials.

2.2 Piezomagnetic effect

The piezomagnetic effect consists in the magnetization appearance inside the crys-
tal under mechanical strain [104]. In a piezomagnetic material, one may induce a sponta-

neous magnetic moment by applying physical stress or produce crystal deformation by
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applying a magnetic field (Figure 2.4). Alike the piezoelectric effect, the piezomagnetic
effect is thermodynamically reversible. The magnetostriction of antiferromagnets is linear,
i.e. the variations of the crystal dimensions are proportional to the intensity of the applied

magnetic field.

U
e

T Strain — Magnetization

Figure 2.4: A piezomagnetic effect mechanism, the applied pressure changes the magnetic

symmetry of an antiferromagnetic crystal in such a way that a weak ferromagnetism arises.

The origin of the piezomagnetic effect is the absence of certain symmetry of
the crystal structure. The piezomagnetic effect was theoretically predicted by Igor E.
Dzyaloshinskii (1958) [105] and experimentally (1959) observed in the fluorides of cobalt by
Andrey Borovik-Romanov [106].

N

Igor E. Dzialoshinskii ~ Andrey S. Borovik-Romanov

Figure 2.5: Discoverers of the piezomagnetic effect - I. Dzialoshinskii and A. Borovik-

Romanov.

The piezomagnetic effect is experimentally observed in antiferromagnetic crystals

of MnFy, CoF3, and a-FeO3 [106], [107].

By itself, the piezomagnetic effect is rather weak; a brief description of typical
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Material ds3, nm/A
Nickel 3
Alfenol 7
Terfenol-D 15

Metglas 2605CO 70-88
Metglas 2605SC 300-400

Table 2.2: Piezoelectric tensor component dss for available piezomagnetic materials [108].

piezomagnetic materials is given in Table 2.2. Hence, the demonstration and measurement

of the piezomagnetic effect in artificial macro-structures is an actual scientific problem.

2.3 Electromagnetoelastic crystal homogenization formalism

The most obvious way to create a piezoelectromagnetic crystal is to take a piezo-
electromagnetic crystal is to use piezoelectric and piezomagnetic materials [109]. This ap-
proach is quite common, however, an important characteristic of metamaterials is that
their physical properties can be very different from the constituents since they mainly come
from the structure. In this section a homogenization theory for calculating the effective
parameters of homogenized piezoelectromagnetic crystals will be developed.

The real behavior of a coupled piezoelectromagnetic crystal is rather complex,
and the material tensors that determine the relation between fields can depen on other
physical functions as, for example, temperature [100]. In the present thesis, the constitutive
equations for an electromagnetoelastic crystal considering the linear response regime will

be written.

2.3.1 Initial point of the piezoelectromagnetic system description

The constitutive equations of a coupled magnetic-electrical-mechanical crystal de-

scription are given expressions [110]:

oij = Cijriug — egij By — diijHy
D; = ejpup + By + o Hy (2.3.1)
B; = digup + ol By + pixHy,
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where o055 is the stress tensor, uy, is the displacement tensor, Ej, and Hj, are the components
of the electric and magnetic fields, ey;; is the piezoelectric tensor, dj;; is the piezomagnetic
tensor, €;; is the permittivity tensor, p;; is the permeability tensor, «;; is the crossed
magnetoelectric tensor.

The system of equations (2.3.1) can serve as a starting point in developing a new
theoretical formalism. Nevertheless, the initial form of material equations is not applicable
directly. The reason is that physical phenomena occurring in a piezoelectromagnetic system
are being described in terms of a 4-rank stiffness tensor ajkl together with 3-rank tensors
of piezoelectric ?ikl and piezomagnetic fiikl coefficients respectively. In order to develop the
homogenization method it will be convenient to write the system of equations in a matrix

form and to carry out tensors contraction using their symmetry properties.

2.3.2 Tensors contraction using the symmetry properties

For the stiffness tensor C;jz; the number of components is equal to 81, the indexes
i,7,k,l are integers with values 1,2,3. However, it is possible to reduce the rank of the

stiffness tensor C;;; using symmetry properties:
Cijkl = Criij = Cjirg = Ciji- (2.3.2)
Let us write the summation over indexes kl of the term C;jz; uy in (2.3.1) as:

Cijriugr = Cijriuir + Cijrauiz + Cijizuis
+ Cij21u21 + Cij22U22 + Cij23u23 (2.3.3)

+  Cijziuzt + Cijzausn + Cj33uss.

The symmetric displacement tensor uy; can be expressed as:
1
ur = 5 (Viw + Viug) - (2.3.4)

Substituting previous expression into (2.3.3) gives:

1 1 1
Cijriugp = §Cij11(v1u1 + Viur) + §Cij12(v1u2 + Vaouy) + §Cij13(vlu3 + V3up)

1 1 1
+ 501‘3‘21(V2u1 + Viug) + §C'ij22(V2U2 + Vaus) + §C¢j23(V2U3 + V3us)

1

1 1
+ §Cij31 (Vgul + V1U3) + §Cij32(V3UQ + V2U3) + §C¢j33(V3U3 + V3U3).

(2.3.5)
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Hence,
1 1
Cijriury = Cij11Viug + §C'ij12(V1U2 + Vaup) + Ecijl?)(vlu?) + V3uy)
1 1
+ §Cij21 (V2u1 + v1162) + Cz‘j22V2U2 + §Oij23(VQU3 -+ V3u2) (2.3.6)
1 1
+ 50@'31 (Vgul + V1U3> + 5Cz-j32(V3U2 + VQUg) + C¢j33V3U3.

Indexes pairs ij can be replaced using the Voigt scheme:

Double index, ¢5 11 22 33 23,32 31,13 12,21
Replaced by i 1 2 3 4 5 6

Replacing ij pair with i, and kl with & in expression (2.3.6) to obtain:

1 1
Ci'k' Vi = Ci/1V1U1 + §Ci/6(V1UQ + Vgul) + §Cir5(V1U3 + Vgul)
1 1
+ §CZJG(V2U1 + V1UQ) + Ci/2v2u2 + §CZJ4(V2U3 + V3UQ)
1 1
+ §Ci/5(v3ul + VlUS) + §Ci’4(v3u2 + VQUS) + Ci’3v3u3~
(2.3.7)

Grouping terms to finally state:

CywViu = CyViuy + CyyVaous + CygViug
+ Cyy(Vaug + Vauz)
+ Cys(Vaug + Viug)
+ Cye(Viug + Vauy).

(2.3.8)

A more convenient form of the resulting expression is given by the following equa-

tion:
Cn Ci2 Ciz3 Ciys Ci5 Cis Viug
Co1 Cap Coz (o Co5 Cop Vaus
C C C C C C \V4
Coo Vi — 31 O3 C33 (O34 O35 Csg 3U3 (2.3.9)

Cyn Cyo Cyz Cya Cys Cue V3ug + Voug
Cs1 Cs2 Cs3 Csy Cs5 Chsg Vsur + Viug
Ce1 Ce2 Cs3 Cos Cos Ces Vaur + Viug

Now the stiffness tensor C'is a 2-rank tensor having 36 components. However, only
21 of them are independent (all the elements on and above the main diagonal). Furthermore,
applying specific crystal symmetry rules the number of independent components is even less

(see Appendix A.1):
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Triclinic Monoclinic Orthorhombic Tetragonal Trigonal Hexagonal Isotropic
13 7,6 7,6 5 2

Turning back to expression (2.3.9), it is possible to split the second matrix as a

product of two matrices - derivatives matrix and a matrix of displacements:

Cn Ci2 Ci3 Ciy Ci5 Cis) (Vi 0 0
Co1 O Coz3 (O Co5 Cy 0 Vy 0
C.rr Vi = Cs1 Csp Cs3 O3y Cs5 Cse 0 0 Vj (2.3.10)
Cyn Cp Cu3 Cy Cys Cy 0 Vi Vy
Cs1 Cs2 Cs3 Csa Css Cse | | Vs 0V
Ce1 Ce2 Ce3 Ces Cos Ces) \V2 Vi 0

Now let us proceed to the contraction of piezoelectric tensor, explicitly substituting

the k index (k =1,2,3) in (2.3.1) to get

erijBr = e1iEn + egijEa + e3i5 F3. (2.3.11)
Making the index replacement ij — i and employing Voigt notation,
erijEx — €}, By (2.3.12)
Consequently,
T _ T T T
ei'kEk = ei,lEl + ei/2E2 + ei,3E3. (2.3.13)
Matrix e, (3 x 6) has the form:
€11 €12 €13 €4 €15 €l
€k = | €21 €22 €23 €24 €25 €26 (2.3.14)
€31 €32 €33 €34 €35 €36
Finally, one can transform ey;; Ej, as
€11 €21 €31
€12 €22 €32
Eq
€13 €23 €33
erij By — e, By = E; (2.3.15)
€14 €24 €34
Es
€15 €25 €35
€16 €26 €36
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Similarly, the contraction of the piezomagnetic tensor dj;; in (2.3.1) can be rewrit-

ten as
di1 do1 dai
di2 doo daa
dis dys d h
dyiHy, —db Hy= |7 7% 7 | m, (2.3.16)
dis dos d3a
Hj
dis dos d3s
dig dae d3e

The tensor products e;pjug; and d;pjug; can also be contracted by using the de-

scribed procedure of reducing the tensor rank. Let us express e;pug; in the form

EiklUKL = €;11U11 T €;12U12 + €;13U13
+  €i21u21 + €ei22uU22 + €;23U23 (2.3.17)
+  €i31U31 + €i32U32 + €33U33.
Expressing explicitly the symmetric displacement tensor as a half sum of displace-

ment derivatives (2.3.4), one can obtain

1 1 1
ik Viu = 56111(V1U1 + Viup) + 561;12(V1u2 + Vaoup) + 562‘13(V1U3 + Vaup)

1 1 1
+ §€i21(v2u1 + Viug) + 561'22(V2U2 + Vaug) + §6i23(V2U3 + V3ua)

1 1 1
+ —=e€i31 (V3ul + V1U3) + *eigg(v:glu + VQU3) + *€i33(V3U3 + V3U3).

2 2 2
(2.3.18)
Hence,
1 1
eiklVEw = €1 Viul + 56112(V1U2 + Vaup) + §€i13(V1U3 + V3uy)
1 1
+ §6i21(V2U1 + Viug) + e22Vaoug + §€i23(v2u3 + V3uz) (2.3.19)
1 1
+ §6¢31(V3u1 + V1U3) + ieigg(viﬂu + VgUg) + e;33V3us.
Replacing indexes ki — k" and using Voigt notation, it follows
1 1
e Viur = ei1- Viul + ieiG(VIUQ + Vauy) + 561‘5(V1u3 + V3uy)
1 1
+ 5616(V2u1 + Viug) + eioVous + 56@4(V2U3 + Vsug) (2.3.20)

1 1
+ §€¢5(V3u1 + Viug) + 5614(V3U2 + Vaus) + e;3Vaus.
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Grouping common terms to obtain:
e Veur = einViur + e;aVaug + e;3Vaus
+  eju(Vous + Viu
4(Vaus + Vauz) (2.3.21)
+ eis(Viug + Viuy)
+ 62‘6<V1UQ + V2u1).
The latter result can be written in matrix form as
Viu
VQUQ
€11 €12 €13 €14 €15 €16
V3U3
e ViUl = | ea1 exn ez3 ex €25 e (2.3.22)
Viug + Vaug
€31 €32 €33 €34 €35 €36
Vsu1 + Vius
Vaui + Viug

The number of independent components of the piezoelectric tensor depends on the

crystal symmetry (see Appendix A.2). The expression (2.3.22) can be modified by splitting

the second matrix as a product of a derivatives matrix and a displacement column as follows

Vi 0 0
0 Vs 0
€11 €12 €13 €14 €15 €16 u1
0 0 Vg3
CikiUkl = € VUL = | €21 e €23 €24 €25 €36 U (2.3.23)
0 V3 Vs,
€31 €32 €33 €34 €35 €36 u3
Vs 0 Vi
Vo Vi 0
Similarly, an expression for the tensor product d;g;ui; obtained:
Vi 0 0
0 Vs 0
di1 dip diz dig dis dig o o0 v u1
3
digiugl = dysViw = | dar dop  dog das dos  dos 0 v. v (% (2.3.24)
3 Va2
d31 dzz dsz d3q d3s dsg us
Vs 0 V4
Vo Vi 0
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2.3.3 Complete set of piezoelectromagnetic equations

Let us write the Newton law:
(Vsx6)ijoj = —w?pu;, (2.3.25)

where w is the frequency of the time-varying stress o; and displacement wu;.

The general expression of Hooke's law is given by
0i = Cij((Vaxe)T)juur — e By — diy Hy.. (2.3.26)
Multiplying both sides of previous expression by the compliance matrix to get
Siioi = (Vaxe)T)juur — Sjiely By — Sjidl, Hy.. (2.3.27)
It is convenient to write Hooke's law in the following form
(Vaxe)jptr = Sjioi + Sjieqp Ex + Sjid iy Hy. (2.3.28)

Thus, the equations that describe the elastic behavior of a piezoelectromagnetic

medium can be written as

(Vaxo)ijo; = —w’pus,
X;” ' . . (2.3.29)
(Vgxg‘,)jkuk = Sji(fi + SjieikEk + Sﬂdlka
The electromagnetic waves propagation inside a passive medium is described by

Maxwell equations (Faraday and Ampere laws correspondingly):

<>
(VX I)Z]E] = iwbB;,
R (2.3.30)
(VX I)inj = — wD;.
The expressions for B; and D; should be added in the form
B, = d;;(V T + bR+ paHy,
i(Vaxe)jruk kB ik Hy, (2.3.31)

D; = eij(Vaxe)ur + €xBr + vinHi.

Hereafter, instead of a;, aﬁ tensors in (2.3.1), the v, and d;; tensors will be used.
The reason for that is to avoid confusion with the thermoelectric coefficient «v. Furthermore,
the usage of the ;. and §;; tensors allows us to describe the electromagnetic equations in

terms of a bianisotropic response that is described in the generalized form as:

PAN <>
D=¢€E+~H,
o o (2.3.32)
B=§ E+ M1 H.
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Employing the expression for (Vng)]Tkuk given by the second equation of the

system (2.3.29), it is possible to group tensors, as:

Bi = dij (Sjioi + Sjiej Ex + Sjidj Hy) + Oik El +  pikty =
= d;;S5i0; + (8 +dijSjiel) By, + (1ar + dijsjidgl;) Hy,
—_— —_———
5;1@ “’;k
Di = eij (Sjioi + Sjiel By, + Sjdf Hy)  + €ik Bl + viHr =
= €iijiUi + (eik + eijsjiez];) E. + ('Yik: + eiijidZ];) Hy,.
— ~—
E:.’k “/1{
(2.3.33)
The material tensors €, , 0%, fir. (3 % 3) are expressed as follows:
€ = €ik + €ijSjiel, Vi = Vi + €ijSjidiy, (2.3.30)

Oip = Oik + dijSjiciy,  piy, = pir + digSyidy.
Using the expressions (2.3.29) together with (2.3.30) and (2.3.33), to get the full

set of material equations for a piezoelectromagnetic system:

(Vaxe)ijo; = —w?pu;
(Vaxe)hup = Sjioi + Sjiel By, + Sjdh Hy,
X ij J J k/ J / k (2.3.35)
(Vx I)ijEj = W (diijiUi + 5ikEk + /‘z‘ka)
<~ ’ /
(VX 1)ijHj = —iw (ez’jsjiaz‘ + ek + %ka:)
Here, matrix V3xg has the form:
V. 0 0 0 V. V,
Vixe=]10 V, 0 V., 0 V.|, (2.3.36)
0 0 V., V, V, 0

o
the Vx J operation is given by

i j Ok

VxI=|V, V, V.|= Z(Vyezez — V.eyey) + f(Vzexew — Vaeser) + E(Vxeyey — Vyezez) =

€ry €yey € €

0 -V. V,
= vz 0 _vx = VS(;tS
-V, V. 0

(2.3.37)
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2.3.4 Equations for an infinite nonlocal periodic composite

Within a periodic composite, its physical properties periodically dependent on
coordinate r. In order to write the material equations for an infinite periodic crystal, it is

possible to follow the pattern of the system of equations (2.3.35):

v(r) = X v(r), (2.3.38)

4

with V matrix containing the derivatives operators and X is standing for tensors on the
right hand side of equations.

In order to proceed with the description of system of equations in matrix form
(2.3.38), it is necessary to define the vector-column wv(r) first. All physical fields involved
in the electromagnetoelastic effect - the displacement w3y 1), the stress ogy1), and the
components of electric E(3,1) and magnetic H(3y) fields are included in the vector-column

v(r):

v(r) = (2.3.39)

With the vector column v(r) given by well-defined fields, it is possible to write
down the material equations (2.3.35) in the form of the expression (2.3.38):

2(—)
03x3  Vaxe 03x3  03x3 U —wi P O3 0323 03:3 u
A  a <>
(Vng)T 06><6 06><3 06><3 o 06><3 S SeT SdT o
= o < <
033 O3x6  Osxz  V5%g E O3x3 —iw €5 —iwe —iwry E
< <
03x3 O3x6 —V5%s O3y H O35 —inE —iwd  —iw H
(2.3.40)

However, one can still represent matrix X as a product of two matrices - a fre-

quency matrix Q multiplied by the periodic matrix j(r):

>
And
03x3  Vixe O3x3  Osxs u —w? I3 Ozx6  Oaxs 03x3 P I3 Daxe 03:3 03:3 u
” o o a7 e
(Vax6)" Osx6  Osx3  Opx3 o O6x3 Is O6x3 O6x3 Oz S Set Sd o
" = g o < 9
033 03x6  O3x3 V5%, E 03x3  O3xg —iw I3  Osxs O3x3 €S € 5 E
e “~ “—
03x3  O3x6  —Vi%; Ozxs H Osx3 O3 Osxz  —iw I3/ |, . Zg') ¢ I H
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The refined form of the generalized equations set (2.3.38) is:
Vou(r) = QA(r)v(r), (2.3.42)
where the derivatives matrix V is given by

03x3 V3xe 03x3  0O3x3

(Vaxe)T Osxe  Osxs  Osxs

V= (2.3.43)
03x3 O3x6  Osxs V5%,
03x3 O3x6  —V5%5 Osxs,
and the frequency matrix Q has the form
2 <>
—w” I3 0O3x6  O3x3 03x3
<>
— 0 I 0 0
Q- 6x3 6 6x3 6x3 (2'3.44)

A
O3x3  O3xe —tw Iz  0O3x3

<>
03x3  0O3x6  O3x3 —tw I3

The periodic matrix j(r) in (2.3.42) contains coordinate-dependent coefficients

describing the heterogeneity of the piezoelectromagnetic crystal:

7)) (r) O3x6 O3x3 O3x3
o < r < r .e(_% r g ) i T
A(r) = Vo . S(H) S(H? (r) S(H), 4" (r) (2.3.45)
O3x3 € (r)- S (r) < (r) 7 (r)
Osxs d (r)-S(r) & (r) W (r)

2.3.5 Fourier formalism application

The system of equations describing an infinite periodic piezoelectromagnetic com-
posite is given by (2.3.42). It should be emphasized that matrix of material parameters,
j(r), contains coordinate-dependent components; the main goal of the developed formalism
is to find an effective matrix jeﬁ‘ for the homogenized piezoelectromagnetic crystal.

Because of crystal periodicity, matrix i(r) (2.3.45) can be expanded into Fourier

series:

A(r) =Y A(G)eer. (2.3.46)
G
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The vector-column v(7) can be expressed as a Bloch function:
v(r) = k" Z v(Q)eCT. (2.3.47)
G
Here, series can be split into a slow oscillating part with the reciprocal lattice

vector G = 0 and the terms of the oscillating harmonics (G # 0):

’U(T’) :eik'r‘ Z 'U(G)6iGr = 6““' ’U(G = O)ei'o"" + Z ,U(G)eiGr _
¢ G#0 (2.3.48)

:’U(G 0) zk'r' ikr Z U(G)eiG'r"
G#0

It is convenient to introduce the macroscopic components with G = 0:

Vo = v(G=0),

(2.3.49)
Ay = AG=0).

The macroscopic piezoelectromagnetic field in the crystal can be defined by using

the definition (2.3.47) and the newly introduced V amplitude:
V(r) = e*V. (2.3.50)

As now the expressions for j(r) (2.3.46) and v(r) (2.3.48) are described in terms
of G-components, it is possible to return to (2.3.42) and substitute therein this values. One
gets

v (ak’" > (@) ZG"> = (Z A(G)eC > (a’““ > v(G")eiG”"> . (2:351)
G Gl/

Grouping exponentials on the right hand side of the equation:
? (eikr ZU(G)eiGT> _ zerZZA Gl GII z(G'+G")7‘. (2352)
G I GII
Now let us define the next replacement of indexes:
G = G+G",
(2.3.53)
G = G+G".

Introducing this replacements in the right hand side of previous equations,

V(eierU(G)eiGT> = ’krﬂz Z G G")v(G")e'Cr. (2.3.54)

G GII G GII
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Both G and G” tend to infinity, so summation over G — G” can be replaced as

just a summation over G:

v <e“" Zv(G)eiG"> = QYN AG - G )(GT)eCT. (2.3.55)

G G G”

From the inspection of the right part of this expression, it is can be found

v (am > U(G)eiGT> = QYN AG - GM)w(G”) O (2.3.56)

G G G”

w(G)

Explicitly, w(G) is:

w(G) =Y A(G - G")w(G"). (2.3.57)
T

Let consider G = 0, so the result for w(G) will be:

w(G=0)=Wo=Y A0-G)v(G")= ZA

¢ (2.3.58)

=A(0 ZA

G#0

Returning to (2.3.56), the result for the gradient operator on the left hand side

03x3 ?3%(’9 +G) 03x3 03x3
ZZ LA G)r (Ks3xs(k+ Q)T Osxs O6x3 :mt%xs o(G) =
I 03x3 03x6 03x3 K, 3(k+G)
—rot
03x3 O3x6 —Kjy 3k + Q) 03x3
zkrﬂ Z Z A G — GII G") zG'r-.

G G”
(2.3.59)

To keep compact notation, a K 15515 tensor, containing components of wave-vector

k and reciprocal lattice vectors G, is introduced

03x3 ?3><6(k+G) 033 033
— (Fg 6(k+G))T Ogx6 Ogx3 Ogx3
Kisxi5(k+ G) = ) - ) ot
033 03x6 03x3 K 3(k+G)
—rot
O3x3 O3x6 —Kgxg(k+G) O3x3

(2.3.60)
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Here the fgxﬁ tensor is:

ke+G, 0 0 0 k. +G. ky+G,
K3 (k+G) = 0 ky + Gy 0 k. + G, 0 k. +G. | (2.3.61)
0 0 ket G ky+Gy kotGy 0

—rot
Tensor K 4,5(k + G) is defined as follows:

. 0 —(ks +G2)  (ky+Gy)
Kyy(k+G) = (k. + G>) 0 —(ky + G3) (2.3.62)
—(ky +Gy) (k. +G>) 0

To continue the derivation of the effective matrix expression it is necessary to

return to expression (2.3.59) and grouping exponentials on the right hand side of equation:

iy *TOTK sk + Go(G) =y FTITQY T A(G -G w(G"). (23.63)
G G el

Grouping terms, a compact expression is obtained

Kisxis(k + G)v(G) = ? S TAG -GG, (2.3.64)
G//

Rewriting the left part of this equation as a summation over G’ and using Kro-

necker delta (remember that v(G) — v(G”)):

prm— ﬁ =
> Kisaas(k+ Go(G)ogan = = Y AG — G"o(G”), (2.3.65)
GII GII

Grouping all terms under summation in the left part of the expression, it follows

| DIl

S Kisxas(k + G)w(G")og.ar — —A(G — G")w(G") = 0. (2.3.66)
G//

~

For convenience, index G” is changed to G:

= ﬁ:
> | Kisxas(k + G)ogar — —A(G - G| v(G) =0. (2.3.67)

GI
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2.3.6 Dynamic piezoelectromagnetic matrix expression

The expression under summation in (2.3.67) is the dynamic piezoelectromagnetic

matrix: B
—_— —_ ﬁ:
D(k, G, G,) = Kisx15(k + G)(SG,G’ — TA(G — G/) (2.3.68)
Using the dynamic matrix, the expression (2.3.67) can be rewritten as:
> D(k,G.G')o(G") =0. (2.3.69)
GI

It is worth to note that, in principle, one can solve the problem of system eigen-
values directly by restricting the infinite dynamic matrix to a very large square matrix with
a further diagonalization. For a sufficient number of plane waves in the Fourier expansion,
the numerical solution is rather difficult.

In order to proceed, the dynamic matrix (2.3.69) can be split into the slowly

varying terms (the macroscopic, one with G = 0) and the other terms having G # 0:

D(k,G,0)v(0) + Y D(k,G,G")v(G’) =0. (2.3.70)
G'+40
For G # 0,
D(k,G.0)Vo + Y _ Dy(k,G,G")v(G") =0, (2.3.71)
G'#0

where fs(k, G,G’) is a submatrix of ﬁ(k, G,G’) that results from eliminating the row
G = 0 and the column G’ = 0.
Now let us establish the relation between the macroscopic field Vj and v(G”):
Y Di(k,G,G'Ww(G) = -D(k,G,0)Vs. (2.3.72)
G'#40
Explicitly, the expression for v(G’ ) is:

-3 D, '(k,G'.G)D(k, G,0)Vb. (2.3.73)
G0

A proved relation that links an inverse dynamic matrix f(k:,G, G’) with the
inverse sub-matrix fs(k, G, G’) [111] will be used:

—1 —1 —1 — 1 -1
D.(kG.G = D (kGG -D (kG0 <D (k,o,0)> D ' (k,0,G).
(2.3.74)
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The relation (2.3.74) can be substituted into (2.3.73) to get:

—1 — 1 -1
- ( (k,G".G)-D (k,G",0) (D (k,0,0)> x
G70 (2.3.75)

:_1 p—
x D (k,0, G)) D(k,G,0)Vy.
The matrix multiplication gives the following expression for v(G’):

-3 D 'k, G, G)D(k,G,0) Ve +
G#0

iSG' oVo (2.3.76)

— 1 -1 —
+ ZD k:G’ (D (k,0,0)> D (k,0,G)D(k,G,0)Vp.
G#£0

The first term on the right hand side of previous equation vanishes because v(G’)
is defined only for non-zero components of the Fourier expansion; the second summation

disappears giving the unity matrix. Finally, for v(G) it is possible to write:

-1
—1 —1
v(G) = D (k,G,0) (D (k:,0,0)) Vo. (2.3.77)
Substituting the found expression for v(G) into equation (2.3.58) to get:
_ ~1
W = ZA E (k,G,0) <D (k,0,0)> Vo. (2.3.78)

To proceed further the next property is used:

p— :_1 =
Y D(k,G.G''D (k,G'.G")=Tigcn. (2.3.79)
GI
Let us use (2.3.79) and the dynamic matrix in the form (2.3.68). One obtains
= Q
Z (K15x15(k3 +G)ig.cr — "

p— :—1 p—
A(G - G’)) D (k,G'.G")=Tsger.  (2.3.80)
Gl

Hence,
Kiswis(k+GD (kG G") — Z “AG-G)D (kﬂ’,G“):isg,G,,. (2.3.81)

The proposed approach is concerned about reaching an effective matrix expression

that is dependent only on the central block (G = 0, G” = 0) of the dynamic matrix.
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Justification of taking only one block from the theoretically infinite dynamic matrix is that
central block is already expressed in terms of non-zero reciprocal lattice vectors G # 0. In
other words, spatial dispersion modes inside the medium are already expressed in terms of
slow-oscillating part with (G = 0, G’ = 0). This feature is a very important property of the
theory and it allows to provide feasible calculation of the effective parameters even beyond

the long wavelength limit. Considering G = 0 and G’ = 0 gives

Kisuis(k)D (k,0,0) Z 2A-e)D (kG0 =T (2.3.82)

Moving summation to the other side and changing index G’ — G, one gets

> ?A( G)D  (k,G,0) = Kisas(k)D  (k,0,0) — T, (2.3.83)
G

and finally,

p— p— 7—1 p—
S A(-G)D (5, G,0) =i Kipas(k)D  (k,0,0)— i . (2.3.84)
G

2.3.7 Effective nonlocal response matrix

Looking back to the expression for Wy (2.3.78) it is noticeable that equation
(2.3.84) is just a part of it:

—1
— 1= ——1 ——1 ——1
W0:<iﬂ Kisxi5(k)D  (k,0,0) — iQ )(D (k,0,0)) Vo. (2.3.85)

Grouping and simplifying terms gives:
— 11— — 1 [—1 -1
Wo=[i2 Kisxi5(k) —iQ2 (D (k,(),())) Vo. (2.3.86)

On the other side, the relation between macroscopic fields turns out to be deter-

mined by an effective nonlocal matrix:
Wy = Aui(k) V. (2.3.87)

The effective piezoelectromagnetic response matrix jeff (k) links the macroscopic

fields Wy and Vy and is given by:

Ar(k) = iQ  Kuisss(k) — i€ <D1(kz, 0, 0))_1 . (2.3.88)
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The final expression for the effective response matrix jeff(k,W) in the case of a

homogenized piezoelectromagnetic crystal is:

03x3 K3x6  O3x3 03x3

— —1 —1 -1 Ks.)T 0 0 0
Ak, w) — i) —[D (k:,0,0)] | Eeel Ooe Do Do
03x3 03x6 O3x3  Kgxs
—rot
03x3 O3x6 —K3zyz 0O3x3

(2.3.89)
For a given k and frequency w the effective nonlocal piezoelectromagnetic matrix

—PEM
A ni(k,w) contains all coefficients of the homogenized nonlocal electromagnetoelastic

crystal in the next form:

<>
P (k,w) 03x6 03x3 03x3
— <~ T PEY T
—PEM Ogx3 S (k,w) S (k,w)- e (k,w) S (kw)d (kw)
Aeff,NL(kvw) = o o “ PN
033 e (k,w) S (k,w) € (k,w) v (k,w)
AN AN < <
03%3 d (k,w)- S (k,w) & (k,w) o (k,w)
(2.3.90)

In fact, the obtained matrix of 15 x 15 size describes the relation between macro-

scopic fields inside the homogenized crystal in terms of the nonlocal response.

2.3.8 Form factor division approach and average field approximation

The effective nonlocal response tensor jeff(k(W),W) is explicitly given by the ex-
pression (2.3.89) and D (k;0,0) is a 15x15 block, obtained from the inverse D (k; G, G')

of the infinite-size matrix,

D(k,G,G) = (Kisx15(k + G) + iQAy)d¢.o + iIQAAF(G - G'), (2.3.91)

where G and G’ are vectors of the reciprocal lattice, dg g stands for the Kronecker delta,
and i(G— G') is the Fourier coefficient for 15 x 15 matrix j(r) (2.3.45) which is a periodic

function of the coordinate 7:

AG-G) = % / A(r)e GG gy, (2.3.92)
C V[‘

where V. is the volume of the piezoelectromagnetic crystal unit cell.
p— 71
It should be noted that in obtaining the matrix block D  (k;0,0) appearing in

Eq. (2.3.89) for the effective nonlocal response tensor ieg(k(w),w), it is not necessary to
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— 1 —-1
calculate the complete inverse matrix D (k; G, G"), but the block column D  (k; G,0),

which corresponds to the linear system of algebraic equations:

p— :—1 p—
> D(k,G,G')D (k,G',0)=TIig,, (2.3.93)

G/
where T is 15 x 15 unity matrix.
For a homogenized piezoelectromagnetic crystal, the Fourier coefficients (2.3.92)

appearing in Eq. (2.3.91) can be written as

AG-G)=Apee + AAF(G -G, (2.3.94)

where AA = A, — jb, ja and jb are respectively the piezoelectromagnetic response
matrices of the inclusion and host materials inside the unit cell, and F(G) is the form

factor of the inclusion:
1
F(@) = / exp[—iG - r]dr, (2.3.95)
C‘/inC

where Vi, is the volume of the inclusion.

Substituting (2.3.91) and (2.3.94) into (2.3.93), one gets

T(G)D (k,G,0)+iQAAY F(G-G)D (k,G'0) = Iég,o, (2.3.96)
Gl
where, %(G) is:
T(G) = Kis5x15(k + G) + iQA,,. (2.3.97)

——1
Multiplying equation (2.3.96) by T (G), it follows
D (k,G,0)+iT (G)QAAY F(G-G)D (k,G.00=T (G)g,o (2.3.99)
G/
In order to simplify the numerical calculation process, the so called form-factor
division approach (FFDA) shall be applied. According to the FFDA, the inclusion is being
divided into a finite number n of small volumes V; (j = 1,2, ...,n), compared with V,, and

expand the form factor F(G) (2.3.95) as:

F(G) = Zn: e CTIEN(@), (2.3.99)
j=1
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where F;(G) denotes the form factor of the j-th small volume, and the vector r; indicates the
position of its centroid. Assuming that all the small volumes are identical (F;(G) = F,(G),
j=1,..,n), it is possible to write F(G) as

n

F(G)=Fy(G)> e ¥m, (2.3.100)
j=1
where
1
F,(G) = v /exp[—iG -r]dr, (2.3.101)

and v is a small volume, which is here assumed to have the form of a cube (v = Vype). The
accuracy in calculating the effective parameters strongly depends on the cubes number and
volume ratio Vioupe < V.. Making cubes smaller results into the more accurate calculation.
On the other hand, in the case of many cubes involved, the calculations are being carried
out slowly, but still faster than a direct inversion of a huge matrix.

Now, Eq. (2.3.98) can be rewritten in the form
D (kG0 + ﬁ_l(c)ﬁAii S R(G - G)e GG (kG0 =T (G)oco.

i=1 ¢’
(2.3.102)

Using Eq. (2.3.101) to express F,(G — G’) of (2.3.102) as an integral over the
small volume v and introducing the tensor
Pi(r) =Y ¢ M€ D 'k, G0, (2.3.103)
G/
Eq. (2.3.102) can be expressed in the form

n

——1 1 ——1 i . . prm— prm—
D (k,G,0)+iy;T (G)RAAD / e GG P (P Ydr' =T (G)dg.o-

C

(2.3.104)

Multiplying both sides of Eq. (2.3.104) by €' "+G" and then summing over the vectors
G, a system of integral equations for the tensors ?(’l") (1 =1,...,n) is obtained:

1 —

5 . 1 iGri+iGrm =3 —iG-r; —iG-r’
Pi(r)+zVC%:e T (G)QA AZ/ j P;(r')dr’

——1

H

(0).

(2.3.105)

cube

Averaging both sides of Eq. (2.3.105) over the i-th cube volume, one gets

<P, >+Z / / (r— ') Ps(r'ydrdr’ =T (0), (2.3.106)

1
= Veubve Veube
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where
= 1 —
<Pi>= / Pi(r)dr, (2.3.107)
‘/cube
chbe

and

K Z 1G-(r;—r; 1G- ,,17,,./ ——1 —_— —

Kij(r—7')= GG i) HG ()T () QA 2.3.108)

%chbe G

In the case of sufficiently-small volumes (Veype < Vo), fj(r’ ) in (2.3.106) can be approx-
imated by its average, namely < fj >. Consequently, the coupled integral equations in

(2.3.106) become an algebraic system of n equations for the average tensors < ?l >

n

p— pr— pr— :71
> / Kij(r—7") | drdr' <P;>+<P;>=T (0). (2.3.109)
7=1 Veuve Veube

Finally, using Eq. (2.3.108), the system of equations for the tensors < ?Z > can be written
as

SN G TR (-G F(G)T
cube -1 G

<P;>+i

(2.3.110)
p— 71
The solution of this system is directly related to the tensor D (k;0,0). Indeed, evaluating
Eq. (2.3.104) at G = 0, the following expression is obtained:

D (k0,00=T (0)|I- QAAY <P;>|. (2.3.111)

c
After solving the system of equations (2.3.110) and using Eq. (2.3.111), it is possi-
ble to obtain the matrix block D - (k;0,0) which determines the effective nonlocal response
tensor A (k(w),w) (Eq. (2.3.89)).
The effective nonlocal response tensor allows us to calculate not only the photonic-
phononic dispersion relation but also the total electric, magnetic, stress and displacement
fields at any point 7 in terms of their macroscopic components (with G = 0). Indeed, using

Egs. (2.3.73) and (2.3.74), it is possible to express the microscopic field as

(ZD (k, G,0) ZG'T> <D_1(k,0,0)> _1%. (2.3.112)
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2.4 Metamaterial transformation of the nonlocal piezoelec-

tromagnetic response

In previous section a method to calculate the effective nonlocal parameters of a
homogenized piezoelectromagnetic crystal has been developed. However, such parameters
are commonly used for a limited number of cases. For example, consider an electromag-
netic metamaterial with non-magnetic constituents, possessing a negative refractive index
in a certain frequency range. The spatial dispersion of the homogenized crystal can be
described by a nonlocal dielectric function €(w, k) with effective permeability u being con-
stant. Despite the fact that the nonlocal dielectric response contains all the information
about dynamic effects inside the crystal ([69], [112]), the origin of the negative refraction
is explained as the result of a magnetic-dipole moment appearance in a structure of non-
magnetic constituents. Obviously, only using the effective nonlocal dielectric function, it is
not possible to achieve a dynamic effective structure-dependent permeability. Nevertheless,
metamaterials made from non-magnetic materials are found to exhibit a negative refractive
index [113]. Hence, it would be very useful to obtain effective metamaterial parameters,
depending on the crystal structure, in order to predict and explain the negative refractive
index appearance.

Since the nonlocal response describes spatial dispersion effects, it is possible to
redefine the obtained nonlocal response in terms of new re-calibrated fields and effective
parameters. This kind of nonlocal response transformation will be called a metamaterial
transformation. There are many ways to introduce the effective parameters, however, it is
strongly recommended to ensure that newly redefined parameters still describe the medium
with same photonic-phononic dispersion. As it is shown below, the obtained nonlocal re-
sponse can be transformed into a metamaterial one far beyond the local limit, which provides

an instrument to design and fabricate metamaterials with desired properties.
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To proceed to the transformation of effective parameters, it is convenient to write

down the dynamic matrix of the homogenized piezoelectromagnetic crystal as:

(

ﬁ k, G, G,) = ?15X15(k + G)éG,G’ + ZQ:(G — G,),
where ?1@@5(’6 + G) is:

(2.4.1)
03x3 f?,x()‘(k?-i-G) 03x3 03x3
— fgﬁ E+G)T O6x6 O6x3 Opx3
Kisxi5(k+G) = (o) ) ) ) ot
03x3 036 03x3 K;, 3k +G)
—rot
03x3 03x6 —-Kj.5(k+G) 03x3

(2.4.2)
The components of matrix flwm(k + G) depend on the wave-vector as it is
specified below:

ky O

0 0 k. ky 0 —k. Ky

— —rot

K3x6(k) 0 ky 0 ks 0 kyl|, Ksus(k) k. 0 —k
0 0 k, ky ke O ~k, k. O

(2.4.3)

The macroscopic equations system, namely the equation for Vj can be written in
terms of the effective nonlocal response matrix (2.3.88) as

[?15»@5(’{3 + G) + iﬁeﬂ(k)] Vo =0. (2.4.4)

In compact form, the macroscopic equations set (2.4.4) can be rewritten as:

— —PEM
kKVo = —iQ2A ¢ N1, (k) Vo, (2.4.5)
with K equal to:

K= %Eww(k). (2.4.6)

Metamaterial transformation procedure is a redistribution of the effective nonlocal

response in terms of the local response, and nonlocal anti-symmetric and symmetric tensors:

—PEM =

AN (k) = Aeio + kjeff,l + k'2jeff,2>

(2.4.7)
where the local response in obtained in the limit k& — 0:

off,0 = Aeg (K — 0). (2.4.8)
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Nonlocal tensors are determined by the difference matrices idiﬁ(k) and jdiff(—k)i
=5 —PEM =
B aitr(k) = i;fgg{L(k) - Aif,07 (2.4.9)
Agir(—k) = Acgnn(—Fk) — Aeo-
Finally, the explicit expressions for the anti-symmetric and symmetric matrices

are listed below:

— 1 [= — 1 /—PEM —PEM

A = o Aqi(k) — Aqie (k) | = % Ag (k) — Ag (k) ),

— 1 /= — 1 /—PEM —PEM —
Ao = BY®S) Agirr (k) + Aqi(—k) | = BYS) Aggnp (k) + Acg nL(—F) — 210

For systems with central symmetry the matrix ieﬂ"l vanishes. Indeed, such a
system has the same nonlocal response for k and —k. However, the contribution of anti-
symmetric tensor ieff,l is significant and should be taken into account for systems without
inversion symmetry.

The next step is to introduce the quadratic operator ?g:

Ksye - (Ksx6)T  0O3x6 03x3 03x3
= 1 0 0 0 0
K2 _ — 6x3 6x6 _ 6Xx3 _ 6x3 (2'4'11)
k 033 O3x6 (kxI)-(—kx1I) O3x3
03x3 03x6 03x3 03x3

Here, the product of K3xg - (K3xg)! and (k x I)-(—k x I) are matrices having

the form:
k24 k + k2 kky kyk.
K36 (Ksxe)' = koky k24 k24 k2 kyk. ,
kigks ey ki K2+ K2+ k2

(2.4.12)
K24 k2 —koky  —koks

(kxI)-(kxI)=| —k.k, k2+k% —kjk,
—kok,  —kyk. k4K

It should be commented that the quadratic operator ?2 allows us to redistribute
the nonlocal response between different effective parameters. For the particular case of a
homogenized metal-dielectric crystal, the applied operator ?g redistributes the nonlocal

dielectric response between the effective tensors of the bianisotropic response. In a more
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general case of a homogenized piezoelectromagnetic system, the quadratic operator fg is
responsible for the redistribution of nonlocal response between effective tensors.
In order to proceed, let us multiply both sides of equation (2.4.7) by the frequency

matrix ﬁ from the left:

QA4 NL(k) = QAo + Kk [I - K2+ Kz} QAg 1+

+ BRI+ K| Qs [T-Fo + K.

(2.4.13)

The antisymmetric term with jefm can be split into two terms:

QA (k) = QAo + 5 [I K+ Kz} QA + 50 A1 [I K+ Kz} +

bR [T TG T M [T- T+ 1]

(2.4.14)
Now, the terms with jefm is expanded as:
1T+ 1] WA [T T B = [T R 0Aa [T R+,
i [f - ﬁ} QA 2Ky + PR QAo [f - ﬁ] + PR A g2 Ko, -
It is convenient to introduce the terms ﬁf@’f(k)ﬁ
= = k= === k= 1= =
QA g(k) = QAcgo + 5 [I — Kz} QA5 + §QAeff,1 [I - Kz} - (2.4.16)
N AL A
Hence,
Aork) = Ay + o0 [T K| QA + oA [T K] +
’ 2 co2 (2.4.17)

+ K TR QA [T- K.

——PEM
Now, the tensor QA g \p, (k) is expressed as:

A (k) = QA (k) + §K2QAeff,l + §QAeff,1K2+

+ 12T K| QA oK + R QA [T - Ko
+ KK2QAgq K,

(2.4.18)
Substituting (2.4.18) into (2.4.5) to get

kKVb = —i |:QA eff(k) + §KZQAeff,1 + §QAeﬂ",1K2 + k,Z |:I - K2:| QAeH,2K2+

+ KK;QAg [? - ﬁ] + k:2K29AeHVQI{2] Vo.
(2.4.19)
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The terms, being multiplied by tensor ﬁ from the left, are moved to the left side

of the equation, others will remain on the right side:

p— ki — = p— — p— —
[k:K + 5 Ko QA + R0 Ao [I _ Kz} + K20 A 5 Kz} Vi, =

_ k - (2.4.20)
=Y ’ ~ A = - > | .~ a1 - -4
—i [QA (k) + 5 QA K + 2 [I _ Kz} QAQH,QKZ] V.
Now, K2 is expressed in terms of K:
03x3 ?stﬁ(k) O3x3 0O3x3 O3x3 03x6 O3x3 O3x3
(@) 5 - 1 (K3x6)T (k) O6x6 Opx3 J,)Stxs l (K3xe)' (k) Osxe O6x3 Opx3 :1?f7
k 03x3 03x6 03x3 Kak) | F 0O3x3 036 03x3 03x3 k
—rot —rot
03x3 Oiixﬁ _K:gx:s(k 03><3 03><3 O3><6 *K3><3(k) 03><3
K-
03x3 Ksxo(k) 03x3  O3xs O3x3 Ksy6(k) 03x3 03x3
= 1]06xs O Ogx3  Opx: 1| (Ksx6)"(k)  Ogxe O O 1= =
TR 63 636 o Do 1 (K3x6)" (k) 66 oxs _ Oexs -IRE
03x3  O3x6  O3x3 Kjzy.3(k) O3x3 O3x6 033 K;,3(k)
—rot
03x3  O3xé 03x3  03x3 03x3 03x6 —-Kj,5(k) 03x3
K,
(2.4.21)

Both forms (a) and (b) of the quadratic operator K, will be used to write down
the macroscopic equation systems:

[l{:K—i—l;kKKQAﬂl—i—l;KK QAem[I K2}+’2KK QA.s - kKJrK}VO:

= k— 1= = = = — = = -
i [QA (k) + 5 QA K1 K + 12 [I _ Kz} QAo EK+ K] Vi
(2.4.22)
The tensor kK can be factorized out from the left:
KK [I + 5 K QA + K- QA [I — Kg} + K Q4K K] Vi =
(2.4.23)

——PEM

_ e ] — — — —PEM .
K _QAg1+K_QAcgo [I — Kz} + kQK—QAeﬁf,QK+< iQ A NL(k)>] Vo =

=Y 1 — = ——PEM — = — —
-t [QA et (k) + o QAo 1 K4 ( - ZﬂAeH,NL(k)> + [I - Kz] NQAg 2K, ( - ’LQAeff N ( )] 0-
(2.4.24)
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Terms simplification inside the parenthesis gives:

— ——PEM -
|-

— |= 1 fr—
kK [I+ %K QA1+ K_ QA2 [I Kz} — ka QA5 2K QA g\, (k)

|
o]
=
B
=~

— ——PEM = = —= PEM -
) - ?QAQH 1K+QAeﬁ‘ NL(k) —Z |:I - K2i| QAGH,2K+QAeﬁ‘7NL(k):| %

(2.4.25)

The frequency tensor Q is being factorized out from the right side:

KK [I + 5 K QA1+ K QA [I - Kﬂ — ];KQAQH,QKMAQHVNL(@} V) =
== Z — — ——PEM .:—l = — —_— PEM —
Q| At (k) — - A K 4 QA i (k) — i) [1 - Kz} QAo K QA (k) | Vo.
(2.4.26)
Finally, the expression for the piezoelectromagnetic metamaterial response tensor
—PEM
AeH,MM 1S:
Aggav (k) =| Aler (k) — ﬂAeff,lK-l—QAeff,NL(k) — i [I Kz} QA 2K QA g1 (K) ) %

- 1= — S — - | — —— — —PEM -1
<I + K QAg + K_QAus [I - Kz} - ];K_QAemQKJFQAeﬁ,NL(k)) .
(2.4.27)




Chapter 3

Case of electromagnetic

metamaterials

3.1 Nonlocal dielectric response of a homogenized 3D pho-

tonic crystal

A consistent formalism for homogenizing an electromagnetic crystal directly can
be described by employing the approach developed in Chapter II for piezoelectromagnetic
. . .o . .=
crystals. Indeed, in the case when piezoelectric esx¢ (r) and piezomagnetic dsxe ()
tensors in Eq. (2.3.45) are zero matrices,

<~
e (r) = 03xe,

H() X (3.1.1)
d

(r) = O3xs,
the elastic and electromagnetic responses of a piezoelectromagnetic medium can be treated
separately. In fact, the piezoelectromagnetic periodic matrix j(r) with the condition (3.1.1)

has the following form:

<>
P (r) 0O3xe 03x3 0O3x3
<>
Alr) = 6x3 S (7) st?) Oexs (3.1.2)
O3x3  0O3xe¢ € (r) 7 (r)

<> <>
03x3  O3x6 6 (r) M (r)

<~ g g Ad
As a result, tensors € (r), v' (r), &' (r) and p’ (r) coincide with those of the

photonic bianisotropic response (2.3.34). The piezoelectric and piezomagnetic effects have

52
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real physical origin. According to (3.1.1), if one theoretically removes tensors © (r) and
1_1) (7), the elastic and electromagnetic wave independently propagate inside the same crys-
tal. Besides, in many cases this approximation is viable since the piezoelectric response of
metamaterials is rather weak, particularly, in the microwave range.

As long as tensors € (1), 2 (r) are absent, the elastic and electromagnetic parts of
the periodic matrix j(r) can be treated separately. Therefore, the macroscopic equations
of the piezoelectromagnetic system (2.3.42) can be reduced to those of a homogenized

electromagnetic crystal as follows:
Vo(r) = QA(r)v(r), (3.1.3)
where column-vector v(r) contains the components of electric and magnetic fields only:
[v(r)" = (B, E,, E., H;, Hy, H,). (3.1.4)

Here, Q is a matrix including the frequency w:

wls 0

frd —iw

Q= LA (3.1.5)
O3x3 —iw I3

The matrix ? has the form:

0O 0 0 0 -V, V,

, 0 0 0 VvV, 0 -V,

:_ 03><3 vgog o 0 0 0 —Vy Vz 0
-V, 0 V, 0 0 0

vV, =V. 0 0 0 0

The 6 x 6 matrix j('r) in (3.1.3) is defined in terms of 3 x 3 matrices: the per-
mittivity € (r), permeability ﬁ (r) and crossed magneto-electric dyadics - ? (r) and

3 ()

_ T ¥
Ar)= | & o , 3.1.7
(r) T B (3.1.7)

where the above described tensors are periodic functions of the coordinate 7.
The effective dynamic parameters of the photonic crystal will be calculated by

applying the explicit formulas for all the components of the effective nonlocal-response

tensor: -
<~
= €t (k,w Vet (k,w
Aci(b(w),w) = | & (k) “ (ks ) ; (3.1.8)
(seff (k7w) Ko (k:,w)
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where €. (k,w), Regr (k,w), Ve (k,w), & et (k,w) are the effective bianisotropic response

tensors, which depend on both the Bloch wave vector k and frequency w. In principle,
applying the expression (3.1.1) within the nonlocal piezoelectromagnetic formalism, it is
straightforward to obtain the effective parameters for homogenized electromagnetic and
elastic crystals. In particular, the obtained here expressions for the effective tensors of a
homogenized electromagnetic crystal are fully consistent with those presented in [52].

The direct calculation of the effective nonlocal response matrix jeff(k((d), w) re-
quires the solution of very large algebraic systems of equations. In order to reduce the
computing time of the numerical simulations, an FFDA will be used that is rather accurate
in comparison with that proposed in [52].

Another novelty is that the iterative procedure, used to obtain the effective non-
local parameters, allows the calculation of the exact photonic dispersion relation for an
arbitrary magnitude and direction of the wave vector k. On the first step, the local re-
sponse tensor jeg(k — 0,w) is being calculated and the resulting effective parameters are
used to calculate in the first (local) approximation the photonic dispersion relation k(w).
Afterwards, the nonlocal effective response tensor jeﬁ“(k:(W), w) (3.1.8) is calculated by us-
ing previous k(w) to obtain a new set of effective bianisotropic parameters, which are then

used to obtain a more accurate photonic dispersion relation k(w), and so on.

3.2 Metamaterial transformation of the nonlocal dielectric

response

To carry out the metamaterial transformation of the nonlocal dielectric response,
the corresponding formulas of the more general piezoelectromagnetic case, given in Section
2.4, will be used. For a homogenized electromagnetic crystal without piezoelectric and
piezomagnetic effects (3.1.1) the nonlocal dielectric response jfflfv[ ~i (k) calculated by the

iterative procedure, can be represented in the already known form:

Agg (k) = Aeio + kAegr 1 + k* Aot o (3.2.1)

The electromagnetic quadratic operator ?2 in this case is:

— 1 03><3 k x ? 1 03><3 03><3 _ 1 (k X ?) . (—k X T) 03><3

Ky —- T _ - (3.2.2)
—kxI 0343 K O3x3 03x3

k0353 03x3
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In full matrix form, the expression for ?2 is:

12482 —kok, —kok. 0 0 0
—kyky k2+k2 —kyk. 0 0 O
oL —kok.  —kyk. ki4+E; 0 0 O (3.2.3)
1o 0 0 00 0
0 0 0 000
|0 0 0 00 0

Finally, the metamaterial transformation for the nonlocal dielectric response is

given by the next expression:

|

ol

A (k) :<A off (k) — 5 A1 K+ Ao (k) — w [I - Kz] Aeff,zK+Aeﬁ,NL(k)) X

o

(T 5K A+ K o [T Ka] = 55K AunaK Apoa (b
(3.2.4)
Here, Tisa6 x 6unit matrix, w is frequency, tensors K_ and ?Jr correspondingly
are:
% - 03><3: 033 ’ K, - O3xs kx T (3.2.5)
—k XTI 0343 03x3  0O3x3

The tensor A’.g(k) is explicitly expressed as:

A i (k) = Ao + k [f - ﬁ} Aoy + k2 ﬁ - ﬁ} Aoy [T - ﬁ} . (3.2.6)

3.3 Specific results

3.3.1 Nonlocal response of 3D semiconductor-dielectric photonic crystal

in the far-infrared range

Photonic crystals (PC) with tunable photonic band gaps (PBG) have been an
object of intensive study in the previous decade [114], [115]. Several ways are available to
tune PBG of PC: by applying an electrical field to liquid-crystal inclusions [116], [117]; as
well as a magnetic field to control the frequency position and width of PBG [118], [119]. An
outstanding idea to fabricate a tunable PC is the use of a semiconductor component [114]

with a sufficiently large number of free charge carriers. Evidently, the plasma frequency
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of such constituents will strongly depend on temperature leading to a thermal shift of the
PBG structure.

The temperature-dependent effective parameters for two types of homogenized
photonic crystals will be calculated below. The first one is a square two-dimensional (2D)
lattice of infinitely-long InSb square bars embedded in a silica glass (SiO2) matrix. The
second system to be considered here is a cubic three-dimensional (3D) PC composed of cut

square bars of InSb in the dielectric glass matrix.

3.3.1.1 Semiconductor-dielectric photonic crystals description

The formalism described in Sec. 3.1 will be applied to calculate the effective pa-
rameters of a homogenized semiconductor-dielectric photonic crystal (SDPC). To obtain the
effective nonlocal response matrix jeg(k(w), w), it is necessary to specify the components

of the tensor j(r) (3.1.7), which here has the form

A(r) = ol (3.3.1)
0 po T

because the materials of the SDPC are assumed to have dielectric non-magnetic response
with zero magneto-electric tensors (ug is the vacuum permeability). The inclusion (semi-
conductor) and host material (dielectric) in the unit cell are isotropic having, respectively,
permittivities €, and €. In this case, the effective nonlocal-response matrix jeff(k((U),W)

(3.1.8) is completely determined by the nonlocal effective permittivity tensor:
<>
Tar(b(w),w) = | ST @) 01 (3.3.2)
0 po I
We shall consider an inclusion of intrinsic indium antimonide whose frequency-
dependent permittivity €,(w) in the THz range (below the phonon resonance) can be de-
scribed by the Drude model as

€ w2

a p
—=¢0)1— ——— 3.3.3
€0 at )< w2+iuw>’ ( )
where € is the vacuum permittivity, wy, is a temperature-dependent plasma frequency, €,(0)

(=17.7 for InSb) is the static background relative permittivity, and v is a damping constant.

The semiconductor plasma frequency wj, is given by the expression

N.e?

e (3.3.4)

Wp =
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where NN, is the electron density, e is the electron charge, m* (= 0.015m, for InSb) is the
electron effective mass, and m, is the free electron mass.

As it is seen in Eq. (3.3.4), the semiconductor plasma frequency is mainly affected
by the free carrier concentration N.. For indium antimonide the temperature dependence

N(T) is given by [114]:
N, = 5.76 x 10273/ 2exp(—0.13/kpT), (1/m>). (3.3.5)

The host matrix material is assumed to be silica glass (SiO2) with low losses in the

THz frequency range [120]; thus, the permittivity of the background material is €, = 4.0.

3.3.1.2 Calculated nonlocal effective parameters

Consider two systems: i) a two-dimensional square lattice of indium antimonide
bars embedded in silica glass (Fig. 3.1(a)) and ii) a 3D cubic array of InSb square bars in
a host SiOg-glass matrix (Fig. 3.1(b)).

In applying the nonlocal homogenization approach, described in Sec. 3.1, together
with the modified FFDA, the InSb inclusions have been divided into n small cubes of side
a/13, where a is the lattice constant of the 2D (square) and 3D (cubic) photonic crystals,
respectively (here a = 40um). The area of the square bars section is equal to (4a/13)? in
both cases. The height of the isolated InSb bars in the cubic array is 12a/13 < a.

The effective parameters for the square 2D PC are calculated as for the cubic array
of square semiconductor bars, but having a height equal to the lattice constant a. Thus,
the InSb bars of neighboring unit cells touch each other along the z direction, forming a
square 2D PC.

For each of these systems, the nonlocal effective permittivity tensor (3.3.2) has
been calculated at temperatures T' = 200K and 1" = 300K. The carrier concentration and

plasma frequencies for intrinsic indium antimonide at the chosen temperatures are:

T = 200K : N, =8.63198-10%°(1/m?),
wp = 3.21627 - 10*(rad/s) = 0.511885(THz),

)
)
(3.3.6)
T = 300K : N, =1.95975-10%%(1/m?),
wp = 1.53249 - 10" (rad/s) = 2.43903(THz).

The temperature-dependent damping constant v(7T') used in the calculations is equal to

0.01ew,(T).
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2D b 3D

Figure 3.1: Square lattice of InSb bars (filling fraction f, = 9.5%) in silica glass background
matrix (a); square bars of indium antimonide arranged in a cubic lattice (b) with filling

fraction f, = 8.7%; in both cases the propagation wave vector is parallel to the x direction.

3.3.1.3 Square 2D array of InSb bars embedded in glass

We have considered electromagnetic modes, having electric field parallel to the
z-axis and propagating along the x direction (k = k,&) in the above-described InSb-glass
square 2D PC. In this case, the nonlocal effective permittivity tensor € ot (k,w) (3.3.2) is
diagonal with different principal values: €,, # €,y # €.. as for an orthorhombic PC.

Fig. 3.2 exhibits the numerically-calculated frequency dependences for the effective
permittivity component e, (Fig. 3.2(a)), the refractive index n(*) = \/e.. /ey (Fig. 3.2(b)),
as well as the dispersion relation k;(w) for the z-polarized photonic modes at 7" = 200K
and T' = 300K (Fig. 3.2(c)).

As it is seen in panel (a) of Fig. 3.2 the component €., of the nonlocal effective
permittivity tensor (Eq. (3.3.2)) turns out to be a complex number with |Re,.| > [Se,,|
because of the relatively-low losses of the semiconductor inclusion in the frequency range
w > v (see Eq. (3.3.3)).

At temperature 7' = 200K (7" = 300K), Re..(w) has a zero at the frequency
w = 1.8(7.4)Trad/s, being negative below such a frequency and positive above it. Therefore,
the effective refractive index n(?) is almost imaginary at the low-frequency range, but it is
real above the zero of Re,,(w). The zero of Re,,(w) can be defined as an effective plasma
frequency of the semiconductor-dielectric PC for photonic modes polarized along the axis

of the infinite bars. It means that the InSh-glass square 2D array has, in fact, a “metallic”
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behavior with plasma frequency in the THz range.

Notice that the calculated effective parameter ¢,,(w) allows to obtain the exact
phononic dispersion kg (w) (Fig.3.2(c)) within the whole first Brillouin zone (BZ) and even
beyond it by using the formula:

kr(w) = wy/ €.z (w)po- (3.3.7)

The band gaps for z-polarized photonic modes are characterized by a considerable
imaginary part of their wave vector component k,. In panel (c¢) of Fig. 3.2, two band gaps are
observed. As the temperature is increased, the lowest photonic band gap becomes wider and
the second band gap is shifted to higher frequencies. These results are due to the increase
of the carrier concentration and plasma frequency of the InSb component with temperature
(see Eq (3.3.6)) and totally agree with the photonic-band-structure calculations carried out

in the work [114] for an InSb-dielectric 2D PC.

7
\
6 \ b 4 c
Sri 5 \
4l \‘ 35
o 3 c \3 iy A
N < 4 e 3
N 2 % <
o ° Vo 1
= ! £ % o 250
S0 o3 \e » | Imk,a, T=300 K
2 = ‘R X o T~ ¢
e k3] \ @) T=200K . |
E o :
G - 52 15
a 3 K
-4 1
5 1
0.5 §+ =
® Im n®, T=200 K Im kx-a_::,T.: 200K ¢
7 0 2 , 0 2 S
0123456 7 8 910111213 0123456 7 8 9 10111213 0123456 7 8 910111213

Frequency, Trad/s Frequency, Trad/s Frequency, Trad/s

Figure 3.2: Effective permittivity (a), refractive index (b) and dispersion relation (c) for a

square lattice of indium antimonide bars (filling fraction = 9.5 %).

3.3.1.4 Cubic array of InSb bars embedded in glass

Now consider the 3D PC with the unit cell as that shown in panel (b) of Fig. 3.1.
As in the previous subsection, the nonlocal effective permittivity is calculated in the case
of photonic modes, propagating along the z-axis and having electric field parallel to the
z-direction (the axis of the InSb square bars). Again, the nonlocal effective permittivity
tensor ?eff (k,w) (3.3.2) turns out to be diagonal and corresponds to the orthorhombic

symimetry.
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Comparing with the results, shown in Fig. 3.2, for the InSb-glass square 2D PC,
the absence of a layer of small InSb cubes inside the unit cell, drastically modifies the
relevant component (e,) of the effective permittivity for such photonic modes.

Indeed, as it is observed in Fig. 3.2(a), the permittivity component e..(w) and
the effective refractive index n(?) = \/% are almost real numbers at the low-frequency
range. Consequently, a low-frequency pass band emerges (see panel (c) of Fig. 3.2) and the
InSb-glass cubic 3D PC behaves as a dielectric. The width of such a pass band increases
with temperature.

Another interesting feature of the semiconductor-dielectric 3D PC is the presence
of several band gaps. The lowest band gap (just above the first pass band) is very narrow,

whereas the second one, turns out to be rather wide.
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Figure 3.3: Effective permittivity (a), refractive index (b) and dispersion relation (c) for a
3D photonic crystal composed of indium antimonide (filling fraction = 8.7 %) in SiOy-glass

background, T = 200 K.

3.3.1.5 Optical spectra of a slab composed of InSb bars

Consider a slab of indium antimonide square bars in SiO2 glass matrix at temperature
T = 200 K (Fig. 3.5). The incident electromagnetic wave in vacuum (x < 0) is polarized

along the semiconductor bars (z direction):
E; = (0,0, E;)efdm—iwt (3.3.8)
The electric field of the reflected electromagnetic wave can be expressed as:

E, = (0,0, E(x,y)), (3.3.9)
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Figure 3.4: Effective permittivity (a), refractive index (b) and dispersion relation (c) for a
3D photonic crystal composed of indium antimonide (filling fraction = 8.7 %) in SiOz-glass

background, T = 300 K.

with E,(z,y) determined as following:

Ep(z,y) = e ™" " B (Gy)eCvvelarGu)r, (3.3.10)
Gy

where q; and g, correspondingly are:

q; :(qI(O)7 Qy 0)7
qr :(_QCE(Gy)v Ay, 0)'

(3.3.11)

Here, ¢, and ¢,(G,) are given by

w .
@y == sin(0),

wZ
Qx(Gy) = 2 (Qy + Gy)27

where 6 stands for the incidence angle, c is the speed of light in vacuum, G, = 27n/a
(n=0,%£1,£2,...), and I(gz(Gy)) > 0.

The electric field of the transmitted electromagnetic wave in vacuum (z > [, where

(3.3.12)

[ is the slab thickness) can be written as:
Et = (0707Et($7y))’ (3313)
where E;(x,y) has the form:

Ey(x,y) = e ! Z Ei(Gy)eCryeiaGu) T (3.3.14)
Gy
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and q; is:
qt =(42(Gy), qy,0). (3.3.15)

We can describe the optical response of the composite system by using the nonlocal
effective permittivity (3.3.2) when the wavelength A in the external medium (vacuum) is
sufficiently larger than the lattice constant a. In this case, the diffracted photonic modes
(Gy # 0) are evanescent and the reflected and transmitted electric fields are well described
by:

Ey(x,y) = e E,(0)e' O,

4 ' (3.3.16)
E(z,y) ~ eil“’tEt(O)e““(O)'T.

— —

qi qr

Figure 3.5: Scheme of a slab having a square periodic array of InSb bars embedded in silica-
glass and six unit cells along the growth direction (x axis). The filling fraction of InSb is
equal to 5.3 %, T = 200 K. The distance from the centroid of the bars to the vacuum-SDPC

interface is given by parameter d.

For the system considered here, A > a (with a = 40pm) at frequencies below
47 Trad/s. In calculating the effective permittivity e..(k,w) for a homogenized medium,
the component k, should coincide with ¢, (Eq. (3.3.12)) and the k;(w, ;) component is

calculated by using the above described iteration procedure and the expression:

ky(w) = \/ezz(qy,(.u),uow2 - qz. (3.3.17)
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Figure 3.6: Effective permittivity (a) and dispersion relation (b) for a 2D photonic crystal
composed of indium antimonide (filling fraction = 5.3 %) in SiO9-glass background, T =

200 K.

In Fig. 3.6 the effective permittivity (panel (a)) and calculated dispersion relation
kz(w) is presented (panel (b)) for a slab of indium antimonide square bars of side length
3a/13 immersed into a glass matrix at the temperature T = 200 K with angles of incidence
6 = 0° (red lines) and 6 = 45° (blue lines).

The total (microscopic) electric E and magnetic H fields inside the homogenized

slab can be expressed as:

E(’I") _ e—iwt ZeiG-r [El (G>eik1-r + EQ(G)eikz"r} :

& | | (3.3.18)

I—I(r) — Wit ZSZG"I‘ [Hl(G)ezkrr + HQ(G)ezkzvr} 7
G

where k; and ko respectively are:

kl :(k:m Qy; O),
k2 :(_kw7 an O)

(3.3.19)
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3.3.1.6 Boundary conditions for the finite-size slab

The effective nonlocal parameters of a homogenized photonic crystal can be used
for determining reflectance and transmission optical spectra of finite-size periodical systems
(slabs). In this case, it is well known that an effective nonlocal response is sensitive to the
surface microstructure of the sample. Therefore, the application of the Maxwell boundary
conditions for the macroscopic electric and magnetic fields may lead to discrepancies be-
tween the optical spectra of the homogenized PC and those of the real PC even at rather
low frequencies. To overcome this problem, one of the possible solutions is to introduce
additional surface parameters or transition layers [58], [59].

Here, the exact boundary conditions for the “macroscopic” component of the elec-
tromagnetic field without introducing any additional surface parameters (surface suscepti-
bilities) or transition layers will be derived within the framework of the developed homog-
enization theory.

To describe the full electromagnetic field inside a slab, especially at high frequencies
in the strong nonlocal regime, it is necessary to take into account all the information about
the spatially-dispersive finite-size sample. Secondly, one needs to express the microscopic
field inside the slab in terms of the slow-oscillating macroscopic field. Finally, the obtained
microscopic field, having all the information about the microstructure, is used for linking
electric and magnetic fields at the boundaries of the slab.

The microscopic field inside of the homogenized medium is described as a Fourier

expansion it follows (Subsection 2.3.6):

——1 =
v(G)=- )Y D, (k,G,G')D(k,G',0)%. (3.3.20)
G'#0

Then, using the relation between the inverse dynamic matrix ﬁ(k:, G,G’) and the

inverse sub-matrix D (k,G,G’) [111], the following expression is obtained:

—1
= —1 —1
v(G) = ~TsgoVo+D (k,G,0) <D (k,0,0)) Vo. (3.3.21)

The Bloch function of the microscopic field v(r) can be expressed as:

v(r) = e*TVy + kT Z v(G)eCT, (3.3.22)
G#0
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Employing the relation (3.3.21), the microscopic field inside the slab in terms of

the macroscopic field Vj is:

(ZD (k,G,0) 1G"’> <D1(k,0,0))_1V0. (3.3.23)

The important outcome of the derived above expression is that neglecting terms
with G # 0, the usuiﬂ macroscopic Maxwell boundary conditions are obtained. The ten-
sor <D1(k,0,0)> is calculated within the developed homogenization approach, thus
the component in the first parenthesis of Eq. (3.3.23) is responsible for describing the
microscopic field. Using the form factor division approach together with the average field

approximation (Subsection 2.3.8), one can find:

—1 J— . .
ZD (k,G,0)eC" =T (0)-w)» "T (G)AADY ¢ C7iF,(G) < P; >
j=1
(3.3.24)

Here, w is frequency in rad-s~!, F,(Q) is a form factor of a small inclusion cube, and < ?j >
is an average field within the inclusion cube. It should be emphasized that Eq. (3.3.24) is
sensitive to the position of the boundary inside the crystal (given by radius-vector r).
Hence, knowing the parameters of an infinite homogeneous medium, it is possible
to determine reflectance and transmission coefficients for a finite-size sample. The Maxwell
boundary conditions for the tangential components of the total electric and magnetic fields

at the vacuum/slab interface () = —d (see Fig. 3.5) should be applied:

1 2
EW| .0 =EP|,_0,

O @ (3.3.25)
Hy |:c:x<1) = H, |x:x(1>'
At the second slab/vacuum boundary z(?) = 6a — d:
2 3
Eiz))xZZ(Q) i E'g(;’f:z(z)’ (3.3.26)
Hy |x:x<2) = Hy |x::p(2)‘
Equations (3.3.25) can be written as:
E.ay + E — v V(Z),
o e%) B1Vy " + B2V (3.3.27)

Eioy + Eray = BIIVPE}) + B;VE@),
where F; is the amplitude of the incident wave (3.3.8), E, is the amplitude of the reflected
wave (3.3.10). The Vél) and VE(Q) is the z-components of the amplitude of the macroscopic
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electric field, respectively, E(G = 0,k;) and E(G = 0,—k;) inside the slab. Magnetic
fields are expressed in terms of electric field using Ampere law.

Equations (3.3.26) can be rewritten in the form:

Ev = §1VE(1)+€2V§),

, , , (3.3.28)
Ey = & V]g) + §2V1§‘2)'
The corresponding coefficients are given below:
o = eiqﬂ(”O)‘”(l) Qg = e*iqﬂ(ﬂmx(1>
’ 0 ’ 0
Q= —QJ(c)Oél Qg = qé)az
Boo P et
/ -1.(2) (1) ’ (2) 4 5(—) _ik® ()
_ _k(Z)M(‘f‘)ezkx z — kP o) ks
o5 z Msp Ba z Mgy (3.3.29)
& = Bk @@rd) g ek @)
g = BT g = gl
N o= eias”a 7= e

— —(+ —(—
The coefficients of 3 matrix are described by 6 x 6 matrices M ) and M =) are:

=) 571 Gz | (1) -
M = (Y D (kY G, 0)e " <D (kg ,0,0))
Gy

- X ) 1 (3.3.30)
M - (YD (—kf),az,o)eisz(l)) (D (—k:g‘f),o,o)>
Ga
In the matrix form, equations (3.3.27) and (3.3.28) are expressed as follows:
a1 az E; B B2 vy
op o) \B sos) \Ve')
1 (3.3.31)
& & vy [m O Ey
& & vy (U Ly

The relation between the amplitudes of the incident, reflected, and transmitted

waves is given by the following matrix equation:

Ei = Et
= Xoxo , (3.3.32)
E, By
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where Ygxg = E

= :—1 —_ — = = —
. B-& -7, and the matrices @, 3, §,7 are correspondingly defined by
Eq. (3.3.31).

The reflectivity R and transmittance 1" are directly found by using the components
of matrix X:

t = X+ X,
ro= (Xa1+ X22)/t,
1]? (3.3.33)
T o= ‘ ,
t
R %

The reflectivity and transmittance spectra are presented in Fig. 3.7(a) for the
angles of incidence 8 = 0° and § = 45° a slab thickness equal to 6a. Note that the pass
bands and stop bands have a good correspondence with the dispersion relations shown in
Fig. 3.6. The pass bands exhibit Fabry-Perot resonances because of the finite size of the
slab. Panels (b) and (c) show the influence of the surface microstructure, specifically, the

effect of the parameter d on the optical spectra. Such an effect is well manifested in the
nonlocal regime.
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Figure 3.7: Transmission and reflection for 6-layered structure of InSb in glass for different

values of the parameters d and # and a filling fraction equal to 5.3 % at T = 200 K.

3.3.1.7 Discussion

The results presented here (Figs. 3.2 to 3.4) demonstrate the usefulness of the
applied nonlocal homogenization approach, based on the Fourier formalism and the FFDA.

Nevertheless, our approach still requires the calculation of sums over a large number of
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reciprocal lattice vectors for a good accuracy of the results.

In applying the nonlocal homogenization approach, an iterative procedure to de-
termine the photonic dispersion relation k(w), which provides only one solution depending
on the chosen initial value for the wave vector was used. The presented calculations, an
initial value close to zero (kK — 0) of the wave vector has been used. In addition, in each
step of the iterative procedure, the complex wave vector (i.e. the root of Eq. (3.3.7)) with
positive imaginary part (Sk, > 0) is chosen. At sufficiently large frequencies, the obtained
solution for k = k;(w)Z can lie in the second Brillouin zone in the extended scheme (see
panels (c) of Figs. 3.2-3.4). The latter predictions agree with those of the work [86], where it
was found that the nonlocal effective dielectric response for metal-dielectric photonic crys-
tals can lead to wave vectors beyond the first BZ. Although the photonic band structure
can be calculated by using other methods (for example, one of them is given by [114] for the
2D case), the applied-here homogenization method allows to analyze the complex nonlocal
effective parameters and, consequently, physically describe the metamaterial behavior of
the homogenized photonic crystals. Indeed, the exhibited results in Fig. 3.2 (Figs. 3.3 and
3.4) for a 2D (3D) semiconductor-dielectric photonic crystal have permitted to demonstrate
the plasma-like (dielectric) behavior of such homogenized systems.

The presented here results were obtained for photonic modes propagating along
one of the principal axes of the homogenized photonic crystal. Nevertheless, the nonlocal
effective permittivity tensor depends on both magnitude and direction of the wave vector k.
For an arbitrary direction of k, the permittivity tensor ¢ can contain non-diagonal terms
and, therefore, its form should be analyzed at every step of the iteration procedure.

In studying the propagation of electromagnetic waves in an infinite photonic crys-
tal, the wave-vector depends on frequency. In this case, the spatial dispersion cannot be
distinguished from the frequency dependence [112]. Within the proposed formalism, the
formulas for the effective parameters (permittivity) provide the explicit dependence on the
wave vector k. Here it was shown that such formulas can be applied not only for calculating
the dispersion relation of the photonic eigenmodes, but also for the excitation of photonic
modes in finite-size samples.

Despite having considered here the simplest geometries, the described homogeniza-
tion method itself does not impose any restriction on the inclusion structural complexity.
This outcome opens a very wide field of possible systems to be studied - semiconductor-

dielectric 3D photonic crystals with more sophisticated inclusions in the unit cell. Besides,
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the output effective matrix jeff components are fully complex, which can be useful to es-
timate energy losses in the homogenized PC. Moreover, it should be commented that the
applied nonlocal homogenization approach cannot lead to a magnetic or chiral response if
the constituents are nonmagnetic or nonchiral materials in contrast to other homogeniza-
tions methods [60], [61]. The reason is that the magnetic and chiral effects are hidden in
the wave vector dependence of the effective matrix jeff(k(OJ),W) (3.3.2) [75], [121].

The homogenization approach applied here provides the effective dielectric per-
mittivity tensor of a periodic conductor-dielectric medium within the Fourier formalism not
only in the long wavelength limit [79], [122], but also beyond it. In this kind of nonlocal
approach, the artificial magnetism or chirality are hidden in the nonlocal dielectric response.
There exist other homogenization methods which are based on averaging the fields over the
unit cell of the periodic medium [61], [68], [69], [123]. The predictions of homogenization
theories in the nonlocal regime may be different, particularly, for finite-size periodic sys-
tems. One of the reasons for such a difference is the sensitivity of the nonlocal average
dielectric response to the surface structure of the sample [58].

Relying on the presented results, infra-red shutters and detectors may be fabri-
cated with a cut-off frequency depending not only on the metamaterial structure but also
on temperature. Complex inclusions typically will lead to changes in the photonic band
structure, namely to the appearance of new band gaps. Therefore, our results can be useful
for designing effective temperature-controlled filters for the THz range. In general, a whole
new class of optical devices can be designed by including semiconductor constituents in
metamaterial structures. An example of such an idea is the use of the well-known split-ring
resonators [7] made of semiconductor immersed into a glass matrix for fabricating metama-
terials with negative refractive index in a certain frequency range, which might be tuned

by varying the temperature.

3.3.2 2D periodic array of metallic wires in air: nonlocal and metamate-

rial response

Consider a system of aluminium wires, which are arranged in a 2D square lattice in
an air background. This is a relatively simple structure with well known physical properties

[3], [4] to start with.

The unit cell is shown in Figure 3.8. The most interesting case of wave propagation
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Z
Lattice type Square
Period, a 5 mm
k P _— Inclusion material Aluminium
L~ Background Air
- = f/ Aluminium plasma frequency, w, 15 eV
X - | A Aluminium damping constant, v 0.1 eV
Wire side length [ 20 pm
Inclusion filling fraction 0.0016 %
) Analytical formula result for wgff 10.1797 GHz
% (0‘9 Modeling result for wze,ff 10.67 GHz
o —

Figure 3.8: Aluminium wires in 2D square Table 3.1: Main parameters of 2D metal-
lattice, a = 5 mm, filling fraction of inclusion dielectric periodic structure.

is 0.0016 %.

is that when the wave vector k is parallel to z-axis and the electric field E||z. In this case,

the propagating TM modes will excite plasma oscillations along the & direction.
Aluminium square-profiled wires are used with the wire side length [ equal to 20

pm. The effective plasma frequency for the square aluminium wires can be calculated by

using the formula derived in the work [121]:

2

2me
w2

b= TR (3.3.34)

where a is the structure period, [ is the square wire side length. Varying the wire side
length [, one can alter the effective plasma frequency wgff for a fixed period a = 5 mm (see
Figure 3.9).

In our model, a frequency dependent permittivity of aluminium will be described

by the Drude model:

w2

(w)y=1— 2, 3.3.35
with the parameters w, and v given in Table 3.1.

Figure 3.10 shows the nonlocal dielectric response (NL) for E-modes polarized
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Figure 3.9: Dependence of the effective plasma frequency wzﬁ on the square aluminium side

length [ for a simple cubic lattice, with period ¢ = 5 mm.

along % direction. The filling fraction of metallic wires plays the main role in changing the
electron density. At low frequencies the electron shielding against an incident wave is very
effective, hence only evanescent modes can excited. At frequencies w/w, > 1 electrons no
longer provide a shielding against the incident electromagnetic wave allowing the propaga-
tion of electromagnetic modes in the homogenized crystal. Hereby, a typical metal behavior
is observed because of the appearance of a low-frequency band gap. Increasing the metal
volume fraction inside the unit cell, the effective plasma frequency rises to that of a pure
metal; if the wire volume is too small then the low-frequency band gap vanishes. Hence,
changing the section of metallic wires, one can control the width of the negative permittivity

region from infrared to microwave range.

In addition, the calculated metamaterial transformation (MM) for a nonlocal di-
electric response using (3.2.4) is presented in Figure 3.10. Initially, for each frequency, a
nonlocal dielectric solution (NL) is found by using the FFDA with the iteration procedure
to obtain the dispersion relation. Comparing the nonlocal dielectric response with the meta-
material, one should note that the resulting effective magnetic permeability is constant and
equal to 1 (red line); indeed, there is no magnetic contrast between air and aluminium.
However, as it is seen in the case of the metamaterial response, the effective permeability
flj depends on both the frequency and the wave vector, whereas the effective permittivity
tensor € became partially local. The resulting dispersion relations of nonlocal dielectric

response and of the metamaterial one are practically identical. It allows to state that the
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metamaterial transformation can be used to describe a photonic crystal in terms of nonlo-
cal magnetic permeability function ﬁ (k,w) with the same dispersion that is described in
terms of nonlocal dielectric function. The physical explanation of this fact is that electric
and magnetic fields are not independent in the dynamic case, so the nonlocality can also be

associated with the magnetic response [124].
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Figure 3.10: Comparison of the effective nonlocal dielectric (NL) and metamaterial (MM)
response for 2D square lattice of Al wires, the lattice parameter a = 5 mm, and the alu-

minium wire square side [ = 20 pm.
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3.3.3 Metamaterial microwave response of 3D periodic structures

The microwave range is a part of the electromagnetic radiation spectrum, with the
photon energies laying between the infra-red region and radio waves. The most important
applications for the microwave range are radio-communications, wireless networks, medical

treatment, space satellite communications, sensing, metals heating and much more.

< Increasing Frequency (v)

l(|)24 1?22 1?20 1?18 1?16 1?14 1?12 l(I)IO lIOB 1I06 104 102 100 v (HZ)

Y rays X rays uv IR Microwave |FM AM Long radio waves
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Figure 3.11: Electromagnetic spectrum diagram. Frequencies/wavelengths/photon energies
corresponding to microwave range are situated between 300 MHz/ 100 cm/1.24 peV and
300 GHz/ 0.1 cm/1.24 meV.

Wireless information transport is using microwave frequencies, whose range is
being divided into bands. A short list of main bands is presented below in Table 3.2.

First experimental demonstration of metamaterials with negative refraction index
was demonstrated at microwave frequencies [113] for the X-band and the reason is quite
simple: macroscopic samples are easier to build, the equipment for the X-band (widely
used radar band, see Appendix C) is accessible. Besides, a variety of prototyping methods
is available to make a photonic crystal with very good unit cells repeatability: micro-
lithography, 3D printing of metal-dielectric structures, mechanical milling etc. The other
advantage of working in microwave is that a metamaterial can be easily characterized using

modern spectrum analyzers.
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Band | Frequency, GHz | Wavelength, cm | Purpose

L 1—2 30 — 15 Radio, mobile phones GSM

S 2—4 15—17.5 Wifi, mobile networks

C 4 —38 7.5 — 3.75 Long-distance radio-communications
X 8 — 12 3.75 — 2.5 Radar, microwave microscopy

Ku 12 — 18 2.5 — 1.675 Satellite communications

K 18 — 26.5 1.675 — 1.13 Radars, astronomy observations

Ka 26.5 — 40 1.13 — 0.5 Satellite communications

Table 3.2: Commonly used microwave bands defined by IEEE standard [125].

3.3.3.1 Common substrates for GHz range

A typical microwave metamaterial is a metal-dielectric periodic structure; metama-
terial effects are mainly determined by the metallic inclusion filling fraction and geometry;
the dielectric part serves as a host matrix.

In the microwave, a copper-clad printed circuit fiberglass board is frequently used
because of moderate losses, fabrication simplicity and relatively low cost. Furthermore, a
high variety of methods (chemical etching, laser and mechanical engraving, lithography,
direct printing) are available to print the desired matrix of resonators into the surface
of copper. The whole class of such materials is called FR (“Flame resistant”), which is
composed of the fiberglass cloth with an epoxy resin binder to achieve flame resistant
properties. The standard itself determines certain groups of materials, however, one of
the most used among them is FR4-class. A certain degree of manufacturer-production
parameters fluctuation is always present [126]; materials from different manufacturers are
often differing in the main physical parameters - dielectric permittivity, density etc. In
frequency-critical applications, a difference in relative permittivity can shift the negative
refraction zone of designed metamaterial. In particular, an increase of the real part of the
dielectric permittivity results in a shift of the structure resonances to low frequencies.

Average parameters of common substrates potentially suitable for using in meta-
materials fabrications are given in Table 3.3. Certain types of applications require ceramic

based substrates made from alumina AlyO3 or aluminium nitride AIN with dopant elements

(beryllium oxide). The main advantage of ceramic based substrates is a high thermal con-
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ductivity of the substrate, so the device can operate at higher work temperatures; thermal
expansion coefficient close to that of silicon, which helps to integrate in micro-circuits. The
typical alumina-based ceramic substrate board has a relative permittivity €, in the range

between 9.0 — 9.5.

FR4 G10 RT Duroid 6035HTC
Type of dielectric Flame-retardant brominated epoxy | Glass epoxy | Ceramic filled PTFE
Mass density, kg/m? 1850 1810 2200
Relative permittivity, €, 4.5 + 0.018i 5.0 + 0.0251 3.50 + 0.00131

Table 3.3: Average parameters of commonly used printed boards materials.

The results of measuring FR4 substrates in microwave and RF presented in [126]
show a dissipation factor equal to 0.025 at 15 GHz. The given value for the dissipation
factor is considered acceptable for metamaterials prototyping, and the presented results in

this thesis are obtained using FR4 substrates.

3.3.3.2 Modeling of split-ring resonators structure

Above an electromagnetic metamaterial transformation has been developed and
results for a square lattice of metallic wires in air were presented. It is interesting to demon-
strate the metamaterial response for a structure possessing a verified negative refractive
index. An example of such a system is the split-ring resonators structure [113].

A typical split-ring resonator is a structure consisting of two principal parts (Figure
3.12) - metallic wires, forming a 2D lattice on the plane whose normal is the z direction,
and cut (or split) metallic rings. As it was demonstrated before [3], [4], a two-dimensional
square lattice of thin wires can exhibit a negative permittivity at microwave frequencies.
Controlling the wire thickness one can shift the plasma resonance frequency to desired
values.

Assuming that the k vector is parallel to y—axis, the refractive index is defined

as:
n = /€ ure (3.3.36)

The split-ring resonators design has certain degree of the bianisotropic response (8], how-
ever, the results of the calculated dispersion relation will be presented considering the

bianisotropic effects negligible.
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The instrument to control effective permittivity was known, however, in order to
form a left-handed medium it is strongly required to achieve a negative magnetic perme-
ability in the same frequency range as permittivity does. This goal was achieved by adding
concentric split-ring conducting wires, that act as a resonator at microwave frequencies.
Splitting the metallic ring gives a capacitor, that brings a magnetic resonance to lower
frequencies. First metamaterial samples provided only a narrow negative refractive index
region, nevertheless, the experimental demonstration of the negative dispersion was a huge

advance in modern physics.

Figure 3.12: Split-ring resonators sample demonstrating a negative refraction within X-

band [113].

Applying the general homogenization approach, the effective metamaterial re-
sponse parameters for the structure studied in [113] will be presented. Before proceeding
to the results, it is necessary to mention a few points. Firstly, the used method of homoge-
nization requires a cube discretization of the unit cell; as every discretization does, certain
degree of geometry mismatch is introduced. The second one, the results for a homoge-
nized infinite crystal are very different from the measurement on a real sample with a finite
number of unit cells. Besides, in order to locate the negative refracted beam, a prismatic
configuration of a metamaterial slab was applied in [113]. In this case, surface effects play
an important role, especially at high frequencies [58]. Nevertheless, the metamaterial re-
sponse results should reproduce a negative refraction index behavior of split-ring resonators
structure, even if the qualitative results experience a shift due to the above described fac-
tors. The main system parameters used in the present modeling of a split-ring resonator

structure are listed in Table 3.4.
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Z
Lattice type Simple cubic
Period, a 5 mm
Inclusion material Copper
Copper thickness 16 pm
Background G10 substrate in Air
Dielectric G10 thickness 0.25 mm
X G10 plate permittivity e, 3.4 4+ 0.003¢
Average background permittivity ¢, 1.227 + 0.00037
Copper plasma frequency, w, 7.3891 eV
Copper damping constant, vy 0.009 eV
_ 9
o
Figure 3.13: The unit cell of SRR in a simple Table 3.4: SRR system modeling
cubic lattice with a = 5 mm. parameters.

The calculated effective parameters of a split-ring resonators structure having
metamaterial response are shown in Figure 3.14. Obtained band of negative refraction
(from 10.24 to 10.5 GHz) is rather small, nevertheless, it was confirmed by the experiment
described in the work [113]. It can be explained in such a way that a split-ring resonators
structure basically depends on the magnetic resonance of the isolated circuits - external and
internal one. In practice, permeability turns out to be negative in a very narrow frequency
range; at same time the modeling shows, that the dielectric function is negative up to 17.92
GHz. The resulting negative refractive index appears only at the magnetic antiresonance,
which appears in a limited frequency range.

Furthermore, within the framework of the used homogenization theory, it is possi-
ble to provide the dynamic effective parameters corresponding to the bianisotropic response.
The main diagonal elements of the bianisotropic response tensors (2.3.32) ? and <’_7) are shown

in Figs. 3.15 and 3.16, correspondingly.
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Figure 3.14: Effective parameters of a split-ring resonators structure being a simple cubic
lattice with @ = 5 mm. The wave-vector k is along y-direction, the electric field direction

is parallel to the z-axis, and the magnetic field is oriented along the z-axis.
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Figure 3.15: Components of the § bianisotropic response tensor (obtained by using the
metamaterial transformation) for a split-ring resonators structure, being a simple cubic
lattice with @ = 5 mm. The wave-vector k is along the y-direction, the electric field direction

is parallel to the z-axis, the magnetic field is oriented along the z-axis.
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Figure 3.16: Components of the 7 bianisotropic response tensor (obtained by using the
metamaterial transformation) for a split-ring resonators structure, being a simple cubic
lattice with a = 5 mm. The wave-vector k is along the y-direction, the electric field direction

is parallel to the z-axis, the magnetic field is directed along the z-axis.
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3.3.3.3 Design, fabrication and characterization of a window resonators struc-

ture

During the last decade, a variety of planar and volumetric structures were de-
veloped in order to demonstrate the negative refraction. From the introductory part of
the present work, it is known that LHM can be realized using resonance-based structures
(for example, split-ring resonators) or chiral ones. Resonance-based designs are seeking
to achieve the magnetic moment appearance due to an electric circuit resonance, whereas
chiral inclusions produce a significant change of fields polarization due to the symmetry
properties of the structure.

A simple an symmetric design of a microwave metamaterial is here proposed -
window resonators (WR) or framed crosses structure [127]. The schematic unit cell of a
typical WR system is shown in Figure 3.17. Although the proposed design is fully central-
symmetric (so the crossed magnetoelectric response vanishes), it can provide a negative
refractive index region as a result of non-local effects. Furthermore, it is possible to expect
a wider negative refraction zone from non-resonance based structures. Besides, normal

incidence of electromagnetic waves with the wave vector k parallel to the z-axis is considered.

N

Figure 3.17: Window resonator design.

A window resonator element is a conductor-made square profile contour divided by
two intersecting conductors forming four windows inside. The other name, framed crosses,

is coming from the physical and visual analogy of symmetric cross resonators confined by
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a metallic frame. The metal inclusion can be fully immersed into a dielectric matrix or
fixed at the surface of a substrate. Each resonator is separated from neighbors, there is no
electric contact between them. Generally speaking, it means that physical behavior and
band structure of framed crosses resonators are expected to be similar to that of cut wires
system resulting into the appearance of a low-frequency pass band. Additionally, window

resonators design is easily replicated, which is another advantage of WR structure.

3.3.3.3.1 Tetragonal lattice, a=[4;4;1.6] mm, 2-20 GHz

The first experimental sample of WR was designed with period a = [4; 4; 1.6] mm in a
tetragonal lattice. The unit cell is shown in Figure 3.18. The substrate is an FR4 dielectric,
1.55 mm thick with a copper layer of 35 yum. Each layer is a square of 20 cm x 20 cm size.
In the xy-plane there are 50 periods of a structure, but only 4 layers will be assembled in
the z-direction. The specified number of layers is used because of the relatively large losses

of FR4 [126].

Figure 3.18: Unit cell of window resonators structure with a, = ay = 4 mm, a, = 1.6 mm;

right panel shows the real sample surface.

Metamaterial sample consists of 4 layers fixed by the 4 plastic bolts. At the
right panel of Figure 3.18 the surface of a real metamaterial fabricated by micro-machinery
engraving method (B.1) is shown.

The experimental setup is shown in Figure 3.21. The result of transmission mea-
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Figure 3.19: Fabricated sample of window resonators with a, = a, = 4 mm, a, = 1.6 mm.
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Figure 3.20: Measurement of transmittance for a window resonators sample for normal
incidence; the metamaterial consists of 4 layers forming a tetragonal lattice with a, = a, = 4
mm, a, = 1.6 mm. The experimental tool-chain is: VNA Port 1 — Emitter Antenna — 60

cm distance — Sample — 25 cm distance — Detector Antenna — VNA Port 2.

surement is shown in Figure 3.20. With 4 layers of the WR structure, the transmission
results show a low-frequency pass band with 3 resonances of Fabry-Pérot type. However, in

order to see the second pass-band, it was necessary to fabricate new samples to be measured
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with the existing equipment (see Appendix B.2).

Figure 3.21: Experimental setup to measure microwave transmission for a window res-
onators sample for normal incidence of electromagnetic wave. Used equipment: vector
network analyzer Rohde&Schwarz ZVA24, DRH-20 Standard Linear Horn Antennas 2-20
GHz.
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Z ) Lattice type Simple cubic
Period, a 30 mm
Structure layers quantity 4
k = Layer dimensions 21 cm x 21 cm
< Inclusion material Copper
: Copper thickness 35 pum
i
‘ Background FR4 plate in Air
X — Dielectric FR4 thickness 0.8 mm
FRA4 permittivity, e, 4.5 + 0.018i
Average background permittivity ¢, 1.087 + 0.02¢
Copper plasma frequency, w, 7.3891 eV
Copper damping constant, y 0.009 eV

Figure 3.22: Unit cell with a window res- Table 3.5: The main parameters of the
onators system in a simple cubic lattice with WR structure.

a = 30 mm.

3.3.3.3.2 Cubic lattice, a=30 mm, 2-20 GHz

To overcome the physical restrictions of the existing equipment, a metamaterial with a
larger period (a = 30 mm) was fabricated at IFUAP to be further measured in Universitat
Politecnica de Valencia (UPV). The second metamaterial sample of WR structure was
fabricated with larger lattice parameter ¢ = 30 mm, producing a low-frequency shift of
material resonances. The unit cell of the described material is shown in Figure 3.22.

Modeling parameters that were used to calculate the effective parameters of WR
structure are listed in Table 3.5. The results of the effective parameters calculation are
shown in Figure 3.23.

The result of photonic dispersion calculation using the metamaterial response pre-
dict a negative refractive index at 4.3 - 5.0 GHz range (Figure 3.23) having significant losses.
An iterative method was used in order to refine the dispersion relation with a number of

iterations equal to 10. Inside pass bands, the solution rapidly converged using only 2-3
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iterations; however, within band gaps, the solution is iterating with the appearance of a
significant imaginary part of the wave vector.

The influence of the dielectric properties of the background material on the solu-
tion is important. Firstly, the imaginary part of an effective dielectric background (in this
case, air with a FR4 slab) plays a significant role in the nonlocal effective parameters cal-
culation. A high imaginary part of background permittivity €; makes resonances smoother;
in the same time, it increases the energy losses inside the material, practically vanishing the
negative refraction effect. However, an increase of the imaginary part of the background
matrix permittivity can be useful to distinguish between the pass band and the band gap,
and it is directly related to the iteration method features. A metamaterial is assumed to
be a passive medium and the used equations consider the absence of free charges/currents
inside the structure, hence the wave vector with a positive imaginary part is only considered
physical. With a very small imaginary part of the wave vector k, a common problem of the
determining the sign arises. The iteration method can not determine the correct sign of the
solution, without good convergence of the procedure. With a higher value of the resulting
imaginary part of the wave vector k (that depends on ¢,) the solution converges faster and
has the correct sign.

The transmission measurement in the microwave was accomplished at the Poly-
technic University of Valencia with the setup shown in Figure 3.24. It is necessary to make
a description of the experimental setup and methodology before passing to the microwave
transmission results and discussion. The vector network analyzer (VNA) Rohde&Schwarz
ZVA 24 (10 MHz - 24 GHz) was used together with standard microwave horn antennas
DRH-20 (2-18 GHz) (B.2); VNA has input and output ports, which are used to connect
detector and emitter antennas correspondingly. The transmission measurement is realized
using the radio-frequency output power equal to 1 mW (0 dBm), which is sufficient to pass
through the sample and safe for short operational use.

Measurement preparation starts from VINA cables calibration; despite the fact
that antennas are being connected to VNA using a high-quality RF cable, the existing
capacitance together with non-ideal cables interconnections results in transmission signal
losses and back reflections. Connecting the port 1 (input) of VNA to the port 2 (output)
through the cables by the direct adapter connection gives the possibility to run a whole
range (10 MHz - 24 GHz) calibration sweep. The results of such a calibration are applied

to VNA settings, practically resulting in full compensation of cables transmission losses
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and reflections. When the cable calibration is finished, it is necessary to prepare a simple
microwave setup, that consists of fixed antennas with a sample placeholder (Figure 3.24).
Presented below results were measured at the normal beam incidence, the emitter antenna
is mounted in the front of the sample at 80 cm distance. Certain distance is required
to assure that measurements will be done in far-field, without a strong influence of the
nonlinear electromagnetic field effects caused by a closely located emitter antenna. The
sample is being fixed in the center of the placeholder, which is surrounded by an absorber
material. The main reason for using a microwave absorber is to reduce the intensity of
reflected waves at the detector. Finally, the antenna-detector is placed closer to the sample
(25 cm) because of a less signal power transmitted after the sample output and features
of standard microwave horns (specifically, directivity and gain) that should be taken into
account to get better measurement results.

The capacitance of cables is compensated and antennas (detector and emitter) are
now connected to the corresponding ports of VNA. Particular conditions of an experimen-
tal setup organization have a significant impact on the S-parameters measurement, mainly,
giving certain noise level. To improve signal-to-noise ratio (SNR) it is possible to compen-
sate the influence of an experimental setup using the next method. Let VNA, connected
with antennas, do the full frequency sweep in a setup without sample in the placeholder;
the obtained curve should be stored in the memory of the instrument as a reference signal.
Then, the second frequency sweep should be done placing the metamaterial into the place-
holder. Finally, the resulting signal is obtained as the difference of these two signals with
an enhanced SNR obtained under the same conditions. A typical VNA has a high input
sensitivity, hence a real signal measured by antenna-detector come with noise. In order to
make a signal more readable and clean, it is possible to make it smoother employing a sam-
ple averaging functionality of VNA. Practically it means that resulting signal will be given
averaged from a number of attempts specified by the user. The increase of averaging num-
ber results into a more smooth signal, but makes measurement process longer. Presented
further results were obtained using 64 measurements averaging procedure.

Result of the experimental microwave transmission measurement is presented in
Figure 3.25. Resonators are isolated from their neighboring elements, therefore the first
pass band appears in the low frequencies. The standard microwave horn antennas B.2
have a lower frequency limit of 2 GHz, consequently it is not possible to show the whole

low-frequency pass band. Nevertheless, resonances in the first pass band are expected to
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Figure 3.24: Experimental layout for microwave transmission measurement at UPV; the left

antenna is emitting a signal, the right one is the antenna-detector. The irradiated area is
a sample placeholder, and diffracted beams are being effectively absorbed by the absorbent
material (blue color). Although the setup has the ability to change angles of incidence
for both antennas, it should be emphasized that the following results of the microwave

transmission are for normal incidence of the electromagnetic wave.

be similar to the structure with ¢ = 4 mm measured earlier (Subsection 3.3.3.3.1). The
second pass band (4.3 - 5.0 GHz) has 3 resonances and this band is potentially has a
negative refraction behavior, according to the homogenization theory results (Figure 3.23).
Besides, experimental curve shows that second pass band has a significant loss level (-12 dB).
Finally, the third pass band (8 - 10 GHz) contains 3 well-defined resonances corresponding

to interplanar 4-layered structure interference behavior.

The calculation of the microwave transmission coefficient is very important for any
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Figure 3.25: Transmission measurement result for window resonators at normal incidence,
a = 30 mm. Experimental tool-chain is: VNA Port 1 — Emitter Antenna — 80 cm distance

— Sample — 25 cm distance — Detector Antenna — VNA Port 2.

practical use, and the corresponding transformation can be done by employing the refined
boundary conditions method (refer to 3.3.1.6) with two principal restrictions (Subsection

3.3.1.5):
e A metamaterial sample has an integer number of unit cells.
e Transmittance and reflectance can be calculated only within diffraction-less region.

Here, the results of the microwave transmittance measurement, COMSOL mod-
eling, and transmission coefficient calculations using refined boundary conditions are pre-
sented in Figure 3.26.

Both COMSOL and homogenization approach give similar qualitative results, how-
ever, the experiment shows a certain degree of difference. Indeed, a metamaterial sample
fabrication accuracy and assembly affecting the results of the measurement; model param-
eters and used numerical methods are equally important for the theoretical modeling of
metamaterials. The most important result is that the transmittance calculated by a ho-
mogenization theory with refined boundary conditions presented in Figure 3.23 gives a good
correspondence with the experimental data for a real fabricated metamaterial. Hence, the

result predicted for an infinite homogenized medium can be used to predict measurement
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Figure 3.26: Results of measurement (solid line), homogenization theory for 4 layers (dotted
line) and COMSOL modeling (dashed line) for the 4 layers WR structure in a simple cubic
lattice, @ = 30 mm. Linear transmittance is converted to logarithmic units using expression
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results with an integer number of the metamaterial unit cells. Finally, to prove that the
A nd
structure with inversion symmetry (such as WR) has no chiral response, the results of §
e
and 7 tensors calculation are shown in Figure 3.27.
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a simple cubic lattice with ¢ = 30 mm.
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Lattice type

Period, a

Structure layers quantity
Layer dimensions
Inclusion material

Conductor thickness

Simple cubic

5 mm

4

10 cm x 10 cm
Copper

35 pm

Background FRA4 plate in Air
X / Dielectric thickness 1.5 mm
FR4 permittivity, €, 4.5 + 0.018i
\>a Average background e, 2.2 + 0.091
15 Copper plasma frequency, w, 7.3891 eV
Copper damping constant, v  0.009 eV

Figure 3.28: WR unit cell in a simple cubic Table 3.6: The main parameters of the

lattice with period ¢ = 5 mm. structure modeling.

3.3.3.3.3 Cubic lattice, a=5 mm, 2-50 GHz

To demonstrate the microwave transmission results up to third pass band, a new sample
of WR was constructed to be measured further in a range of 2-50 GHz with plane lattice
constant a; = a, = 5 mm. The unit cell of the constructed material is shown in Figure
3.28. The metamaterial sample was assembled from 4 layers (10 cm x 10 cm) either in a
cubic or tetragonal lattice using plastic bolts that practically does not affect the microwave
transmission results. Each layer is based on a FR4 substrate of thickness d = 1.5 mm with

the copper thickness of 35 pum.

Modeling of the WR structure was carried out by using the data given in Table
3.6. Results for the metamaterial response obtained by using homogenization theory are
shown below in Figure 3.29. It should be commented, that due to the combination of the
effective parameters, it is possible to obtain a negative refractive index within the range
23.0 - 24.76 GHz with significant losses. The number of iterations used (10 in this case)

is sufficient to determine the band gaps, at the same time, the obtained result of negative
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refraction practically does not change with the number of iterations. It means that solution
obtained inside the pass bands is already converged and stable, whereas the band gaps are
characterized by an unstable iterative procedure in the complex plane.

In order to prove the results of homogenization theory calculations, a measurement
of microwave transmission was done at the University of California, San Diego (UCSD) in
the range 2-50 GHz using a 2-18 GHz standard microwave horn together with 18-50 GHz
high-frequency linear horn with a frequency doubler. The experimental setup is shown in
Figures 3.30 and 3.31.

The signal generator HP 8673B (10 MHz - 26.5 GHz) and HP 8565E spectrum
analyzer (9 kHz - 50 GHz) were used to generate and receive signal respectively. Both
the signal generator and spectrum analyzer were included into a controlled-by-computer

network using a GPIB interface. The measurement flow is:
e Set fixed frequency at the signal generator using GPIB.

e Wait a few seconds to refine signal using power averaging procedure (256 samples was

used for each frequency).
e Read averaged amplitude from spectrum analyzer by GPIB bus.
e Move onto the next frequency.

The standard microwave horns are designed to operate within certain bands, there-
fore the two-step measurement process took place. Firstly, the microwave antennas (emitter
and detector) with the frequency response in range 2-18 GHz were used; consequently, the
two traces were written - with and without the sample, a difference between those traces
gives a resulting signal with a high level of reproducibility. The second step is to mount
horn antennas with frequency response 18-50 GHz, calibrate them during an empty run and
finally obtain results of transmission by the two traces subtraction. The upper frequency of
HP 8673B signal generator is limited to 26.5 GHz, to reach higher frequencies a frequency
doubler with radio-frequency amplifier was connected to the output of the signal generator
to enhance operating frequency of emitter antenna up to the 52 GHz. The final result of
a microwave transmission measurement for WR structure is obtained combining results of
the 2-18 GHz and 18-50 GHz measurements (Figure 3.32).

In the same experimental setup, a very interesting result was obtained changing a

number of WR structure layers in a simple cubic lattice with period a = 5 mm. The result
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Figure 3.29: Results obtained by homogenization theory - effective permittivity e(w, k),
permeability p(w, k), refractive index and dispersion relation for the WR structure (Fig.

3.28) with parameters listed in Table 3.6.
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Figure 3.30: Experimental setup for microwave measurement at UCSD, low frequency mea-
surement. Toolchain: HP 8673B Signal Generator — 2-18 GHz Emitter Antenna — Sample
— 2-18 GHz Detector Antenna — HP 8565E Spectrum Analyzer.

Figure 3.31: Experimental setup for microwave measurement at UCSD, high frequency
measurement. Toolchain: HP 8673B Signal Generator — Frequency doubler + RF Amplifier
— Sample — 18-50 GHz Emitter Antenna — - HP 8565E Spectrum Analyzer.
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Figure 3.32: Transmission measurement experimental result for variable number of WR

layers in a cubic lattice a = 5 mm.

presented in Figure 3.32 gives an idea about how many layers of the specified structure are
necessary to give a well-defined band structure. Indeed, the each additional layer makes
the effect more explicit, however, a large number of layers is being characterized by the
increased transmission losses that are undesirable for real applications.

If WR-based metamaterial is required to work in narrower band width, then it is
sufficient to have only two layers to exhibit negative refraction index. Adding more layers
results in a second pass band enhancement with certain transmission losses. At 24 GHz,
the difference in transmission power between 2 and 4 layers is equal to 4.5 dB. If the desired
properties of the metamaterial include better filtering of side frequencies, then third and

even fourth layers can be added to increase selectivity.
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Figure 3.33: Results of experiment (solid line), homogenization theory application with
refined boundary conditions for 4 layers (dotted line) and COMSOL modeling (dashed line)
for the 4 layers WR structure in a simple cubic lattice, @ = 5 mm. The left panel represents
the linear transmittance, the right panel corresponds to the converted into a logarithmic

scale result.

3.3.3.3.4 Tetragonal lattice, a=[5;5;1.55] mm, 2-50 GHz

Finally, mentioned above WR structure with the xy-plane lattice constant equal to 5 mm
was assembled into a tetragonal lattice to achieve the a, = 1.55 mm period in z-direction
(Figure 3.34). Layers of the window resonators structure are assembled by using plastic
bolts in the corner of each board to form a rigid construction.

The surface of the sample is demonstrated in Figure 3.35.

Modeling and experimental measurement procedures are similar to the previous
samples. The full-frequency sweep is presented in Figure 3.37. It should be noticed that
first pass-band resonances (of Fabry-Pérot type) are shifted to higher frequencies. At the
same time, the second pass band (which potentially possesses a negative refractive index)
does not shift so much. Such observation gives the possibility to state that the second pass

band resonances weakly depend on the structure in z-direction.
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B E
BEE

Figure 3.35: The fabricated plate with window resonators structure with lattice constant
in zy-plane equal to 5 mm and FR4 board thickness of 1.5 mm. The size of a single layer
(10 x 10 cm) can give a discrepancy between the theory and experiment at low frequencies,
to avoid sample border effects it is desirable to increase the linear dimensions of each WR

plane.
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Chapter 4

Case of phononic metamaterials

4.1 Nonlocal elastic response of a homogenized phononic crys-

tal

Having a piezoelectromagnetic homogenization formalism, it is easy to describe
the elastic properties of a 3D periodic structure. In Section 3.1, it was demonstrated that
neglecting the acoustic-electromagnetic coupling and using (3.1.1), the formalism can be
split into independent elastic and electromagnetic parts. The vibrational properties of the

elastic medium are then expressed by the following relation

Vo(r) = QA(r)v(r), (4.1.1)
where % is 9 x 9 matrix:
— 0 v
V= U (4.1.2)
(V3xe) 03

v(r) is a nine-dimensional column vector, having the components of the displacement and

stress vectors:

(’U(r))T = (Ug, Uy, u,,01,02,03,04,05,06), (4.1.3)
and ﬁ is:
— —wW?ls 0
Q= ARG (4.1.4)
Osx3z  Is

Here, w is the frequency, I3 and Ig are unity matrices of order 3 and 6; 03, Og, O3xg, and

Ogx3 are zero matrices of order 3, 6, 3 x 6, and 6 x 3, respectively. The 9 x 9 matrix A(r)

100
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in Eq. (4.1.1) is defined in terms of the mass density p(r) and the 6 x 6 compliance matrix
>

S (r):

p(r)Is  Osxe

Alr o
) O6x3 S (1)

, (4.1.5)

<
where p(r) and the elements of § () are periodic functions of the coordinate r.
The effective nonlocal parameters of the phononic crystal will be calculated by ap-
plying the explicit formulas of the effective nonlocal-response tensor jeﬁ(k(W), w) obtained

directly from the more general piezoelectromagnetic case:

<
Per (k,w) 03x6

- , (4.1.6)
O6x3 Sest (k,w)

where ?eﬁ‘ (k,w) and ?eﬁ (k,w) are the effective dynamic mass density and compliance
tensors, which depend on both the Bloch wave vector k and frequency w. The obtained
formulas are coincide with those derived in Ref. [51].

The direct calculation of the effective nonlocal-response matrix jeff(k(W)7LL)) re-
quires the solution of very large algebraic systems of equations including large number of
reciprocal lattice vectors (see Eq. (16) in Ref. [51]). The novelty of the presented cal-
culations is the form-factor division approach usage together with the iteration procedure
applied (see Section 3.1) to a 3D phononic crystal. Besides, the results obtained with em-
ploying a large number of plane waves, the calculations using an integral approach method
will be presented here. In the latter case, an infinite number of plane waves in the expansion

of the displacement and stress fields inside the phononic crystal is considered.

4.2 Integral approach method

According to the FFDA, to calculate the effective parameters of the nonlocal elastic
response, it is necessary to carry out large summations over the reciprocal lattice vectors G
(see Lh.s. of Eq. (2.3.110)). A method for approximating the summations in Eq. (2.3.110)
by improper integrals will be presented below.

Let us split the sums over G on the L.h.s. of Eq. (2.3.110) into two parts as:

T '(G) =Spli.j) + 81(i.7), (4.2.1)

N

ZeiG~(7’i—7‘j)Fv<—G)Fv(G)
G
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where the first part, §D(i, j), of the sums is carried out over the reciprocal lattice vectors
G, whose magnitude |G| is smaller than or equal to a relatively-large value Go: |G| < Gy,
Go > 2m/a. The second (remaining) part, S7(i,7), of the series contains summands with
|G| > Go > 27 /a and can be approximated by integrals, in the reciprocal space, outside a

sphere of radius Gg:

S, ) = Ve iGri-r) b (— Q) (Q)T  (G)dG.
1AQ¥, (2m)3 € v v (4.2.2)
|G[>Go
Using spherical coordinates, §1(i, j) can be written in the form
21 7 oo
5.6, j) = (2‘7/:)3 / / / G Tm) PAGT (G)G2 G sin 0d0do. (4.2.3)
0 0 Gy

In writing Eq. (4.2.4), the equality F,(—G) = F,(G) which is valid for the form factor of a
cube has been employed. Now, the variable G = G /Gy is introduced:
2w w™ 00

pr— 3 . ~ ~ :—1 ~ ~ ~
S1(i,j) = (Vzgg / / / (GG PG T (GoG)C2 dC sin 0dbds.  (4.2.4)
0 0 1

The improper integral with respect to the magnitude G in Eq. (4.2.4) can be straightfor-
wardly calculated by variable replacement G = 1 /7 with 0 < 7 < 1. Tt should be noted
that the contribution of §1(i, Jj) to the series (4.2.1) is significant for the case i = j only.
Another approximation can be carried out by noticing that the matrix ?71(G) practically

does not depend on the magnitude of G if |G| > Gy > 27/a.

4.3 Results for 2D and 3D Au-Si phononic crystals

4.3.1 Quasi-static limit

In Figs. 4.1 and 4.2, the results for a square 2D lattice and cubic 3D periodic
arrays of metallic (Au) inclusions are presented, having the form of square bars and cubes,
respectively, which are embedded in a solid host matrix (Si). The principal axes of the Au
and Si cubic crystals are assumed to be parallel to the axes of the coordinate system. Using
the FFDA, all the metallic (Au) inclusions were divided into n small cubes of side a/10
(Fig. 4.1) and [/5 (Fig. 4.2), where a is the lattice constant of both 2D and 3D phononic
crystals. For the 2D PC, [ is the side of the square section of the infinite Au bars (I = pa,
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p =0,1,...,10). For the 3D PC, [ is the side of the cubic inclusion. The quasi-static local
response tensor jeff(k — 0,w — 0) is calculated with the Au (Si) parameters [128]-[130]:
mass density pa,(si) = 19300 (2330) kg/m3, Cy; = 192.5 (166.2) GPa, C1o = 163.0 (64.4)
GPa, Cyq = 42.4 (79.8) GPa. The chosen lattice constant a is equal to 50pm.

In Fig. 4.1, the calculated dependences of the nonzero components of the effective
mass density (?eﬂ), compliance (?eﬂ) and stiffness (geﬂr:ge_ﬁl ) tensors vs Au filling fraction

f = (I/a)? are exhibited. According to our numerical results, the quasi-static (gs) effective

mass density is isotropic:
<

Peff= pqsIS, (431)

where the scalar pys linearly depends on f:

Pgs = pauf + psi(1 — f). (4.3.2)

The system evidently has cubic symmetry at f = 0 and f = 1. However, for f values in
the open interval (0,1) the homogenized elastic composite behaves as a tetragonal crystal
with 6 independent stiffness constants: C11 = Cayo, Cs3, Cha2, C13 = Ca3, Cyy = Cs5 and Cgg
(see panel (d)). These results agree with the predictions of the works [51], [53] for solid 2D
phononic crystals.

In panels (b), (c) and (d) of Fig. 4.2, the dependences of the effective quasi-static
parameters vs filling fraction f = (I/a)® of Au cubes are shown. As in the case of the 2D
PC (Fig. 4.1,(b)) the effective mass density is isotropic (Eq. 4.3.1) and linearly depends
on f. In addition, for any value of f, the stiffness tensor geff has only three independent
elements (C11, Ci2, and Cyy) and, therefore, the symmetry of the homogenized phononic

crystal is cubic as that of their Au and Si components.

4.3.2 Nonlocal elastic response

Applying the FFDA, the calculation of the effective nonlocal-response tensor jeﬂ‘
for a given frequency w and wave vector k is reduced to the solution of a linear system
of algebraic equations, with 9n unknown variables, where n is the number of small cubes
occupying the inclusion volume. Besides, an iterative procedure is used, which allows to
describe the exact phononic dispersion relation for an arbitrary magnitude and direction of
the wave vector k. At the first step, the local response tensor jeﬁr(k: — 0,w) is calculated

and the resulting effective parameters (mass density and compliance constants) are used
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Figure 4.1: Scheme of unit cell for a square 2D lattice of Au bars embedded in Si (a)
and graphs of the calculated elements of the effective mass density (b), compliance (c) and

stiffness (d) tensors vs the Au filling fraction in the quasi-static limit.

to calculate in the first (local) approximation the phononic dispersion relation k(w). With
the obtained results the nonlocal response tensor jeﬂ(k(W), w) is calculate (Eq. (4.1.6)) to
find a new set of effective dynamic parameters, which are then used to determine a more

accurate phononic dispersion relation k(w), and so on.
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Figure 4.2: Scheme of unit cell for a cubic 3D lattice of Au cubes embedded in Si (a)
and graphs of the calculated elements of the effective mass density (b), compliance (c) and

stiffness (d) tensors vs the Au filling fraction in the quasistatic limit.

4.3.3 Cubic array of Au cubes embedded in Si

Fig. 4.3 exhibits the frequency dependence of the relevant elements of the effective
mass density ((/—;eff) and stiffness (aﬂ:?;ﬁl ) tensors, as well as the phononic dispersion
for transverse (T) and longitudinal (L) phononic modes propagating along the z-axis (i.e.
k = k,2) at f = (3/10)3 = 0.027. Tt should be noted that the obtained effective parameters

permit to calculate the exact phononic dispersion k;(w) within the whole first Brillouin



106 Chapter 4: Case of phononic metamaterials

5000
a Z «=_ 4000+
g
~
oy
é 3000+
w0
g
£ 2000/
2
E
= 1000 |
a 0 100 200 300 400
Frequency, Mrad/s
200 ‘ ‘ ‘ : 4.5
Qg:} C Re C11,L 4 d
V7
© 150 L3S /
0
% 3/ Rek, rya= \/
+ © 25} Rek, 22
= 100 1R
S Re Ceg.1v = Re G5 17 2]
7 15 Im K2
&é 50 n Rek, a
wn 05: Im kx‘TYa =i
0 ImCyyy  ImCery IMCppry 0 Mk, 172 =%
0 100 200 300 400 0 100 200 300 400
Frequency, Mrad/s Frequency, Mrad/s

Figure 4.3: (a) Scheme of a unit cell for a cubic lattice of Au cubes embedded in Si. Panels
(b) and (c): Graphs of the calculated frequency dependence for elements of the effective
mass density and stiffness tensors. (d) Dispersion relations for transverse (TY and TZ) and

longitudinal (L) phononic modes.

zone (BZ) by using the formulas:

ky = wy\/ pzz/C11, for L modes,

ky = wy/ pyy/Cés, for TY modes, (4.3.3)
ky = wy\/ pzz/Css, for TZ modes,
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that correspond to a homogeneous elastic medium with tetragonal symmetry. The phononic
dispersions k, (w) for transverse (TY and TZ) and longitudinal (L) modes were separately
calculated by employing only the relevant elements of the effective matrix jeff(k(W), w) in
each step of the iteration procedure. In fact, only one element (Ci; or Cgs = Css5) from
the six independent ones of the stiffness tensor 863 (k(w),w) is used in calculating the
dispersion relation for each polarization (L, TY, or TZ).

The phononic band gaps for transverse (longitudinal) modes are characterized by a
complex dynamic mass density py, = p.» (pzz) (see panel (b) in Fig. 4.3) and, consequently,
a wave number k, with nonzero imaginary part (3[k;] > 0). Interestingly, the calculation
of the phononic dispersion relation k,(w) with the effective parameters (Eq. (4.1.6)) at
frequencies above the first band gap leads to values of the wave vector beyond the first BZ
(see panel (d) of Fig. 4.3). In total agreement with conventional theories, the three principal
values of the mass density tensor coincide in the quasi-static limit: pgz = pyy = P22 = pPys
when w — 0. However, at sufficiently high frequencies, such values turn out to be different.
In particular, p,,(w) is noticeably different from the other two components because the first
phononic band gap for transverse modes appears at lower frequencies in comparison with
the gap of longitudinal modes. On the other hand, the stiffness components turned out to

be almost constant in the pass bands, where k, is a real number.

4.3.4 Cubic array of Au square bars embedded in Si

In Fig. 4.4, the calculated frequency dependences of the effective elastic param-
eters (panels (b) and (c)) and dispersion relations k,(w) for transverse and longitudinal
modes (panel (d)) propagating along the z-axis in a cubic periodic array of Au square bars
embedded in Si (see panel (a)) are presented. Each bar has a height equal to 7a/10 and
its square cross-sectional area is (2a/10)? = 0.04a? (i.e. the Au filling fraction f = 0.028).
The used f value to calculate the curves shown in Fig. 4.4 is close to that of the filling
fraction for Au cubes considered in Fig. 4.3. Therefore, the results in Figs. 4.3 and 4.4
illustrate the effect of the inclusion shape upon both nonlocal effective elastic parameters
and dispersion relations for phononic modes. At very low frequencies (w — 0), the principal
values of the mass density are equal to pgs (Eq. (4.3.2)) (see. Fig. 4.4(b)). As the frequency
w is increased, the nonzero (diagonal) elements of the dynamic mass-density tensor become

different (pre # pyy 7# p-») and the homogenized SPC possesses orthorhombic symmetry
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Figure 4.4: (a) Scheme of a unit cell for a cubic lattice of Au square bars embedded in
Si. Panels (b) and (c): Graphs of the calculated frequency dependence for elements of the
effective mass density and stiffness tensors. (d) Dispersion relations for transverse (TY and

TZ) and longitudinal (L) phononic modes.

with nine independent elements of the stiffness tensor geﬁr (k(w),w). Nevertheless, the
dispersion relations for L, TY, and TZ modes can be separately calculated by employing
only one element (Ci1, Css, or Cgg) in the expressions (4.3.3), which are also valid for
phononic modes propagating along the [100] direction of an orthorhombic crystal. Using

the effective parameters shown in panels (b) and (c) of Fig. 4.4 and Eq. (4.3.3), the exact



Chapter 4: Case of phononic metamaterials

109

2D

\hg P Y
10
a
200
& C Re C
& 11,L
© 150!
2
=
3
Z 100
% I
S Re Cgg v =Re Cgs 17
wn
<
- 50+
-
n
0 ImCyi L ImCeory 1M G517
0 100 200 300 400
Frequency, Mrad /s
Figure 4.5:

5000 ‘
b Re pxx,L
«=_ 4000+
£
R Re p
4 22,TZ
I 3000
Z’ Re pyy v
&g 2000 N
FS) M pyy v
wn
S
= 1000} \\\ﬁ
£ Im pxx,L
0 Im pZZ’TZﬁ: : " «.__‘
0 100 200 300 400
Frequency, Mrad/s
4.5
4t d Re k, ya |
35| X |
T W/ o
i adimi
c 2.5 |
.&x 20 Re kX,TZa Re kX La
1.5}
1t Im kx,TYa mk a
X,L::‘..:
0 Im kx,Tzaz-‘;?:? Ex
0 100 200 300 400

Frequency, Mrad/s

(a) Scheme of a unit cell for a 2D square lattice of Au square bars embedded

in Si. Panels (b) and (c): Graphs of the calculated frequency dependence for elements of

the effective mass density and stiffness tensors. (d) Dispersion relations for transverse (TY

and TZ) and longitudinal (L) phononic modes.

phononic dispersion k,(w) for the SPC is obtained even beyond the local low-frequency

limit. The phononic gaps for transverse and longitudinal modes in the SPC with square

bars (Fig. 4.4(d)) appear at higher frequencies in comparison with the band gaps of the

corresponding modes in the SPC with cubic inclusions (Fig. 4.3(d)).

In the case, when the height of the Au square bar is equal to the lattice constant
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Figure 4.6: Elements of the effective mass density (a) and stiffness (b) tensors for a cubic
array of Au square bars embedded in Si vs the Au filling fraction f at two different fre-
quencies [w = 30 krad/s (label 1) and w = 280 Mrad/s (label 2)]. Phase speeds v, for the
transverse and longitudinal phononic modes vs f calculated with the effective parameters

shown in panels (a) and (b).

a, the phononic crystal becomes a two-dimensional one (2D SPC, see panel (a) of Fig. 4.5).
After comparing Figs. 4.4(b) and 4.5(b), one can see that both anisotropy and nonlocality
of the dynamic mass density, observed at sufficiently high frequencies, are stronger than
those observed for the three-dimensional SPC (panel (a) of Fig. 4.4). Besides, the band
gaps for both transverse and longitudinal phononic modes in the 2D SPC appear at lower
frequencies in comparison with the respective gaps for the 3D SPC.

The panels (a) and (b) of Fig. 4.6 present the dependences of the components of
the effective mass density and stiffness tensors for the TY, TZ, and L phononic modes vs
the Au filling fraction f (in fact, the height of the Au square bar), which was calculated
at two different frequencies. At the lower frequency, namely w = 30 krad/s, there is no
manifestation of the mass-density anisotropy because the conditions for the local long-
wavelength limit are still satisfied, i.e. kya < 1 for the three phononic modes. Moreover,
the effective mass density p(!) = pyp = Pyy = Pzz at w = 30 krad/s linearly depends on
the Au filling fraction as in Eq. (4.3.2). At the frequency, w = 280 Mrad/s, just below
the first band gap for the transverse phononic modes, the anisotropy of the dynamic mass
density becomes stronger as the Au filling fraction f is increased. The components of the
stiffness tensor practically do not change within the interval 0 < f < 0.04 at the two chosen
frequencies (see panel (b) of Fig. 4.6). In the panel (c) of the figure, the dependence of the

phase speed v, = w/k, on the Au filling fraction f is shown at the same two frequencies
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as in panels (a) and (b). As it is seen, the phase speeds for the transverse (TY, TZ) and
longitudinal (L) modes decrease with f. Moreover, such a decrease is faster at the higher
frequency (w = 280 Mrad/s) where the wave vector k; > 1/a for the three polarizations of
phononic modes. These results allow to explain the shift to lower frequencies of the first
phononic gaps for both transverse and longitudinal modes, which was observed in Figs.
4.4 and 4.5, as a direct consequence of the increase of the effective dynamic mass density.
Indeed, according to Eq. (4.3.3), the phase velocity w/k, at the bottom of the first phononic

gap (at kya = ) decreases with the mass density.

4.3.5 Tetragonal array of Au cubes embedded in Si

Now, consider a noncubic (namely, tetragonal) lattice of Au cubes in a Si host
matrix as in panel (a) of Fig. 4.7. The calculated frequency dependences of the effective
elastic parameters and the dispersion relations for phononic modes, propagating along [100]
direction of the SPC are also displayed in Fig. 4.7. The homogenized SPC has an or-
thorhombic symmetry, characterized by nine independent elements in the effective stiffness
tensor. However, as in the previous subsections, the phononic dispersion curves k,(w) for
transverse (TY and TZ) and longitudinal (L) modes can be separately calculated by using
the equations (4.3.3) with the corresponding stiffness element (C41, Css, or Cgg). As it is
seen in Fig. 4.7(b), in the low-frequency limit (w — 0), the principal values of the effective
dynamic mass-density tensor are identical (pyo = pyy = p2z), but at sufficiently large fre-
quencies the anisotropy in the dynamic mass-density is well manifest despite the relatively
small Au filling fraction f = 0.0135. A striking result is connected with the appearance of a
phononic gap for longitudinal modes partially overlapping the phononic gap for transverse
modes (see panel (d) in Fig. 4.7). This result suggests a strong coupling of transverse and
longitudinal modes in comparison with the cases of Au cubes and bars arranged in cubic
lattices (compare with all the dispersion relations above presented).

In Fig. 4.8, there is a comparison of the obtained numerical results for the
frequency-dependent mass density and dispersion relation of longitudinal phononic modes
in a cubic (panels (a), (b)) and tetragonal (panels (c), (d)) lattices of cubic Au inclusions
calculated by using FFDA with direct summations over a very large number of reciprocal
wave vectors (Npae = 413 = 68921) and with the integral approach (Sec. 4.2). The calcu-

lation of sum §D(i, j) in Eq. (4.2.1) was carried out over reciprocal lattice vectors having
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Figure 4.7: (a) Scheme of a unit cell of a tetragonal lattice of Au cubes embedded in
Si. Panels (b) and (c): Graphs of the calculated frequency dependence for elements of the
effective mass density and stiffness tensors. (d) Dispersion relations for transverse (TY and

TZ) and longitudinal (L) phononic modes.

the magnitude |G| < Gy, where Gy = 10(27/a). The number of reciprocal wave vectors
inside the sphere of radius G is, respectively, 4169 and 9261 for cubic and tetragonal lat-
tices. Both methods predict almost identical results in the pass bands. However, the IAM
is faster than the direct summation method. Indeed, the calculations of the results, shown
in Fig. 4.8, for the cubic lattice with using the direct summation method, required 1079

minutes, whereas the IAM needed only 154 minutes of computing time. Hence, the IAM
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could be very useful when the direct summation method cannot be applied because of the

excessive computing time.
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Figure 4.8: Graphs for the frequency-dependent p,, and dispersion relation for longitu-
dinal phononic modes in a cubic ((a), (b)) and tetragonal ((c), (d)) lattices of cubic Au
inclusions calculated by using FFDA with direct summations (DS) over a very large number

of reciprocal wave vectors (red lines) and with the integral approach (IA, blue lines).

4.3.6 Discussion and conclusions

Our results (Figs. 4.1 to 4.8) illustrate the usefulness of the applied nonlocal ho-
mogenization approach, based on the Fourier formalism. The FFDA allows to reduce the

size of the system of equations, which should be solved to calculate the effective elastic pa-
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rameters (see Sec. 2.3.8). However, such an approach still requires the calculation of sums
over a large number of reciprocal lattice vectors for a good accuracy of the results, especially
when there is a high contrast of the mass density and elastic moduli of the materials in the
unit cell of the phononic crystal. In the case of Au inclusions in a Si host matrix, the mass
density contrast is noticeable (pgi < pay), whereas their stiffness components (Cy1, C12 and
C44) are comparable (see panels (b) and (d) of Figs. 4.1 and 4.2). The numerical difficulties
for the calculation of the effective nonlocal metasolid response could be managed within
the FFDA by calculating both sums with a very large number of reciprocal vectors (Sec.
2.3.8), and approximating series by improper integrals (as it is shown in Sec. 4.2). The later
approach might be helpful, particularly, in calculating the nonlocal effective parameters for
phononic crystals with large elastic contrast and inclusions of very small size. Indeed, in the
latter case, the convergence of the series in the expressions for the elements of the effective
nonlocal-response matrix jeﬁ(k(W),W) is achieved with using an extremely-large number
of reciprocal lattice vectors.

It should be noted that the iterative procedure, applied here to determine the
phononic dispersion relation k(w), provides only one solution which depends on the chosen
initial value for the wave vector. The initial value of wave vector is close to zero (k — 0). At
sufficiently large frequencies (above the first band gap) the obtained solution for k = k, (w)Z
can lie in the second Brillouin zone in the extended scheme (see panels (d) of Figs. 4.3-4.5,
4.7 and 4.8). Interestingly, this result is similar to that found in Ref. [86], where it was
shown that the effective parameters of the effective nonlocal dielectric response for photonic
crystals can lead to wave vectors beyond the first BZ.

Our results were obtained for phononic modes propagating along one of the prin-
cipal axes of the homogenized SPC and demonstrate that the homogenized SPC behaves as
a metasolid with anisotropic dynamic mass density in the nonlocal regime. However, the
nonlocal effective elastic response depends not only on the magnitude of the wave vector
k, but also on its direction. For arbitrary direction of k, the phononic dispersion relation
can also be calculated by iteratively solving Christoffel equations with the corresponding
effective nonlocal-response matrix jeﬁ?(k(W), w).

Using a general homogenization theory, which coincides with the developed one in
[51], the nonlocal effective parameters were calculated, namely mass density and stiffness
tensor, for a 3D solid phononic crystal composed of Au cubes or square bars, embedded in a

Si host matrix. In order for the calculation to be feasible, the form-factor division approach
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has been applied in two versions: i) with expressions for the effective parameters having
sums over a very large number of reciprocal lattice vectors, and ii) with expressions having
series which are approximated by improper integrals.

The calculated effective parameters allow to describe the phononic band structure
of the phononic crystal not only in the local low-frequency limit, k.a < 1 but also beyond
it. Besides, it was shown that the anisotropy in the effective dynamic mass-density, ap-
pearing at sufficiently large frequencies, is associated with the dependence of the nonlocal
metasolid response on the phononic-mode polarization, the form of the inclusions, and type
of the periodic array. On the other hand, the stiffness components turned out to be almost
independent of frequency. The latter result is specific for Au-Si periodic composites, which
have relatively-large mass-density contrast, but the stiffness elements of both materials are
comparable. In addition, for the case of Au cubes arranged in a tetragonal lattice, the first

gap for longitudinal modes partially overlaps the gap of transverse modes.
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Conclusions

Metamaterials are one of the most developed topics of materials science with new
physics involved. The significant contribution of the present work is a derivation of a non-
local homogenization theory of a electromagnetoelastic crystal which is able to calculate
accurately the effective material tensors even far beyond the local limit. The piezoelectric
and piezomagnetic effects are the origin of the acoustic-electromagnetic waves coupling in-
side real structures. Particular cases of homogenized electromagnetic and phononic media
can be derived directly from the presented theory by considering piezoelectric and piezo-
magnetic effects negligible.

The nonlocal effects are responsible for the metamaterial behavior - the appearance
of the negative refractive index with non-magnetic materials or the electromagnetoelastic
coupling inside the non-piezoelectric/non-piezomagnetic constituents. In order to extract
the metamaterial effects from the nonlocal response, making them more understandable,
a method of nonlocal parameters transformation is proposed. The metamaterial response
is fully equivalent to the original nonlocal description. During the design, fabrication, and
characterization of the metamaterials, the extreme usefulness of the introduced metamate-
rial response was verified experimentally. Furthermore, new metamaterials were designed
and fabricated using the developed piezoelectromagnetic homogenization theory as an in-
strument.

Within the developed piezoelectromagnetic formalism, the microscopic field inside
a electromagnetoelastic crystal has been expressed in terms of the macroscopic field. This
advance gives the possibility of calculating reflectance and transmission of both acoustic

and electromagnetic metamaterials having the form of finite-size samples.
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The obtained results for both electromagnetic and elastic structures encourage to
design metamaterials possessing, in principle, a simultaneously quadruple-negative behavior
of a foxonic crystal - negative bulk modulus, negative dynamic density, negative permittivity,
and permeability. As a consequence, simultaneous control of acoustic and electromagnetic

waves propagation could give a variety of real-world applications.
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Appendix A

Symmetry of material tensors

Al

tensor in the case of certain unit cell symmetry:

Stiffness/compliance tensor

Crystallography helps to reduce the number of elements in stiffness/compliance

System  Constants Symmetry point group Tensor form
Cnp Ci2 C2 0 0 0
C2 Cn Ci2 0 0 0
Cyy Cp C 0 0 0
Isotropic 2 12 12 11
0 0 0 Cyu O 0
0 0 0 0 Cu 0
0 0 0 0 0 Cu
1
Cus = 5(011 — C12), Saa =2(S11 — S12)
Cn Ci2 Cio 0 0 O
Cip Ci1 Ci2 O 0 0
- Cpp Cpp C 0 0 0
Cubic 3 23,m3,432,43m, m3m 12 Ci2 Cn
0 0 0 Cy O 0
0 0 0 0 Cyu O
0 0 0 0 0 Cu
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System Constants Symmetry point group Tensor form

Cn Cip2 Ciz3 0 0 0
Cip Ci1 Ci3 O 0 0
G = C (& C 0 0 0
Hexagonal 5 6,6, 2,622, 6mm,62m, Smm 18 s s
0 0 0 Cyu O 0
0 0 0 0 Cu O
0 0 0 0 0 Cg
1
Ces = 5(011 —Ch2), Ses =2(S11 — Si2)
Cii Ci2 Ci3 0 0 0
Cip Ci1 Ci3 0 0 0
- Cia Cia Cas 0 0 0
Tetragonal 6 Amm, 422,42m, 4mm 18 1 s
0 0 0 Cyu O 0
0 0 0 0 Cu O
0 0 0 0 0 Cg
Cnu Ciz Ci3 0 0 Cis
Ca Cn Ciz 0 0 —Ci
1 Ciz Ciz Csz 0 0 0
Tetragonal 7 4,1, % 13 13 33
0 0 0 Cu O 0
0 Cp 0 0 Cyu O
Cis 0 0 0 0 Ces
Cni Ca Ciz Cu 0 0
Cie Ci1 Ci3 —Ciy 0 0
= C C C. 0 0 0
Trigonal [§ 32, 3m, 3m 13 13 33
Cu —Cuu 0 Cu 0 0

1
Ce6 = E(C“ —C12), Ses = 2(S11 — S12)
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System Constants Symmetry point group Tensor form

Cn Ci2 Ciz3 Cu  Cis 0
Ci2 Cn Ciz —Cuy —Ci5 0
5 Ciz Ci3 Cs3 0 0 0

Trigonal 7 3,3
Cuu —Cuy 0 Cy 0 —Ci5
Cis —Ci5 0 0 Cu  Cu
0 0 0 7015 014 Cb'b'
1
Ces = 5(011 —C12), Ses =2(S11 — S12)
Cyy Cipa Ci3 O 0 0
Ciz2 Cypp C3 0 0 0
Ci3 Cos Ci: 0 0 0
Orthorhombic 9 222, mmm, mm?2 18 s s
0 0 0 Cu O 0
0 0 0 0 Cs5 O
0 0 0 0 0  Cgg
Cn Cip Ciz3 0 Ci5 0
Cia Cop Co3 0 Co5 0
Ci13 Coz C- 0 C 0
Monoclinic 13 2,m, 2 18 e 8
) 0 0 0 Cyu 0 Cu
Cis Cyps C35 0 Cs5 0
0 0 0 Cyu 0 Cg
Cn Ci2 Ciz Cu Ci5 Cy
Crz Coa Coz Coy Co5 (O
_ Ci3 Cos C33 C. Css C
Triclinic 21 1,1 R

Cuy Coq C3q4 Cu Cy5 Cuyg
Cis Cos C35 Cys Cs5 Cse
Cie Cos Cs6 Cis Css Cos
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A.2 Piezoelectric tensor ¢

The piezoelectric tensor can be described in matrix form (e;; of 3 x 6 size) as

below listed, depending on the symmetry of unit cell [131]:

System Symmetry point group Tensor form
0 0 O €14 0 0
Cubic 23,43m 000 0 eyq O
000 O 0 e
0 0 0 0 0 —eo
Hexagonal 6m?2 —e99 e 0 0 0 0
0 0 000 O
e;1 —e;; 0 0 0 —ex
6 —€22 €22 0 0 0 —€11
0 0 000 0
00 O €14 0
Tetragonal 12m 000 0 ey O
000 O 0 esg
0 0 0 €14 €15 0
4 0 0 0 —ei5 ey O
es1 —e3r 0 0 0 es
Hexagonal,
0 0 0 0 €15 0
tetragonal 6mm, 4mm 0 0 0 e 0 O
ez1 ez es3 0 0 O
0 0 0 €14 €15 0
6,4 0 0 0 ep5 —eq O
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System Constants Symmetry point group Tensor form
ern —epr 0 ey O 0
Trigonal 2 32 0 0 0 0 —eyy —ern
0 0 0 0 0 0
0 0 0 0 €15 —€22
4 3m —€22 €22 0 €15 0 0
ez1 ez ez 0 0 0
enn —enn 0 e e5  —ex
6 3 —ex e 0 e5 —eny —enn
€31 e31 €33 0 0 0
0 0 eq O 0
Orthorhombic 3 222 00 0 e O
000 0 0 €36
0 0 0 0 €15 0
5 mma2 0 0 0 eyq 0 O
€31 €32 €33 0 0 0
0 0 0 ey 0 e
Monoclinic 8 2 €21 €29 ez 0 ey O
0 0 0 ey 0 egq
enn ez ei3 0 e 0
10 m 0 0 0 ey 0 e
e31 ez ez 0 ez O
€11 €12 €13 €14 €15 €16
Triclinic 18 1 €21 €22 €23 €24 €25 €26
€31 €32 €33 €34 €35 €36
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Equipment list

B.1 LPKF E33 Rapid Prototyping CNC machine

For fabrication of metamaterials, there are exist various methods - chemical etch-
ing, mechanical punch pressing or milling, laser cutting etc. Within this work, a mechanical
milling using LPKF E33 CNC machine on the FR4 circuit board will be used to fabricate
metamaterials samples.

The LPKF ProtoMat E33 is a CNC machine for rapid printing board prototyping
using a high-speed tungsten carbide end mills and cutters (Figure B.1). It uses a high
RPM motor to operate which gives a very good accuracy and samples repeatability. The
ProtoMat E33 needs a dust extraction unit, a set of bits with copper-clad board, and a
PC with CircuitPro software installed to produce a printed circuit board. The maximum
resolution of 1 pm, a high repeatability of +/-5 um, and a precision inside the fitting hole
system of +/-20 pm, the small mill/drill plotter typically meet the accuracy requirements
for the production of single and double layer printed circuit boards with metamaterial
resonators.

Specifications of E33 milling CNC machine is given in Table B.1.

The accuracy and precision of metamaterial sample under fabrication process
strongly depend on substrate PCB roughness and types of end mills available.

The software included is CircuitPro, which can be used for drawing and machine
controlling. To process a sample, it is necessary to glue an FR4 PCB to the main machine
table, then import a technical draw in .DXF format using a CircuitPro. Another option is

to use external CAD to design a structure, further procedure is to convert a technical draw
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Maximum material size (X/ Y/ Z)
Resolution (X/Y)

Repeatability

Precision of front/back alignment
Milling spindle

Tool change

Milling width adjustment

Tool holder

Drilling speed

Travel speed (X/Y)

X/Y-drive

Z-drive

Dimensions (W x H x D)

Weight

Power supply

229 mm x 305 mm x 10 mm
0.8 pm

£ 0.005 mm

+ 0.02 mm

Maximum 33000 RPM, software controlled
Manual

Manual

3.175 mm (1/8 inch)

100 holes/min

Maximum 50 mm/sec

2-phase stepper motor

2-phase stepper motor

370 mm x 300 mm x 450 mm
15 kg (33 1bs)

90 — 240 V, 50 - 60 Hz, 150 W

Table B.1: Technical specification of LPKF ProtoMat E33 CNC machine

Figure B.1: LPKF ProtoMat E33 machine with universal cutters/end mills/drill bits.
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Figure B.2: LPKF ProtoMat E33 machine during window resonators structure fabrication

at IFUAP.

into a native machine tool trajectories. Special routing algorithm calculates and designates
parameters for sample prototyping - spindle speed for each of the types of cutters/end
mills, routing path. The working flow of starts from finest cutters toolpath (usually 0.2
mm Universal Cutter), then going rub out procedure with end mills 0.5 - 3 mm, and
finalizing the material production by drills and board contour cutting phase. Board time
processing strongly depends on the complexity of metamaterial structure and can take up
to 1 day. It is strongly recommended to follow machine manual safety manual and operating
instructions! Figure B.2 shows the LPKF ProtoMat E33 CNC machine during the process
of metamaterials milling. After each bit trajectory is finished, a machine will move head
to home position for instrument change, this machine still requires manual operator bit

changing.
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B.2 Linear horn antenna, DRH-20, 2-20 GHz

Antenna Specifications

Rg[p)ﬂm

November 2010

Electrical Specifications

Double Ridged Waveguide Horn — Model DRH20

1.7 GHz - 20 GHz

Frequency Range
VSWR (max.)

<1.5:1
50 Q
SMA female
20 W CW /40 W Peak

Impedance
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o ©
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Antenna Specifications
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Microwave bands list

IEEE Standard for Letter Designations
for Radar-Frequency Bands

1. Scope

Since World War II, radar systems engineers have used letter designations as a short notation for describing
the frequency band of operation. This usage has continued throughout the years and is now an accepted
practice of radar engineers. Radar-frequency letter designations are used for the following reasons:

1) They provide a convenient method for describing the band in which the radar operates without the
need for awkwardly stating the limits of the frequency in numerical terms. For example, it is more
convenient to say an L-band radar than a 1215-1400 MHz radar. This is especially important in titles
of published papers on radar, in advertising of radar systems and components, or in any other situa-
tion where a short notation is desired.

2)  In military radar systems, the exact frequency of operation cannot usually be disclosed, but it is per-
missible in many cases to describe the band in which it operates. The letter designations permit this.

3)  Each radar-frequency band has its own particular characteristics. Thus an X-band radar will be dif-
ferent from an S-band radar. The letter designations are often used in this manner to indicate the par-
ticular nature of the radar as it is influenced by its frequency. There are vast differences in
characteristics, applications, and environmental constraints that distinguish radars in the different
bands. It is the need to communicate concisely the whole set of characteristics which are shared by
S-band radar, as distinguished from L-band radar, C-band radar, and the others, which requires the
established usage of letter designations.

2. Usage

The nomenclature of Table 1 shall be followed when letter designations are used to describe the frequency of
radar operation. When appropriate, it is suggested that the specific International Telecommunications Union
(ITU) radiolocation numerical band limits be inserted parenthetically; for example, VHF (216225 MHz) or
L-band (1.215-1.4 GHz).

3. Relation to other nomenclature

The radar letter designations are consistent with the recommended nomenclature of the ITU, as shown in
Table 2. Note that the high frequency (HF) and the very high frequency (VHF) definitions are identical in the

Copyright © 2003 IEEE. All rights reserved. 1

Authorized licensed use limited to: BENEMERITA UNIVERSIDAD AUTONOMA DE PUEBLA. Downloaded on March 16,2017 at 18:03:51 UTC from IEEE Xplore. Restrictions apply.
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IEEE
Std 521-2002 IEEE STANDARD FOR

two systems. The essence of the radar nomenclature is to subdivide the existing ITU bands, in accordance
with radar practice, without conflict or ambiguity.

The letter band designations should not be construed as being a substitute for the specific frequency limits of
the frequency bands. The specific frequency limits should be used when appropriate, but when a letter desig-
nation of a radar-frequency band is called for, those of Table 1 shall be used.

The letter designations described in this standard are designed for radar usage and are used in current prac-
tice. They are not meant to be used for other radio or telecommunication purposes, unless they pertain to
radar.

The letter designations for electronic countermeasure operations, as described in Air Force Regulation No.

55-44, Army Regulation No. 105-86, and Navy OPNAV Instruction 3430.9B, are not consistent with radar
practice and shall not be used to describe radar-frequency bands.

Table 1—Standard radar-frequency letter band nomenclature

International table
Specific frequency ranges for radar based on ITU assignments
Band Nominal frequency (see Notes 1, 2)
designation range
Region 1 Region 2 Region 3
HF 3-30 MHz (Note 3)
VHF 30-300MHz None 138 -144 MHz 223-230 MHz
216-225 MHz
(See Note 4)
UHF 300-1000 MHz 420-450 MHz (Note 4)
(Note 5) 890 942 MHz (Note 6)
L 1-2 GHz 1215-1400 MHz
N 2-4 GHz 2300-2500 MHz
2700-3600 MHz ‘ 2700-3700 MHz
C 4-8 GHz 4200- 4400 MHz (Note 7)
5250 5850 MHz ‘ 5250 5925 MHz
X 8-12 GHz 8.5-10.68 GHz
Ku 12-18 GHz 13.4-14 GHz
15.7-17.7 GHz
K 18-27 GHz 24.05-24.25 GHz 24.05-24.25 GHz 24.05-24.25 GHz
24.65-24.75 GHz
(Note 8)
Ka 27-40 GHz 33.4-36 GHz
v 40-75 GHz 59-64 GHz
w 75-110 GHz 76-81 GHz
92-100 GHz
126-142 GHz
mm 110-300 GHz
(Note 9) 144-149 GHz
231-235 GHz
238-248 GHz
(Note 10)
2 Copyright © 2003 IEEE. All rights reserved.

Authorized licensed use limited to: BENEMERITA UNIVERSIDAD AUTONOMA DE PUEBLA. Downloaded on March 16,2017 at 18:03:51 UTC from IEEE Xplore. Restrictions apply.
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IEEE
LETTER DESIGNATIONS FOR RADAR-FREQUENCY BANDS Std 521-2002

NOTES

I—These international ITU frequency allocations are from the table contained in Article S5 of the /TU Radio Regula-
tions, 1998 Edition. The ITU defines no specific service for radar, and the frequency assignments listed are derived
from those radio services that use radiolocation. The frequency allocations listed include those for both primary and
secondary service. The listings of frequency assignments are included for reference only and are subject to change.

2—The specific frequency ranges for radiolocation are listed in the NTI4A Manual of Regulations & Procedures for Fed-
eral Radio Frequency Management, Chapter 4. The NTIA manual (known as the Redbook) can be downloaded from
the website: http://www.ntia.doc.gov/osmhome/redbook/redbook.html.

3—There are no official ITU radiolocation bands at HF. So-called HF radars might operate anywhere from just above
the broadcast band (1.605 MHz) to 40 MHz or higher.

4—Frequencies from 216450 MHz were sometimes called P-band.

5—The official ITU designation for the ultra high frequency band extends to 3000 MHz. In radar practice, however, the
upper limit is usually taken as 1000 MHz, L- and S-bands being used to describe the higher UHF region.

6—Sometimes included in L-band.

7—Designated for aeronautical navigation, this band is reserved (with few exceptions) exclusively for airborne radar
altimeters.

8—The frequency range of 24.65-24.75 GHz includes satellite radiolocation (earth to space only).

9—The designation mm is derived from millimeter wave radar, and is also used to refer to V- and W-bands, and part of
Ka-band, when general information relating to the region above 30 GHz is to be conveyed.

10—No ITU allocations are listed for frequencies above 275 GHz.

Table 2—Comparison of radar-frequency letter band nomenclature
with ITU nomenclature

Radar nomenclature ITU nomenclature
Radar e .
Band Adjectival band Corresponding
letter Frequency range Frequency range . B . . . N
. . No. designation metric designation
designation
HF 3-30 MHz 3-30 MHz 7 High frequency (HF) | Dekametric waves
VHF 30-300 MHz 30-300 MHz 8 Very high frequency | Metric waves
(VHF)
UHF 300-1000 MHz
0.3-3 GHz 9 Ultra high frequency Decimetric waves
L 1-2 GHz | (UHF)
S 2-4 GHz
C 4-8 GHz
X 8-12 GHz 3-30 GHz 10 Super high frequency | Centimetric waves
Ku 12-18 GHz (SHF)
K 1827 GHz
Ka 27-40 GHz
v 40-75 GHz 30-300 GHz 11 Extremely high Millimetric waves
w 75-110 GHz frequency (EHF)
mm 110 -300 GHz

Copyright © 2003 IEEE. All rights reserved.
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The nonlocal effective dynamic mass-density and stiffness tensors for a solid 3D phononic crystal
having Au inclusions embedded in a Si host matrix have been calculated. The applied homogeniza-
tion theory is based on the Fourier formalism and the form-factor division approach. Using the
effective parameters, the phononic band structure of the homogenized elastic crystal can be
described even beyond the long wavelength limit. It is found out that the effective dynamic mass-
density becomes anisotropic as the frequency of the phononic modes is increased because the non-
local metasolid response depends on the phononic-mode polarization, the shape of the inclusions,
and the type of the periodic array. Published by AIP Publishing.

[http://dx.doi.org/10.1063/1.4981129]

I. INTRODUCTION

The description of sound propagation through a pho-
nonic crystal, composed of materials with different mass
density, elastic parameters, arbitrary Bravais lattice, and any
inclusion shape, could be a quite complex task. To simplify
the calculations needed for such a description, nowadays a
homogenization approach is commonly used. The main idea
of a homogenization approximation is to consider a phononic
crystal as a homogeneous medium with effective parameters,
such as effective mass density and effective compliance ten-
sor. In the quasi-static limit (w — 0), where the phononic
dispersion relation is linear and, therefore, phase and group
velocities coincide, the effective sound velocity

Ueff(k) = lim (w/k) (1)

,k—0

can be directly calculated by using the plane wave expansion
(PWE) method (see, for example, Refs. 1-8). As it is shown
there, v depends not only on the type of periodic array and
the geometry of the unit cell but also on the direction of prop-
agation, i.e., on k=k /k, where k is the wave vector and £ its
magnitude. According to the exact analytical formulas for the
speed of transverse sound propagating in a two-dimensional
arrangement of solids, derived in Ref. 1, the effective speed of
transverse sound is determined by the average density p and
an effective shear modulus depending on the details of the
microstructure. On the basis of the homogenization method
presented in Ref. 1, compact formulas of the effective veloci-
ties for the quasi-longitudinal, quasi-shear vertical, and shear
horizontal modes were obtained in these works.>* The fact
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P Also at Instituto de Fisica, Benemérita Universidad Auténoma de Puebla,
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that the effective mass density in the quasi-static limit is given
by the average one, p, implies that such an effective parame-
ter depends only on the filling fraction of the components, but
it is independent of their shape, as well as of their distribution
inside the phononic crystal. As it has been shown in several
works (see, for example, Refs. 9—11), at sufficiently high fre-
quencies, the effective mass density for solid phononic crys-
tals (SPCs) depends not only on the filling fraction of the
components but also on the frequency w of the phononic
modes. Besides, the effective mass density turns out to be dis-
tinct for transverse and longitudinal phononic modes, and it
may even be negative at certain frequency intervals.

Recently, a general homogenization theory,'> based on
the Fourier formalism, has been proposed to calculate the
effective parameters for phononic crystals having solid inclu-
sions embedded in a solid host matrix. The theory provides
explicit formulas for determining all the components of the
effective mass-density and compliance tensors for any
Bravais lattice and shape of the inclusion not only in the long
wavelength limit but also at high frequencies where the effec-
tive dynamic parameters depend on both frequency w and
wave vector k and, therefore, the effective elastic response is
nonlocal. However, in Ref. 12, the proposed theory was only
applied to two-dimensional (2D) solid phononic crystals at
the quasi-static limit in order for the calculations, requiring
the inversion of very large matrices, to be feasible. As it was
demonstrated in Ref. 12, the theory can be extended to peri-
odic systems with liquid components by introducing an infini-
tesimally small shear modulus for the liquid. In particular,
applying the new approach in the low-frequency limit, the
effective dynamic mass density and compliance tensors for
square solid bars embedded in water were calculated. The
homogenized rectangular 2D PC can be called metaﬂuid”’lé
since it behaves as a liquid, having zero effective shear modu-
lus, but possessing an anisotropic effective mass density ten-
sor. Besides, it was found that rectangular two-dimensional

Published by AIP Publishing.
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Effective parameters of homogenized photonic crystals with a semiconductor bar in the unit cell are calculated and
analyzed. The applied homogenization theory is based on the Fourier formalism within the form-factor division
approach. The calculated effective parameters, namely, the components of the effective permittivity tensor, are non-
local since they depend on not only frequency but also the wave vector. Using the nonlocal effective parameters, the
complex dispersion relation for photonics modes propagating in a periodic semiconductor—dielectric array can
be described even beyond the long-wavelength limit. We have analyzed the temperature dependence of the non-
local effective parameters for photonic metamaterials composed of InSb square bars in a silica—glass host matrix.
In the case of continuous (infinitely long) bars, the metamaterial shows plasma-like behavior with a temperature-
dependent effective plasma frequency in the THz range. For the case of cut semiconductor bars, the metamaterial
behaves as a dielectric in the lowest frequency band, whose width can also be tuned by varying the temperature.
Using the nonlocal effective permittivity, the optical spectra (reflectivity and transmittance) for a slab of InSb square

bars in a glass matrix were calculated and analyzed. ~© 2017 Optical Society of America

OCIS codes: (160.5293) Photonic bandgap materials; (160.5298) Photonic crystals; (160.6000) Semiconductor materials.
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1. INTRODUCTION

Photonic crystals (PCs) with tunable photonic band gaps
(PBGs) have been an object of intensive study in the previous
decade [1-3]. Several approaches are available to tune the PBGs
of PCs: by applying an electrical field to liquid-crystal inclusions
[4,5], as well as a magnetic field to control the frequency posi-
tion and width of a PBG [6,7]. An outstanding idea to fabricate a
tunable PC is to use a semiconductor component [1] with a
sufficiently large number of free charge carriers. Evidently,
the plasma frequency of such constituents will strongly depend
on temperature, leading to a thermal shift of the PBG structure.

In the present work, we calculate the temperature-
dependent effective parameters for two types of homogenized
PCs. The first one is a square two-dimensional (2D) lattice of
infinitely long InSb square bars embedded in a silica glass
(SiO,) matrix. The second system considered here is a cubic
three-dimensional (3D) PC composed of cut square bars of
InSb in a dielectric glass matrix. To obtain the effective param-
eters, we apply the general homogenization theory [8], which is
based on the Fourier formalism.

The theory provides explicit formulas for determining all
the components of bi-anisotropic response tensors, namely,
effective permittivity, permeability, and crossed magnetoelectric
tensors for arbitrary Bravais lattice and shape of inclusions.

0740-3224/17/090001-01 Journal © 2017 Optical Society of America

Interestingly, the homogenization theory can be applied in
not only the long-wavelength limit, but also at high frequencies
where the bi-anisotropic response becomes nonlocal, i.e., the
effective parameters depend on both frequency @ and wave vec-
tor k. Indeed, as was noted in Ref. [8], the complete photonic
band structure of an inherently inhomageneous PC can be calcu-
lated from either the system of equations for the Fourier com-
ponents of the microscopic electromagnetic field (Eq. (15) in
[8]) or the matrix equation for one of the components of the
Fourier expansion [Eq. (A2) therein], which has the form of
Maxwell equations for a homogeneous medium with a nonlocal
effective bi-anisotropic response. However, in Ref. [8], the
theory developed was only applied to periodic structures in
the quasi-static limit.

The application of the homogenization theory developed
in Ref. [8] requires the inversion of very large matrices and,
consequently, a very long computing time. To make feasible
the calculations of the effective parameters, an approach
based on form-factor division was also proposed in Ref. [8].
Nevertheless, such an approach turns out to be sufficiently
accurate for small inclusions only. Here, we modify the form-
factor division approach (FFDA) to get highly accurate results
at any filling fraction of the inclusions. The latter allows
us to calculate the effective parameters for arbitrary forms of
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