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Adiabatic gauge potential approach to characterize
the onset of chaos in a many-body quantum

system with local perturbations

Resumen

En este trabajo estudiamos el llamado potencial adiabático de norma. Para nuestro tra-

bajo empleamos dos modelos paradigmáticos de sistemas cuánticos de muchas part́ıculas,

el modelo de Heisenberg unidimensional de esṕın 1/2 con pertubaciones locales y el modelo

de Aubry-André con interacciones. La primera parte de nuestro trabajo consiste en carac-

terizar el comportamiento de los modelos con herramientas convencionales de la teoŕıa de

matrices aleatorias. En particular, estudiamos las propiedades espectrales y la estructura y

estad́ıstica de los estados propios de enerǵıa. Finalmente, estudiamos la transición del caos

usando el potencial adiabático de norma. Se muestra que el potential adiabático de norma

es más sensible para detectar la transición que diagnosticos tradicionales de la teoŕıa de

matrices aleatorias.



Adiabatic gauge potential approach to characterize
the onset of chaos in a many-body quantum

system with local perturbations

Abstract

In this work we study the so-called adiabatic gauge potential as a diagnostic of quantum

many-body chaos. For our proposals we employ two paradigmatic models of many-body

quantum systems, the one-dimensional Heisenberg spin-1/2 model with an on-site defect

that can break integrability and, the interacting Aubry-André model. The first part of the

work consists of characterizing the behavior of these models with conventional tools of ran-

dom matrix theory. In particular, by studying the spectral properties and the structure and

statistics of energy eigenstates. Finally, we study the transition to chaos in these models by

means of the adiabatic gauge potential. We show that the adiabatic gauge potential is more

sensitive to detect the transition than conventional diagnostics of random matrix theory.
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Chapter 1

Introduction

The behavior of integrable and non-integrable classical Hamiltonian systems are

now well understood. In contrast, chaos in quantum systems have been a puzzle for a

long time, especially in recent times for interacting systems. Classical chaos is usually

described in terms of an exponential sensitivity of trajectories in phase space to initial

conditions. However, in the quantum realm, chaos cannot be described using physical

trajectories because the Heisenberg uncertainty principle rules this out. The understanding

of quantum chaos is very important in part because nowadays it is accepted as a fundamental

ingredient for the application of statistical mechanics and thermodynamics [1, 2]. In the

broad field of non-equilibrium many-body quantum physics, the behavior of isolated systems

following a sudden disturbance has become an important topic of study.

Actually the study of quantum many-body systems is relevant in different areas

of physics. With the emergence of quantum computing the study of many-body quantum

systems is primordial for developing of this technology, chaotic effects in quantum computing

have been studied, for instance [3, 4, 5]. Spin-1/2 models have been implemented on

modern platforms, in [6] a many-body dynamical phase transition with a 53-qubit quantum

simulator has been studied. In [7] many-body quantum systems with ultra cold gasses are

studied. Finally, in [8] it was proposed a way to experimentally detect many-body quantum

chaos. Alternatively, these systems have been used in Cosmology, for instance [9] has studied

the implications of quantum chaos in Cosmology through the AdS-CFT correspondence.

In the past five decades, random matrix theory (RMT) has shown an exceptional

success in the study of quantum chaos. Following the work of Wigner, who introduced

random matrices to the realm of physics [10] and the subsequent classification of Dyson

1



2 Chapter 1: Introduction

in symmetry classes [11], Bohigas, Giannoni and Schmit [12] conjectured that energy level

statistics of all quantum systems whose classical analog is chaotic should show level re-

pulsion, just like eigenvalues of one of the three classical Gaussian ensembles of RTM,

the orthogonal ensemble (GOE), the unitary ensemble (GUE) or the symplectic ensemble

(GSE) [13]. The degree of level repulsion depends on the symmetries of the system. In

addition, quantum systems whose classical counterparts are integrable, according to the

Berry-Tabor conjecture [14], have uncorrelated energy levels, just like random variables in

a Poisson process, so level repulsion is absent. There exist quantum systems that have no

classical analog, like systems composed by spin-1/2 particles, electrons for instance. Despite

of this fact, RMT-like energy level repulsion in this kind of systems has been considered as

a signature of quantum chaos.

Traditional methods employing some standard tools have been applied to the study

of the transition between integrable and chaotic behavior in quantum systems. These meth-

ods are mainly based in energy level statistics and structure of energy eigenstates. However,

the involved tools are, in many cases, not enough sensitive to detect the onset of chaos when

an integrability-breaking term is included in the system. Specifically, traditional diagnostics

of quantum chaos can fail to detect precisely the onset of chaos when the strength of an

integrability-breaking term is weak.

An alternative method to detect chaos in quantum systems was proposed in [15].

It was claimed and demonstrated that so-called adiabatic gauge potential (AGP) [16], which

generates adiabatic deformations between eigenstates and encodes information on both level

spacings and the matrix elements of local operators, is significantly more sensitive to detect

the onset of quantum chaos compared to traditional methods. Another advantage of the

AGP approach over other methods solely based on energy levels is that in order to reveal

the chaotic nature of the system no desymmetrization or even unfolding are needed.

Mathematically, the distance between nearby neighbors, also called Fubini-Study

metric [16, 17], can be expressed as a Frobenius norm of the AGP [16, 17]. In [16] it

was claimed that the Frobenius norm should scale exponentially with the system size in

chaotic systems. In this context, quantum chaos appears as an exponential sensitivity of

eigenstates to tiny perturbations, serving as a counterpart to classical chaos. Later, in [15]

it was explicitly found that the norm of the AGP scales exponentially with system size

when the system is chaotic, whereas for integrable systems, it develops a polynomial scaling

with system size. More recent studies have extended the study of the AGP to integrability
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breaking terms like next-nearest-neighbors interactions [18] and systems of free fermions [19],

providing additional details.

Our proposal is to study the transition from the integrable regime to the chaotic

regime for the one-dimensional and anisotropic Heisenberg model of spin-1/2 particles, also

known as XXZ model, with a perturbation at a single site located at the middle of the chain

and the interacting Aubry-André model employing the AGP as a diagnostic to detect the

onset of chaos. The XXZ model with a single defect at the middle of the chain has been

used to show that, despite being local, a perturbation can induce global effects in interacting

quantum systems [20] and also could be enough to bring the system to a chaotic regime [21].

This Thesis has the following structure; in chapter 2 we introduce quantum chaos and

random matrix theory and the quantities that we will use along our study. In chapter 3 we

introduce the main characteristics of 1/2-spin models and provide details of the two models

used in this work, the XXZ model with local perturbations and the interacting Aubry-

André model, including the corresponding description of the Hamiltonians. In chapter 4

we present the results obtained for the XXZ model with local perturbations. In chapter 5

we present the results obtained for the interacting Aubry-André model. In chapter 6 we

provide the conclusions and perspectives of our work.

1.1 Objectives

To investigate the transition from an integrable to a chaotic regime in the one-

dimensional Heisenberg spin-1/2 model under local perturbations and the interacting Aubry-

André model, employing as diagnostic the so-called adiabatic gauge potential.

1.1.1 Specific objectives

● Implement in the one-dimensional Heisenberg spin-1/2 model under local perturba-

tions and the interacting Aubry-André model numerically, using a suitable program-

ming language.

● Characterize the transition to chaos in the one-dimensional Heisenberg spin-1/2 model

under local perturbations and the in Aubry-André model studying the energy level

statistics.

● Characterize the transition to chaos in the one-dimensional Heisenberg spin-1/2 model
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under local perturbations and the interacting Aubry-André model analyzing the struc-

ture and statistics of energy eigestates.

● Characterize the transition to chaos in the one-dimensional Heisenberg spin-1/2 model

under local perturbations and the interacting Aubry-André model using the adiabatic

gauge potential.

● Compare the different diagnostics for the characterization of the transition to chaos

in the one-dimensional Heisenberg spin-1/2 model under local perturbations and the

interacting Aubry-André model.



Chapter 2

Quantum chaos and random

matrix theory

Deterministic chaos in classical systems can arise from the nonlinear nature of their

equations of motion, leading to extreme sensitivity to tiny variations in initial conditions.

Today, classical chaos theory is well established and frequently used as a limiting case for

comparison with its quantum counterpart, when such a limit can be meaningfully defined.

In early days of the theory of quantum chaos, the studies were performed for quantum

systems with well defined classical limits like two-dimensional billiards [22]. Nevertheless,

nowadays the notion of quantum chaos is used in a much broader context, for example

the notion of quantum chaos has been extended to quantum many-body systems without

a classical limit, as well as models with some intrinsic randomness or disorder in their

structure.

Many ideas for the treatment of systems with strongly chaotic properties came

from random matrix theory (RMT), following Wigner’s work, who introduced random

matrices to the realm of physics [10]. Wigner’s original proposal was to employ random

matrices to capture the statistical properties of complex nuclei and nuclear reactions. Early

uses of RMT were confined to nuclear physics and had no direct connection to quantum

chaos. Because the processes in compound nuclei involve highly intricate interactions that

can only be treated statistically, random matrices offer an effective and powerful tool for

describing them.

Dyson showed that quantum mechanics provides a natural framework for classify-

5



6 Chapter 2: Quantum chaos and random matrix theory

ing random matrix ensembles [11]. There are three generic ensembles of random matrices,

defined in terms of the symmetry properties of a given Hamiltonian.

i) Time-reversal invariant systems with rotational symmetry. The elements of the Hamilto-

nian matrix are random numbers without zero entries and satisfy

Hnm =Hmn =H
∗
mn. (2.1)

Where H∗mn is the conjugate of Hmn.

ii) Systems in which time-reversal invariance is violated. For such systems, the

Hamiltonian matrices are Hermitian, the elements of the Hamiltonian matrix are random

complex numbers and satisfy

Hmn = [H
†
]nm. (2.2)

Where H† is the adjunct matrix of H

iii) Time-reversal invariant systems without rotational symmetry. The elements

of the Hamiltonian matrix are random 2x2 quaternions.

Since we are interested in the eigenvalue correlations, it is necessary to diagonalize

the matrix, H = UxU−1. The diagonalizing matrix U is in the orthogonal group O(n) for

the systems belonging to case i), in the unitary group U(n) for the systems belonging to

case ii) and in the unitary symplectic group USp(2n) for the systems belonging to the case

iii) [23]. Accordingly, the three symmetry classes are referred to as orthogonal, unitary and

symplectic. It is common to consider a Gaussian distribution as the probability densities for

random entries Hnm. Therefore, the three symmetric classes together with the probability

densities define the Gaussian ensembles of RMT: the Gaussian orthogonal ensemble (GOE),

the Gaussian unitary ensemble (GUE) and the Gaussian symplectic ensemble (GSE).

Bohigas, Giannoni and Schmit [12] conjectured that energy level statistics of all

quantum systems whose classical analog is chaotic should show level repulsion, just like

eigenvalues of one of the three classical Gaussian ensembles of RTM, the orthogonal ensemble

(GOE), the unitary ensemble (GUE) or the symplectic ensemble (GSE) [13]. In particular

energy level statistics of time-reversal-invariant systems whose classical analogs are strongly

chaotic systems then they show the same fluctuation properties as predicted by GOE.

Quantum systems whose classical counterpart is integrable, according to the Berry-Tabor

conjecture [14], have uncorrelated energy levels, just like random variables in a Poisson

process, so level repulsion is absent. There exist quantum systems that have no classical
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analog, like systems composed by spin-1/2 particles, electrons for instance. Despite of this

fact, RMT-like energy level repulsion in this kind of systems has been considered as a

signature of quantum chaos.

2.1 Energy level statistics

Level statistics is the most common approach to detect chaos. We decided to

use three different indicators, each one in order to perform a better characterization of the

systems. We use the mean ratio of energy-level spacings ⟨r̃⟩ to characterize the transition

from an integrable regime to the chaotic regime, since it is an excellent tool for characterizing

the transition to chaos in terms of a single number. Secondly, we studied the level spacing

distribution P (s), this is a standard tool to study level repulsion between consecutive energy

eigenvalues. Finally, we studied the so-called level number variance (LNV), in contrast to

mean ratio and level spacing distribution that can indicate short range correlations between

of energy-level spacings, level number variance study long range correlations.

2.1.1 Ratio between spacings

To study the level spacing distribution one has to perform a procedure called

unfolding. The unfolded spectrum has automatically a mean level spacing equal to one, and

its statistics can thus directly be compared with those of RMT. There are many procedures

to unfold the spectrum and they present difficulties, specially in many-body problems when

the Hilbert space increase with the number of particles in the system, because they present

a dependence on the mean level spacing δ [24]. We define the spacing between nearest

neighbors as

sn = ϵn+1 − ϵn, n ∈ {1,2,3, ...,N − 1}. (2.3)

Where ϵn = En/δ. To avoid this difficulties Oganesyan and Huse [25] proposed to compute

instead the ratios r̃n between consecutive level spacings, defined by

r̃n =
min(sn, sn−1)
max(sn, sn−1)

=min(rn,
1

rn
) , n ∈ {1,2,3, ...,N − 2}. (2.4)

With

rn =
sn
sn−1

. (2.5)
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This quantity has the advantage that it does not require unfolding since the ratios of consec-

utive level spacings are independent of the mean level spacing δ. This new quantity yields

an analytic estimate for the mean value of ⟨r̃⟩, widely used in the literature as a measure

of chaoticity. It has been found that ⟨r̃⟩ ≈ 0.38629 for integrable systems and ⟨r̃⟩ ≈ 0.53590

for chaotic systems with GOE-like statistics for its eigenvalues [26].

2.1.2 Level spacing distribution

However, despite of the mean ratio of energy-level spacings offers an analysis in

terms of a singles number, it does not give us details about correlations presented in the

spectrum. Therefore, we resort to the study of level spacing distribution and level number

variance.

Remarkably, a strong universality emerges in the spectral correlations across a wide

variety of systems, ranging from atoms and molecules to quantum-chaotic and disordered

systems. The analysis of level statistics is the most common approach to detect chaos. To

use level statistics, it is necessary to unfold part of the spectrum considered. The tails of

spectrum in physical systems do not present chaotic behavior, so we focus in the central

part, for each system size we exclude a certain percentage of the tails. The unfolding consist

of stretching the spectrum to normalize the density of state to unity. This is done by fitting

the staircase function, defined for the increasingly sorted eigenvalues E1, ...,EN as

η(E) =
N

∑
n=1

Θ(E −En) (2.6)

The unfolding corresponds to mapping the eigenvalues onto the smooth function obtained,

En → ϵn = η̄(En). (2.7)

The unfolding methods are divided into local and global methods. We decided to use a global

unfolding since local unfolding does not preserve global correlations, these are needed to

study long range correlations as level number variance. Following the work [27] we use a

7th order polynomial regression.

Consider the nearest neighbor spacing distribution P (s). It is the probability

density of finding two adjacent levels in the distance s. For chaotic systems, the level spacing

distribution follows the Wigner-Dyson distribution, also known as the Wigner surmise,

PWD(s) =
π

2
s exp(−

π

4
s2) . (2.8)
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Which indicates that the eigenvalues are highly correlated in the sense that they repel each

other. If the distance is quite short s ∼ 0 then we have the behavior

PWD(s) ∼ s. (2.9)

This means that close to 0 the levels present a linear repulsion. Finally, if we consider

the limit s → 0, the probability of finding two levels with the same energy decreases, in

particular PWD(0) = 0. This is a typical behavior in quantum chaotic systems.

For integrable models is typical that the energy levels are uncorrelated and the

level spacing distribution is Poissonian,

PP(s) = exp(−s). (2.10)

In this case as s → 0, the probability to find two levels with the same energy is 1. There

are some exceptions that include a ”picket-fence” kind of spectra [28] and systems with

an excessive number of degeneracies [29]. This last point emphasizes the importance of

removing some symmetries from the system.

2.1.3 Level number variance

To have access to long-range correlations one employs the level number variance

Σ2(l). The level number variance provides a useful way to examine the characteristics of

the energy spectrum across all correlation-length scales. In contrast to the nearest neighbor

level spacing P (s) which measures only short range correlations, the level number variance

Σ2(l) probes the spectrum over all correlation lengths l. The level number variance describes

the fluctuations of the number N(l, g) of levels contained in a the interval [g, g+ l] of length

l. The spectral rigidity, introduced by Dyson and Mehta [30, 23] is closely related to Σ2(l).

It is defined as

Σ2
(l) ≡ ⟨N(l, g)2⟩ − ⟨N(l, g)⟩2, (2.11)

where N(l, g) gives the number of states in the interval [g, g + l] on the unfolded scale and

⟨...⟩ represents the average over different values of g. If the energy levels are completely

uncorrelated, like integrable systems, or for Poisson distributions, the level number variance

grows linearly

Σ2
(l) = l, (2.12)
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this means that the fluctuations are large, since there is not repulsions between levels. On

the other hand for chaotic systems and matrices that belong to the GOE, the level number

variance Σ2(l) behaves as

Σ2
(l) =

2

π2
[ln(2πl) + γ + 1 −

π2

8
]. (2.13)

where γ = 0.5772... is the Euler constant. Level repulsion leads to rather rigid spectra and

fluctuations are less significant than in regular systems [20] due to long-range correlations.

2.2 Structure and statistics of eigenstates

RMT allows us to make an important statement about the eigenvectors of ran-

dom matrices, the eigenvectors of random matrices are random unit vector because the

components of eigenstates satisfy a Gaussian distribution, which are real in the case of

matrices that belong to the GOE. The study of eigen states are quite important since it is a

fundamental ingredient for the study of thermalization [31], or Anderson localization [32].

It is shown that when entering into chaotic behavior, the structure of eigenstates

change remarkably [24]. It is usual to choose a basis according to physical reasons to

describe the eigenstates structure, the mean-field basis is the most common chosen basis.

Nevertheless, it is clear that there are bases in which the eigenstates are very well localized.

Indeed, there is a special basis where all eigensates are completely localized. This could be

a problem because the statical properties of the eigenstates are not invariant with respect

the choice of the basis.

Commonly, a quantum many body system described by a Hamiltonian H can be

separated in two parts as H =H0 + V , where H0 is an integrable Hamiltonian and V plays

the role of perturbation. The mean-field basis is built by eigenstates of H0. When the

perturbation V is zero, the system is integrable and the eigenstates are localized. When

the perturbation is applied, integrability can be disrupted. The original unperturbed basis

states become mutually coupled and combine to form new eigenstates. However, because

particle interactions are typically short-ranged, only neighboring unperturbed states are

directly connected. These states form a subspace that corresponds to an energy shell [33].

For weak perturbations, only a few unperturbed basis states contribute to each new eigen-

state, meaning the eigenstate remains localized. When the perturbation becomes large,

more and more unperturbed states are coupled and new eigen-states can spread broadly in
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subspace and fulfill the shell. When all basis states participate in the eigenstate structure,

also known as ergodic case, the expansion coefficients of new eigenstates in the mean-field

basis satisfy a Gaussian distribution and these eigenstates are called random eigenstates or

chaotic eigenstates [34].

2.2.1 Inverse participation ratio

Given an eigenstate ∣ψn⟩ = ∑nC
n
m∣m⟩, where C

n
m = ⟨m∣ψn⟩. To analyze the struc-

ture of ∣ψn⟩, we consider the inverse partition ratio (IPR) defined as

IPRn =
N

∑
m=1
∣Cn

m∣
4. (2.14)

where N is the dimension of the local Hilbert space. The IPR measures how much the

eigenstates are delocalized on the provided basis {∣m⟩}, that is, how many basis states

participate in the structure of the state ∣ψn⟩. IPRn can take values in the range [N−1,1].

The lower bound corresponds to the case where ∣ψn⟩ uniformly populates all basis states,

namely, ∣Cn
m∣

2 = N−1. An eigenstate is chaotic if it samples most of the Hilbert space

without any preference, which means IPRn ∝ N−1. The upper bound corresponds to the

case where ∣ψn⟩ is completely localized on a single basis state [35]. For eigenstates that

belong to matrices of GOE the IPR is [36]

IPRGOE =
3

N + 2
. (2.15)

The IPR has been one of the main tools in assessing the localization properties of eigen-

states of many-body quantum systems [37].

2.2.2 Porter-Thomas distribution

The Porter-Thomas distribution was born as a probability distribution used in

nuclear physics, especially in the statical description of nuclear resonances widths [38]. For

chaotic systems, the weights Cn
m follow the Porter-Thomas distribution

PPT (∣C
n
m∣

2
) = (

N

2π∣Cn
m∣

2
)

1/2
exp(−

N

2
∣Cn

m∣
2
) . (2.16)

It is an additional tool to determine whether the states are chaotic or not. As states are

localized, the components fluctuate more and deviate from the Porter-Thomas distribu-

tion [37]. However, because the contributions of ∣Cn
m∣ are quite small, it is usual to analyze
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the distribution of ln∣Cn
m∣. According to the continuous random variables transformation

theorem, let X a continuous random variable with probability distribution fX(x). We

assume that a function g is differentiable and strictly monotone. Then the probability

distribution function of the transformed random variable Y is given by

fY (y) = fX(g
−1
(y)) ∣

dg−1(y)
dy

∣ (2.17)

where Y = g(x) = ln(x) and x = ∣Cn
m∣

2. Since the logarithmic function is differentiable and

strictly monotone, and g−1(y) = ey, then evaluating the Eq. (2.17) we have

fY (y) = (
N

2π
)

1/2
exp(

y −Ney

2
) . (2.18)

2.3 Adiabatic gauge potential approach to detect the onset

of chaos

There are many tools to detect the chaotic behavior in quantum systems, however

most of them are not sensitive enough to detect the onset of the chaotic behavior when an

integrable braking term is considered. Recently an alternative approach has been proposed

as a tool to detect chaos in quantum systems, the adiabatic gauge potential (AGP) [15].

The AGP is the generator of adiabatic deformations between quantum eigenstates. In

a precise sense, the distance between two eigenstates is the Frobenius norm of the AGP

[16]. It has been observed that the AGP displays different scaling behaviors for integrable

and chaotic systems. The AGP is remarkably accurate in distinguishing the chaotic systems

from the integrable ones, since it is sensitive to integrability-breaking perturbations that are

exponentially small in the system size [18]. This by far exceeds the sensitivity of standard

probes of chaos, such as level statistics or mean ratio between consecutive spacings.

2.3.1 Adiabatic gauge potential

Consider a Hamiltonian H(γ) = H0 + γV , where H0 can be chaotic or integrable,

depending on a parameter γ. This Hamiltonian has a set of eigenstates ∣n(γ)⟩, satisfying

time-independent Schrödinger equation:

H(γ)∣ψn(γ)⟩ = En(γ)∣ψn(γ)⟩. (2.19)
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It is possible to define a unitary transform that rotates these eigenstates

∣ψn(γ)⟩ = U(γ)∣ψn(0)⟩ (2.20)

this unitary transformation is well defined, up to the choice of the phases of the vectors.

The generator of this transformation is called the adiabatic gauge potential, denoted as Aγ .

The formal definition according to [19] is

Aγ = i[∂γU(γ)]U
†
(γ), Aγ ∣ψn(γ)⟩ = i∂γ ∣ψn(γ)⟩. (2.21)

The relative phases of the eigenvectors could be chosen as an arbitrary function of γ. A

convenient choice is setting all diagonal elements equal to zero.

⟨ψn(γ)∣Aγ ∣ψn(γ)⟩ ≡ 0. (2.22)

The adiabatic evolution of its eigenstates is generated by (in units where h̵ = 1)

Aγ ∣ψn(γ)⟩ = i∂γ ∣ψn(γ)⟩. (2.23)

Using the Hellmann-Feynman theorem

⟨ψm∣∂γ ∣ψn⟩ =
⟨ψm∣∂γH ∣ψn⟩

Em −En
, (2.24)

the matrix elements of the AGP are given by

⟨ψm∣Aγ ∣ψn⟩ =
i

ωmn
⟨ψm∣∂γH ∣ψn⟩ (2.25)

where ωmn = Em(γ)−En(γ), ∂γH is the operator conjugate to the coupling γ, and we make

the dependence on γ implicit. Is needed to define the L2 (Frobenius) norm, also called the

Hilbert-Schmidt norm as

∣∣Aγ ∣∣
2
=

1

N
∑
n
∑
m≠n
∣⟨ψn∣Aγ ∣ψm⟩∣

2 (2.26)

where N is the dimension of the Hilbert space. The previous expression is not practical

because the norm of the exact AGP can be dominated by the smallest energy gaps between

eigenstates, making it highly unstable and challenging to analyze. To resolve this issue, it

is convenient to define a ”regularized” AGP as

⟨ψm∣Aγ ∣ψn⟩ = −i
ωmn

ω2
mn + µ

2
⟨ψm∣∂γH ∣ψn⟩ (2.27)
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where µ is the small energy cutoff. With this change we now only consider transitions

between energy shells of width µ. In the work [15] it was demonstrated that the most con-

venient choose of µ is µ ∼ LN−1 with L being the system size. The norm of the regularized

AGP reads

∣∣Aγ ∣∣
2
=

1

N
∑
n
∑
m≠n

ω2
mn

(ω2
mn + µ

2)2
∣⟨ψn∣∂γH ∣ψm⟩∣

2 (2.28)

= ∫

∞

−∞
dω

ω2

(ω2 + µ2)2
∣fγ(ω)∣2 (2.29)

where in the second equation we replace the summation with an integration over the energy

difference ωmn = Em(γ) −En(γ) and

∣fγ(ω)∣2 =
1

N
∑
n
∑
m≠n
∣⟨ψn∣∂γH ∣ψm⟩∣

2δ(ωnm − ω) (2.30)

Formally this function represents an average over eigenstates ∣ψn⟩ of the sum of the squares

of the off-diagonal matrix elements ∣⟨ψn∣∂λH ∣ψm⟩∣
2 with a fixed energy difference ωmn = ω.

Alternatively, we can rewrite the regularized AGP as a time integral [15, 19]

Aγ = −
1

2
∫

∞

−∞
dt sgn(t)e−µ∣t∣(∂γH)(t), (2.31)

where sgn(t) is the sign function and

(∂γH)(t) = e
iHt
(∂γH)e

−iHt (2.32)

is the operator conjugate to the coupling λ in the Heisenberg representation.

If H0 is chaotic, or if is integrable but the perturbation breaks integrability, then

the norm of the AGP exhibits exponential scaling with the number of particles L.

∣∣Aγ ∣∣
2

L
∼ eκL (2.33)

for any finite parameter γ. This scaling should hold in the limit L→∞. On the other hand,

if H0 and also H(λ) are integrable, then a polynomial bound of the AGP was found

∣∣Aγ ∣∣
2

L
∼ Lp, p ∈ R. (2.34)



Chapter 3

Spin-1/2 models

Spin-1/2 models are widely used in physics to describe a extend number of phe-

nomenons. In condensed matter physics these models are used to describe wide range

of phenomena in materials. Spin-1/2 models can also be applied to other systems with

two-level quantum degrees of freedom. In quantum Many-body systems these models pro-

vide a framework for understanding how a large number of interacting quantum particles

behave, it is of main interest the study of many-body localization or thermalization for

isolated systems. Finally, these models are used in quantum information since they are fun-

damental building blocks for quantum computers. These systems have been implemented

experimentally, studied with nuclear magnetic resonance, optical lattice, trapped ions, su-

perconducting circuits.

One of the most important models is the Heisenberg model developed by Werner

Heisenberg also known as the XXZ model, this model was developed to study critical points

and phase transitions of magnetic fields. This model is a relatively simple model, but it is

still rich enough to exhibit interesting quantum phenomena such as phase transitions and

entanglement. The XXZ model describes a system of L spin-1/2 particles, each one located

at each site of a one-dimensional lattice. The particles can interact in pairs with nearest

neighbors. The Hamiltonian of this system is given by

HXXZ = J
L−1
∑
k=1
(Sx

kS
x
k+1 + S

y
kS

y
k+1 +∆S

z
kS

z
k+1), (3.1)

Sx,y,z
k = σx,y,zk /2 are the spin operators acting on the spin located at site k, and σx,y,z are

the Pauli matrices; we use units where h̵ = 1, J the coupling constant that sets the energy

scale, and ∆ is the anisotropy parameter. In this work we will use J = 1 and ∆ = 0.48,

15
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this last value is motivated only to avoid total spin conservation, S2 = (∑
L
k=1 S⃗k)

2, which

happens when ∆ = 1 [39]. It is easy to show that this Hamiltonian is invariant under time

reflection, namely the Hamiltonian (3.1) satisfies

HXXZ = ΘHXXZΘ
−1, (3.2)

where Θ is the time reversal operator.

The terms with Sx,y
k and Sx,y

k+1 in Eq. (3.1) represent couplings between two adjacent

sites, meanwhile the summation with Sz
kS

z
k+1 are Ising-like interactions between two spins

[40]. Open boundary conditions are considered in order to avoid translational symmetry.

In the context of condensed matter, when J < 0, the energy is minimized when

the spins are parallel to each other and we have the ferromagnetic version of the model.

For J > 0, anti-parallel orientation is instead favored and we have an antiferromagnetic

model [41]. Hamiltonian (3.1) represents an integrable model, first in the sense that it is

possible to solve it exactly by the Bethe Ansatz [42] and second because it does not show

energy level repulsion.

To describe a single spin-1/2 particle, it is needed to use the Hermitian operators

Sx,y,z, then these operators are described according to Sx,y,z
k = σx,y,zk /2, with σx,y,zk being

the Pauli matrices, where

σx =
⎛
⎜
⎝

0 1

1 0

⎞
⎟
⎠

σy =
⎛
⎜
⎝

0 −i

i 0

⎞
⎟
⎠

σz =
⎛
⎜
⎝

1 0

0 −1

⎞
⎟
⎠
. (3.3)

The quantum states of a single particle are described in terms of the operator Sz eigen-

states, the spin up ∣ ↑⟩ =
⎛
⎜
⎝

1

0

⎞
⎟
⎠
and the spin down ∣ ↓⟩ =

⎛
⎜
⎝

0

1

⎞
⎟
⎠
. The operators Sx,y,z

k acting on

the states according to

Sz
∣ ↑⟩ =

1

2
∣ ↑⟩, Sz

∣ ↓⟩ = −
1

2
∣ ↓⟩. (3.4)

Sy
∣ ↑⟩ =

i

2
∣ ↓⟩, Sy

∣ ↓⟩ = −
i

2
∣ ↑⟩. (3.5)

Sx
∣ ↑⟩ =

1

2
∣ ↓⟩, Sx

∣ ↓⟩ = −
1

2
∣ ↑⟩. (3.6)

We use the Sz eigen states to represent the system states, this means that we represent the

many particle states as tensor products of single-particle states.

Since each particle has an associated Hilbert space C2 of dimension 2, the many-

body Hilbert space H for the entire system of L particles is the tensor product of all
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individual Hilbert spaces,

H = C2
⊗ ...⊗C2. (3.7)

Then the dimension of the many-body Hilbert space is N = 2L. However, we can exploit

the fact that the Hamiltonian (3.1) is invariant under rotations around the z-direction. In

this case, the total magnetization in z-direction, Sz = ∑
L
k=1 S

z
k , is conserved

[Sz,HXXZ] = 0. (3.8)

Since the total spin magnetization on the z-direction is conserved the total Hilbert space is

then separated in L + 1 independent subspaces.

3
4∆ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1
4∆

1
2 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1
2 −1

4∆
1
2 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1
2 −1

4∆
1
2 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1
2

1
4∆ 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1
4∆

1
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1
2 −3

4∆
1
2

1
2 0 0 0 0 0 0 0

0 0 0 0 0 0 1
2 −1

4∆ 0 1
2 0 0 0 0 0 0

0 0 0 0 0 0 1
2 0 1

4∆
1
2 0 0 0 0 0 0

0 0 0 0 0 0 0 1
2

1
2 −3

4∆
1
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1
2

1
4∆ 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1
4∆

1
2 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1
2 −1

4∆
1
2 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1
2 −1

4∆
1
2 0

0 0 0 0 0 0 0 0 0 0 0 0 0 1
2

1
4∆ 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3
4∆

Figure 3.1: Matrix representation of the Hamiltonian (3.1) for L = 4 spins.

Figure 3.1 shows the matrix representation of the Hamiltonian (3.1) for L = 4

spins using as base the eigenstates of the Sz operator, the matrix is divided in L + 1 = 5

subspaces, each subspace has a different color. The orange block is the sector with Sz = −2,

the red block corresponds to the sector with Sz = −1, the purple block corresponds to the
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sector with Sz = 0, the green block corresponds to the sector with Sz = 1 and the cyan

block corresponds to the sector with Sz = 2. Another important fact is that this matrix is

a sparse matrix, which means that there are a lot of zero entries out of the main diagonal,

in Sec. 3.3 are given more details. The dimension of each subspace is given by

N =
L!

(L/2 + Sz)!(L/2 − Sz)!
. (3.9)

Since we are interested in some statistical properties of energy eigenvalues and eigenstates,

we choose to work in the subspace with Sz = 0, which has the larger dimension N =

L!/(L/2)!2, this subspace is commonly known as the ”half-filling sector”. In the reminder

of the work we will refer to this subspace as the half-filling sector, this will let us to reach

larger system sizes in comparison with the full Hilbert space. For example, considering a

system with L = 18 particles, the full Hilbert space has dimension N = 262,144, while the

dimension for the subspace with Sz = 0 is N = 48,620. This is much better appreciated

when dealing with numerical computations on a classical computer with finite memory.

3.1 Heisenberg model with a local perturbation

In the broad field of non-equilibrium quantum physics, the unitary evolution of an

isolated system after an instantaneous perturbation has become a prominent subject [43].

The Heisenberg model under local perturbation is obtained by applying a magnetic field

in the z-direction over a single site. The experiment [44] analyzes the quantum dynamics

of an excitation created by flipping a single spin in the middle of a Heisenberg chain. The

corresponding Hamiltonian is

H[L/2] =HXXZ + ϵ1S
z
1 + λS

z
[L/2] + ϵLS

z
L. (3.10)

Where Sz
[L/2] is the magnetic field in the middle of the chain and λ its amplitude. It is

important to note that when the chain is made up of an odd number of particles, L/2 is not

an integer number, then we take the integer part of L/2. Additional impurities at the edges

of the chain with corresponding amplitudes ϵ1,L are introduced without compromising the

integrability of the model, but to avoid parity and spin reversal symmetries. Separation in

symmetry sectors or avoiding symmetries (disymmetrization) is important because mixing

eigenvalues from different symmetry sectors which are independent when doing statistics

could hide the chaotic nature of the system. The inclusion of the three different defects
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does not prevent conservation of Sz, then

[Sz,H[L/2]] = 0, (3.11)

even after including the defects, we can still work in the subspace with total magnetization

Sz = 0.

In particular, when the site is the one at the middle of the chain, the induced

defect can break the integrability of the XXZ model [45, 21]. This model has been studied

in [21], according to this work the model presents a transition from an integrable to a chaotic

regime in the interval [0,0.1] of the perturbation amplitude.

3.2 Aubry-André model

The Aubry-André Model describes interacting 1/2-spin particles, where each par-

ticle is located at each site of a one-dimensional lattice. The particles are coupled between

their nearest neighbors and subject to an on-site potential in the z-direction. This model is

used to study localization phenomena in one-dimensional quasiperiodic systems. We con-

sider a quasiperiodic potential applied to every particle. The Hamiltonian that describes

this system is given by

HAA =HXXZ +
L

∑
k=1

λkS
z
k . (3.12)

Where λk = λ cos(2πkβ+ϕ) is known as the Harper potential [46], with λ being the strength

of this potential. β an irrational number [47] which for tradition we use the inverse of the

golden mean, β = (
√
5 − 1)/2. The phase ϕ is arbitrary and can be set to zero. The

model given by Eq. (3.12) is known as the Aubry-André model [48], here with two-body

interactions. The Harper potential does not prevent conservation of Sz, then

[Sz,HAA] = 0, (3.13)

so we can still work in the subspace with total magnetization Sz = 0.

This model has been implemented in different modern platforms, in [49] the

Aubry.André model has been implemented in superconducting circuits, in this work they

experimentally showed that the system presents three different phases, the extend phase,

the intermediate phase and the localized phase. According to the study done in [50] the

system is in a chaotic regime when λ ≲ 0.7, in an intermediate regime with extended but
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non-ergodic states when 0.7 ≲ λ ≲ 1.7, whereas it is in a localized regime for λ ≳ 1.7. This

model has been implemented in optical lattices [51].

3.3 Numerical implementation of the models

Since our study will be numerical, we need to write the matrix representation of

Hamiltonians (3.10) and (3.12). A suitable basis is the one formed by the eigenstates of Sz,

that is, many-body states with alternating spins pointing up and down, also called product

states. For instance, when L = 4 and at half-filling (Sz = 0) the states are

∣ ↑⟩ ⊗ ∣ ↓⟩ ⊗ ∣ ↑⟩ ⊗ ∣ ↓⟩ ≡ ∣ ↑↓↑↓⟩,

∣ ↑⟩ ⊗ ∣ ↑⟩ ⊗ ∣ ↓⟩ ⊗ ∣ ↓⟩ ≡ ∣ ↑↑↓↓⟩,

∣ ↑⟩ ⊗ ∣ ↓⟩ ⊗ ∣ ↓⟩ ⊗ ∣ ↑⟩ ≡ ∣ ↑↓↓↑⟩,

∣ ↓⟩ ⊗ ∣ ↑⟩ ⊗ ∣ ↑⟩ ⊗ ∣ ↓⟩ ≡ ∣ ↓↑↑↓⟩,

∣ ↓⟩ ⊗ ∣ ↓⟩ ⊗ ∣ ↑⟩ ⊗ ∣ ↑⟩ ≡ ∣ ↓↓↑↑⟩,

∣ ↓⟩ ⊗ ∣ ↑⟩ ⊗ ∣ ↓⟩ ⊗ ∣ ↑⟩ ≡ ∣ ↓↑↓↑⟩.

(3.14)

Once established the basis, one can determine how the terms in Hamiltonian (3.10)

or (3.12) operate over the basis states. The terms inside the first summation of Eq. (3.1) is

known as the flip-flop because it changes the orientation of adjacent spins as

(Sx
kS

x
k+1 + S

y
kS

y
k+1) ∣ . . . ↑k↓k+1 . . . ⟩ =

1

2
∣ . . . ↓k↑k+1 . . . ⟩. (3.15)

It only couples states with antiparallel adjacent spins. These terms leads to the off-diagonal

elements of the Hamiltonian matrix. The term corresponding to the Ising interaction oper-

ates according to

Sz
kS

z
k+1∣ . . . ↑k↑k+1 . . . ⟩ =

1

4
∣ . . . ↑k↑k+1 . . . ⟩.

Sz
kS

z
k+1∣ . . . ↑k↓k+1 . . . ⟩ = −

1

4
∣ . . . ↑k↓k+1 . . . ⟩.

(3.16)

This contributes to the main diagonal of the Hamiltonian matrix. We emphasize that due

to the conservation of magnetization in z-direction, the Hamiltonian matrix has a block

structure (L + 1 blocks) each one corresponding to a fixed value of Sz. The Hamiltonian

matrix will be implemented in a convenient computational language.
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We will study statistical properties of energy eigenvalues and eigenstates, then the

next technical step is to obtain those eigenvalues and eigenstates. That is, to solve the

time-independent version of the Schrödinger equation

H ∣ψn⟩ = En∣ψn⟩. (3.17)

Where {∣ψn⟩} are eigenstates of H and {En} are its eigenenergies. For this we will apply the

numerical technique of exact diagonalization [52, 53, 54], which lets us to obtain the full set

of eigenvalues and eigenstates of the Hamiltonian matrix corresponding to Eq. (3.10) and

Eq. (3.12). We decided to implement these Hamiltonians in C++, because it is faster than

other programming languages like Python or Mathematica. To diagonalize the Hamiltonian

matrices we used the library Sparse from Eigen, since this library has been designed to

work with sparse matrices like the matrices generated by the Hamiltonian Eq. (3.10) or Eq.

(3.12). The algorithms were built from scratch and are available if needed.

The next step after model diagonalization is to use standard tools of random

matrix theory to characterize the transition to chaos. For this aim, we study the energy

spectrum and the statistics and structure of eigenstates. To characterize the energy spec-

trum we are going to use three indicators of chaos, level spacing distribution, the rigidity of

the spectrum through the study of level number variance and the mean ratio between con-

secutive energy levels. First, we study short-range correlations through the ratio between

consecutive energies to have a global perspective of the behavior with respect to the pa-

rameter λ in Eq. (3.10) and Eq. (3.12), then we study correlations between energy levels by

means of the level spacing distribution. After that we study long-range correlations through

the level number variance. To analyze the energy eigenstates we will use two quantities,

the inverse participation ratio which distinguishes between localized states and extended

states, usually related with integrability and chaos respectively, and the distribution of the

energy eigenstates components, that for chaotic systems follow the so-called Porter-Thomas

distribution.
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The XXZ model with local

perturbations

The Hamiltonian implemented is given by Eq. (3.10)

H[1/2] =
L−1
∑
k=1
(Sx

kS
x
k+1 + S

y
kS

y
k+1 +∆S

z
kS

z
k+1) + ϵ1S

z
1 + λS

z
L/2 + ϵLS

z
L. (4.1)

Where we choose to work with number of particles L = 8,10,12,14,16, we also refer to L as

the system size. As a remainder we take the anisotropy value ∆ = 0.48. For each system size

we vary the perturbation amplitude λ in the interval [0,1.0] using steps of 0.5, we do this

to characterize the transition from the integrable regime to the chaotic regime. We choose

four amplitudes to implement standard methods to detect chaos, the chosen amplitudes

are λ = 0.0, 0.3, 0.6 and 1.0. Once we diagonalize the Hamiltonian matrix, we obtain the

eigenenergies for each number of particles and perturbation amplitude λ.

As we know, perturbations at the edges of the chain do not break the integrability

of the system [55] and we include them just to avoid translational symmetry. Since our

study is numeric, it is important to have a large sample space. However, this is not possible

for the smallest system sizes L. Therefore, we take advantage of the impurities at the edges

to make an ensemble and extend the sample space for the smallest system sizes. We fix

the value of the defect at the beginning of the chain ϵ1 = 0.1 and the value of the defect

at the end of the chain takes random values in the range [−0.1,0.1]. The ensemble size

for the systems L =8, 10 and 12 is 1000, and for the largest system sizes L = 14 and 16

the ensemble is 10, the reason is that the Hamiltonian matrix representations are matrices

22
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of more than 1000x1000 entries; therefore, the time required to diagonalize is enormous,

for the systems L = 16 it takes more than four days just to diagonalize one matrix. To

have the average for the different spectral properties, first we calculated the property for

each realization, and then we averaged for the entire ensemble. For instance, to calculate

the level spacing distribution we fix the bins of the histogram and then we averaged the

histogram for all realizations. For the ratios between consecutive spacings, we calculated

them for each realization and then averaged them for the entire ensemble.

Figure 4.1 shows the eigenenergies obtained for four different perturbation ampli-

tudes, we only graph eigenenergies for one realization of the ensemble. The figure is divided

into five panels, each one corresponds to a different system size. Into the panels, the blue

circles correspond to the perturbation amplitude λ = 0.0, the orange stars correspond to

λ = 0.3, the green triangles correspond to λ = 0.6 and the red circles correspond to λ = 1.0.

Panel (a) corresponds to the system size L = 8, in this graph is clear that the density of

eigenenergies is not enough to carry out a statistical analysis due to the low density of

eigenenergies. Panels (b), (c), (d), and (f) correspond to the system sizes L = 10, 12, 14,

and 16 respectively.

In these graphs are depicted why it is important to perform ensembles, in particular

for the smallest systems is clear that the density of energies is not enough to carry out a

statistical study. Another important fact is that as we increase the system size the density

of spectrum increase and therefore the sample space increase too, so it is not necessary to

have a large ensemble for these systems, for instance an ensemble of 10 for the system size

L = 16 gives us more than 100,000 eigen energies and one ensemble of 1000 for the system

L = 8 gives us more than 50,000 eigen energies then the sample space in both cases is large

enough to carry out the statistical study.

Based on the information in the figure 4.1 is not possible to deduce anything about

the behavior of the systems since there are no differences of the spectrum, at least in the

graphs, for different perturbation amplitudes λ. The panel (e) shows the spectrum for the

systems L = 16, practically there are no differences between the spectrum, we cannot say

whether a system is chaotic or not. Hence, it is important to unfold the spectrum and use

methods such as the level spacing distribution or the level number variance to reveal the

chaotic nature of the systems. We just consider the eigenvalues between the blue dashed

lines since the eigenvalues outside the dashed lines are not correlated. We discard 20% of

the total spectrum, discarding 10% at each site.
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Figure 4.1: Plot of eigenenergies for different system sizes, a) L = 8, b) L = 10, c) L = 12,

d) L = 14 and e) L = 16. In each graph is plotted four different energy spectrum belonging

to four values of λ. The blue circles correspond to λ = 0.0, the orange stars correspond to

λ = 0.3, the green triangles correspond to λ = 0.6 and the red circles correspond to λ = 1.0.

The eigenenergies between the blue dashed lines represent the part of the spectrum we

considered for our study.



4.1 Mean ratio between consecutive spacings 25

4.1 Mean ratio between consecutive spacings

In this section, we present the results obtained for the mean ratio between consec-

utive spacings ⟨r̃⟩ for the XXZ model with local perturbations given by Eq. (4.6.3). The

mean ratio between consecutive spacings is an excellent tool to study the transition in these

systems since this quantity does not require unfolding, so we just calculate Eq. (2.4).

In figure 4.2 we show ⟨r̃⟩ for the different system sizes as a function of the perturba-

tion amplitude λ. The figure is divided into five panels, each one corresponds to a different

system size. The horizontal lines correspond to the theoretical predictions for chaotic (blue

line) and integrable (red line) with ⟨r̃⟩ ≈ 0.53590 and ⟨r̃⟩ ≈ 0.38629 respectively.

Panel (a) shows the behavior of the smallest system size L = 8, the system for

this size exhibits a different behavior than the others, there is a smooth transition from

the integrable regime to the chaotic regime; however, it does not reach the chaotic regime

and the ⟨r̃⟩ fluctuates around an intermediate zone. We attribute this kind of behavior to

system effects, based on the information of this graph, it is not clear whether the system is

chaotic or integrable. Panel (b) shows result for of the system size L = 10, here the behavior

is clearer than the behavior displayed for the systems size L = 8 , the system starts in

the integrable regime, then as the perturbation amplitude increases the system transitions

to the chaotic regime; however, there are fluctuations and it is not yet clear whether the

system is in the chaotic regime or in an intermediate phase for the largest perturbation

amplitudes. Panel (c) shows the behavior for the system size L = 12, in this graph the

transition from the integrable regime to the chaotic regime is softer, the system stays in

the chaotic regime after approximately λ ≈ 0.4, in this zone the ⟨r̃⟩ fluctuates around the

prediction for chaotic systems. Panel (d) shows the behavior for the system size L = 14, the

transition for this system is faster than the transition shown in panel (c), the system reaches

the chaotic regime approximately after λ ≈ 0.25; for this system size the fluctuations are less

than the fluctuations shown in panels (b) and (c). Finally, panel (e) shows the behavior for

the system size L = 16, the transition is faster than all the other system sizes, the system

reaches the chaotic regime approximately after λ ≈ 0.2, and then the system stays in the

chaotic regime for the largest amplitudes. However, according to the study carried out in

[21] the system has another transition, but now from the chaotic regime to the integrable

regime for perturbation amplitudes larger than 1, then our results are consistent with those

reported in the literature.
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Figure 4.2: Mean ratio between consecutive spacings ⟨r̃⟩ for the XXZ model with local

perturbations as function of the perturbation amplitude λ for different system sizes. The

blue line corresponds to the prediction for chaotic systems ⟨r̃⟩ ≈ 0.53590 and the red line

corresponds for integrable systems ⟨r̃⟩ ≈ 0.38629. The system sizes are a) L = 8, b) L = 10,

c) L = 12, d) L = 14 and e) L = 16.
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Figure 4.3: Mean ratio between consecutive spacings ⟨r̃⟩ for the XXZ model with local

perturbations in function of the perturbation amplitude λ for three different systems sizes

L = 12, 14 and 16. The yellow triangles are for L = 12, the green triangles are for L = 14

and the purple stars are for L = 16. The horizontal lines correspond to the theoretical

predictions for chaotic (blue line) and integrable (red line) with ⟨r̃⟩ ≈ 0.53590 and ⟨r̃⟩ ≈

0.38629 respectively.

In order to expose the dependence of the mean ratio ⟨r̃⟩ on the system size in Fig.

4.3 we graph ⟨r̃⟩ versus λ for the systems L = 12, 14 and 16. The blue line corresponds to

the prediction for chaotic systems ⟨r̃⟩ ≈ 0.53590 and the red line corresponds for integrable

systems ⟨r̃⟩ ≈ 0.38629. The yellow triangles correspond to the system size L = 12, the

green triangles correspond to the system size L = 14 and the purple stars correspond to the

systems size L = 16. In this figure we can see how the transition depends on the system size,

the transition is faster as the system size increase, this is in agreement with the literature.

Based on our results, we expect that for sufficiently large systems only an infinitesimal

perturbation amplitude will be needed to break the integrability of the system.

In this graph it is clearer that in general ⟨r̃⟩ does not reach the value predicted by

the GOE, we can explain it by arguing that we are studying a physical system instead of

studying a GOE matrix; however, the values are close to these predictions.
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4.2 Level spacing distribution

In this section, we study the level spacing distribution for the XXZ model with

local perturbations, Eq.(4.6.3). This analysis is complementary to ⟨r̃⟩ since through level

spacing distribution we study repulsion between eigenenergies. We use a global unfolding,

since we will also study long-range correlations. We decided to perform a polynomial fitting

of 7th order, can be found in Sec. 2 a general explanation of the procedure, although a more

detailed description could be consulted in the reference [27]. Since our study is statistic, we

report only the results obtained for the largest system size L = 16. We choose four different

perturbation amplitudes λ = 0.0, 0.3, 0.6 and 1.0.
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Figure 4.4: Level spacing distribution P (s) for the XXZ model with local perturbation in

function of the spacing s. The green line corresponds to the Poisson Eq. (2.10) distribution

and the blue line corresponds to the Wigner-Dyson distribution Eq. (2.8). The system size

is L = 16. Panels correspond to a) λ = 0.0, b) λ = 0.3, c) λ = 0.6 and d) λ = 1.0.
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In figure 4.4 we show the level spacing distribution P (s) for the XXZ model with

local perturbations. It is divided into four panels, each panel corresponding to different

perturbation amplitudes. In the panels we plot the Poisson distribution (green solid line)

and the Wigner-Dyson distribution (blue solid line). Panel (a) corresponds to λ = 0.0, as we

expect the histogram follow the Poisson distribution, which means there are not correlations

between energy levels, a signal of integrability. This result is consistent with the prediction

provided by ⟨r̃⟩.

Panels (b), (c) and (d) correspond to the perturbation amplitudes λ = 0.3, 0.6

and 1.0, respectively. Each histogram follows the Wigner-Dyson distribution, which means

exits correlations between energy levels, a clear signature of the chaotic behavior of the

system. These results are consistent with the predictions given by the study of the ⟨r̃⟩,

through the analysis of level spacing distribution we just study short-range correlations and

the information given by Fig. 4.4 does not detect relevant differences between panels (a),

(b) and (c).

4.3 Level number variance

In this Section we study the level number variance (LNV), denoted by Σ2. Unlike

the mean ratio between consecutive spacings and level spacing distribution which are useful

to study short-range correlations between eigenenergies, the LNV is useful to study long-

range correlations between eigenenergies. For a Poisson distribution typical of an integrable

system, different parts of the spectrum are not correlated, so the LNV is linear with slope

one, that is Σ2(l) = l, Eq. (2.12). By contrast, in a chaotic system or a random matrix from

the GOE level repulsion causes a slow logarithmic increases of the LNV Σ2(l) ≈ 2
π2 ln(2πl),

Eq. (2.13). This slow growth of the number variance, in comparison with the Poisson

statistics, illustrates another spectral signature of chaotic behavior, the spectral rigidity.

Figure 4.5 shows Σ2 as a function of the interval range l for the system size L =

16. It is divided into four panels, each panel corresponds to four different perturbation

amplitudes. In the panels, the red dashed line corresponds to the prediction for integrable

systems Eq. (2.12), and the blue dashed line corresponds to the chaotic prediction for

chaotic systems Eq. (2.13). Panel a) corresponds to λ = 0.0, when there is no perturbation

the system does not present correlations, then the number of eigenenergies fluctuates and

the fluctuations increase as the interval size l increases.
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Figure 4.5: Level number variance Σ2 as function of l for L = 16. The red dashed line

corresponds to the prediction for integrable systems Eq. (2.12) and the blue dashed line

corresponds to the prediction for chaotic systems Eq. (2.13). The perturbation amplitude

for each panel is a) λ = 0.0, b) λ = 0.3, c) λ = 0.6 and d) λ = 1.0.

Panel b) corresponds to λ = 0.3, the behavior of the Σ2 has changed abruptly

compared with panel a), for the range smaller than l ≈ 2 the correspondence between the

prediction and the numerical results is excellent, however after this interval the numerical

results and the prediction separates. Panel c) corresponds to λ = 0.6, the behavior of the Σ2

presents an excellent correspondence with the prediction for GOE, even for largest intervals;

for the range larger than l ≈ 5 the numerical results and the prediction separates. Panel

c) corresponds to λ = 1.0, the behavior of the Σ2 presents a similar behavior to panel b),

however for the range larger than l ≈ 4 the numerical results and the prediction separates.

Since we are working with a physical system we expect that they do not have

a complete correspondence between the GOE prediction and the numerical results of the

system. The behavior of the Σ2 shown in panels a), b), c) and d) is in agreement with

results already published in the literature, see for instance [27, 20]. In particular, the point

where the prediction for GOE and the numerical results separates is known as the Thouless
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energy. For eigenenergies smaller than the Thouless energy, the LNV grows logarithmically

as GOE. Intuitively, the Thouless energy ETh sets the scale at which the energy levels of

the system develop random-matrix-like correlations.

4.4 Inverse participation ratio

In previous sections we studied the spectral statics of the XXZ model with local

perturbations, through the study of ⟨r̃⟩ we could identify the regions where the system

is integrable or chaotic. Alternatively, there is another approach, Therefore, the study

the of eigenstates statistics and structure, in our work we use the IPR as a measure of

delocalization or localization and the Porter-Thomas distribution to study the structure of

a single eigenstate.

In this section we study the inverse participation ratio for the XXZ model with

local perturbations. The IPR gives us information about the degree of localization of a

single state. We normalize the IPRα of a single state using the prediction for GOE systems

[36], namely
IPRα

⟨IPRGOE⟩
=
IPRα(N + 2)

3
. (4.2)

If an eigenstate is completely extended then IPRα

⟨IPRGOE⟩ = 1, we refer to these states as ergodic

states; on the other hand, for states completely localized IPRα

⟨IPRGOE⟩ =
N+2
3 . Figure 4.6 shows

the IPRα normalized of each eigenstate as a function of eigenenergy Eα. The figure 4.6 is

divided into four panels, each panel corresponds to four different perturbation amplitudes.

Panel a) corresponds to λ = 0.0, it is possible to note that there are few states

completely extended, since most of them have values between 1 and 4 we could say they

are extended but not all eigenstates basis participates in the structure of these states, this

behavior is expected since for λ = 0.0 the system is integrable.

Panel b) corresponds to λ = 0.3, the behavior of the IPR has changed considerably

compared to panel a), at the middle of the spectrum most of the states are completely

extended; however, at the tails the states did not change their behavior at all. Panel c)

corresponds to λ = 0.6, and the IPR shows a similar behavior to that shown in panel b),

although at the middle of the spectrum the width of the IPR fluctuation is smaller than in

panel b). Finally, panel d) corresponds to λ = 1.0, since the system is already in the chaotic

regime the IPR shows a behavior similar to panels b) and c).
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Figure 4.6: IPR for each eigenstate for the XXZ model with local perturbations. For L = 16,

each panel correspond to the perturbatios amplitudes a) λ = 0.0, b) λ = 0.3, c) λ = 0.6 and

d) λ = 1.0.

As we expected for the systems with the amplitude in the integrable regime most

of the eigen state have large normalized IPR, and the system with amplitudes in the chaotic

regime present at least at the middle of the spectrum completely extended states, this results

are in agreement with result already published [20], and it is possible to claim that for the

panels b), c) and d) the system is chaotic. These results are consistent with the results

obtained for the energy level statistics analysis.

Another important fact is the information given by the insets, there are states

completely localized that remain unchanged even when perturbation is turned on and breaks

the integrability of the system. The study of these states is beyond the scope of our work.

Finally, the states at the tails practically do not suffer change, they are maintained even in

the chaotic regime, this is the part of the reasons why we discarded a percentage on each

side of the spectrum to study the spectral properties of the system.
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4.5 Porter-Thomas distribution

In this Section we study the Porter-Thomas distribution for the XXZ model with

local perturbations, Eq. (4.1). Since the components of a single eigenstates are small we

use the continuous random variable transformation to study the distribution of ln∣Cn
m∣ Eq.

(2.18). Following the IPR analysis, the most chaotic or extended states are located in the

middle of the spectrum, so we decided to analyze the states in this region. We choose a

single state in the middle of the spectrum and study its structure.
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Figure 4.7: Porter-Thomas distribution for the XXZ model with local perturbations, L = 16.

The perturbation strength for each panel is a) λ = 0.0, b) λ = 0.3, c) λ = 0.6, and d) λ = 1.0.

The blue dashed line correspond to the Porter-Thomas distribution Eq. (2.18).

In figure 4.7 we plot the histograms of the weights of a single state for the system

size L = 16, each panel corresponds to four different perturbation amplitudes. In the panels,

the blue dashed line is the Porter-Thomas distribution given by Eq. (2.18). Panel a)
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corresponds to λ = 0.0, as we expected there is a clear deviation between the histogram and

the Porter-Thomas distribution, this is a clear indicator that the system is not chaotic, since

we expect most of the eigenstates at the middle of the spectrum to behave as a random

vector just like eigenstates of matrices from GOE. Panels b), c) and d) correspond to λ = 0.3,

0.6 and 1.0 respectively. The histograms shown in these panels are in agreement with the

Porter-Thomas distribution, which means that the states behave as random vectors.

4.6 Adiabatic gauge potential

4.6.1 The XXZ model

In this Section we use the so-called adiabatic gauge potential (AGP) to prove the

integrability of the XXZ model. In order to familiarize with the AGP we reproduce results

that are already known. We reproduce the results obtained for the XXZ in [15]. The

Hamiltonian is given by:

HXXZ =
L−1
∑
i=1
(Sx

k+1S
x
k + S

y
k+1S

y
k) +∆

L−1
∑
i=1

Sz
k+1S

z
k . (4.3)

We use the same parameters as used in [15], namely, we take anisotropy as the generator of

deformations, so ∆ = γ. Unlike the tools to detect chaos through the spectrum, the AGP

does not need dezimitrization i.e. it is possible to work in the complete Hilbert space. Then

we study the XXZ model in the complete Hilbert space. To prove the integrability of this

system we work with the system sizes L = 8, 9, 10, 11, 12, 13 and 14.

HXXZ(γ) =
L−1
∑
i=1
(Sx

k+1S
x
k + S

y
k+1S

y
k) + γ

L−1
∑
i=1

Sz
k+1S

z
k . (4.4)

Let be ∣ψn(γ)⟩ a base eigenstate of the Hamiltonian H(γ) so H(γ)∣ψn(γ)⟩ = En(γ)∣ψn(γ)⟩.

On the other hand

∂H(γ)

∂γ
=

L−1
∑
i=1

Sz
k+1S

z
k . (4.5)

Let be ∣ψl⟩ a base eigenstate of ∂γH(γ) so ∂γH(γ)∣ψl⟩ = El∣ψl⟩. We can expand the base

elements ∣ψn(γ)⟩ of the Hamiltonian H(γ) in terms of the base elements ∣ψl⟩ of ∂γH(γ) as

∣ψn(γ)⟩ = ∑
l

⟨ψl∣ψn(γ)⟩∣ψl⟩ = ∑
l

Cnl∣ψl⟩. (4.6)



4.6 Adiabatic gauge potential 35

Where ⟨ψl∣ψn(γ)⟩ = Cnl. Therefore

⟨ψn(γ)∣∂γH ∣ψm(γ)⟩ = (∑
l

C∗nl⟨ψl∣)
L−1
∑
i=1

Sz
k+1S

z
k (∑

k

Cnk∣ψk⟩)

= ∑
l

∑
k

C∗nlCnk⟨ψl∣
L−1
∑
i=1

Sz
k+1S

z
k ∣ψk⟩. (4.7)

Finally, we can express the AGP as

∣∣Aγ ∣∣
2
=

1

D
∑
n
∑
m≠n

ω2
mn

(ω2
mn + µ

2)2
∣∑

l

∑
k

C∗nlCnk⟨ψl∣
L−1
∑
i=1

Sz
k+1S

z
k ∣ψk⟩∣

2 (4.8)
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Figure 4.8: Rescaled AGP norm ∣∣A∣∣2/L for the XXZ model with ∆ = 1.1. The red solid

line is an adjust of a first order polynomial given by ∣∣A∣∣2/L = 0.0991L − 0.61.

Figure 4.8 shows the results obtained for the AGP for the XXZ model Eq. (4.4)

as a function of the system size. The red solid line is the fitting to the data using a

polynomial function. The AGP presents a polynomial behavior which means that the XXZ

is an integrable model. The scaling ∣∣A∣∣2/L = 0.09910139L − 0.61998375 was found, this

result is consistent with that reported in literature [15], the polynomial scale reported is

∣∣Aint∣∣
2/L = 0.09L − 0.56.

Once we are familiarized with the AGP, we study the XXZ model considering the

parameters values used in this work, namely we use the anisotropy value ∆ = 0.48. In the
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subsequent work, we worked in the half-filling sector. On the other hand, the AGP norm

just gives us a point for each system size then we decide extend our study to the system

sizes L = 8, 9, 10, 11 , 12, 13, 14, 15 and 16. Then we calculate the AGP norm given by

Eq. (5.5) for this new anisotropy value.
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Figure 4.9: Rescaled AGP norm ∣∣A∣∣2/L for the XXZ model with ∆ = 0.48. The blue solid

line is the fitting given by ∣∣A∣∣2/L = 0.04064L − 0.25349.

Figure 4.9 shows the results obtained for the AGP as a function of system size.

The blue solid line is the fitting to the data using a polynomial function. As expected,

the AGP displays polynomial behavior, a clear signature of the system integrability, the

polynomial fitting is given by ∣∣A∣∣2/L = 0.04064L − 0.25349.

4.6.2 The XXZ model with local perturbations

In this Section we investigate the effect of the impurities at the edges of the chain.

We decide to add one defect at the beginning of the chain and vary its amplitude, the

results are presented in Appendix A. We fix the amplitude at the beginning of the chain

to ϵ1 = 0.001, since this amplitude does not change the scaling of the AGP. The next step

is to investigate the effect of adding another impurity at the end of the chain. The final

Hamiltonian that we are going to study is

Hϵ =
L−1
∑
k=1
(Sx

kS
x
k+1 + S

y
kS

y
k+1 +∆S

z
kS

z
k+1) + ϵ1S

z
1 + ϵLS

z
L. (4.9)
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From Appendix A we know that the Hamiltonian exhibits the polynomial behavior for the

anisotropy value ∆ = 0.48 and ϵ1 = 0.001, then we still take the anisotropy as the generator

of deformations γ =∆. We vary the impurity amplitude at the end of the chain ϵL.
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Figure 4.10: Rescaled AGP norm ∣∣A∣∣2/L for the XXZ model with local perturbations at

the edges and ∆ = 0.48. The solid red line is the fitting given by ∣∣A∣∣2/L = 0.00017L2.87.

The solid blue line is the adjustment given by ∣∣A∣∣2/L = 0.25e0.54L

Figure 4.10 shows the rescaled AGP as a function of the system size on semi-log

scale. We vary the amplitude of ϵL, we choose five different amplitudes (see the chart

legend). The solid red line is the fitting given by ∣∣A∣∣2/L = 0.00017L2.87. The solid blue

line is the fitting given by ∣∣A∣∣2/L = 0.25e0.54L. The behavior of the AGP depicted in this

figure was unexpected since we expected fluctuations around the red solid line, however,

it presents a transition for large amplitudes. Naturally, the question of the integrability

breaking emerges, is this a signal of chaos? since the AGP norm scales as an exponential.

In the work [15] a simple calculation was done to know what is the exponent

expected for systems that present chaotic behavior the prediction is ∣∣A∣∣2/L ∼ elog(2)L and

it was found that there exists another limit where ∣∣A∣∣2/L ∼ e2log(2)L. Then according to this

information the exponent found for this system κ = 0.54 is smaller than the range for chaotic

systems [0.69,1.38]. However, there are no works yet that supports this assumption. A more
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detailed study of this AGP behavior and its consequences is left for future works, probably

a study using ensembles of random matrix theory could help to clarify this problem.

4.6.3 The transition of the XXZ model

In this Section we study the transition from the integrable regime to the chaotic

regime through the AGP analysis. The first step of our work is to establish the amplitude

of the impurities at the edges of the chain, in the previous section we found that there

are amplitudes that change the scaling of the AGP norm. Since we are interested in the

transition and find the crossover points between the polynomial scaling and the exponential

scaling, we choose amplitudes that do not change the scaling of the AGP. The chosen

amplitudes are ϵ1,L = 0.001. Then we add the perturbation at the middle of the chain and

we vary its amplitude. The Hamiltonian implemented is given by Eq. (3.10) that we repeat

here

H[1/2] =
L−1
∑
k=1
(Sx

kS
x
k+1 + S

y
kS

y
k+1 +∆S

z
kS

z
k+1) + ϵ1S

z
1 + λS

z
L/2 + ϵLS

z
L.
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Figure 4.11: Rescaled AGP norm ∣∣A∣∣2/L for the XXZ model with local perturbations at

the edges and ∆ = 0.48. The solid red line is the fitting given by ∣∣A∣∣2/L = 0.00017L2.913.

The solid blue line is the adjustment given by ∣∣A∣∣2/L ∼ e1.27L
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The figure 4.11 shows the rescaled AGP norm for the XXZ model with local

perturbations, we present it in semi-log scale. We vary the amplitude of λ and choose seven

different amplitudes (see the chart legend). The blue solid line is an exponential fitting

given by ∣∣A∣∣2/L ∼ e1.27L. The red solid line is a polynomial law fitting given by ∣∣A∣∣2/L =

0.0003L2.913. The blue squares are for λ = 0.0, the effect of adding the perturbation at

the end of the chain is that the fitting is no more like a single defect, where we found the

fitting ∣∣A∣∣2/L = 0.00017L2.87. Now the best fitting is given by ∣∣A∣∣2/L = 0.0003L2.913, as is

expected for integrable systems, then for amplitudes of the defect at the edges smaller than

ϵ = 0.001 the AGP norm behaves as a polynomial law.

For the larger amplitude analyzed λ = 0.01, the change in the behavior is evident,

for small system size the AGP norm follows the same behavior as for an integrable systems,

however there are system sizes for which the AGP changes its behavior, in this case L > 12,

after this system size the AGP present a completely different behavior that follows the

∣∣A∣∣2/L ∼ e1.27L scaling, the exponent found is κ = 1.27 which is in the interval [0.69,1.38],

so the system clearly shows a transition from the integrable regime to the chaotic regime.

Another important fact is that we found the same exponent that the exponent found in

the work [15], however in that work it was claimed that the exponent has a dependence on

the anisotropy value. Then another question emerges, does the exponent depend on the

anisotropy amplitude?.

Finally, is clear that the change of the AGP scaling depends on system size, since

for small perturbation amplitudes we need to reach large system sizes to break the integra-

bility of the system, this is in agreement with our result in previous section, in particular

the results of ⟨r̃⟩ where is clear the dependence on system size.

Figure 4.12 depicts the amplitude needed to break the integrability of the system

λ as function of the system size. We present it in semi-log scale. The red solid line is

an exponential fitting given by λ = 62.76e−0.7L. The blue squares are the crossover points

between the integrable behavior (red line in figure 4.11) and the chaotic behavior (blue lines

in Fig. 4.11).
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Figure 4.12: Amplitude λ of the defect at the middle od the chain needed to break the

integrability of the system as function of system size L. The blue square are the crossover

points. The red solid line is the fitting given by λ = 62.76e−0.7L.

In this Chapter we use the ratio between consecutive spacings ⟨r̃⟩ to have a more

clearly perspective of the general behavior of the XXZ model with local perturbations. This

quantity help us to choose different amplitudes of λ and analyze them with the other tools

from RMT. The information given by the level spacing distribution is in agreement with the

results obtained by ⟨r̃⟩, when the perturbation λ is turned off the system is in the integrable

regime and there are not correlations between eigenenergies, therefore the histogram has an

excellent correspondence with the Poisson distribution. On the other hand, when λ > 0.1

the system is in the chaotic regime, then the histogram has an excellent correspondence

with the Wigner-Dyson distribution. On the other hand, the level number variance helps

us to know the rigidity of the spectrum, the rigidity of the energy spectrum means that the

deviations of the energy levels from those of a local uniform spectrum are generally small.

The study of the IPR provides additional information about the system, in par-

ticular when the system is in the integrable regime more of the states are localized. When

the system is in the chaotic regime, the states at the middle of the spectrum are extended.

The agreement between the distribution of energy eigenstates components and the Porter-
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Thomas distribution means that the energy eigenstates in the chaotic regime behave as

uncorrelated random vector with a Gaussian distribution.

We reproduced results published in the work [15]. The AGP shows a remarkable

sensitive to detect chaos and we obtained a relation between the system size and the am-

plitude λ to predict the emerge of chaos. We found that the impurities at the edges of the

chain could change the scaling of the AGP, however a more detailed analysis is required

to understand the reason. For instance, the prediction for the onset of chaos given by the

AGP for a system with L = 16 spins is λ = 0.00085, meanwhile the ⟨r̃⟩ predicts that the

system is in the chaotic regime for λ = 0.15.



Chapter 5

The interacting Aubry-André

model

The implemented Hamiltonian is given by Eq. (3.12) which we repeat here

H =HXXZ +
L

∑
k=1

λ cos(2πkβ + ϕ)Sz
k . (5.1)

Where we choose to work with number of particles L = 8,10,12,14,16. For each system

size we vary the perturbation strength in the interval [0,3.0] using steps of 0.1, we do this

to characterize the transition from the integrable regime to the chaotic regime. We choose

six perturbation amplitudes λ since we are interested in characterizing the behavior in the

different zone, the chaotic zone, the intermediate zone, and the localize zone. We analyze

the system using standard methods to detect chaos. The chosen values are λ = 0.1, 0.5, 0.8,

1.1, 1.4 and 2.0. We diagonalize the Hamiltonian for each system size and for each value of

λ.

Since our study is numeric, it is important to have a large sample space. However,

this is not possible for the smallest system sizes L. Therefore, we fix this problem by making

an ensemble that extends the sample space for the smallest system sizes L where we consider

the phase ϕ as a random number. The phase ϕ takes random values in the range [0,2π].

The ensembles for the system sizes L = 8, 10 and 12 are 1000 realizations, and for the largest

system sizes L = 14 and 16 the ensemble are just 10 realizations. To have an average for the

different spectral properties, first we calculated the property for each realization, and then

we averaged for the entire ensemble. For instance, to calculate the level spacing distribution

42
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we fix the bins of the histogram and then we averaged the histogram for all realizations.

For the ratios between consecutive spacings, we calculated them for each realization and

then averaged them for the entire ensemble.

5.1 Mean ratio between consecutive spacings

In this section, we present the results obtained for the mean ratio between consec-

utive spacings ⟨r̃⟩ for the Aubry-André model, we present the results for the six different

system sizes L = 8, 10, 12, 14, and 16.

In the Fig. 5.1 we plot the ⟨r̃⟩ for different system sizes as a function of the

Harper potential amplitude λ. The figure is divided into six panels, each panel belongs

to a different system size. The blue solid line in each graph is the prediction for chaotic

systems or matrices belonging to the GOE ⟨r̃⟩ = 0.53590, the red solid line is the prediction

for integrable systems ⟨r̃⟩ = 0.38629.

Panel a) corresponds to the system size L = 8, there we see that the system reach

the chaotic regime approximately for λ = 0.5, however practically intermediately the system

begins to move to the localized regime, however it looks like the system does not stay in

the localized regime because there are a lot of fluctuations, we attribute this behavior to

finite size effects.

Panel b) corresponds to the system size L = 10, the transition from the integrable

regime to the chaotic regime is faster than the systems size L = 8, however it is not possible

to claim that the system remains in the chaotic regime for λ ≈ 0.4. Approximately for

λ > 0.8 the systems transitions to the localized regime, nevertheless our result shows a lot

of fluctuations for λ > 1.5, it is not possible to claim wether the system is localized or shows

another kind of behavior. Panel c) corresponds to system size L = 12, the transition from

the integrable regime to the chaotic is faster than the other two system sizes L = 8, 10;

it is necessary to note that the system does not reach the prediction for GOE matrices,

it is close to the blue line. The transition from the chaotic regime to the localize regime

stars after λ > 0.7, the system is in the localized regime around λ ≈ 2.5. The panel d)

corresponds to the system size L = 14, here it is clear that the transition is faster as the

system size increases. The transition starts approximately at λ > 0.8 and reaches the

localized regime approximately for λ > 2.2. Finally, panel e) corresponds to the system

size L = 16, this system presents the fastest transition and the systems reach the localized
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Figure 5.1: Mean ratio between consecutive spacings ⟨r̃⟩ in function of the perturbation

amplitude λ for the interacting Aubry-André model for different systems sizes. The blue line

corresponds to the prediction for chaotic systems, ⟨r̃⟩ ≈ 0.53590 and the red line corresponds

for integrable systems, ⟨r̃⟩ ≈ 0.38629. The system sizes are a) L = 8, b) L = 10, c) L = 12, d)

L = 14 and e) L = 16.
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Figure 5.2: Mean ratio between consecutive spacings ⟨r̃⟩ in function of the perturbation

amplitude λ for three different system sizes L = 12, 14 and 16. The green circles are for

L = 12, the yellow squares are for L = 14 and the purple stars are for L = 16. The blue line

corresponds to the prediction for chaotic systems, ⟨r̃⟩ ≈ 0.53590 and the red line corresponds

to integrable systems, ⟨r̃⟩ ≈ 0.38629.

regime approximately for λ > 1.9.

In order to expose the dependence of the mean ratio ⟨r̃⟩ on the system size, in Fig.

4.3 we plot the ⟨r̃⟩ for the system sizes L = 12, 14 and 16. The green circles correspond

to system size L = 12, the yellow squares correspond to system size L = 14 and the purple

stars correspond to system size L = 16. In this figure we can see how the transition depends

on the system size, the transition is faster as the system size increases. We expect that

for sufficiently large system sizes only an infinitesimal perturbation amplitude λ is needed

enough to break the integrability of the system. The chaotic zone is more extended for

largest system sizes and the transition looks faster, the largest system reach the localized

regime faster too. This is interesting because it is clear that the transition from the inte-

grable regime to the chaotic regime depends on the system size, according to these results

the transition begins first for the larger systems than for the smaller systems.
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5.2 Level spacing distribution

In this Section we study the level spacings distribution P (s) for the interacting

Aubry-André model, following the XXZ model analysis we use the same unfolding, namely

we use a polynomial fitting of 7th order. We report only the results obtained for L = 16 since

the level spacing distribution is a statistical study and this system has the largest statistical

sample. We choose six different Harper potential amplitudes, the chosen amplitudes are

localized in different regions according to the results obtained by ⟨r̃⟩, λ = 0.1, 0.5, 0.8, 1.1,

1.4 and 2.0.

Figure 5.3 shows the level spacing distribution P (s). It is separate into six panels, each one

corresponds to a different Harper potential amplitude. In the panels, we plot the Poisson

distribution (green solid line) and the Wigner-Dyson distribution (blue solid line). Panel a)

corresponds to λ = 0.1, according to the analysis of ⟨r̃⟩, for this amplitude the system does

not reach the chaotic regime, the information given by the P (s) the states repeal each other;

however it is not possible say that the systems present the Wigner-Dyson distribution.

Panels b) and c) belong to λ = 0.5 and 0.8 respectively, the match between the

histogram and the Wigner-Dyson distribution is quite good, it is possible to say that the

system is chaotic, this is in agreement with the results obtained through ⟨r̃⟩. The panel

d) corresponds to λ = 1.1, is possible to note that for short distance s < 1 the levels repeal

between them, however the histogram does not follow the Wigner -Dyson distribution, this

is in agreement with the information given by the study of ⟨r̃⟩. The panel e) corresponds to

λ = 1.4, the histogram shows an intermediate behavior but closer to the Poisson distribution

and the Wigner-Dyson distribution. Finally, panel f) corresponds to λ = 2.0, the histogram

follows the Poisson distribution, a clear indicator that the system is integrable and there

are not correlations between energy eigenvalues.



5.2 Level spacing distribution 47

0 1 2 3 4 5
s

0.0

0.2

0.4

0.6

0.8

1.0
P(

s)

a)

0 1 2 3 4 5
s

0.0

0.2

0.4

0.6

0.8

1.0

P(
s)

b)

0 1 2 3 4 5
s

0.0

0.2

0.4

0.6

0.8

1.0

P(
s)

c)

0 1 2 3 4 5
s

0.0

0.2

0.4

0.6

0.8

1.0

P(
s)

d)

0 1 2 3 4 5
s

0.0

0.2

0.4

0.6

0.8

1.0

P(
s)

e)

0 1 2 3 4 5
s

0.0

0.2

0.4

0.6

0.8

1.0

P(
s)

f)

Figure 5.3: Level spacing distribution P (s) in function of the spacing s. the red line

corresponds to the Poisson distribution Eq. (2.10) and the blue line corresponds to the

Wigner-Dyson distribution Eq. (2.8). The system size is L = 16. The perturbation ampli-

tude λ for each graph is a) 0.1, b) 0.8, c) 1.4 and d) 2.0.
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5.3 Level number variance

In this section, we study the level number variance Σ2 for the interacting Aubry-

André model. Figure 5.4 shows the results obtained for Σ2 as function of length l. It is

separate into six panels, each one displays the Σ2 for different potential amplitudes. It is

plotted the Σ2 for integrable systems (red dashed line) Eq. (2.12) and the Σ2 for chaotic

systems (the blue dashed line) Eq. (2.13). The Panel a) corresponds to the amplitude

λ = 0.1. According to ⟨r̃⟩ , the system is close to the chaotic regime predicted for GOE

matrices, the information given by the Σ2 it that just for l < 2 the spectrum behaves like a

matrix of RMT.

Panel b) corresponds to λ = 0.5, the results for this value of λ are quite interesting

because the correspondence between the results obtained and the prediction for chaotic

systems predicted for GOE matrices continues even for a long-range l ≈ 8, then the spec-

trum behaves as a system described by RMT even for long range correlations. Panel c)

corresponds to λ = 0.8, although the study of short range correlation through the ⟨r̃⟩ and

P (s) say that the system is described by RMT, the information given by Σ2 tell us that this

description is just for short range, namely just short energy range are correlated between

them.

Panel d) corresponds to the Harper potential amplitude λ = 1.1, the information

obtained through the study of short-range correlations indicates that the system is close to

the chaotic regime predicted for GOE matrices; however, the information given by the Σ2

suggests that the correlations are just for short ranges l < 0.8. The panel e) corresponds to

λ = 1.4, the results obtained suggest that the system is closer to an integrable system tham

to a chaotic one, this is in agreement to the previous results. Finally, panel f) corresponds

to λ = 2.0, there is an excellent correspondence between the results obtained for Σ2 and the

prediction for integrable systems, which is in agreement with the result obtained through

the ⟨r̃⟩ and P (s).



5.4 Inverse participation ratio 49

0 2 4 6 8
l

0.0

0.5

1.0

1.5

2.0
2

a)
0 2 4 6 8

l
0.0

0.5

1.0

1.5

2.0

2

b)

0 2 4 6 8
l

0.0

0.5

1.0

1.5

2.0

2

c)
0 2 4 6 8

l
0.0

0.5

1.0

1.5

2.0

2

d)

0 2 4 6 8
l

0.0

0.5

1.0

1.5

2.0

2

e)
0 2 4 6 8

l
0.0

0.5

1.0

1.5

2.0

2

f)

Figure 5.4: Level number variance Σ2 for the interacting Aubry-André model in function

of l for L = 16. The red line corresponds to integrable systems Eq. (2.12) and the blue line

corresponds to GOE Eq. (2.13). The perturbation amplitude λ for each graph is a) 0.1, b)

0.5, c) 0.8, d) 1.1, e) 1.4 and d) 2.0.

5.4 Inverse participation ratio

In this Section we study the inverse participation ratio of eigensates for the Aubry-

André model. As was mentioned in section (2), the IPR measures the localization degree of

a single state. We normalize the IPRα using the prediction for GOE systems [36], namely

IPRα

⟨IPRGOE⟩
=
IPRα(N + 2)

3
. (5.2)

If an eigenstate is completely extended as eigenstates of GOE matrices then IPRα

IPRGOE
= 1,

we refer to these states as ergodic states; on the other hand, for states completely localized
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IPRα

IPRGOE
= N+2

3 . Figure 5.5 shows the normalize IPRα of each eigenstates as function of

the eigenenergy Eα. We present six panels, each panel corresponds to a different Harper

potential amplitude. Panel a) corresponds to λ = 0.1, it is possible to note that at the middle

of the spectrum most of the eigenstates are extended since IPRα/IPRGOE < 2, there are

states that stand out from the main group namely there are states more localized, on the

other hand the tail shows a completely different behavior, the left tail has more localized

states than the right tail, finally the inset shows the IPRn

IPRGOE
complete, it is interesting

because there are two eigenstates completely localized at the middle of the spectrum.

Panel b) corresponds to λ = 0.5, the behavior of the IPR changes, there are more

states localized at the tails, specially in the right tail; however, at the middle of the spectrum

most of the states are extended, nevertheless another localized states emerge in this zone,

these states are known as scars [56, 57]. It is important to note that there are three states

completely localized at the middle of the spectrum, the study of these states are outside the

scope of our work. Panel c) corresponds to λ = 0.8, the IPRα

IPRGOE
has changed the behavior

abruptly compared to panels a) and b), there are many localized states across the spectrum;

unlike the information given by the ⟨r̃⟩, it predicts the system is chaotic, the information

given by the IPRα

IPRGOE
suggests the system is not chaotic, then the ⟨r̃⟩ is not sensitive enough

and probably it is need to reach higher dimensions to have better information of the system

; the inset shows the complete IPRα

IPRGOE
.

Panel d) corresponds to λ = 1.1, here it is clear that most of the states are localized,

according to the information given by the ⟨r̃⟩ the system stays in an intermediate phase.

Panel e) corresponds to λ = 1.4, for this amplitude the IPRα

IPRGOE
of the states in the center

of the spectrum is greater than that of states in the same energy region for the other four

amplitudes λ analyzed; this means that the states are more localized and less basis states

participate in the structure of these eigenstates. Finally, panel f) corresponds to λ = 2.0, in

this plot it is more clear that the states are more localized which is in agreement with the

prediction from ⟨r̃⟩ since for λ = 2.0 the system stays in the localized regime.

A final comment on the states completely localized at the middle of the spectrum,

these states are quite interesting because they maintained unchanged for the different Harper

potential amplitudes λ, the study of these states are outside the objectives of this work, so

it remains as a topic to be studied in future works.
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Figure 5.5: IPR for each eigenstate of the interacting Aubry-André model. For L = 16, the

perturbation amplitude for each panel is a) 0.1, b) 0.8, c) 1.4 and d) 2.0.
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5.5 Porter-Thomas distribution

In this section we study the Porter-Thomas distribution for the Aubry-André

model. In figure 5.6 we plot the histogram of components ∣cαn ∣ of a single state for the

system size L = 16, we choose an eigenstate ∣ψα⟩ located in the middle of the spectrum. We

present six panels in Fig. 5.6, each one corresponds to six different perturbation amplitudes.

In the panels the blue dashed line is the Porter-Thomas distribution given by Eq. (2.18).
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Figure 5.6: Porter-Thomas distribution for the inetracting Aubry-André model, for L = 16.

The perturbation strength for each panel is a) λ = 0.1, b) λ = 0.5, c) λ = 0.8, d) λ = 1.1, e)

λ = 1.4 and f) λ = 2.0. The blue dashed line correspond to the Porter-Thomas distribution

Eq. (2.18).

Panels a) and b) correspond to λ = 0.1 and 0.5 respectively. According to the ⟨r̃⟩

analysis the system is chaotic, therefore the states at the middle of the spectrum should

be extended and behave as random vectors, the information given by the analysis of the

weights are in agreement whit this, since it is clear that there is an excellent correspondence

between the histogram and the Porter-Thomas distribution. Panel c) and d) corresponds

to λ = 0.8 and 1.1, according to the ⟨r̃⟩ analysis, the system is chaotic when λ = 0.8 however
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it has been showed through the IPRn

IPRGOE
analysis that the systems is not chaotic and the

graph c) confirms this statement since there is not correspondence between the Porter-

Thomas distribution and the histogram, even when the state is located at the middle of

the spectrum; on the other hand, as it was expected for the amplitude λ = 1.1, there is

not correspondence between the Porter-Thomas distribution and the histogram. Panel e)

and f) correspondence to the amplitudes λ = 1.4 and 2.0 respectively, it was expected a

lack of correspondence between histograms and the Porter-Thomas distribution since these

amplitudes belong to the extend zone.

5.6 Adiabatic gauge potential

In this section we study the transition from the integrable regime to the chaotic

regime using the AGP. Since we are interesting in the integrability breaking we still consider

the anisotropy as the generator of deformations, then γ =∆.

The Hamiltonian is given by

HAA(γ) =
L−1
∑
k=1
(Sx

kS
x
k+1 + S

y
kS

y
k+1 + γS

z
kS

z
k+1) +

L

∑
k=1

λkS
z
k . (5.3)

Let be ∣ψn(γ)⟩ a base eigenstate of the HamiltonianHAA(γ) soHAA(γ)∣ψn(γ)⟩ = En(γ)∣ψn(γ)⟩.

On the other hand,

∂HAA(γ)

∂γ
=

L−1
∑
i=1

Sz
k+1S

z
k . (5.4)

Following the procedure analogous to the Sec. 4.6.1, we can express the AGP as

∣∣Aγ ∣∣
2
=

1

D
∑
n
∑
m≠n

ω2
mn

(ω2
mn + µ

2)2
∣∑

l

∑
k

C∗nlCnk⟨ψl∣
L−1
∑
i=1

Sz
k+1S

z
k ∣ψk⟩∣

2. (5.5)

Where ∣ψk⟩ is a base eigenstate of ∂γHAA(γ).

We already know that the model XXZ without perturbation is integrable for the

anisotropy value ∆ = 0.48. We found we found in Sec. 4.6 that the rescaled AGP norm

∣∣A∣∣2/L follows the polynomial behavior given by ∣∣A∣∣2/L = 0.04064L − 0.25349. The next

step is to analyze what happens when the Harper potential is turned on. In order to study

this transition we increase the Harper potential amplitude.

The figure 5.7 shows the AGP norm rescaled, we present the results in semi-log

scale. We vary the amplitude of λ, we choose seven different amplitudes (see the chart

legend). The red solid line is the curve ∣∣A∣∣2/L = 0.04064L−0.25349 for the integrable case.



54 5.6 Adiabatic gauge potential

8 10 12 14 16
L

10 1

100

101

||A
||2 /L

= 0.0 
= 0.00025 
= 0.0005 
= 0.001 
= 0.0025 
= 0.005 
= 0.01 

Figure 5.7: Rescaled AGP norm ∣∣A∣∣2/L for the Aubry-André model with ∆ = 0.48. The

red solid line is an adjust of a first order polynomial given by ∣∣A∣∣2/L = 0.04064L−0.25349.

The blue solid line is the exponential fitting ∣∣A∣∣2/L∝ e−1.32L

The blue solid line is the exponential fitting ∣∣A∣∣2/L∝ e−1.32L. It is interesting that for the

smallest system the behavior is the same, however as we increase the system size the AGP

norm behavior changes. This change depends on the Harper potential amplitude, since

for the smallest amplitudes the change occurs for large systems, however as the Harper

potential amplitude increases the change occurs for smaller systems. With this analysis

it is possible to claim that the amplitude needed to break the integrability of the system

depends on system size, therefore the next task is to find the crossover points between the

blue lines and the red line.

Figure 5.8 depicts the scaling of the Harper potential amplitude λ, we present it

in semi-log scale. The blue squares are the crossover points between the integrable behavior

and the chaotic behavior shown in Fig. 5.7. The red solid line is the fitting to the data

given by λ = 123.31e−0.8. This is the main result of our work since with the study of the

AGP we could give a relation between the amplitude needed to break the integrability of

the system and the system size. For instance, for L = 16 the amplitude needed to break the

integrability of the system according to AGP prediction, it is λ = 0.0003; however, according
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Figure 5.8: Harper potential amplitude for the interacting Aubry-André model λ. Blue

squares are the crossover points between the red solid line and blues lines in Fig. 5.7. The

red solid line is the fitting given by λ = 123.31e−0.8L.

to the ⟨r̃⟩ prediction the system is not chaotic even for λ = 0.1, which is the advantage of

the AGP analysis over standard RMT tools to detect the onset of chaos.

In this Chapter we studied the interacting Aubry-André model using different

standard methods from RMT. First we use the ratio between consecutive spacings ⟨r̃⟩ to

have a more clearly perspective of the general behavior of the interacting Aubry-André

model. This quantity help us to choose six different amplitudes of λ and analyze them with

tools from RMT. We choose the amplitudes in the three different regimes of the system,

namely, chaotic, intermediate and localized regimes..

The information given by the level spacing distribution is in agreement with the

results obtained by ⟨r̃⟩, when the perturbation λ < 0.8 the system is in a chaotic regime,

the level spacing distribution shows an excellent agreement between the histograms and the

Wigner-Dyson distribution, this means that the eigenenergies are correlated or there exist

repulsion between them. For 0.8 < λ < 2.0 the system is in an intermediate regime, there is

a clear deviation between the histograms and the Wigner-Dyson distribution or the Poisson

distribution. Finally, for λ > 2.0 the system is in a localized regime, this phenomena is
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known as many-body localization which is considered a version os the well known Anderson

localization but for interacting systems.

The study of the IPR provides more information about the system, in particular

when the system is in the localized regime more of the states are localized, this is a signature

of MBL phase. When the system is in the chaotic regime, the states at the middle of

the spectrum are extended.The agreement between the distribution of energy eigenstates

components and the Porter-Thomas distribution means that the energy eigenstates in the

chaotic regime behave as uncorrelated random vector with a Gaussian distribution.

The AGP shows a remarkable sensitive to detect chaos and we obtain a relation

between the system size and the amplitude λ to predict the onset of chaos. For instance,

the prediction given by the AGP for a system with L = 16 spins is λ = 0.0003, however the

⟨r̃⟩ predicts that the systems in the chaotic regime for λ = 0.2.



Chapter 6

Conclusions and perspectives

We implemented numerically the XXZ model with and without perturbations,

and the interacting Aubry-André model. We reached large enough system sizes to describe

the statistical properties of the system. The mean ratio between consecutive spacings is

a good tool to have a general perspective of the system behavior; for small system sizes,

the finite sizes effects are present. The mean ratio between consecutive spacings detects

the transition from the integrable regime to the chaotic regime. For the XXZ model with

local perturbations, we found consistent results with the results published in the literature.

For the interacting Aubry-André model, we found results consistent with experiments, this

model present three different phases. However, the mean ratio between consecutive spacings

is less sensitive than the AGP, in the case of the Aubry-André model, there are three orders

of magnitude of difference.

The level spacing distribution has been historically the most used tool to detect

chaos; however, it presents some disadvantages compared to other quantities, in our study

the unfolding procedure was a problem since we study long-range correlations, then it has

been shown that just global unfolding preserve long-range correlations, so we discarded

the local unfolding. Another problem is that an extra analysis is required if our proposal

is to study the onset of chaos, for example in the paper [20] the indicator β is used to

measure deviations between the histogram and the Wigner-Dyson distribution. There are

systems that do not present correlations between eigenenergies such as the Aubry-André

model without interactions.

The level number variance presents similar problems to the level spacing distribu-

tion, however it gives us valuable information about the correlations between energy levels,
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since we perform a statistical study we needed to use large system sizes to avoid possible

finite sizes effects.

On the other hand, the study of eigenstates structure and statistics gives us valu-

able information. The IPR is one of the more appropriated quantities, since it could give us

information about the delocalization and typically appears in the studies of dynamics, for

example through the survival probability. For the XXZ model with local perturbations we

found that when there is not perturbation the IPR presents strong fluctuations, however

when the perturbation is large enough to break the integrability of the system, the IPR of

the states at the center of the spectrum is quite similar and close to the limit of extended

states a clear signature of chaos. For the interacting Aubry-André two different regions ap-

pear: the intermediate region where there are many localized states but also many extended

states; and the localized zone, where most of the states are localized.

The Porter-Thomas distribution is an excellent tool to identify if an eigenstate

is chaotic or not, however this statistic is just for random states. For the XXZ model we

found consistent results with the prediction given by the mean ratio between consecutive

spacings. For the interacting Aubry-André model we found that the ration between consec-

utive spacing fails since close to the intermediate regime we found deviations between the

Porter-Thomas distribution and the histogram, which means that not all states are in this

regime.

We reproduced results published in the work [15]. Finally, the AGP shows a

remarkable sensitive to detect chaos. The AGP may work in the total Hilbert space and it

is not needed to avoid most symmetries as is possible, since the AGP measure deformations

of eigenstates and no correlations between eigenenergies. We found that the impurities at

the edges of the chain could change the behavior of the AGP, there are amplitudes of the

impurity at the edges where the AGP presents an exponential behavior, a more detailed

analysis is required to know why the AGP presents this transition. Another question that

emerges, is if the interval predicted in [15] [0.69,1.38] correct?

The main result of our study of the AGP is that we could give a relation between

the amplitude needed to break the integrability of the system and the system size. We found

two different relations for the XXZ model with local perturbations and the Aubry-André

model. For the Aubry-André model we found that AGP predicts the onset of chaos earlier

than the ⟨r̃⟩ is three magnitude orders.

Another big question is why completely localized states appear in the middle of
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the spectrum and why they only appear for large system sizes. One of the biggest question

is, what is the behavior of the AGP for ensembles of random matrix theory since there are

not studies yet.

Another important problem is to analyze the behavior of the AGP around the

transition from an intermediate phase to a localized one in the interacting Aubry-André

model. We leave this analysis for future work.



Appendix A

XXZ model with an impurity at

the beginning of the chian

Here we present the results obtained for the XXZ model with an impurity at the

beginning of the chain, the Hamiltonian is given by

Hϵ1 =
L−1
∑
k=1
(Sx

kS
x
k+1 + S

y
kS

y
k+1 +∆S

z
kS

z
k+1) + ϵ1S

z
1 . (A.1)

We are interested on the behavior of the AGP but now adding an impurity in one edge.

Following the analysis done in the previous sections, we take the anisotropy as the generator

of deformations, then we turn on the impurity and increase its amplitude.

Figure A.1 shows the behavior of the rescaled AGP norm as function of the system

size. The red solid line is a polynomial fitting given by ∣∣A∣∣2/L = 0.04064L − 0.25349, this

fitting corresponds to the data for ϵ1 = 0, namely the system is integrable. The blue solid

line is an exponential fitting given by ∣∣A∣∣2/L = 0.0003e0.55L. It is interesting that the AGP

presents two different behaviors, we expect that the AGP fluctuates around the red solid

line, however after a some value of the amplitude the AGP changes its behavior from the

polynomial to the exponential. Something important to note is that the exponent is less

than predicted for chaotic systems, namely the exponent found is κ = 0.55 and the lower

limit for chaotic systems according to [15] is κ = log(2) ≈ 0.7. A more detailed analysis is

required to know why the AGP presents this change of behavior. However, this analysis is

outside the scope of this work.
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Figure A.1: Rescaled AGP norm ∣∣A∣∣2/L for the XXZ model with one impurity at the

beginning of the chain with ∆ = 0.48. The blue solid line is an exponential fitting given by

∣∣A∣∣2/L = 0.0003e0.55L. The red solid line is the an fitting of a first order polynomial given

by ∣∣A∣∣2/L = 0.04064L − 0.25349.
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Aubry-André-Harper model with superconducting circuits”. In: npj Quantum Infor-

mation 9.1 (Apr. 2023). issn: 2056-6387. doi: 10.1038/s41534-023-00712-w. url:

http://dx.doi.org/10.1038/s41534-023-00712-w.

[50] Shenglong Xu et al. “Butterfly effect in interacting Aubry-André model: Thermaliza-
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