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Abstract

The present thesis is the study of: the physics that characterizes the Bessel beams, the behav-
ior of the re�ected radiation by a parabolic mirror considering inclined incident light rays and
Kirchho�'s di�raction theory applied to the phenomenon of re�ection of light ray by a parabolic
mirror, in particular that of the LMT/GTM antenna. It is shown that adi�ractional beams which
are invariant under translations along the axis of propagation, are characterized by a family of
wavefronts and a caustic, and it is found that the caustic qualitatively coincides with the absolute
maximum of the intensity pattern. Then, expressions for: the incident light rays and wavefronts,
the re�ected light rays, the re�ected wavefronts, the caustic and the ronchigram have been ob-
tained; those general results are applied to the parameters of the antenna of the LMT/GTM and
it is shown that the caustic has a singularity of the hyperbolic umbilic type, which is locally stable
under small perturbations of the optical system. The results presented could be associated to the
radiation of a static source, in the geometrical optics limit. Finally, an expression for the intensity
pattern associated with the re�ection of a Bessel beam of order m by the LMT/GTM antenna has
been determined; the preliminary results are presented.
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Chapter 1

Introduction

The present thesis is a work that is developed within the area of the physics known as Geometrical
Optics and Physical Optics, however, from the general objectives set out later and from the
results that have been achieved so far, we observe that the next steps to solve the most general
problem requires formal involvement with other areas of Physics such as, Optical Engineering,
Observational Astrophysics and General Relativity, which means an enormous motivation for the
continuity of the work and the initial stroke of the path by which the career of the presenting
student, as a researcher, could develop.

In the framework of Physical Optics, an adi�ractional beam is a solution to the wave equation
in vacuum which has the property of self-reconstruction, that is, if the beam is blocked by a �nite
obstacle, after a certain distance from such an obstacle the beam reappears, and the property
that it does not di�ract as it propagates. Furthermore, using Kircho�'s di�raction theory, it
has been numerically shown that it would be possible to generate the zero-order Bessel beam
in the laboratory. Based on these results, this type of beam has been the subject of multiple
investigations [1, 2, 3]. The more general objective that this research topic will look for to achieve
in a near future, is to relate the types of beams described above to the radiation �eld emitted
by a point source in the vicinity of the Schwarzschild and Kerr black holes. More speci�cally,
we are interested in showing that, asymptotically, the beam associated with the cone of light
at certain points in the Schwarzschild spacetime are of the zero-order Bessel type, whereas the
beams corresponding to certain points of the Kerr spacetime are asymptotically of the Bessel type
of order di�erent from zero.

It is very important to remark that, the idea about that the re�ection of a Bessel beam of
order m corresponds, asymptotically, to the radiation emitted by a point-like source in the vicinity
of a Kerr black hole, which obtains its angular momentum from the rotation of the black hole is a
very strong hypothesis. The basis of this strong assumption is that modeling the radiation to be
detected as a beam that has the property of vorticity is a good approach to start a study of this
kind, and the simplest candidate is that of a Bessel beam.

Another hypothesis on that direcction is that the order of the beam would be associated
with the speci�c angular momentum of the black hole. Although the rotation parameter is an
arbitrary and continuous parameter, to take a case where it is determined by the order of the
beam, that is, by a particular and discrete value, means that we are working, in �rst place, with a
speci�c case where the black hole has a speci�c angular momentum. That problem will be formaly
addressed in the near future. Thus, in chapter 2, we study the physics that characterizes the
Bessel beams. Here we show that adi�ractional beams are characterized by a family of wavefronts
and a caustic or focus region which are invariant under translations along the axis of propagation.
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CHAPTER 1. INTRODUCTION

It is important to note that the caustic qualitatively coincides with the absolute maximum of the
intensity pattern. The work corresponding to this section of the thesis has been published in the
refereed journal Physica Scripta [4].

Recently, a work was published in which the modi�cation of the structure of the parabolic
antenna of the Large Millimeter Telescope in Sierra Negra (LMT/GTM) was studied, to generate
vortex beams and to use this con�guration of the antenna to search for exoplanets [5]. In general,
optical vortices have applications in various areas and size scales of knowledge as a study tool
ranging from photons to astronomical scales [6]. In scalar theory, a vortex is a singularity of the
wave characterized by having a singularity in phase and zero amplitude; furthermore, it has a
rotating �ow around this singularity. The work presented in chapter 3 corresponds to the study
of the analogous problem to that of re�ection of radiation by a vortex generator mirror, which
is the behavior of the re�ected radiation by a parabolic mirror considering inclined incident light
rays. Here we have obtained expressions for: the incident light rays and wavefronts, the re�ected
light rays, the re�ected wavefronts, the caustic and the ronchigram. Those general results are
applied to the parameters of the antenna of the LMT/GTM and it is shown that the caustic has a
singularity of the hyperbolic umbilic type, which is locally stable under small perturbations of the
optical system. The results presented in this third chapter, could be associated to the radiation of
a static source, in the geometrical optics limit, that is, from the information collected at the focal
region, a ronchigram can be generated and to indicate whether the emitting source is static or
not. The work developed in this section of the thesis has been published in the Journal of Optics
Review [7].

The work that is presented in chapter 4 corresponds to the study of Kirchho�'s di�raction
theory applied to the phenomenon of re�ection of light ray by a parabolic mirror, in particular
that of the LMT/GTM antenna, and to the determination of an expression for the intensity
pattern associated with the re�ection of a Bessel beam of order m by the LMT/GTM antenna.
As a �rst step, the expression of light corresponding to a plane wave which incides on the antenna
with certain inclination is computed. Then, it is assumed that the Bessel beam of order m is the
superposition of many plane waves as many points are on a circle, and whose propagation vectors
are on a cone. Because we are interested in the re�ection of all the light rays of the resultant
plane wave, we assume that the reference plane wavefront associated with this plane wave is
given by the parameters of the antenna. Then, using this information, we obtain an integral
expression for the scalar optical �eld associated with the re�ection of a Bessel beam of order m
by the LMT/GTM antenna, and �nally, on certain appoximations we obtain an expression for
the intensity pattern of that re�ected radiation. Graphics corresponding to preliminary results
on the behavior of the intensity pattern for the cases of zero order and m = 5 Bessel beams are
presented. It is observed that, in general, the behavior of the intensity pattern is oscillatory and
that the maximum intensity for the non-zero order of the Bessel beam is displaced, that is, it
appears in larger values of τ . We are working on the construction of this work as an article that
could be considered for publication.

Finally, in chapter 5 we present the discussion and conclusions about the current results, as
well as the scope presented by this research for near future and future work.
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Chapter 2

Ideal Bessel beams

In 1987 Durnin [8] introduced the concept of a nondi�racting beam as an exact nonsingular
solution of the scalar wave equation in free space such that its intensity pattern is invariant
under translations along the axis of propagation. He remarked that this type of beam may have
an extremely narrow intensity pro�le with an e�ective width as small as several wavelengths
and yet possess an in�nite depth of �eld. Furthermore, by using numerical simulations based
on scalar di�raction theory, he shown that physically realizable �nite aperture approximations
to the exact solution can also possess an extremely large depth of �eld. Then Durnin, Miceli
and Eberly [9] reported the �rst experimental investigation on this type of beam. They used
a circular slit and a lens separated by its focal distance to correct the di�racting wavefront
transforming it into conical waves and hence producing a propagating invariant transverse Bessel
intensity pattern described by the Bessel function of order zero. Since then, there has been
considerable research on the subject, both theoretical and experimental ones [10, 11]. There is
an in�nite number of nondi�racting beams, the physical properties of each one are determined
by an arbitrary complex function A(β) = O(β)eig(β) de�ned on the momentum space. There are
four subsets of this type of beams, where A(β) is completely determined, they correspond to:
plane waves, Bessel, Mathieu and parabolic beams [12, 13, 14, 15]. They are determined by the
separable solutions of the wave equation in free space with a dependence of the form ei(kzz−ωt) [16].

On the other hand, because of practical applications, one of the main problems in geometrical
optics is to compute the wavefronts and caustics associated with the refraction or re�ection of
plane and spherical waves. Therefore, a natural question is what are the wavefronts and caustics
associated with a nondi�racting beam? Using the ideas from geometrical optics on the refraction
of a plane wave by an interface, in a recent work [1], it was shown that a nondi�racting beam
is characterized by a one-parameter family of wavefronts and a caustic, which are invariant
under translations along the axis of evolution of the beam. These general results were applied
to the Bessel, Parabolic and Mathieu beams [1, 2, 3] to obtain their geometrical characteriza-
tion. For the Airy beams, which also are nondi�racting ones, see for example the references [17, 18].

It is important to remark that the caustic has only one branch and in the case of the Bessel
beam of order zero it coincides with the maximum of the intensity pattern. Since the intensity
pattern associated with a given scalar optical �eld has many maxima we raise another natural
question: is it possible to de�ne a family of caustics as the maxima of a given intensity pattern?
We do not already have a complete answer to this question; however, the main purpose of the work
in this chapter is to give a partial answer to this important issue. That is, we �rst show that the
intensity pattern of a nondi�racting beam determines, in a natural manner, a complete integral of
both the eikonal and Laplace equations on the plane. Then to the intensity pattern we associate a
two-parameter, (C, L), family of curves and a one-parameter, L, family of caustics de�ned on the
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CHAPTER 2. IDEAL BESSEL BEAMS

plane. When they are unfolded into the three space they are two-dimensional surfaces such that
when L = 0 they reduce to the geometrical wavefronts determined in our previous works [1, 2, 3].
That is, the novelty of the results presented in this chapter is to introduce a new degree of freedom
given by the parameter L, which in particular, gives a geometrical characterization of the maxima
of the intensity pattern of a given nondi�racting beam. Before continuing, we remark why we
are interested in de�ning the family of caustics to be determined by the maxima of the intensity
pattern of a given scalar wave �eld.

One of the main topics in optical applications is to design and construct optical systems that
produce an image of a given object as good as the original object. As far as we know the best
theory to compute the image of a given object is the Maxwell theory of the electromagnetic
�eld. If the polarization e�ects are no important, scalar theory is usually employed. Even more,
if the problem under study is such that the wavelength is not important then one can use the
geometrical optics approximation. In the geometrical optics approximation an optical �eld; that
is, that given by the Maxwell theory and the scalar wave theory are characterized by a particular
family of light rays or wavefronts and in general a caustic. In the geometrical optics approximation
the caustic is de�ned by the envelope of the light rays, which coincides with the singularities and
self intersections of the corresponding wavefronts. Equivalently, the caustic is also de�ned by all
the points in the space where the geometrical intensity goes to in�nity [19]. For this reason, it is
common to associate the caustic region with the absolute maximum of the intensity computed
from the optical �eld or from the scalar wave �eld. However, in general it is not so, actually,
in the best case, the caustic provides a qualitative description of the absolute maximum of the
corresponding intensity.

It is important to remark that in the geometrical optics limit the geometrical caustic plays a
major role in computing the image of a given object produced by an optical system. That image
is computed by using the family of light rays that determine the caustic. That is, with a given
caustic we have a particular family of light rays and a particular image of a given real object. In
exactly the same way as the caustic gives a qualitative description of the intensity pattern of a
given optical or scalar wave �eld, the image computed by using the geometrical light rays will
be a qualitative description of the image computed by using the Maxwell theory or the scalar
wave theory. In other words, the image computed by using the geometrical optics approximation
will be a cartoon of the image computed by using either the Maxwell or scalar wave theories.
From these facts we believe that a natural generalization of the geometrical caustic is given by
all the maxima of the intensity pattern of a scalar wave �eld and this is the main contribution
of the work presented in this chapter. We do not know at this moment if it could be a good
generalization of the geometrical caustic for a Maxwell �eld; however in the conclusions we return
to this issue. Thus, we restrict our attention to the nondi�acting scalar wave �elds. Therefore,
with each value of the new parameter L, introduced in this chapter, determined by each maxima
of the intensity pattern of a nondi�acting scalar wave �eld we have a particular family of light rays
or wavefronts that will allow to construct a better image than that computed by using only the
light rays determined by the geometrical optics approximation. That is, the proposal introduced
here represents a better approximation than the geometrical one. This is the main motivation to
use those values for the new degree of freedom L determined by the maxima of the corresponding
intensity pattern.

To clarify these results we present the Bessel beam of order m, we �nd that for m 6= 0 the
curves are deformations of circles, which reduce to circles for m = 0 and the caustic family for each
value of m is a family of circles characterized by the parameter L that can be chosen in such a
way that the caustics coincide with the maxima of the intensity pattern; that is, with the maxima
of the square of the Bessel function of order m. In the three dimensional space the wavefronts for
m = 0 and L = 0 are cones and the caustic is along the z axis, for m = 0 and L 6= 0 the surfaces
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CHAPTER 2. IDEAL BESSEL BEAMS
2.1. REFRACTION OF A PLANE WAVE BY AN AXICON LENS

are hyperboloids of one sheet and the caustics are cylinders, for m 6= 0 and L = 0 the wavefronts
are deformations of cones and the caustic is a cylinder; while for m 6= 0 and L 6= 0 the surfaces are
deformations of hyperboloids of one sheet and the caustics are cylinders too.

Along this chapter, and in order to introduce the main ideas of this work, in section 2.1 following
the reference [20] we present as clear as possible the essential steps to characterize the real Bessel
beam of order zero. Thus, in subsection 2.1.1 we study the geometrical description of the refraction
phenomenon of a plane wave by an axicon lens when the wave vector of the plane wave is on
the axis of symmetry of the lens. That is, an axicon lens is assumed to be located at free space
with its axis of symmetry along the Z axis, it is illuminated by a plane wave evolving along
the Z axis too and the resulting refracted light rays, wavefronts and their associated caustic are
computed. Then, in subsection 2.1.2 we present an approximated integral expression for the scalar
�eld associated with the refraction of the plane wave by the axicon lens, which is written in terms
of a one-parameter family of solutions of both the eikonal and Laplace equations in free space, then
the intensity pattern associated with that �eld is computed. In this section we remark that for
a given value of the coordinate Z, the geometrical caustic coincides with the absolute maximum
of the intensity pattern of the refracted scalar �eld. In section 2.2 we show that the intensity
of a monochromatic nondi�racting beam, which is an observable, is determined by a positive
real function and a complete integral, W (X,Y, β), of both the eikonal and Laplace equations on
the plane. Using this result in a natural manner we associate a one-parameter family of one-
dimensional wavefronts and a caustic to the intensity of a nondi�racting beam. Here we remark
that these geometric objects are the projections to the plane of the wavefronts and the caustic
associated with the nondi�racting beam introduced by Durnin reported in [1]. Furthermore, using
the fact that W (X,Y, β) is the generating function of a canonical transformation we associate
a two-parameter family of one-dimensional curves and one-parameter family of one-dimensional
caustics to the intensity pattern of a nondi�racting beam. In section 2.3 we show that in the case
of the Bessel beam of order m the one-parameter family of caustics can be chosen in such a way
that they be determined by the maxima of the intensity pattern.

2.1 Refraction of a plane wave by an axicon lens

Following the reference [20], in the �rst part of this section we present a geometrical description of
the refraction of a plane wave by an axicon lens and in the second one, we use the Fresnell-Kirchho�
difraction formula to obtain the scalar �eld associated with the refracted plane wave.

2.1.1 Geometrical description: refracted wavefronts and caustic

We assume that in the three dimensional free space we have an axicon lens, with constant refraction
index n, such that its �at face is on the plane Z = 0. Therefore, using cyllindrical coordinates (ρ,
θ, Z) its conical surface is described by

r(ρ, θ) = ρρ̂+ (a− ρ) cotαẑ, (2.1)

where a and α are the parameters characterizing the axicon lens, see Figure 2.1.

Now we have a plane wave evolving along the Z axis. If r0 = ρρ̂ denotes the intersection of an
arbitrary incident light ray, associated with the incident plane wave, and X is the vector position
of an arbitrary point on the corresponding refracted light ray, then the optical path lenght Φ̃, from
a point on the reference plane r0 = ρρ̂ to the point X is equal to

Φ̃(X, ρ, θ) = n(a− ρ) cotα+ |X− r(ρ, θ)| . (2.2)

A direct computation shows that for �xed values of ρ and θ, Eq. (2.2) is a solution of the eikonal

5
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2.1. REFRACTION OF A PLANE WAVE BY AN AXICON LENS
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Figure 2.1: The axicon lens with parameters a and α. Furthermore, we show an incident light ray
evolving in the direction ẑ, which intersects the reference plane Z = 0 at r0 and is refracted by the
conical surface at the point r. After the refraction the light ray evolves along R̂ direction; N̂ is
the unit normal vector to the conical surface and X gives the position of a point on the refracted
light ray.
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2.1. REFRACTION OF A PLANE WAVE BY AN AXICON LENS

equation in free space. That is,(
∂Φ̃

∂X

)2

+

(
∂Φ̃

∂Y

)2

+

(
∂Φ̃

∂Z

)2

= 1. (2.3)

This means that Φ̃ is a complete integral of the eikonal equation. By de�nition, the wavefronts
associated with this complete integral are given by all the points X such that

Φ̃(X, ρ, θ) = C, (2.4)

where C is a real parameter. The refracted wavefronts are given by all the points, X, in free space
such that in addition to the condition (2.4), they also satisfy the following equations

∂Φ̃

∂ρ
= 0,

∂Φ̃

∂θ
= 0. (2.5)

That is, the refracted wavefronts are given by the envelope of the wavefronts (2.4) determined
by the complete integral (2.2). Therefore, using Eqs. (2.2), (2.4) and (2.5), a direct computation
shows that the refracted wavefronts may be written in the following manner

X(ρ, θ, C) = {ρ+ [C − n(a− ρ) cotα]Ω cosα}ρ̂
+{(a− ρ) cotα+ [C − n(a− ρ) cotα](n+ Ω sinα)}ẑ, (2.6)

where

Ω = −n sinα+
√

1− n2 cos2 α. (2.7)

From Eq. (2.6) it is clear that the refracted wavefront train is locally described by a map between
two subsets of R3 where (ρ, θ, C) are local coordinates labeling the points in the domain space
and X = (X, Y , Z) are local coordinates labeling the points in the target space. The critical and
caustic sets associated to this map will be computed using the following:

De�nition: Let h: M→ N be a di�erentiable map, withM and N di�erentiable manifolds.
The set of points inM where h is not locally one-to-one is referred to as its critical set, and the
image of the critical set is referred to as caustic set of h [22, 37].

Using Eq. (2.6), a direct computation shows that for this particular example, the critical set is
given by

C = n(a− ρ) cotα− ρ secα

Ω
, (2.8)

and the caustic set, which is the image under the map (2.6) of the critical set is given by all the
points (0, 0, Zc) with

Zc =
2 csc(2α)[aΩ cos2 α− ρ(n sinα+ Ω)]

Ω
. (2.9)

That is, the caustic is a segment of a line along the optical axis, in this case the Z axis. In Figure 2.2
we present the intersections with the plane Y = 0 of: some incident light rays, the axicon lens,
some refracted light rays, the caustic line and three refracted wavefronts.

2.1.2 The scalar �eld associated with the refracted plane wave

Now we assume that we have a plane wave evolving along the ẑ direction inside the axicon lens
given by

U(Z) = Aeik1Z , (2.10)
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Figure 2.2: Here we present the intersections of some incident light rays (Green), the axicon lens
(Black), some refracted light rays (Blue), the caustic line (Red) and three refracted wavefronts
(Purple, Cyan, Orange) with the plane Y = 0. To obtain this plot we take a = 1, n = 1.517 and
α = π/3. The refracted wavefronts and refracted light rays are plotted using Eq. (2.6). The three
wavefronts that we represent here correspond to C = 1.5 (Purple), C = 2 (Cyan) and C = 2.5
(Orange) and the caustic is plotted using Eq. (2.9).
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with k1 = ω/v1, v1 is the speed of light inside the axicon lens, and A is a constant. Since
k1 = (2π/λ0)n = k0n, then using the Fesnell-Kirchho� formula, a direct computation shows that
the refracted scalar optical �eld is given by

U(X) = − iAk0

4π

∫ π

−π

∫ a

0

eik0Φ̃

|X− r(ρ, θ)|
[(nẑ + R̂) · N̂]

ρdρdφ

sinα
, (2.11)

where R̂ gives the direction of the difracted-refracted ray,

N̂ = cosα ρ̂+ sinα ẑ, (2.12)

is the unit normal vector to the refracting conical surface and Φ̃ is the optical path lenght given
by Eq. (2.2). It is important to remark that the vector �eld R̂ is a function of the point X, where
the scalar optical �eld U(X) is being evaluated and the points of the refracting cone; that is,

R̂(X, ρ, θ) ≡ X− r(ρ, θ)

|X− r(ρ, θ)|
. (2.13)

Now observe that the optical path lenght (2.2) can be rewritten in the following manner

Φ̃(X, ρ, θ) = X · R̂− r · R̂ + n(a− ρ) cotα. (2.14)

In the above subsection, we have shown that the refracted wavefronts are determined by the
envelope of the wavefronts associated with this optical path lenght. This is equivalent to replace
the vector �eld R̂(X, ρ, θ) by R̂G given by the refraction law. A direct computation shows that
for the axicon lens

R̂G(φ) = Ω cosα ρ̂+ (n+ Ω sinα)ẑ. (2.15)

Therefore, using Eqs. (2.11), (2.12) and (2.15) a direct computation shows that when
|X− r(ρ, θ)| → Z/[n + Ω(ẑ · N̂)], the scalar �eld associated with the refracted plane wave can
be written in the following manner

U(X) =
Ak0a

2(sinα+ n
√

1− n2 cos2 α)

8πZ sinα

∫ π

−π
eik0ΦGdφ, (2.16)

where ΦG is obtained from Eq. (2.14) by replacing R̂ by R̂G. That is,

ΦG = X · R̂G(φ)− aΩ cosα− π

2k0
. (2.17)

This means that the scalar �eld (2.16) is determined by a one-parameter family of solutions of
both the eikonal and Laplace equations in free space given by Eq. (2.17). This fact was used in [1]
to associate to a nondi�racting beam a one-parameter family of wavefronts and a caustic. Finally,
we �nd that the intensity for the refracted scalar �eld is given by

I =

[
Aa2k0(sinα+ n

√
1− n2 cos2 α)

4Z sinα
J0(k0Ω cosα

√
X2 + Y 2)

]2

, (2.18)

where J0 is the Bessel function of order zero. We �nish this section by remarking two facts. First,
the refracted scalar �eld associated with the refraction of a plane wave by an axicon lens given by
(2.16) is the superposition of many monochromatic plane waves, as many values the coordinate
φ takes, with amplitude [Ak0a

2(sinα + n
√

1− n2 cos2 α)]/(8πZ sinα) and spatial phase given by
k0ΦG. Second, for a given value of Z the absolute maximum of the intensity (2.18) is given by
X = 0 and Y = 0, which coincides with the geometrical caustic. In �gure 2.3 we show the intensity
pattern given by Eq. (2.18) for Ak2

0 = 1, a = 1, n = 1.517, α = π/3 and k0Z = 1.5 and the
corresponding caustic (0, 0, 1.5), which is a single point.
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CHAPTER 2. IDEAL BESSEL BEAMS
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Figure 2.3: Here we present the intensity pattern given by Eq. (2.18) (GrayLevel) and the geomet-
rical caustic (0, 0, 1.5), which is a single point (Red). To obtain this plot we take Ak2

0 = 1, a = 1,
n = 1.517, α = π/3 and k0Z = 1.5. Furthermore, X̃ = k0X and Ỹ = k0Y . Observe that the
geometrical caustic coincides with the absolute maximum of the intensity pattern.
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2.2 Curves, wavefronts and caustics determined by the in-
tensity of an adi�ractional beam

The solution of the wave equation in free space introduced by Durnin can be written in the following
way [23]

ψ(X, t) =

∫ π

−π
O(β)ei[kt(Xcosβ+Y sin β)+kzZ+g(β)−ωt]dβ, (2.19)

where O(β) and g(β) are arbitrary real functions of β, kt and kz are the transverse and longitudinal
components of the wave vector k respectively (see Figure 2.4). From this expression it is clear that

 k
x

 k
y

  k
z

 α

 k
t

  k
z

 k

 β

Figure 2.4: We show the wave vector k = k0(cosβ sinα x̂ + sinβ sinα ŷ + cosα ẑ) = kt(cosβ x̂ +
sinβ ŷ) + kz ẑ, k

2
t + k2

z = ω2/c2 = k2
0 and −π ≤ β ≤ π. Since kt and kz are given, then α =

arctan(kt/kz).

this solution is the superposition of many monochromatic plane waves with amplitude O(β) and
phase

Φ(X, t, β) ≡ kt(Xcosβ + Y sinβ) + kzZ + g(β)− ωt, (2.20)

as many di�erent values the coordinate β takes. For kt = 0, Eq. (2.19) is a plane wave evolving
along the Z axis; while for 0 < kt < k0 the solution is a nondi�racting beam because, ψ(X, t) =
A(X,Y )ei(kzZ−ωt), and thus its intensity pro�le

I(X,Y, Z) = |A(X,Y )|2 =

∣∣∣∣∫ π

−π
O(β)eiktW (X,Y,β)dβ

∣∣∣∣2 , (2.21)

W (X,Y, β) ≡ Xcosβ + Y sinβ +
g(β)

kt
, (2.22)

does not depend on the Z coordinate; that is, it is invariant under translations along the ẑ direc-
tion. Therefore, the intensity of a monochromatic nondi�racting beam, which is an observable, is
determined by the positive real function O(β) and a complete integral, W (X,Y, β), of both the
eikonal and Laplace equations on the plane. That is, from Eq. (2.22) a direct computation shows
that

(∇W )2 = 1, (2.23)

∇2W = 0, (2.24)

11
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for each value of β (see also Reference [24]).
Since the Bessel beam of order zero is given by Eq. (2.19) with O(β) = 1/2π and g(β) = 0, then

ψ(X, 0) =
1

2π

∫ π

−π
eiX·kdβ. (2.25)

Observe that this expression has the form of the �eld associated with the refraction of a plane
wave for an axicon lens given by Eq. (2.16). That is, the scalar �eld (2.16) is the theoretical
description of a real Bessel beam of order zero while that given by (2.25) is the ideal Bessel beam.
Using this similarity in a recent work [1] we associated to the nondi�racting beam (2.19) a one-
parameter family of wavefronts and a caustic, such beams are invariant under translations along
the propagation axis. In the case of the Bessel beam of order zero the wavefronts are cones and
their apexes determine the caustic line, which coincides with the Z axis; while the wavefronts of
the theoretical description of the real Bessel beam of order zero given by Eq. (2.16) are �nite cones
and the caustic is a segment of a line on the Z axis too, see Figure 2.2. It is important to remark
that the wavefronts and caustics determined by the real nondi�racting beams are �nite surfaces
with the same type of singularities as those determined by the ideal nondi�racting beams.

In the present chapter we give a generalization of the results presented in [1]. To this end, we
focus our attention on the intensity of the nondi�racting beam given by Eq. (2.21). Since W given
by Eq. (2.22) is a complete integral of the eikonal equation in free space, then in accordance with
the procedure presented in the subsection 2.1 above, and that used in references [1, 25, 26] in a
natural manner we associate a one-parameter family of wavefronts to the intensity pattern of the
nondi�racting beam (2.21), given by all the points on the plane such that

W = Xcosβ + Y sinβ +
g

kt
=
C
kt
, (2.26)

∂W

∂β
= −Xsinβ + Y cosβ +

dg

ktdβ
= 0, (2.27)

where C, is a real parameter. That is,

x̃ = (C − g) cosβ +

(
dg

dβ

)
sinβ,

ỹ = (C − g) sinβ −
(
dg

dβ

)
cosβ, (2.28)

where x̃ = ktX and ỹ = ktY . It is important to remark that Eqs. (2.28) describe geometrical
wavefronts; that is, they are level curves of a new solution of the eikonal equation (2.23). Since
Eqs. (2.28) describe a map between two subsets of R2 where (C, β) are local coordinates in the
domain space and (x̃, ỹ) are local coordinates in the target space, then in accordance with the
de�nition of critical and caustic sets of a di�erentiable map given above, a direct computation
shows that the critical set of the map given by Eqs. (2.28); that is, the set of points in the domain
space with coordinates (C, β) such that the map is not locally one-to-one is given by

C = g +
d2g

dβ2
. (2.29)

Thus the caustic set, which is the image of the critical set under the map (2.28) is given by

x̃c =

(
d2g

dβ2

)
cosβ +

(
dg

dβ

)
sinβ,

ỹc =

(
d2g

dβ2

)
sinβ −

(
dg

dβ

)
cosβ. (2.30)
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From Eq. (2.29) we have that if g determines a given critical set then g̃ = g + g0 also determines
the same critical set, if and only if,

d2g0

dβ2
+ g0 = 0. (2.31)

Therefore, we conclude that there is a family of complete integrals of both the eikonal and Laplace
equations determined by g̃ = g + x0 cosβ + y0 sinβ, with x0 and y0 constants, that has associated
the same critical and caustic sets.

It is important to remark that the wavefronts (2.28) and the caustic (2.30) associated with the
intensity of a nondi�racting beam (2.21) are the projections to the plane of those determined by
the nondi�acting beam (2.19) reported in [1]. The generalization of those results follows from the
following observation. The function W given by Eq. (2.22) is a complete integral of the eikonal
equation in the plane. That is, it is a complete integral of the time-independent Hamilton-Jacobi
equation for a free particle on the plane of unit mass and energy E = 1/2. Therefore, in accordance
with the Hamilton-Jacobi theory it is the generating function of a canonical transformation such
that

pX =
∂W

∂X
= cosβ, pY =

∂W

∂Y
= sinβ, (2.32)

Q1 =
∂W

∂β
= −X sinβ + Y cosβ +

dg

ktdβ
, (2.33)

where Q1 is a new coordinate of the phase space. From Eqs. (2.27) and (2.33) we see that the
Hamilton-Jacobi theory allows to give a generalization of the envelope de�nition. That is, instead
of associating the one-parameter family of wavefronts (2.28) to the intensity pattern (2.21) of a
nondi�racting beam, now we associate to it a two-parameter family of curves given by all the points
(X, Y ) on the plane such that

W = X cosβ + Y sinβ +
g

kt
=
C
kt
, (2.34)

∂W

∂β
= −X sinβ + Y cosβ +

dg

ktdβ
= −L

kt
, (2.35)

where C and L are arbitrary real parameters. Or explicitly given by

x̃ = (C − g) cosβ +

(
dg

dβ
+ L

)
sinβ,

ỹ = (C − g) sinβ −
(
dg

dβ
+ L

)
cosβ. (2.36)

It is important to remark that the geometrical wavefronts are given by the particular value L = 0.
That is, they are level curves of a new solution of the eikonal equation (2.23). However, for L 6= 0,
they are not wavefronts because they do not correspond to the level curves of any solution to
the eikonal equation. Observe that for a given value of L Eqs. (2.36) describe a map between
two subsets of R2 where (C, β) are local coordinates in the domain space and (x̃, ỹ) are local
coordinates in the target space. The critical set of the map given by Eqs. (2.36); that is, the set of
points in the domain space with coordinates (C, β) such that the map is not locally one-to-one is
given by Eq. (2.29) too; that is, it is independent of the parameter L. Thus the caustic set, which
is the image of the critical set under the map (2.36) is given by

x̃c =

(
d2g

dβ2

)
cosβ +

(
dg

dβ
+ L

)
sinβ,

ỹc =

(
d2g

dβ2

)
sinβ −

(
dg

dβ
+ L

)
cosβ. (2.37)
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In the same way a direct computation shows that the surfaces and caustics associated with the
beam (2.19) in the three space, are given by

x̃ = (C − g − z̃) cosβ +

(
dg

dβ
+ L

)
sinβ,

ỹ = (C − g − z̃) sinβ −
(
dg

dβ
+ L

)
cosβ,

z̃ = z̃, (2.38)

where z̃ = kzZ and the caustics are given by

x̃c =

(
d2g

dβ2

)
cosβ +

(
dg

dβ
+ L

)
sinβ,

ỹc =

(
d2g

dβ2

)
sinβ −

(
dg

dβ
+ L

)
cosβ,

z̃c = z̃. (2.39)

From Eqs. (2.38) the surfaces can be written in the following manner: x̃2 + ỹ2 = (C − g − z̃)2 +
(dg/dβ+L)2. Thus, making g = 0 and L = 0 for each value of C we have a cone with apex at z̃ = C
and for g = 0 and L 6= 0, for each value of C, we have an hyperboloid of one sheet. Therefore, the
geometrical meaning of the function g(β) is to induce a deformation on those surfaces.

The main contribution in this chapter is to associate to the intensity pattern of the nondi�ract-
ing beam (2.21), a two-parameter family of one-dimensional curves characterized by the parame-
ters C and L and a one-parameter family of caustics characterized by the parameter L given by
Eqs. (2.36) and (2.37) respectively. Furthermore, we associate to the nondi�racting beam (2.19) a
two-parameter family of surfaces and a one-parameter family of caustics given by Eqs.(2.38) and
(2.39) respectively. It is important to remark that the parameter L appearing in the surfaces and
caustics in principle can take any real value. As we see below in the case of a Bessel beam of order
m, this parameter is chosen as the maxima of the square of the Bessel function of order m. In this
way the intensity pattern of a Bessel beam of order m determines in a natural way a particular
family of curves and caustics.

2.3 The Bessel beam of order m

The Bessel beam of order m is given by

ψ(ρ̃, θ̃, z̃, t) = ei(z̃+mθ̃−ωt)Jm(ρ̃), (2.40)

where m is an integer, ρ̃ =
√
x̃2 + ỹ2 = kt

√
X2 + Y 2, θ̃ = arctan(ỹ/x̃) = arctan(Y/X) and Jm is

the Bessel function of order m. This beam is obtained from Eq. (2.19) with

O(β) =
1

2π
,

g(β) = mβ +
3mπ

2
. (2.41)

Therefore, using Eqs. (2.21) and (2.41) a direct computation shows that the intensity pro�le for
the Bessel beam of order m is given by

I(x̃, ỹ, z̃) = J2
m(ρ̃), (2.42)

This means that the maxima of the intensity pattern associated with the Bessel beam of order m
are determined by the positive critical points ρ̃ml of the Bessel function Jm(ρ̃), (the ρ̃ml denotes
the l − th critical point of Jm).

14
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Now using Eqs. (2.36), (2.37) and (2.41) another direct computation shows that the curves and
the caustics are given by

ρ̃2 =

(
C −mβ − 3mπ

2

)2

+ (m+ L)
2
, (2.43)

and

ρ̃2
c = x̃2

c + ỹ2
c = (m+ L)2. (2.44)

respectively.
The wavefronts associated with the Bessel beam of order m are given by Eq. (2.43) with L = 0,

and the caustic associated with this family of wavefronts, that is, the geometrical caustic is a circle
of radius m/kt given by Eq. (2.44) with L = 0. Thus, for the Bessel beam of order zero, the
geometrical caustic on the plane is a point that coincides with the origin of coordinates. On the
other hand, the maximum of the intensity pattern of the Bessel beam of order zero is given by ρ̃ = 0.
Therefore, for this particular case, the geometrical caustic coincides with the absolute maximum
of the intensity pattern. However, for m 6= 0 the geometrical caustic does not coincide with the
absolute maximum of the corresponding intensity pattern. To clarify this point in �gure 2.5(a)
we present the intensity pattern of the Bessel beam of order zero and the geometrical caustic,
which is a single point (Red) in this case the caustic coincides with the absolute maximum. While
in �gure 2.5(b) we present the intensity pattern for a Bessel beam of order 3, the corresponding
geometrical caustic (Red circle) and the absolute maximum (Purple circle), in this plot it is clear
that the caustic does not coincide with absolute maximum of the intensity pattern. In fact one
can show that in general the absolute maximum of the intensity pattern of a Bessel beam of order
m 6= 0 does not coincide with the corresponding geometrical caustic, which is a circle of radius
m/kt.

In this work we use the intensity pattern of the Bessel beam of orderm to determine the discrete
values, Lml, of the parameter L, such that the family of caustics coincide with the maxima of the
pattern of the Bessel beam of order m. Therefore:

Lml ≡ ρ̃ml −m, (2.45)

where m is the order and l denotes the maxima of the intensity pattern of the Bessel beam. Thus,
from Eq. (2.43)-(2.45) we have that the curves and caustics determined by the maxima of the
intensity pattern of the Bessel beam of order m are given by

ρ̃2 =

(
C −mβ − 3mπ

2

)2

+ ρ̃2
ml. (2.46)

and

ρ̃2
c = x̃2

c + ỹ2
c = ρ̃2

ml. (2.47)

respectively.
Form = 0, the curves are circles with radii

√
C2 + ρ̃2

0l and form 6= 0 the curves are deformations
of circles. The geometrical wavefronts are given by Eq. (2.46) with ρ̃0l = 0. In Figure 2.6(a) we
present some wavefronts (Blue) and the geometrical caustic (Red point) for the Bessel beam of
order zero. In Figures 2.6(b) and 2.6(c) we present some curves (Blue) and the corresponding
caustics (Red) determined by the �rst two maxima of the intensity pattern of the Bessel beam of
order zero. In Figures 2.6(d)-2.6(f) we present the curves (Blue) and the corresponding caustics
(Red) determined by the �rst three maxima of the intensity pattern of the Bessel beam of order 3.

From Eqs. (2.38), (2.39), (2.41) and (2.45) we have that the two-dimensional surfaces and
caustics associated with the Bessel beam of order m are given by

ρ̃2 = (C −mβ − 3mπ

2
− z̃)2 + ρ̃2

ml,

z̃ = z̃, (2.48)
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Figure 2.5: Here we present (a) part of the intensity pattern of the Bessel beam of order zero given
by [J0(ρ̃)]2 (GrayLevel) and the geometrical caustic (Red) given by (2.44) with m = 0 and L = 0.
(b) part of the intensity pattern of the Bessel beam of order 3 given by [J3(ρ̃)]2 (GrayLevel) and
the geometrical caustic a circle (Red) and the absolute maximum of the intensity pattern another
circle (Purple). The geometrical caustic is given by (2.44) with m = 3 and L = 0. In this plot it
is clear that the geometrical caustic (Red circle) does not coincide with the absolute maximum of
the intensity pattern (Purple circle).
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Figure 2.6: Some one-dimensional curves given by Eq. (2.46) with C = [−30, 30] (Blue) and the
corresponding caustics given by Eq. (2.47) (Red) for the cases: a) L00 = 0.00 (some wavefronts
(Blue) and the geometrical caustic (Red)), b) L01 = 3.83, c) L02 = 7.01, d) L30 = 4.20, e)
L31 = 7.01 and f) L32 = 10.17.
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and

ρ̃2
c = ρ̃2

ml.

z̃ = z̃, (2.49)

respectively.
From Eqs. (2.48) we have that the two surfaces given by C = 0 and C = C0 can be written in

the following manner ρ̃2 = (−mβ − 3mπ
2 − z̃1)2 + ρ̃2

ml and ρ̃2 = (C0 − mβ − 3mπ
2 − z̃2)2 + ρ̃2

ml,
respectively; here z̃1 and z̃2 take values on the real line. Observe that taking z̃1 = z̃2 − C0 the
second surface can be obtained from the �rst one. That is, any surface given by Eqs. (2.48) with
C = C0 is exactly the same as that given by Eqs. (2.48) with C = 0. Therefore, the surfaces
and caustics are invariant under translations along the Z axis. When m = 0 and ρ̃0l = 0 the
geometrical wavefronts associated with the Bessel beam of order zero are cones with apex at z̃ = C
and the geometrical caustic is a line that coincides with the Z axis, see Figure 2.7(a). On the
other hand, for m = 0 and ρ̃0l 6= 0 the two dimensional surfaces are hyperboloids of one sheet
and the caustics are cylinders, see Figures 2.7(b) and 2.7(c). Finally, for m 6= 0, ρ̃ml 6= 0 the two
dimensional surfaces are deformations of hyperboloids of one sheet and the caustics are cylinders
too, see Figures 2.7(d)-2.7(f) for the Bessel beam of order 3.
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(a) (b) (c)

(d) (e) (f)

Figure 2.7: Some two-dimensional surfaces given by Eqs. (2.48) with C = 0 (Blue) and the corre-
sponding caustics given by Eqs. (2.49) (Red) for the cases: a) L00 = 0.00 (the wavefront (Blue)
and the geometrical caustic (Red)), b) L01 = 3.83, c) L02 = 7.01, d) L30 = 4.20, e) L31 = 7.01
and f) L32 = 10.17. Observe that the surfaces with L 6= 0, which are not wavefronts, are smooth
surfaces at the caustic regions.
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Chapter 3

Geometric treatment of the radiation
captured by the Large Millimeter
Telescope (LMT/GTM)

The most ambitious experimental project of our time, the Event Horizon Telescope (EHT) [34, 35] ,
has set itself the task of studying in the most detailed possible way the rotating black hole that
is hosted in the center of the galaxy M87 and the one hosted in the center of our Milky Way
galaxy, and even generate the �rst real images of these objects. The results of this project will
yield to new con�rmations on the theory of Einstein's Relativity and therefore new questions
and rethinkings about those hypotheses that we believed understanding. As a consequence, the
black hole of our galaxy has been studied arduously in the last decade in a theoretical way. To
do so, it is usually modeled as a black hole of Kerr type, that is to say, it is rotating about its
axis of symmetry. The rotation a�ects the spacetime and therefore the radiation surrounding it,
de�ecting and phase-modifying it. Numerical studies of this dynamics suggest that the rotation
generates a relativistic e�ect that imprints orbital angular momentum on such light in a process
called Gravitational Faraday e�ect [6] . Tamburini et al. [6] , calculated the integration of the
null geodesic equations of light from orbiting point-like sources in the Kerr black hole equatorial
plane to an asymptotic observer, and they were able to identify the phase change, the wavefront
warping and to predict the associated light-beam orbital angular momentum spectra from linearly
polarized to undergo polarization radiation.

Since in the Schwarzschild spacetime a part of the caustic associated with the light cone of a point
light source is a semi-in�nite straight line along the optical axis [36] , then, asymptotically the
wave describing the radiation of that point light source in the vicinity of the Schwarzschild black
hole could be the zero-order Bessel beam. For this reason, in the present chapter, we assume that
the radiation emitted by any point light source in the vicinity of a Kerr black hole is described
asymptotically by a nonzero order Bessel beam, which gets its orbital angular moment from the
rotation of the Kerr black hole. Our major goal is to compute the intensity pattern associated
with the re�ection of a Bessel beam of order m by the Event Horizon Telescope, in order to
determine among other things, the rotation parameter of a Kerr black hole. As a �rst step, the
aim of the present chapter is twofold; �rst we compute the re�ection of an inclined plane wave by
the LMT/GTM; and this is so because the LMT/GTM is the most important component of the
EHT array and an inclined plane wave is the basic component of a Bessel beam of order m, that
is; we compute the re�ected wavefronts, light rays and caustic. The second aim is to compute
the ronchigram for the re�ection of the inclined plane wave, when the ronchigrating is placed for
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CHAPTER 3. GEOMETRIC TREATMENT OF THE RADIATION CAPTURED
BY THE LARGE MILLIMETER TELESCOPE (LMT/GTM)

3.1. GEOMETRIC OPTICS OF THE REFLECTION PHENOMENON BY A PARABOLIC
MIRROR CONSIDERING INCLINED INCIDENT LIGHT RAYS

example, at the caustic region.

The originality of the work developed in this chapter lies in the possibility of recognizing dynamic
characteristics of the source by using the ronchigram obtained from a geometrical optics point of
view. That is, we suppose that there is a source emitting radiation somewhere in the observable
universe and, being very far away, it can be considered as a pointlike source; consequently the
received radiation is a plane wavefront arriving with a certain inclination to the antenna. From
the radiation collected by the antenna at the focal region, an experimental ronchigram can
be generated and by comparing it with the theoretical one which is computed here, we could
determine if the emitting source can be considered as static or not.

It is important to remark that the results presented here can be used for any parabolical mirror.
However, for our numerical examples, we use the characteristic parameters of the LMT/GTM
antenna.

3.1 Geometric optics of the re�ection phenomenon by a
parabolic mirror considering inclined incident light rays

In order to be as clear as possible, in this section we describe the procedure to compute the
re�ected light rays, wavefronts, marginal surfaces, their associated caustic and the ronchigram
when the incident light rays strike the mirror with a certain inclination. In the general case the
caustic is a two dimensional surface which locally has a stable singularity of the hyperbolic umbilic
type [37, 40, 41] . These general results are applied for the antenna of the LMT/GTM. Since
the Large Millimeter Telescope (LMT/GTM) is a revolution paraboloid with curvature radius
a = 35m, external diameter De = 50m and internal diameter Di = 3.5m, then using cylindrical
coordinates (ρ, φ, z), we describe it with the following equation

r(ρ, φ) = ρρ̂φ +
ρ2

2a
ẑ, (3.1)

ρ̂φ ≡ cosφ x̂+ sinφ ŷ, (3.2)

where Di
2 ≤ ρ ≤

De
2 and 0 ≤ φ < 2π.

Using the (ρ, φ) coordinates which parametrize the points on the revolution paraboloid given by
Eq. (3.1), a direct computation shows that the points on the inclined reference plane wavefront
with normal vector

Î = −(sinαρ̂β + cosαẑ), (3.3)

ρ̂β ≡ cosβ x̂+ sinβ ŷ, (3.4)

where the inclination of the reference plane is speci�ed by the angles α and β, and passing through
the point (0, 0, a), are given by the points of the space with vector position given by

rp = ρ cos2 αρ̂φ − ρ sin2 α sin (β − φ)φ̂β +
(2a2 − ρ2) sin 2α

4a
ρ̂β

+
2a2 + ρ2 + (2a2 − ρ2) cos 2α− 2aρ cos (β − φ) sin 2α

4a
ẑ, (3.5)

φ̂β ≡ − sinβ x̂+ cosβ ŷ, (3.6)

see Fig. (3.1). Therefore, using Eqs. (3.1) and (3.5) the incident light rays, XI = rp+σ(r− rp) can
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r p
X

R̂
r

Figure 3.1: In this �gure we show: the reference inclined plane (in blue), an incident light ray (in
green), the corresponding re�ected light ray (in red) and all the vectors and angles taking place in
the problem.

be written in the following manner

XI =
1

4a
{4aρ[σ + (1− σ) cos2 α]ρ̂φ + (1− σ)(2a2 − ρ2) sin 2αρ̂β

−(1− σ)4aρ sin2 α sin(β − φ)φ̂β + [2a2(1− σ) + ρ2(1 + σ)

+(1− σ)[(2a2 − ρ2) cos 2α− 2aρ cos (β − φ) sin 2α]ẑ}, (3.7)

where 0 ≤ σ ≤ 1 is a parameter labeling the points on the incident light ray from rp to r. Since

the inclined incident plane wavefronts are given by WI = rp + CI Î, with 0 ≤ CI ≤ max | r− rp |,
then, using Eqs. (3.3) and (3.5) another direct computation shows that

WI = ρ cos2 αρ̂φ − ρ sin2 α sin (β − φ)φ̂β +
(2a2 − ρ2) sin 2α− 4aCI sinα

4a
ρ̂β

+
2a2 + ρ2 + (2a2 − ρ2) cos 2α− 2aρ cos (β − φ) sin 2α− 4aCI cosα

4a
ẑ. (3.8)

The two marginal surfaces associated with the incident light rays are given by Eq. (3.7) with
ρ = 3.5/2m and ρ = 25m respectively. In Fig. 3.2 (a) we present the inclined reference plane for
β = 0 and α = π/10 (in blue), some incident wavefronts (in light blue), the external and internal
marginal surfaces of the incident light rays (in green) and the antenna (in gray).Observe that in
the particular case α = 0, Î = −ẑ, the reference plane, the incident light rays and the incident
plane wavefronts take the following simple expressions

rp = ρρ̂φ + a ẑ, (3.9)

XI = ρρ̂φ +

[
a(1− σ) +

σρ2

2a

]
ẑ, (3.10)

WI = ρρ̂φ + (a− CI)ẑ, (3.11)
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respectively.

3.1.1 Re�ected light rays

The re�ected light rays are described by

XR = r + τR̂, (3.12)

τ is the distance from the point on the paraboloid, where an incident light ray strikes the mirror,
with position vector r to an arbitrary point XR, on the re�ected light ray which evolves in the
direction R̂ given by the re�ection law [42]

R̂ = Î− 2(Î · N̂)N̂, (3.13)

N̂ =
−ρρ̂φ + aẑ√
ρ2 + a2

, (3.14)

is the unit normal vector to the parabolical antenna. Therefore using Eqs. (3.3), (3.13), and (3.14),
a direct computation shows that

R̂ =
[−a cosα+ ρ cos (β − φ) sinα](2ρρ̂φ + 2aẑ)

a2 + ρ2
− (sinαρ̂β + cosαẑ). (3.15)

Thus, using Eqs. (3.1), (3.12) and (3.15) we obtain that the corresponding re�ected light rays can
be written in the following manner

XR = ρρ̂φ +
ρ2

2a
ẑ − 2τ [a cosα− ρ cos (β − φ) sinα](ρρ̂φ + aẑ)]

a2 + ρ2

−τ(sinαρ̂β + cosαẑ). (3.16)

Now we will use a parameterization of the re�ected light rays that is more convenient for the
calculation of the ronchigram. For this purpose, we equate the z component of the position vector
of the points of the re�ected light rays with a new variable that we denote by z0. The new
parametrization in z0 terms is

XR =
1

λ
2a2(a− 2z0)ρ cosαρ̂φ − sinα[a2(2az0 + ρ2)ρ̂β

+ρ2(2a(a− z0) + ρ2)(cosβρ̂2φ − sinβφ̂2φ)]

+z0 ẑ, (3.17)

where λ = 2a[(a2 − ρ2) cosα − 2aρ cos (β − φ) sinα] and ρ2/2a ≤ z0 < ∞. Since the re�ected

wavefronts are given by WR = r + [CR − |r− rp|]R̂, then using Eqs. (3.1), (3.5) and (3.15),
another direct computation shows that the corresponding re�ected wavefronts can be written in
the following manner

WR = ρρ̂φ +
ρ2

2a
ẑ + [CR− | r− rp |][δρρ̂φ + (δa− cosα)ẑ − sinαρ̂β ], (3.18)

where δ = 2[(−a cosα+ ρ cos (β − φ) sinα)/(ρ2 + a2)] and CR ≥ max | r− rp |. The two marginal
surfaces associated with the re�ected light rays are given by Eq. (3.17) with ρ = 3.5/2m and
ρ = 25m respectively. In Fig. 3.2 (b) we present some representative re�ected wavefronts (in light
blue), the external and internal marginal surfaces of the re�ected light rays (in red) and the antenna
(in gray). In Fig. 3.2 (c) we present four representative re�ected wavefronts (in light blue) and the
antenna (in gray).
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Figure 3.2: In this plot we show: (a) the inclined reference plane for β = 0 and α = π/10 (in blue),
some incident wavefronts (in light blue), the external and internal marginal surfaces of the incident
light rays (in green) and the antenna (in gray). (b) Some representative re�ected wavefronts (in
light blue), the external and internal marginal surfaces of the re�ected light rays (in red) and the
antenna (in gray). (c) Four representative re�ected wavefronts (in light blue) and the antenna (in
gray). (d) The two branches of the caustic (in magenta and yellow) and the antenna (in gray).

25



CHAPTER 3. GEOMETRIC TREATMENT OF THE RADIATION CAPTURED
BY THE LARGE MILLIMETER TELESCOPE (LMT/GTM)

3.1. GEOMETRIC OPTICS OF THE REFLECTION PHENOMENON BY A PARABOLIC
MIRROR CONSIDERING INCLINED INCIDENT LIGHT RAYS

3.1.2 The caustic

Observe that the re�ected light rays and wavefronts are described by maps between two subsets
of R3. Therefore, their corresponding critical and caustics sets associated with those maps will be
computed using the de�nition given in chapter one.
In the present case, a direct computation shows that the critical set associated with the map in
Eq. (3.16), which describes the re�ected light rays, is obtained from the following condition

JXR
=

(
∂XR

∂ρ

)
·
[(

∂XR

∂φ

)
×
(
∂XR

∂τ

)]
= H2τ

2 +H1τ +H0 = 0, (3.19)

where

H2 = R̂ ·

(
∂R̂

∂ρ
× ∂R̂

∂φ

)
, (3.20)

H1 = R̂ ·

(
∂r

∂ρ
× ∂R̂

∂φ
− ∂r

∂φ
× ∂R̂

∂ρ

)
, (3.21)

H0 = R̂ ·
(
∂r

∂ρ
× ∂r

∂φ

)
. (3.22)

Due to in general H2 6= 0, the critical set has two branches given by

τ± =
−H1 ±

√
H2

1 − 4H2H0

2H2
. (3.23)

Therefore the caustic set of the re�ected light rays given by Eq. (3.16) can be written in the
following manner

Xc± = r +

(
−H1 ±

√
H2

1 − 4H2H0

2H2

)
R̂. (3.24)

To obtain the critical and caustic sets of the map in Eq. (3.17) where we use as an independent
variable to z0 we proceed as follows. We know that z0 = ρ2/2a+ τ(R̂ · ẑ), therefore the critical set
of the map in Eq. (3.17) can be written in the following manner

z0± =
ρ2

2a
+

(
−H1 ±

√
H2

1 − 4H2H0

2H2

)
R̂ · ẑ, (3.25)

and the caustic set is also given by Eq. (3.24). For the case α = 0, Eq. (3.25) reduces to z0± = a/2
meanwhile the caustic set or caustic given by Eq. (3.24) reduces to Xc = (a/2)ẑ, which coincides
with the focal point of the parabolical antenna.

In Fig. 3.2 (d) we present the parabolical antenna and the two branches of the caustic, in Fig. 3.3
(a) we present the two branches of the caustic and two particular re�ected wavefronts and �nally
in Fig. 3.3 (b) we can see that the caustic has a singularity of the hyperbolic umbilic type; all this
�gures are for the case β = 0, α = π/10 and taking the parameters of the antenna (LMT/GTM).
Furthermore, since we are interested in computing the ronchigram, we have to study the distri-
bution of the re�ected light rays on planes z = constant around the caustic region. Therefore in
Fig. (3.4) we present the intersection between some re�ected light rays with the planes z0 = 15m,
z0 = 17.5m (the focus) and z0 = 20m for the antenna of the LMT/GTM with β = 0 and
α = π/200. From Fig. 3.3 (b) it is clear that the dominant aberration of the optical system for
these parameters is that of the coma one. In Fig. (3.5), we present similar results for the case β = 0
and α = π/10.
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Figure 3.3: In this plot we show: (a) the two branches of the caustic (for the value z+
0 in magenta

and for the value z−0 in yellow) and some re�ected wavefronts (in light blue); (b) the zoom to the
caustics for the intersection zone where the stable singularities can be indenti�ed.

It is important to remark that a lengthy but direct computation shows that the caustic for
this problem has a singularity of hyperbolic umbilic type, because under a change of coordinates,
ρ = ρ(s1, s2), φ = φ(s1, s2), X = X(C1, C2, C3), Y = Y (C1, C2, C3) and Z = Z(C1, C2, C3), it can
be transformed into the canonical form of the hyperbolic umbilic caustic given by C1± = 3s2

1 ∓
6s2
√
s1s2, C2± = 3s2

2 ∓ 6s1
√
s1s2 and C3± = ±6

√
s1s2. Furthermore, another direct computation

shows that working up to third order in ρ/a and to �rst order in α, the aberration or deformation
on the re�ected wavefront is given by

∆Φ = −
( α
a2

)
ρ3 cosφ

= −
( α
a2

)
(x2 + y2)x, (3.26)

which corresponds to the aberration of coma.

3.1.3 The ronchigram

In this subsection we compute the ronchigram associated with the re�ected light rays by the
parabolical antenna when the ronchigrating is placed at a plane z = z0 with its rulling bands
parallel to the x axis. To this end, we introduce a new coordinate system (Tx, Ty, Tz) with origin at
the point (0, 0, z0). Then, we compute the region �lled out by the re�ected light rays, in particular,
we determine this region at the plane where the ronchigrating is placed. Finally, we compute
the ronchigram when the grating is placed before, at and after the focus of the parabolical antenna.

In order to compute the ronchigram, on the (Tx, Ty) plane of the new coordinate system we
place a ronchigrating with rulling bands given by

TG = xG x̂+ nd ŷ + z0 ẑ, (3.27)
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Figure 3.4: In this plot we show the intersections of some re�ected light rays with the planes (a)
z0 = 15m, (b) z0 = 17.5m (focal plane of the parabolical antenna) and (c) z0 = 20m for β = 0
and α = π/200. The green color curves correspond to the intersections of the marginal surfaces.
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Figure 3.5: In this plot we show the intersections of some re�ected light rays with the planes (a)
z0 = 15m, (b) z0 = 17.5m (focal plane of the parabolical antenna) and (c) z0 = 20m for β = 0
and α = π/10. The green color curves correspond to the intersections of the marginal surfaces.
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where n = 0,±1,±2, ..., xG is a parameter labeling the points on a particular rulling band, its
domain is determined by the internal and external marginal surfaces, and d is the separation
between the rulling bands. Then we look for all the points on the mirror (ρs, φs, ρ

2
s/2a), such that

ρs and φs are solutions to the following equation

XR = TG. (3.28)

Using Eqs. (3.27) and (3.17) a direct computation shows that the condition (3.28) can be written
in the following manner

F (ρ, φ, z0, α, β) = xG w(ρ, φ, α, β), (3.29)

G(ρ, φ, z0, α, β) = ndw(ρ, φ, α, β), (3.30)

where

F = 2a2(a− 2z0)ρ cosα cosφ

− {a2(2az0 + ρ2) cosβ + ρ2[2a(a− z0) + ρ2] cos(β − 2φ)} sinα, (3.31)

G = sinα{−a2(2az0 + ρ2) sinβ + ρ2[2a(a− z0) + ρ2] sin(β − 2φ)}
+ 2a2(a− 2z0)ρ cosα sinφ, (3.32)

w = 2a[(a2 − ρ2) cosα− 2aρ cos(β − φ) sinα]. (3.33)

Here we assume that the known parameters are (α, β), which give the direction of the incident
plane wavefront, a which gives the antenna radio's curvature and (xG, nd, z0) which give the
information of the points of the ronchigrating. Thus, from Eqs. (3.29)-(3.33), we �nd that the
solutions to the Eqs. (3.29) and (3.30) can be written in the following way

ρs = ρ(α, β, a, xG, nd, z0), (3.34)

φs = ρ(α, β, a, xG, nd, z0). (3.35)

To compute the ronchigram at the plane z = z1 > z0, we proceed as follow; �rst in Eq. (3.17)
which describes the re�ected light rays, we replace the parameter z0 by z1, that is XR =
XR(α, β, a, ρ, φ, z1). Finally, in this last resulting equation we replace ρ by ρs and φ by φs.
Therefore, the ronchigram at the plane z1 is given by

S = XR(α, β, a, ρs, φs, z1). (3.36)

In this work, we present plots of the projection of the ronchigram at the plane z = 0 given by

Sx = ρs cosφs, (3.37)

Sy = ρs sinφs, (3.38)

for di�erent positions of the ronchigrating for the case α = π/10. In Fig. (3.6) we present the two
branches of the caustic and the planes z0 = 9m, 15m, 17.5m, 20m and 28m. On these planes,
we place the ronchigrating for the LMT/GTM parabolical antenna to compute the corresponding
projections of the ronchigrams on the plane z = 0. The planes z0 = 9m and z0 = 28m are out
of the caustic region while the planes z0 = 15m, 17.5m and 20m intersect the caustic region.
In Fig. (3.7) we show the projections of the ronchigrams at plane z = 0 for the case β = 0 and
α = π/200, and the ronchigrating is placed at the planes: (a) z0 = 9m, (b) z0 = 15m, (c)
z0 = 17.5m, (d) z0 = 20m, (e) z0 = 23m and (f) z0 = 28m. Finally in Fig.(3.8) we present
similar results for the projection of the ronchigram for the case β = 0 and α = π/10.
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Figure 3.6: In this plot we present the two branches of the caustic and some parts of the planes
z0 = 9m (in light red), 15m (in light orange), 17.5m (in light black), 20m (in brown), 23m
(in cyan) and 28m (in gray), where we place the ronchigrating to compute the corresponding
projections of the ronchigrams at the plane z = 0.
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Figure 3.7: In this plot we show the projections of the ronchigrams at plane z = 0 for the case
β = 0 and α = π/200, and the ronchigrating is placed at the planes: (a) z0 = 9m, (b) z0 = 15m,
(c) z0 = 17.5m, (d) z0 = 20m, (e) z0 = 23m and (f) z0 = 28m.
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Figure 3.8: In this plot we show the projections of the ronchigrams at plane z = 0 for the case
β = 0, α = π/10 and the ronchigrating is placed at the planes: (a) z0 = 9m, (b) z0 = 15m, (c)
z0 = 17.5m, (d) z0 = 20m, (e) z0 = 23m and (f) z0 = 28m.
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Chapter 4

Towards the detection of radiation
emitted by a light source in the
vicinity of a Kerr BH

Remember that the main motivation of our project is to develop an optical procedure to detect
the radiation from point light sources a�ected by astrophysical rotating objects, which generates a
gravitational �eld described by the Kerr solution. The hypothesis of the work is based on the fact
that for the Schwarzschild spacetime a part of the caustic associated with the light cone of a point
light source is a semi-in�nite straight line along the optical axis [11], then, asymptotically the wave
describing the radiation of that point light source in the vicinity of the Schwarzschild black hole
could be the zero-order Bessel beam. On the other hand, we assume that the radiation emitted
by any point light source in the vicinity of a Kerr black hole is described asymptotically by a
nonzero order Bessel beam, which gets its orbital angular moment from the rotation of the Kerr
black hole. Under that assumption, our major goal in this chapter is to compute an expression for
the intensity pattern associated with the re�ection of a Bessel beam of order m by the LMT/GTM.

To this end, we �rst present the Kirchho�'s di�raction theory applied to the phenomenon of
re�ection of light rays by a parabolic mirror, in particular that of the LMT/GTM antenna. Then,
we assume that the Bessel beam of order m is the superposition of many planewaves as many
points are on a circle, using this information we obtain an expression for the scalar optical �eld
associated with the re�ection of a Bessel beam of order m by the LMT/GTM antenna. On the
certain appoximations, we �nally obtain an expression for the intensity pattern of that re�ected
radiation.

4.1 Derivation of the integral Kirchho�'s formula

In the di�raction Kirchho�'s scalar theory, one has an incident, scalar, monochromatic optical �eld
solution to the scalar wave equation in free space that goes through an aperture, experiencing the
so-called di�raction phenomena. Assuming that the di�racted scalar monochromatic optical �eld
is another solution to the wave equation in free space, the aim of the scalar Kirchho�'s difraction
theory, which is a valid approximation for small wavelengths compared with the dimension of the
aperture, is to obtain an expression for the di�racted optical beam from the knowledge of the
incident one. Here we present a derivation of the integral Kirrcho�'s formula and we introduce
the notation that will be used in this chapter. To this end, we consider two scalar monocromatic
optical waves given by V (x, y, z, t) = U(x, y, z)e−iωt and V ′(x, y, z, t) = U ′(x, y, z)e−iωt, which are
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solutions to the scalar wave equation in free space. Therefore, U and U ′ satisfy the Helmholtz
equation. That is,

(∇2 + k2)U = 0, (∇2 + k2)U ′ = 0. (4.1)

Now, we take a region of the free space with volume v bounded by a closed surface S. We assume
that U and U ′ have continuous �rst and second order partial derivatives, within and on the surface.
Furthermore, we de�ne the following vector �eld

J ≡ U∇U ′ − U ′∇U. (4.2)

Using Eqs. (4.1), a direct computation shows that

∇ · J = U∇2U ′ − U ′∇2U = 0, (4.3)

∇× J = 2(∇U ×∇U ′). (4.4)

Therefore, from the Gauss's theorem in three dimensions, we obtain that∫
S

J · N̂ dS = 0, (4.5)

where N̂ is the unit normal vector to S, pointing inward to this surface. If X = Xx̂ + Y ŷ + Zŷ
and r = xx̂+ yŷ + zŷ are the vector positions of two arbitrary points within S, then we de�ne

R ≡ X− r = R R̂. (4.6)

In the Kirchho�'s theory one assumes that

U ′(r,X) =
eikR

R
, (4.7)

that is, this function depends on the two position vectors r and X. It is important to remark that
in Eq. (4.6), X is assumed to be consider as a constant vector, while the vector r is not a constant
one. Therefore, U ′ is singular when r = X; that is, it is singular at R = 0. This means that the
point within the surface S with vector position X, must be removed from the integration domain.
To this end, we enclose that point with a sphere of radius ε and center it at the point with vector
position X. Therefore, under this assumption the Eq. (4.5) transforms into the following equation∫

S

J · N̂ dS +

∫
S′

J · N̂′ dS′ = 0, (4.8)

where N̂′ is the unit normal vector to the spherical surface, see Fig. (4.1).

Using Eqs. (4.2), (4.6) and (4.7), a direct computation shows that

J · N̂ =

[
U∇

(
eikR

R

)
−
(
eikR

R

)
∇U

]
· N̂

= U

[
eikR

R

(
ik − 1

R

)]
[R̂ · N̂]−

(
eikR

R

)[
N̂ · ∇U

]
, (4.9)

and

J · N̂′ =

[
U∇

(
eikR

R

)
−
(
eikR

R

)
∇U

]
· N̂′

= U

[
eikR

R

(
ik − 1

R

)]
−
(
eikR

R

)[
N̂′ · ∇U

]
. (4.10)
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r⃗
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Figure 4.1: The general problem. Let a volume v bounded by a closed surface S, with X be any
point within v.

To perform the integral on the spherical surface, we take r−X = εN̂′(θ′, φ′), where θ′ and φ′ are
coordinates on the spherical surface and dS′ = ε2 sin θ′dθ′dφ′. Then∫
S′

J · N̂′ dS′ =

∫ π

0

∫ 2π

0

{
U

[
eikε

ε

(
ik − 1

ε

)]
−
(
eikε

ε

)[
N̂′ · ∇U

]}
ε2 sin θ′dθ′dφ′. (4.11)

Therefore,

lim
ε→0

∫
S′

J · N̂′ dS′ = −
∫ π

0

∫ 2π

0

U(X) sin θ′dφ′ = −4πU(X). (4.12)

Finally, from Eqs. (4.8) and (4.12) we obtain what it is known as the Helmholtz and Kirchho�
integral's theorem [47]:

U(X) =
1

4π

∫
S

{
U

[
eikR

R

(
ik − 1

R

)]
(R̂ · N̂)−

(
eikR

R

)
(N̂ · ∇U)

}
dS. (4.13)

Before continuing, it is important to remark that Eq. (4.13) establishes that the function U(X)
evaluated at a point, with vector position X, inside the surface S is given in terms of the same
function U and ∇U evaluated at the point on the surface S. In other words, if we know U and
∇U on the surface S, then Eq. (4.13) allow us to determine the function U at any point inside the
surface S.

4.1.1 Kirchho� boundary conditions

Remember that in the Kirchho�'s di�raction theory we have an incident scalar optical �eld, U i,
which is di�racted by a given aperture on a opaque screen. To apply the Eq. (4.13) to determine the
di�racted scalar optical �eld, Kirchho� assumed that the surface S is constituted by three surfaces:
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A, the aperture, B and C the unlit sides of the screen. The Kirchho�'s boundary conditions on
these surfaces are as follow:

on A : U = U i; ∇U = ∇U i,
on B : U = 0; ∇U = 0,

on C : U = 0; ∇U = 0. (4.14)

Therefore, using Eqs. (4.13), (4.14) and assuming that k � 1/R, the di�racted scalar optical �eld
can be written in the following manner

U(X) =
1

4π

∫
A

eikR

R

{
ik(R̂ · N̂)U i − (N̂ · ∇U i)

}
dS. (4.15)

In the special case when the incident scalar optical �eld is a spherical wave, emitted by a point
light source with vector position rp, then

U i =
ΛeikI

I
, ∇U i · N̂ =

ΛeikI

I

[
ik − 1

I

]
cos(N̂, Î), (4.16)

where Λ is a constant and

I ≡ r− rp = I Î. (4.17)

Therefore, on the assumption that, k � 1/I from Eqs. (4.15) and (4.16) we �nally obtain

U(X) ≈ −iΛ
2λ

∫
A

eik(I+R)

IR
[cos(N̂ , Î)− cos(N̂ , R̂)]dS. (4.18)

Eq.(4.18) is known as the Fresnel-Kirchho� di�raction formula, and is the expresion which help us
to �nd the �eld at point X, in an approximate form, considering the conditions listed throughout
this development.

4.2 The intensity pattern associated with the re�ection of a
Bessel beam of order m by the LMT/GTM antenna

Since the ideal Bessel beam of order m is the superposition of many plane waves as many points are
on a circle, with constant amplitude Λ, a phase given by k[X̂I · Î+mβ], and since we are interested
only in the re�ection of all the light rays of this plane wave by the parabolical antenna of the
LMT/GTM, it is neccesary to parametrize the phase of this plane wave by using the coordinates
labeling the points on the parabolical antenna. To this end, we assume that the reference plane
wavefront associated with this plane wave is given by the vector position rp obtained in the previous
chapter. Therefore, to compute the re�ection of a Bessel beam of order m we �rst compute the
re�ected scalar optical �eld assuming that the incoming radiation is such that

U i = Λeik[I+mβ
k ], ∇U i · N̂ = ikΛeik[I+mβ

k ] cos(N̂, Î), (4.19)

where

I ≡ r− rp = I Î. (4.20)

Therefore, from Eqs. (4.15) and (4.19) we obtain

U(X) =
−iΛ
2λ

∫
A

eik(I+R+mβ
k )

R
[cos(N̂, Î)− cos(N̂, R̂)]dS. (4.21)
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Observe that this Eq. (4.21) can be written in the following manner

U(X) =
iΛ

2λ

∫
A

eikΦ

R
(R̂− Î) · N̂dS, (4.22)

Φ = R+ I +
mβ

k
= (r− rp) · Î + (X− r) · R̂ +

mβ

k
. (4.23)

Now we use the re�ection law, R̂G = Î−2(̂I·N̂)N̂ to replace (R̂−Î)·N̂ by−2(̂I·N̂). Furthermore,
in the denominator we replace R by Z. In this way, we obtain the following appoximation

U(X) = − iΛ
λZ

∫
A

(̂I · N̂)eikΦdS. (4.24)

Since,

Î = −(sinαρ̂β + cosαẑ), (4.25)

ρ̂β ≡ cosβ x̂+ sinβ ŷ, (4.26)

N̂ =
−ρρ̂φ + aẑ√
ρ2 + a2

, (4.27)

Î · N̂ =
−a cosα+ ρ cos (β − φ) sinα√

a2 + ρ2
, (4.28)

dS =
ρ

a

√
ρ2 + a2 dρdφ. (4.29)

Therefore,

U(X) =
iΛ

λaZ

∫ 2π

0

∫ De/2

Di/2

(a cosα− ρ cos (β − φ) sinα) eikΦρdρdφ, (4.30)

where

Φ =
(2a2 − ρ2) cosα− 2aρ cos(β − φ) sinα

2a

+

√
τ2 + ρ2 +

(ρ2 − 2aZ)2

4a2
− 2ρτ cos(θ − φ) +

mβ

k
(4.31)

which is valid for any value of α.

Now, we assume that a cosα − ρ cos(β − φ) sinα is approximately a constant which we take
it into account in the Λ constant. Furthermore, in the above expression for Φ we assume that
Z >> a, Z >> De/2 and Z >> τ , then, up to �rst order in τ from Eqs. (4.30) and (4.33) we
obtain a physical-geometrical appoximation to the re�ection of an incoming plane wave associated
with the Bessel beam of order m given by

U(X) =
iΛ

λaZ

∫ 2π

0

∫ 25

3.5/2

eikΦAP ρdρdφ, (4.32)

where

ΦAP = Z +
(2a2 − ρ2) cosα− 2aρ cos(β − φ) sinα− ρ2

2a
− ρτ cos(θ − φ)

Z
+
mβ

k
. (4.33)

Until now, we have obtained a physical-geometrical approximation (4.32) to the re�ection by
the parabolical antenna of the LMT/GTM, of a plane wavefront determined by a Bessel beam of
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order m (4.19). Now, we consider the radiation associated with the Bessel beam of order m, that
is, re�ected by the LMT/GTM antenna, which is given by the superposition of the radiation (4.32)
on the angle β. That is,

U(X) =
iΛ

λaZ

∫ 2π

0

∫ 2π

0

∫ 25

3.5/2

eikΦAP ρdρdφdβ. (4.34)

The integration on β and φ allows to write Eq. (4.34) in the following manner

UB(X) = −4π2i(1−2m)Λei[k(Z+a cosα)−mθ]

λaZ

∫ 25

3.5/2

ρe−ik[ ρ
2

2a (cosα+1)]Jm(kρ sinα)Jm

(
kρτ

Z

)
dρ. (4.35)

Finally, up to this appoximation the intensity pattern associated with the scalar optical �eld
(4.35); that is, the intensity pattern associated with the re�ection of a Bessel beam of order m by
the LMT/GTM antenna, can be written in the following manner

IB =
16π4Λ2

λ2a2Z2

∣∣∣∣∣
∫ 25

3.5/2

ρe−ik[ ρ
2

2a (cosα+1)]Jm(kρ sinα)Jm

(
kρτ

Z

)
dρ

∣∣∣∣∣
2

. (4.36)

For the special case of an incident plane wave, that is, when α = 0, m = 0 and Z >> a−(ρ2/a),
then Eqs. (4.35) and (4.36) reduce to

UPW (X) = −2πiΛeikZ

aτ

[
ρJ1

(
kτρ

Z

)]25

3.5/2

, (4.37)

IPW =
4π2Λ2

a2τ2

∣∣∣∣∣
[
ρJ1

(
kτρ

Z

)]25

3.5/2

∣∣∣∣∣
2

. (4.38)

To evaluate in numerical wave the integral in Eq. (4.36) we de�ne the following variables:
ρ̃ = kρ, τ̃ = kτ , ã = ka and Z̃ = kZ. In terms of these new variables Eqs. (4.36) and (4.38) take
the following form

IB =
16π4Λ2

λ2ã2Z̃2

∣∣∣∣∣
∫ 25k

3.5k/2

ρ̃e−i[
ρ̃2

2ã (cosα+1)]Jm(ρ̃ sinα)Jm

(
ρ̃τ̃

Z̃

)
dρ̃

∣∣∣∣∣
2

. (4.39)

IPW =
4π2Λ2

ã2τ̃2

∣∣∣∣∣
[
ρ̃J1

(
kτ̃ ρ̃

Z̃

)]25k

3.5k/2

∣∣∣∣∣
2

. (4.40)

It is impotant to remark that in this work we are assuming that in the asymptotic region of
the Schwarzschild black hole the optical scalar �eld associated with the radiation of a point like
source located near the event horizon is described by the zero order Bessel beam. For this reason in
Figures 4.2-4.4 (a) we present the normalized intensity patterns associated with the Bessel beam of
zero order when α = π/200, α = π/100 and α = π/10 respectively. Furthermore, in this work we
are also asuming that the optical scalar �eld associated with a point like source near of the event
horizon of the black hole, in the asymptotic region is described by a Bessel beam of order m 6= 0.
For this reason in Figures 4.2-4.4 we also present the normalized intensity patterns associated with
the Bessel beams of order m = 5 and m = 10, when α = π/200, α = π/100 and α = π/10 such
that in: (b), (e), (h) Z̃ = 50, and (c), (f), (i) Z̃ = 100. These plots provide the behavior of the
normalized intensity patterns of the re�ection of the Bessel beams with m = 0, m = 5 and m = 10
by the LMT/GTM antenna.
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Figure 4.2: In this plot we show the normalized Intensity I for the incident ideal Bessel beam,
and for the re�ected Bessel beams, for di�erent values of m, τ and α = π/200, when (a):m = 0,
(b):m = 0, kZ = 50, (c):m = 0, kZ = 100, (d):m = 5, (e):m = 5, kZ = 50, (f):m = 5, kZ = 100,
(g):m = 10, (h):m = 10, kZ = 50 and (i):m = 10, kZ = 100.
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Figure 4.3: In this plot we show the normalized Intensity I for the incident ideal Bessel beam,
and for the re�ected Bessel beams, for di�erent values of m, τ and α = π/100, when (a):m = 0,
(b):m = 0, kZ = 50, (c):m = 0, kZ = 100, (d):m = 5, (e):m = 5, kZ = 50, (f):m = 5, kZ = 100,
(g):m = 10, (h):m = 10, kZ = 50 and (i):m = 10, kZ = 100.
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Figure 4.4: In this plot we show the normalized Intensity I for the incident ideal Bessel beam,
and for the re�ected Bessel beams, for di�erent values of m, τ and α = π/10, when (a):m = 0,
(b):m = 0, kZ = 50, (c):m = 0, kZ = 100, (d):m = 5, (e):m = 5, kZ = 50, (f):m = 5, kZ = 100,
(g):m = 10, (h):m = 10, kZ = 50 and (i):m = 10, kZ = 100.
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Chapter 5

Discussion of results and future work

Along the work in chapter 2, we have shown that the intensity pattern of a nondi�racting beam
is determined by an arbitrary positive real function O(β) de�ned on the momentum or frequency
space and a complete integral of both the eikonal and Laplace equations given by Eq. (2.22). Using
those results we have associated a two-parameter family of one-dimensional curves and a one-
parameter family of caustics on the plane to the intensity pattern given by Eqs. (2.36) and (2.37)
respectively. Furthermore, we have presented the two-dimensional surfaces and caustics in the three
space associated with the nondi�racting beam (2.19). We have found that in the case of the Bessel
beam of orderm the parameter characterizing the caustic family L can be chosen in such a way that
the caustics coincide with the maxima of the intensity pattern. It is important to emphasize that
for this particular example, the geometrical caustics do not determine the maxima of the intensity
except the maximum of the Bessel beam of order zero. Since O(β) = constant for a Bessel beam,
then the intensity pattern is totally determined by the complete integral; that is, by the arbitrary
real function g(β). Therefore, we claim that the family of caustics (2.37) de�ned in this work will
be determined by the maxima of the intensity pattern of a such nondi�racting beam. The results
presented in this chapter, suggest to introduce a generalization of the geometrical caustic concept.
That is, to de�ne the caustic associated with an arbitrary scalar optical �eld as the maxima of
the corresponding intensity pattern. We remark that in accordance with the results presented in
reference [27], we believe that the parameter L could be related to the wavelength of the scalar
optical �eld. Furthermore, we point out that our main interest in the geometrical characterization
of a nondi�racting beam is to study the image formation problem [28] by using the wavefronts,
curves and caustics determined by their maxima. In particular, we are interested in computing
the ronchigram [29] associated with a Bessel beam of order m by using the wavefronts, curves and
caustics determined in this work and compare it with the real one obtained from the experiment.
We believe that by using a nondi�racting beam in the Ronchi test or in any other optical test
one could obtain better results than those obtained by illuminating the optical system under test
with plane or spherical waves. We remark that in the case of the Bessel beam the parameter
L introduced in the present work can be chosen to determine any value of the intensity pattern
associated with the Bessel beam of order m. This way, for example, by a suitable choice of L we
can do that the caustic family coincides with the zeros of |Jm(ρ̃)|2. In this work we have chosen
the parameter L to be determined by the maxima of the Bessel beam of order m because for this
type of beam the geometrical caustic gives a qualitative description of the absolute maximum of
the intensity pattern and because we believe that the caustics determined by the maxima of the
intensity pattern will give a better accuracy in the image formation problem than the geometrical
ones.

As we have remarked in the introduction, an optical �eld is a solution of the Maxwell equations.
Therefore, to study the properties such as the quality of any optical system, one must use the
Maxwell theory. However, if the polarization e�ects are no important, it is common to use the
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scalar wave theory to test the quality of the optical systems. Even more, to design optical systems
such as telescopes and microscopes, it is enough to use the geometrical optics approximation. It
is important to remark that from the Maxwell equations or from the scalar wave equation under
the assumption that the wavelength of the corresponding �eld goes to zero one obtains the eikonal
equation in an isotropic optical medium. That is, in the geometrical optics approximation, any
optical �eld solution to the Maxwell equations and any scalar wave �eld solution of the scalar wave
equation is characterized by a particular family of wavefronts, light rays and in general a caustic
region. Therefore, to give a theoretical description of any optical test we have to our disposition:
the Maxwell theory, the scalar wave theory and the geometrical optics approximation. In this
work, we have restricted our attention to the scalar nondi�acting beams, which are exact solutions
of the scalar wave equation in free space. In particular, we have shown that in the case of the
scalar wave Bessel beams it is possible to give a generalization of the geometrical caustic. That
is, this generalization is de�ning a family of caustics determined by all the maxima, absolute and
relative ones, of the intensity pattern of the scalar Bessel beam of order m.

It is important to remark that any nondi�acting beam introduced by Durnin has a dependence
of the form ei(kzz−ωt), is determined by a positive real function O(β) and a one parameter family
of solutions of both the eikonal and Laplace equations in free space [1]. One can show that there is
a subset of optical �elds solutions to the Maxwell equations in free space determined by the same
one parameter family of solutions of the eikonal and Laplace equations in free space, which can
be consider as the vectorial Durnin nondi�acting beams [30]. That subset contains as a particular
member the optical Bessel beam, which has been the object of several studies [31, 32, 33]. It is well
known that the intensity pattern associated with an optical Bessel beam, solution to the Maxwell
equations in free space, is di�erent from that determined by the corresponding scalar wave Bessel
beam because the polarization e�ects play a major role. Therefore, we suggest that in the case
of the optical Bessel beam one could de�ne a family of caustics as determined by all the maxima
of the corresponding intensity. Thus as we have shown in chapter two in the case of the scalar
Bessel beams there are some particular values Llm determined by all the maxima of the intensity
pattern of the Bessel beam of order m. In exactly the same way all the maxima of the intensity
pattern of the vectorial Bessel beam of order m will determine some values Lplm. We believe that
the parameter P ≡ Lplm − Llm gives a characterization of the polarization of the vectorial optical
�eld. We will study in detail this suggestion in a future work.

Along the work in chapter 3, we have computed the re�ection of a plane wavefront by a
parabolical mirror and the corresponding ronchigram. That is, we have obtained expressions
for: the incident light rays and wavefronts, the re�ected light rays, the re�ected wavefronts, the
caustic and the ronchigram. Those general results were applied to the antenna of the LMT/GTM
to study the behavior of the re�ected light rays, re�ected wavefronts, caustic and ronchigram for
an incident plane wave evolving along the − sinπ/10 x̂− cosπ/10 ẑ direction. We have shown that
the caustic has a singularity of the hyperbolic umbilic type, which is locally stable under small
perturbations of the optical system. Furthermore, we have presented plots of the distribution of
the re�ected light rays on the planes z = 15m, z = 17.5m and z = 20m, when the incident plane
wave is evolving along the directions − sinπ/200 x̂ − cosπ/200 ẑ and − sinπ/10 x̂ − cosπ/10 ẑ.
From the results obtained in Fig. (3.4) and Fig. (3.5) we conclude that among all the radiation
re�ected by the antenna of the LMT/GTM, the portion of that radiation which enters to the
detector to be analyzed is that which has an angle α ≈ 0. The results presented in this work,
could be associated to the radiation of a static source, in the geometrical optics limit. For a
distant source emitting radiation in the observable universe, a plane wavefront would arrive with
a certain inclination to the detector of the antenna. From the information collected at the focal
region, a ronchigram can be generated and to indicate whether the emitting source is static or
not. Ronchigrams such as those shown in Figs. (3.7) and (3.8), are patterns that indicate the
presence of a static source.
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CHAPTER 5. DISCUSSION OF RESULTS AND FUTURE WORK

The results presented here in chapter 3 are the basis to compute the re�ection of a Bessel
beam of order m by the antenna of the LTM/GTM by using the scalar wave equation and the
geometrical optics point of view. That is, we are interested in computing the re�ected light rays,
re�ected wavefronts, caustic and the intensity pattern associated with the re�ection of a Bessel
beam of the order m by the antenna of the LMT/GTM. That computation is important because
the intensity pattern associated with the re�ection of a vortex Bessel beam of order m could be
associated with the re�ection of the radiation emitted by a rotating celestial high energy source,
which is our major aim in the near future.

Here anew, we remark that: the idea of relate the intensity pattern associated with the
re�ection of a Bessel beam of order m, asymptotically, to the radiation emitted by a point-like
source in the vicinity of a Kerr black hole, is a very strong hypothesis, and that the basis of this
strong assumption is that modeling the radiation to be detected as a beam of vortex kind, is an
acceptable approximation for the �rst steps of this project. Thus, we take the simplest case of
that class of beam, which is the Bessel beam of order m.

Along of this line of research there has been important contributions on the re�ection and
refraction of the so called non di�racting beams in the paraxial approximation [30, 43, 44] .
Furthermore there has been research studies about re�ection on parabolic mirrors, for example,
describing the electromagnetic or electric �eld respectively, to show that in the vicinity of the
focus, a segment of the paraboloid produces an intensity distribution that is identical to that
obtained from a far-�eld-type approximation, for a lossless rotational paraboloid mirror [45] and
to show that, when the mirror is illuminated with a beam having a nonzero angle of incidence,
whose axis of propagation does not exactly coincide with the axis of revolution of the mirror,
there is a distortion and strong coma [46] .

Finally in chapter 4, by using the Kirchho�'s integral applied to a parabolical mirror an integral
expression for the scalar optical �eld associated with the re�ection of a Bessel beam of order m was
obtained. Furthermore, under certain approximation we have derived an analytical expression for
the intensity pattern associated with the re�ection of a Bessel beam of order m by the LMT/GTM
antenna. This general result has been applied to the special cases of a Bessel beam of zero order
and m = 5 for some particular values of Z̃ = 50, 100 and α = π/100, π/10. From the preliminar
results shown in chapter 4, could be possible to make the di�erence between the radiation emmited
by a puntual source in the vicinity of the enven horizon of a Schwarzschild black hole (m = 0) and
that of the Kerr black hole (m 6= 0). It is important to emphazise that more accurated results for
the intensity pattern associated with the re�ection of a Bessel beam of order m by the LMT/GTM
antenna is obtained by using the scalar optical �eld given by Eq. (4.30), which is valid for any value
of (τ, θ, Z). Furthermore, it is important to remark that in Eq. (4.39) we are only considering the
intensity associated with the re�ection of a Bessel beam of order m without taking into account the
interference between the re�ected �eld by the parabolical antenna and the incident Bessel beam
of order m. The implementation of these improvements in the study of the re�ection of a Bessel
beam of order m by the LMT/GTM antenna, are part of the research in near future.
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