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Abstract

Considering the light diffraction, the spread of any light beam is affected taking place a
widening of its transverse profile and with this, a decrease in light intensity. However, exist
luminous beams that don’t show deformation at least at a typical distance, an example
of these are the Bessel beams [1]. These special beams were called nondiffracting beams
or invariant beams, they have immediate application in medicine, industry and calibration
systems. However, special arrangements are required to generate them. This Master’s degree
thesis work seeks to generate zero-order and first-order Bessel beams by the implementation

of the Young interferometer of n-slits.

Keywords

Interferometer, diffraction, Bessel, Fourier transform, polar coordinates, sampling, overlap-
ping, slits.
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Chapter 1

Introduction

1.1 Background

With the laser invention and due to its intrinsic characteristics, applications in communica-
tion, medicine, industry, etc., which involved propagation of light were developed; however,
a laser beam has a transverse profile mathematically described by a Gaussian function, in
which the intensity decreases and the width increases as it spreads. Therefore, in all appli-
cations, diffraction is present, but an attempt has been made to reduce the widening of the

beam profile, as well as improving its directionality.

In 1987 it was discovered that there are light beams (nondiffracting or invariant) that
don’t show diffraction in a distance range. The main characteristic of the invariant beam is
that it preserves its transverse profile without diffracting as it spreads. Durnin introduced
the simplest beams invariants that can be built, known as Bessel beams because its trans-
verse profile is mathematically described by a Bessel function. Given the special beams are
not naturally generated by lasers, there are experimental arrangements that start from a

Gaussian beam and the interest in finding new ways to generate them has increased.

1.2 Objectives and thesis structure

GENERAL OBJECTIVE

To form zero-order and first-order Bessel beams with light by using the Young interferometer
of n-slits.

PARTICULAR OBJECTIVES

e To study the continuous apertures that provide the diffraction patterns .Jy and J;.

e To develop the theoretical model of the n-slits configuration to produce an approxima-
tion to the desired diffraction pattern.

e To implement numerically the theoretical model in the computer.
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THESIS STRUCTURE

Initially the theoretical concepts of the functions that are used throughout this work are
presented. The basic properties of the Fourier transform in polar coordinates are developed.
The mathematical formulation to generate zero-order and first-order Bessel beams is estab-
lished using two methods, in order to visualize the results, an algorithm is implemented in
Wolfram Mathematica 12 using arbitrary units.

In chapter 2 the origin of the Bessel function is mentioned as well as some properties
and representations. Basic concepts of the Dirac delta function in R™ are presented and the
particular case of polar coordinates is addressed. Finally the Hankel transform is presented
with some results.

In chapter 3 the Fourier transform form in polar coordinates is presented, some examples
considering known functions are shown and compared with analogs in cartesian coordinates.
In general form, the Fourier transform is presented for radially symmetric functions and for
functions without radial symmetry through a series development, thereby it is possible to
show the Jacobi-Anger expansion. As in Cartesian coordinates, the Fourier transform of a
shifted function, a functions product and a convolution, for the different cases of symmetry
are treated.

In chapter 4 the problem statement is made and two methods to solve it are proposed.
The first by overlapping and the second by sampling, for this fact, the sampling theorem
in Cartesian coordinates is presented in order to establish this idea in polar coordinates.
A Dirac impulse train in polar coordinates is proposed and its series representation for the
angular part and for the radial part as angular is shown, as well as their respective Fourier

transforms.

In chapter 5 the two methods to form zero-order Bessel beams are developed, using the
result of each one, a numerical simulation allows to present the diffraction patterns for

different values of n.

Similarly, in chapter 6 the two methods to form first-order Bessel beams are developed
with simulations only for the first method.

Finally, in chapter 7 the conclusions of the work done and a future work option are
presented.




Chapter 2

Bessel beams

During the 80’s beams that didn’t show diffraction at least at a typical distance appeared,
called nondiffracting or invariant beams, Bessel beams, considered in this work, are beams
of this type. The name of these beams is due to the mathematical form of their transverse
distribution; therefore, it’s necessary to present the origin and the most important properties
of the Bessel functions that will be helpful for the development of the work.

2.1 The Bessel equation

Given the wave equation

1 0%
v? Ot?
where ¢ = (z1, 29, x3) is a function that describes mathematically the profile of a wave,

V3 = (2.1)

which depends on a variable time ¢ and spatial variables x1, x9, x3; v is the speed with which
the wave travels and assuming a solution v in the form

Y(7t) = e U (F), (2.2)

with
U(T_}) = U(.fl,LIZ'Q,Ig), (23)

by replacing in the equation we have

e IVPU(F) = U—U(F) (—w?)e ™!
2

= e NVPUR) + U] =0, (2.4)
v
For any time ¢ must be met

2

VAU (7) + %U(F) —0, (2.5)



CHAPTER 2. BESSEL BEAMS
2.1. THE BESSEL EQUATION

as v = ¢, where k is the wave number
= [V2+ | U =0 (2.6)
which is the Helmholtz equation.
In cylindrical coordinates, the Laplacian of U(p, ¢, 2) is

10 ([ 0Upw2)) , LPUpw2) OUPp ¢ 2)
pOp p P2 Op? 022 ’

2.7)

whereby the Helmholtz equation is expressed as

10U, ¢2)  PUlpo,2) | 1 PUlpo,2)  OU(p ¢, 2)
p dp 0p? 0> 0p? 022

+ K*U(7) = 0. (2.8)

Let Ul(p, ¢, z)= R(p)®(¢)Z(2), replacing in Eq.(2.8), we have

D(p)Z(z) dR(p) + (I)(QD)Z(z) d*R(p) + R(p)QZ(z) d2d<i(2g0) + R(p)q)(w)% + k:2R(,0)(I>(g0)Z(z) =0,

p dp dp? P dz?
dividing by U(p, ¢, 2)

1 1dR(p) 1 d*R(p) 1 1d°%(p) 1 d?Z(z)
R(p)p dp  R(p) dp* — P(p)p* de* = Z(z) dz*

solving for z

+k*=0,

1 d*Z(z) _ g2

1 1dR(p) 1 d*R(p) 1 1d°®(y)
Z(z) dz* R(p)p dp  R(p) dp*  P(p)p* dp*

=

if

= —k? (2.9)

1 1dR(p) 1 d®R(p) 1 1dd(y)

R(p)p dp  R(p) dp*  P(p)p* dy?

= k= —k*—

solving for ¢

and if
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dR(p)  p* d’R(p)

p
R( ) dp  R(p) dp?
[ —E)p? —p } R(p) = 0. (2.10)

= —p’= (k- /fQ) -

dR d2
= P d;p) + 0 +

Eq.(2.10) is the Bessel differential equation. To write the Bessel equation in a more usual

way, we change to the variable

= k= kZp

= dr — \Jk? — k2
D
d _ dod /12
= dp = dp dr — kg dx
= pdp xdm’
for some y(z) we have
xiy(x) +x 2 & —y(z) + [mQ — pQ} y(z) =0 (2.11)
dx d 2 ’ '

where p (not necessarily an integer) is called the order of the Bessel function (y).

Given
d( d d e
L o - ¢ i 2.12
i (e = vt o 2.12)
d( d d , &
v (e0l0)) = ) + (o) (2.13)
Eq.(2.11) can be written in a more compact form

ddx (:cjy(x)) + [JcQ — p2] y(z) =0. (2.14)

Using the generalized power series

z) = qz't* (2.15)
1=0

where q; is the coefficient [th of the series, s is a number to be found to fit the problem; it

may be either positive or negative and it may be a fraction (in fact, it may even be complex,
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but we shall not consider this case). Then

a(l 4 s)z'+st (2.16)

&
S
Nay
B
I
hE

N
Il
o

mCZEy(x) = i_o: ay(l + s)x'ts (2.17)
d d >
— | z—y(x = ay(l+ s)2z!+st 2.18
i (@) = Sates 218
d d >
r— | x—y(x = ar(l 4 s)2xts, )
i (@) = Sates 219

so that Eq.(2.14) is written as
S a(l+ )2t + [352 - pQ] > gt =0. (2.20)
1=0 1=0

Tabulating the coefficients

Table 2.1: Coefﬁcien‘is2

x° 25+t x . 25

v (zgy(®)  aos® a(1+35)? ax(2+s)? - R EL
a?y(x) @0 - @
p*y(x) —plag —p?aq —p2ay . =70

where the total coefficients of each power of x must be zero, the coefficient of x* gives the

indicial equation and the s values

2—p*P=0, s=+p. (2.21)

For x5!

[(1+5)? =pYar =0 & [(1+2s+s"—p’lar =0
< [(1+2pla; =0
& a;=0. (2.22)

In general for z5*!

(sl

To find all solutions, from here on out, we solve two separate problems, one when s = p, and

[(I+s) —Plat+as=0 & a= (2.23)
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another when s = —p.

Case 1 s=p

For this case Eq.(2.23) becomes

—aj—2

0T 2p)

since a; = 0, all odd a’s are zero. For even a’s it’s convenient to replace [ by 2[; then

—a2]—2 —ag]—2
= = , 2.24
o1+ 2p)  22(+ p) (2.24)
Using the Gamma function
I'(p)=(p—1)! (2.25)

—aol'(p+1)

fry 1 — A

l = Qg 22F(p+2)
=2 = a = —al'(p+2)  al'(p+1I'(p+2)  al(p+1)
4 2T(p+3)  22T(p+3)L(p+2)  22T(p+3)
=3 = a5 = —al'(p+3) _ —all'(p+1)I'(p+3) _ —al'(p+1)

223T(p+4)  31260(p+3)T(p+4) 31260 (p+4)’

then Eq.(2.20) can be rewritten as

[e.9]

2 2 1
y(@) = > anz®? = agr® + asz®*P + agz P 4 - -
1=0

= adTp+1) [F(pl%— D F(p1+ 2) <§>2 - Q!F(;—I—?)) (3)4 T ] |

1
2°T (p+1)

If ag =

T

4 = s 6) o 6) s (8) ]

and the following solution is obtained

0 -3 mrranir (3) = (2.20)

JT(+1+0p)

which is the so-called Bessel function of first type of order p.
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Case 2 s = —p

Similarly a second solution is

00 (_1)l T 2l—p
- g T(l+ DI +1—p) (2) ’ (2.27)

using the wronskian can be verified that for p (not an integer), the general solution of the

Bessel equation is

X,(z) = ady(z) + bJ_p(2). (2.28)
If p is integer

=0

where (I —p)l =T(l+1—p) - oo for l =0,1,...,p— 1, so that, for those values of [, the

terms of the series are canceled, therefore the sum begins with [ = p; i.e.,

— o9 (_1)1 T 2l—p
J_p(z) = % 0 p)l (2) (2.30)
but
if(l) = if(l +p) (2.31)

for any function

= Jop(x) =

(—1)+») <3;) 2(l+p)—p
leH—p (l+p—p)!\2

oo l+p)< )2l+p
= l+p'l'

_ <—1>p§)(‘”l () 2:32)

— (I + p)!

Mg

ie, Jp,(x) = (=1)PJ,(x) forpeZ (2.33)
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If p is integer, the general solution of the Bessel equation is the Neumann function

1 0J,(x) 0J_p(z)

R e TRk (2.34)

Ny(z)

2.2 Bessel function properties

Below are just some of the properties of the bessel functions that will be used in this work.

2.2.1 Zeros of Bessel functions

The zeros of the Bessel functions don’t occur at regular intervals, they have to be computed
numerically, the values can find by computer or in tables. The difference between two
successive zeros becomes approximately 7 when z is large, between two zeros of .J,(z) there
is a zero of J,11(z) and vice versa. A property that is evident in the graphs. Except for
Jo(x), all the Jp's start at the origin and oscillate with decreasing amplitude, Jy(z) is equal
to 1 at x = 0, this can be observed in the graph bellow

0.0

Figure 2.1: Bessel functions.

For very large values of x

S
=
12
s
(@]
@)
%
—
8
|
\

”) (2.35)

(2.36)

Sy
&
2
3
3]
(@)
(@}
[0}
VN
=
|
=
‘\":1
|
e
N——

In a two-dimensional systen that shows circular symmetry, the Bessel function at the origin

can be expressed as
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J,(r) with 7 = 2% + ¢/, (2.37)
and the graphic representation of a couple of them is

1.00

0.75

0.50

(a) (b)

Figure 2.2: Zero-order Bessel function representation in (a) 2D and (b) 3D.

=)

-0.2

7
(a) (b)

Figure 2.3: First-order Bessel function representation in (a) 2D and (b) 3D.

2.2.2 Recurrence relations

The following useful relations hold among Bessel functions and their derivatives.

Jp(x) = (=1)PJp(—x) (2.38)

10
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Ty (@) + Jpia (@) = L g (a) (2.39)

Tyt (@) = Jpia(2) = 2J)(x) (2.40)

p

Adding Eq.(2.39) and (2.40), we have

2, a(x) = 27(x) + Q;OJp(x)

= Jo(z) :J;(x)+§Jp(x)
S hale) =)+ p )
= Llrgy(@)] =2 (@). (2.41)

Subtracting Eq.(2.40) from (2.39) yields

“2ya(e)  =20) — L)

= —dule) =)= L)

—a () =2 PT) - pa P ()

= gl (@)] =2y (2). (2.42)

4

1@ = e (29 nw (2.43)
b B vdr) O '
2.2.3 Integral representation
1 2 L. rl/*p 27 i
_ izsin(a)—pa _ " iz cos(a)+pa
Jp() 5 )y doe 5 doe (2.44)
% X
S h(br) = / wdzJo(bx) (2.45)
0

2.2.4 Continuum form

For operations with a continuum of Bessel functions, J,(ax), a key relation is the Bessel

function closure equation,

11



CHAPTER 2. BESSEL BEAMS
2.3. THE DIRAC DELTA IN R¥

oo 1 1
/ zdxJ,(ax)J,(d'z) = —dla—d) p>
0

—— 2.46
) 3 (2.46)

where ¢ is the Dirac delta function. This may be proved by the use of Hankel transforms.

2.2.5 Graf’s addition theorem

Let & and i be two-dimensional vectors, 0,_, the angle between & — ¢ and the z axis, %
that denotes the functions J, Y ,H® H® or any linear combination of these functions, and

[ an integer, then

B(|17 — e = 3 By (|F)eH P g, (1g)e T |7 < |7 (2.47)

p=—00

When & = J |, the restriction |y] < |Z| is unnecessary.

2.3 The Dirac Delta in R"

The Dirac delta function in n-dimensional Cartesian space, d(7), 7e R™ is defined by the
following two properties

() =0 for7#0 (2.48)

/ REIGESE (2.49)

Let e R™ be an n-dimensional vector, if when it’s represented in Cartesian coordinates, the

vector is written as

=1

then, it’s Dirac delta is defined

3(F) = 1_11 5(xs) (2.51)

and thus, the integration is carried out independently in each dimension. In the same form
for iy e R™

12
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S5(7 — i) = 0 for ¥ # 7%

[ dro =) = 1.

also

2.3.1 Dirac delta in curvilinear coordinates

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

Now, let’s consider a coordinate system different from the Cartesian defined by the direct

and inverse relations

with

dr'=dxy - dxg - - - dx, = |J|durdug - - - du,

where J is the Jacobian or Jacobian determinant of the transformation,

(2.57)

(2.58)

(2.59)

13
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Oy
ouq

Dy
J:J(uh___7un):M: P

OxTn

ouq

then for Eq.(2.49) it must be met

/ 5(A)|J|duy - - duy = 1
Rn

and by Eq.(2.51)

and in the same form by Eq.(2.53)

5(F — 7)) = [Ty 6(u;i — uo

9z1
Oug
Ozg
Ousg

0Tn

Ous

) .

|/

For example, in polar coordinates

r=rcosf y=rsinf

Tg =Trocosty yo = rosin

o(z,y) |2 %2 lcosf
o) = DY) _Hor a0 —
J(r,9) a(r,0) |9 % lsing

0o

—7rsinf

7 cos

ekan
Oun
Oxo

Oun

OTn
Oun,

:7”7

then, the representation for the Dirac delta function at the origin is

5z, y) = ié(r, 0) = L5(r)5(0)

r

and for the shifted Dirac delta function

1
5(33 — %0,y — Yo) = ;5(7" —10)0(0 — ).

(2.60)

(2.61)

(2.62)

(2.63)

(2.66)

(2.67)

(2.68)

14
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1
x4+ x0,y +v0) = ;5(7"—7"0)5(0— (6o + )). (2.69)
A graphic representation of both cases can be seen in Fig. 2.4

2-D Function 2-D Function

>
>

A

” ‘PO(LU’ axis > rPO[CH’ axis

Figure 2.4: (a) Dirac delta function at the origin and (b) shifted Dirac delta function.

For the theoretical development of the following sections, the previous definitions correspond
to the space of the object, in the Fourier space they are expressed as

51, ) = })&p)é(w. (2.70)
5= o, = 1) = =5(p = )il = ). (2.71)
5(ju+ oy v + 1) = %5@ — p0)6(p — (0 + ). (2.72)

Unnecessary coordinates

If zo1, ..., Zon and gy, ..., up, are coordinates of a point P and if J(ug1, ..., ug,) # 0 then

1
0z —xor1) - 0(xn — Top) = |—J|5(u1 — ugy) -+ - O(Uy — Ugy)- (2.73)
However, if J(ug1, ..., uon) = 0 and the point P is specified by k coordinates w1, ..., Uog
(that means that n — k coordinates ug(s41), ---, Uon are unnecessary for the specification of

15
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the point P), the Jacobian determinant is denoted by

Je(uq, .. / /J Uy ooy Uy ) AU (o1 5 -, AUy, (2.74)
and
1
5(1‘1 — xol) “e (S(I'n — ,I'On) == mé(ul — UOI) ... 5(uk‘ — uok). (275)
For example for polar coordinates
J(r,@):r, ulzr,um:rg,uQ:Q,uOg:HO, k=1 (276)

e At points P(rg,6p), if 79 # 0, then

S — 20)3{y — ) = ~3(r —r0)0(0 — 6o) (2.77)

e At the point P(rg,0y), if ro = 0, then the coordinate 6 is unnecessary and

21 21
Joer (1) = /0 J(r,0)d9 = /0 rdf = 2mr (2.78)

= §(z,y) = =—(r). (2.79)

2rr

2.3.2 The Comb function

The Comb function or also called two-dimensional Dirac pulse train is defined as a set of point
sources that are symmetrically distributed respect to the origin with the same separation z,,
with respect to the x axis and y, with respect the y axis can be represented as follows

[ee] o

C(2,y) = 0apy, (T,Y) Z Z M — jap,y — lyy) (2.80)

j=—00l=—00

16
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Comb(x,y)

y
(a) (b)
Figure 2.5: Comb(x,y) function in (a) 2D and (b) 3D
because the function is separable, it can be seen in the way
C(z,y) = Gz Z §(z — jx,) Z §(y — lyy) (2.81)
j=—00 l=—00
note that each factor has Fourier series of the form
o) = Y Gt (2.82)
j=—00
Gly) = D Ce™w (2.83)
l=—00

with k; = %j, k= % where z,, vy, represents the periods and the coefficients C;, C; are
p
given by

1 /% .

C; = » ip da¢(x)e”*i*, (2.84)
P/
1 % ik

Ci= [, duclye™ (2.85)
p T2

calculating C; for Eq.(2.82) we obtain

17
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1 [z :
C; = — / . dzd,, (v)e """
il (2.86)

Lp

and in the same way C) = y— is obtained, then

Loy e (2.87)

.Tp Jj=—00
and
1271'—
— (2.88)
yp l_z;oo
thus

C(z,y) = (1 i e”%x) (1 i e"2”y2y) (2.89)

xp j=—o00 yp j=—00

and the Fourier transform is

ﬁ{cw,y)}—f{l > } {1 > e }

P j=—o0 P j=—oc0

5 Eole2) g 2o l)
SRR R

LpYp j= oo l=—oo Yp

—~

2.90)

therefore the Fourier transform for a pulse train of period z, in x and y, in y is another

pulse train of period xi in p and yi in v.
P P

2.4 The Hankel transform

Two-dimensional systen may often show circular symmetry, in these cases, a Fourier trans-
form applied to a radial variable will be sufficient instead of applying it to two independent
variables z and y. The appropriate expression of such problems is in terms of the Hankel

transform, a one-dimensional transform with Bessel function as kernel.

18
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When circular symmetry exists, that is

f(z,y) = f(r) with 7* = 2% + ¢/* (2.91)

then f(u,v) =.% {f(x,y)} proves also to be circularly symmetrical, i.e.,

flp,v) = flp) with p* = p* + v, (2.92)

Applying a coordinate change to Fourier transform definition and integrating over the
angular variable, we can find the expression for the Hankel transform, this will be discussed
in chapter 3. Let f(r) be a function defined for » > 0. The mth order Hankel transform of
f(r) is defined as

Fon(p) = Ho{f(r)} = 21 /0 rdr f (1) T (2mpr). (2.93)

If m > 1/2, Hankel’s repeated integral immediately gives the inversion formula

Fr) = H {Fu(p)} = 27 [ pdpF(p)n(2mpr) (2.94)

The factors 27 in the previous formulas can be canceled by the appropriate redefinition of
the variables, but their retention is logically derived from the form adopted for the Fourier
transforms. The most important special cases of the Hankel transform correspond to m =0

and m = 1.

19
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Table 2.2: Some Hankel Transforms of Order Zero.

fr) Fo(p) = Ho{f(r)}
1
1 5-0(7)
1 1
r p
d(r —a) 2maJy(2map)
6_71"7"2 6_7Tp2
e—ar 2ma .
(4n2p2-+a2) 3
e—ar 2
r (47r2p2+a2)%
e’ ire Y’
7,,26—71'7“2 (% _ ,02) 671',02
1 6727ra,p
(a2+r2)% P
1 27Te—27'rap
(CL2+7‘2)% a
sinc?(ar) —

Ta? cosh(%)

Some of these relations will be used in the next chapter.

20



Chapter 3

The Fourier transform in polar

coordinates

Using the theoretical concepts addressed in the previous chapter, the basic properties of the
Fourier transform in polar coordinates are developed in this chapter in order to obtain the

concepts that will be applied to develop the stated objectives.

3.1 Forward Fourier transform

In cartesian coordinates, the two-dimensional Fourier transform of an arbitrary function

((z,y) is given by

dpv) = F ()t = [ [ dadycla, et

= /O:o /o:o drdyC(x,y)e 2rHetry) (3.1)
where
Wy = 2T, Wy, =271V (3.2)
changing to polar coordinates
x=rcosf y=rsind

[L=pcose v =psinep (3.3)

21
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we obtain

o) 27 . . .
C(p, (p) = y{{(r, 9)} = / / T’deGC(r’ 9)€*Z2ﬂ(prcos9cos<p+prsmesmw)
0 0

oo 2w .
= / / Tdrdec(r’ 6)67127rp7" Cos(Of(p).
0 0

(3.4)

based on this, the equivalence in polar coordinates of the transforms of some functions

already known in cartesian coordinates can be established.

3.1.1 Fourier transform of a constant

If {(r,0) =1

oo 21 )
= 9’{ 1} = / / ,,adrdge—z%rpr cos(0—¢)
0 0

_ /OO rdr |:/27r dee—i%rprcos(e—go)
0 0 ’

let

a=0—¢, do=db,

then (3.5) takes the form

e} 2m—¢p .
/ rdr |:/ doéefﬂﬂ'pr cosa:|
0 —p
o) 2 .
/ rdr {/ dae—zQTrpr cos ozil
0 0

= /Oo rdr 27 Jo(—2mpr)]
0
= 27 /OO rdrJo(2mpr)
0

= Ho{l},

making use of the Table 2.2, we can find

(3.5)

(3.7)
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ie, F{1} = Ho{1} = (;ng (3.8)

which in effect is the 2D-Dirac delta at the origin as would be expected from the results in

cartesian coordinates. Here we have used Eq.(2.44) with m = 0, i.e.,

1 27 o 1 2 .
JO(:E) _ % i daez:csmoz:% i daemcosa’ (39)

the relation derived from Eq.(2.38)
@) = Jo(—) (3.10)

and the definition of Hankel transform of order m (2.93) for m = 0.

An alternative way is to apply the Fourier transform in cartesian coordinates and change

the variable to the final result as shown below.

F{1} = / / dadye 2 (Ha+vy)
— / dl,e—iQTr;wc/ dye—iQm/y

— / dl,efz%r,u,a: / dyefﬂmzy
—o0 —00

— S()a(v)

= (p,v). (3.11)
Making the change to polar coordinates based on the relations (3.3) we have

F{1} = b(u,v) = ;am 0) = 271Tp5<p>, (3.12)

thereby the result in (3.8) is verified.

23
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3.1.2 Fourier transform of the Dirac delta function at the origin

Since the Fourier transform is reciprocal for the previus case, transform of the Dirac delta
Function at the Origin will result in unity, however, development is shown. Given the Dirac

delta in polar coordinates we have

1 0o 21 1 )
F{oomo) = [ [ rdrds o, g)emoreosoo
r 0 0 r

oo 27 .
= [Tars) [ [ avs()ezeomenos)

0 0

— /OO dT’(S(T) [efiQﬂ'prcos(cp)}

0

= ' =1.

Here, Eq.(2.55) has been used.

T {ié(r, 9)} _1 (3.13)

Performing the same procedure in the form that only depends on r (we saw in section
2.3.1 that there are unnecessary coordinates), with the help of the integral representation

for the bessel function (Eq.(2.44)) something analogous is obtained

1 oo 2T 1 .
ar _ —i2mpr cos(0—¢)
F { 5(7")} /0 /0 rdrdf 27Tr<5(7“)e

1 [e's) 2w .
— 7/ dT‘(S(T) {/ d96—127rprcos(9—<p)
0 0

2T
_ ;ﬂ /0 T dro(r) [2n Jo(—2mpr)]

= /OOO drd(r)Jo(2mpr)

= Jo(0) = 1. (3.14)
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In cartesian coordinates

Fowy)y = [ [ dedys(e,yje et
= dxé(a:)e_ﬁ’””/ dyd(y)e ™Y
=1 (3.15)
3.1.3 Fourier transform of the shifted Dirac delta function
Considering the relation in Eq.(2.68), then
1 oo 21 1 o (6-0)
065{5(’/’—7“0,0—(90)} = / / Tdrd@*(;(T—To,@—eo)e 127 pr cos %)
r o Jo r
oo 2 .
= [Tdrotr— o) | [ d63(6 — gpe e
0 0
— / d?“(;(?" . TO) |:€7i27rprcos(907gp):|
0
— e—i27rpro cos(Bp—p)
1 .
i.e, F {5(7‘ — 19,0 — 6’0)} — ei2mprocos(Bo—y) (3.16)
r
and in cartesian coordinates
FA6—woy—w)} = [ [ dedydle — o,y — yo)e e
= / dzd(z — mo)G_iQWW/ dyd(y — yo)e ™"
— €7i27r(uxo+1/y0)
€7i27rp7'0 cos(Bo—p) (317)

where the conversion was made based on Eq.(3.3) and Eq.(2.65), we can see that the complex
exponential is given in the Fourier space but the displacements (angular and radial) remain

in the object space. In the same form, using the relation in Eq.(2.69) we have
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1 oo 21 1 )
F {5(7’ — 10,0 — (6 + W))} = / / rdrdd=8(r — 1o, 0 — (g + m))e"2mPreos=¢)
r o Jo r
) 2m .
= / dré(r —ro) [/ dos(0 — (O + m))e 2" cos(0—¢)
0 0
_ /oo drpd(r _ 7’0) |:e—7;27rpr cos(90—90+7r)}
0

— ei27rprg cos(fo—p)

1 4
ie, F {6 (r —rp,0 — (6 + 71'))} — ei2mprocos(Bo—y) (3.18)
r

and in cartesian coordinates

Foatany+u) = [ [ dedys(e,yye )

= /Oo dzd(z + xz)e 2 /OO dyé(y + yo)e 2™

6i27r(uac0+yy0)

ei27rpro cos(Bo—) (319)

3.1.4 Fourier transform of a complex exponential

Considering the positive complex exponential ¢?2™?0°0s(v0=9) (given in the object space with

the displacements angular and radial in the Fourier space), then

2
T {eiQﬂ'rpo COS(‘PO*Q)} — /oo / T rdrdfet2Trro cos(@0*9)67i27rpr cos(6—)
0 0

oo 2w . . . . . .
_ / / Tdrdeeﬁﬂ'rpg (cos po cos B+sin ¢g sin 0) 67127rpr(cos 6 cos p+sin 6 sin ¢)
0 0

oo 2w
_ / / ,r,drdeei%rr[(po €os po—p cos ) cos B+(po sin po—p sin ) sin 6]
)
0 0

26



CHAPTER 3. THE FOURIER TRANSFORM IN POLAR COORDINATES
3.1. FORWARD FOURIER TRANSFORM

let
acosfl = pocospy— pCcos (3.20)
asinfi = pgsinpg— psinp (3.21)
=a = \/p% + p? — 2pop cos(p — o) (3.22)
= F {ei27rrpg COS(WO*G)} — /OO ‘/27r T,drdeei%rr[a cos 3 cos 0+asin B sin 0]
o Jo
oo  r2m .

= / / rdrdfet?mar «os0=F), (3.23)

o Jo

Using the change of variable

a=0—-F=>da=dland =a+ [ (3.24)

2
= Z {eiQTrrpo COS(‘Po—G)} — /oo TdT/ " daei?ﬂ'arcosa
0 0

— or / rdrJo <2wr\/ Pt + p? = 2pop cos(p — 900)) :
0

Following the Graf’s addition theorem (section 2.2.5) with & = J, i.e.,

J(Z = gle e = 3 Jim(|T) e L (7] e T (3.25)
and if
T = 2ur(pcosy, psinp) (3.26)
g = 2mr(pocos po, posingy) (3.27)
= |Z| = 2mrp (3.28)
|yl = 2mrpy (3.29)
Z—F = 2mr\/g3+ p? — 2popcos(e — o) (3.30)
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0. = ¢ (3.31)

Qy = o, (332)

here the angle 6,_, between ¥ — ¢ and the = axis can be calculated but it’s unnecessary, then

Eq.(3.25) takes the form

Jl(|l_" - g|)€:til917y = Jl <27T7”\/p(2) + p2 —_ 2p0p COS(('D _ 900)) eiil@zfy

= > Jim (2mrp) e EmMe (21 py)e T,

if also [ =0,
Jo (27?7’\//)3 + p% — 2pop cos(p — g00)> = > Jn(2rrp)e™ e g, (21 po ) e TR0
(3.33)
= 7 {eﬂ’”’po COS(G_“’O)} = 27r/ rdr Y Jn(21rp)e ™ I (27 pg ) e T
0 m=—o0o
= 21 ) et / rdr Jp, (277 p) I (27070 ).
m=—o0 0
Let w = 2mr = r = £, dr = % then by Eq.(2.46)
o 1 o)
/ rdrJn,(2mrp)Jy (27rp0) = / wdw Iy (wp) I (wpo)
0 (2m)% Jo
1 1
= —0(p — 3.34
(27T>2p (/O ,00> ( )
= F {e?mrmesteol - Lsto— po)me Z et (3.35)
p P
also the sum can be interpreted as a Fourier series in the form
(¢ — o) Z Xme™ (3.36)

m=—00
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1 27 .
= dos . —imep
X 5 /0 pd(p — po)e
1 .
—  _ p—imyo 3.37
5° (3.37)
0 1 . .
R (339
m——oc 2T
. or i2mrpo cos(po—0) | __ 1
ie, F {e } = —6(p — po)d(¥ — ¥o)- (3.39)
p

In cartesian coordinates

T {ei27r(xuo+yyo)} _ /_O:O /_o:o iy e @0 +yro) o= i2w(patvy)
_ /OO dpei2ToH0 —i2mpe /OO dye 2o g~ 2my
- /_ < dzei2ra(n—po) / “_:ye—my(u—uo)
= 0(p— po, v — 1)

= 2 8p = p)ile = ). (3.40)

In the same form, considering the negative complex exponential e~27Pocos(0=%0) "5 change

can be made to the previous result, replacing ¢y with ¢ + 7, i.e.,

F {eiQero cos(@—goo)} -z {e—izwrpo COS(¢9—(<P0+7r))}

. —127rpo cos(wpo— 1
i, F {20} = Zi(p = o)l — (o + 7)) (3.41)
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and in cartesian coordinates

T {e—i27r(a;p,o+yu0)} _ /oo /oo dxdye—i%r(xuo—i—yuo)6—i27r(;¢x+l/y)

—o0 J—o0

— /OO dxe—iQTrmy,g e—i2ﬂ'um /oo dye—i27ryuoe—i27ﬂ/y
o o

_ / dxe—ﬂﬂ'a:(u—l—uo) / dye—z27ry(u+u0)
—o0 —oo

= 3+ )0 + )

= 5(M + fo, V + VO)

= 8o = p0)d(e = (o + 7). (3.42)

This result is consistent with Eq.(2.72).

3.2 Fourier transform of the Cylinder (circle) function

The Cylinder (circle) function describes the transmission function of a circular aperture and
it’s defined as

r 1 ifr< R,
circ <—) = (3.43)
R 0 ifr>R

I :

0.8
0.6

0.4

0.2

(a) (b)

Figure 3.1: Circ (%) in (a) 2D and (b) 3D.
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It has the following properties

e Unit amplitude inside radius R
e Null amplitude outside
e Circularly symmetric version of 2-D rectangle

e Area of enclosed circle of unit diameter is T ~ 0.7854 < unit area of rect(z,y).

b
4
its Fourier transform is

~ oo 2w )
((p)=F {Cil"C (;)} = /0 /0 rdrdfcirc (;) g~ i12mpr cos(0—¢)

— /R /27T rd,rdeefﬂﬂpr cos(0—p)
0 0

R
= / rdr2m Jo(—2mpr)
0

R
= 27r/ rdrJo(2mpr)
0
R
= 27T%J1<27TpR)
Jl (27TpR)
= 2MR*———— 3.44
g 2mpR ( )
= 7R*Somb(2pR) (3.45)
= wR*Jinc(2pR) (3.46)
= mR*Bessinc(2pR) (3.47)
where Eq.(2.45) has been considered and the follow definition has been used
J
Somb(ap) = Jinc(ap) = Bessinc(ap) = 2 l(wap)' (3.48)

Tap

A sombrero function (sometimes called bessinc function or jinc function) is the 2-dimensional
polar coordinate analog of the sinc function, it can be defined through the Bessel function
of the first kind, in some definitions constant 2 may or may not be considered, but with the

constant, the maximun amplitude that occurs at the origin is 1.

31
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Figure 3.2: Diffraction pattern of a circular aperture in (a) 2D and (b) 3D. On the color scale 0 represents
the minimum value of intensity and 1 represents the maximum value.

3.3 Inverse Fourier transform

In cartesian coordinates, the two-dimensional inverse Fourier transform of a function ¢(u, v)

is given by
()= F ) = g [ [ dendia (s e
= /_O:O /_O:o Apdv(wy, w,)e2mratry). (3.49)
where
Wy = 2T, Wy = 27V (3.50)

making a change to polar coordinates with the relations (3.3), we obtain

~ oo 2w ~ .
((r,0) = F Hl(p,9)} = /0 i pdpdpl (p, p)emrr os0=2), (3.51)

Just like in the forward transform, we can find the equivalence in polar coordinates of the
inverse transforms of some functions known in cartesian coordinates. However, only one

example will be shown that will be useful in the next section.
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3.3.1 Inverse Fourier transform of the shifted Dirac delta function

Considering the previous definition and ((p, ) = %5 (p — po,© — po) we have

— 1 & I ]' 127 pr cos(6—
F 1{p5(p—po,so—soo)} = /0 ; pdpdsozé(p—po,so—%)e“ (6-¢)

o 27 )
= / dp(S(p — p0> / d(ﬂé(g@ _ gDo)ezQTI'pTcos(0—4p)
0 0
— / dpé‘(p _ po)eiZﬂpr cos(60—o)
0

ei27'rp0r cos(0—po)

Similarly

— 1 o m 1 127 pr cos(0—
F 1{p5(p—po,so—(soo+7r))} = /O /O pdpdsozé(p—powo—(wﬁﬂ))e?” (6-¢)

o0 2 ‘
= /0 dp5(p - ﬂo) /0 d(p(s(gp — (900 + ﬂ-))eZQﬂ'pT‘ cos(0—)
B / ) dpd(p — po)et?mercosb=(potm)

0

_ e—i27rp07" cos(0—o)

1 ; ,
ie, F1 {5(,0 — po, o — (o + W))} — e i2mpor cos(0—o) (3.53)
p
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3.3.2 Inverse Fourier transform of a complex exponential

Following the same procedure as in the section 3.1.4, the inverse Fourier transform of a
negative and positive complex exponential can be found, however the development is too

long, but with a little patience can be seen that

, 1
e, F1 {0} _ L g (3.54)
r
, 1
ie, F1 {ez2ﬂpro cos(‘P*eo)} = *(5(7“ —7rg,0 — (00 + 7()) (355)
r

3.4 Functions with radial symmetry

If a function has radial symmetry then it can be written as a function of r only, then its

Fourier transform is given by

§(p> = y{((r)} = / /27r TdT’deg —i2mpr cos(6—¢)
0 0
= /o r(r)dr2m Jo(—2mpr)
= 27 /000 r(r)drJo(2mpr)

= Ho{C(r)} (3.56)

Thus, the special case of the 2D Fourier transform of a function with radial symmetry is the

same as the zeroth-order Hankel transform of that function.
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In the same way, the inverse Fourier transform is given by

~ oo 2w - )
()= F7H)y = [ [ pdpdgl(p)emr o=
— /OOO pdpé(p) /027r dgoe—i27rprcos(0—<p)
= /O pdpC(p)2mJo(2mpr)

— Aol (3.57)

3.4.1 Ring delta function

The ring delta function describes the transmission function of a annular aperture, is defined

as

¢(r) = i5(r —70) (3.58)

2rr

which, is nonzero only on the ring of radius ry (Fig. 3.3).

1.0 2-D Function

A

Polar axis

(a)

Figure 3.3: Ring delta function in (a) 2D and (b) 3D.

Its Fourier transform is
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§(p>:gz{5(r—ro)} _ 7—[0{15(7"—7"0)}

2rr

oo 1
= 27r/ rdr2—5(r —10)Jo(2mpr)
0

r

= Jo(2mpro) (3.59)

1.00

-0.25

(a) (b)

Figure 3.4: Diffraction pattern of a annular aperture in (a) 2D and (b) 3D.

3.5 Functions without radial symmetry: Fourier series for a func-
tion in polar coordinates
A two-dimensional arbitrary function ((r, ), expressed in polar coordinates, is periodic in

the variable 6, with period 2. As a result, it is possible to express ((r, ) in a Fourier series

in the angular variable

C(r,0) = Z Co (7)™ (3.60)

where
L Y e 3.61
Gnlr) = 5= | dbcr, ). (361)
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It’s clear that the Fourier coefficients ((,,(r)) are only functions of radius, each term in

Eq.(3.60) is known as a circular harmonic of the function (.

3.5.1 Series representation for the forward Fourier transform

Considering the representation shown in Eq.(3.60), the Fourier transform can be expresed

as

oo 2w o) ) )
C(p, 90) = ﬁ{CO‘? 9)} = /0 /0 rdrdf Z Cm (T)ezmﬂe—z%rpr cos(60—p)

m=—00

o0 00 21 .
= Z / rdry, (1) / dfetl=2mpr cos(0—¢)+ml] (3.62)
0 0

m=—0oQ

Using the change of variable

a=0—p=>da=dland =a+ ¢ (3.63)

> o0 2m )
= C(p, 90) = Z /0 rdrgm(r)/o doveil=2mpr cos(@)+m(a+e)]

m=—0o0

0 . [e's) 27 .
— Z elme / Td?"(m (7“) / daez[f%rpr cos(a@)+ma]
0 0

m=—0oQ

= Z e"”‘p/ rdr(m(r)._i(]m(—%m?“)
Z m

m=—oo 0

= Z e”’w/O TdTCm(T)%(—l)_me(QﬁpT)

m=—0oQ

= > 2 [ rdrG () Ju(2mpr)

= > (=) o {Gn(r)} (3.64)

m=—00

where Eq.(2.44) has been used. Then, the Fourier transform of a general function in polar
coordinates can be expressed as an infinite sum of weighted Hankel transforms of order m.
It’s clear that the result of Hankel transform will be in terms of p; in addition, it can be seen

that Eq.(3.65) represents a Fourier series in the frequency space.
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e ) = Y (O G} = D ()™ (3.69)
Xon(p) = (=) Hn{Go(1)} = 27(=i)" [ () o (2epr) (3.66)

Following this fact, some of the results found in the previous section can be written in an

alternative form.

However, the result found in Eq.(3.16) allows to establish the following relation

efiQﬂprocos(Oofgo): Z (—Z) eimsoefimeojm(zﬂ-pro) (367)

m=—oo

3.5.2 Series representation for the inverse Fourier transform

Similarly the inverse Fourier transform can be expresed in series, using the fact that

o) = 32 xmlp)e™ (3.68)
where
1 e |
Xm(p) = 5 /0 deC(p, p)e ™. (3.69)

but also meets the definition in Eq.(3.66)

Xonlp) = 2m(=i)" [ rdrG(r) o (2or),
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i.e., the coefficient in the frequency space in terms of the coefficient in the object space.

- oo 2 0 . .
= Lok =Cn0) = [T [T odode 3 xmlpememmesoo

m=—00

0 00 2 . o m
= > /0 pdpXom(p) /0 dipe!Prereoste=0rtmel (3 70)

m=—0oQ

Using the change of variable a« = ¢ — 0

~ s ) 00 27 .
= F )} = X e [ pdpxnlp) [ daerorenterened

m=—00

© o [0 2
= > & /0 pdpXn(p) = Jm(2mpr)

m=—00

= > 20" [ pdpxinlp) I 2pr)

m=—00
o0

= Z <i>meim9%m{xm(p>}

m=—0o0

o0

ie, Z7Hp, o)y = 32 ()" Hu{xm(p)} (3.71)

m=—00

Gn(r) = (" Hond ()} = 200" [~ pdpxn(p) T (2mpr) (372)

Eq.(3.72) is the representation of coefficient in the object space in terms of the coefficient in

the frequency space. Similary it can be obtained the inverse Fourier transform for a shifted

Dirac delta function given as (p, p) = %5(p — pPo, Y — ¢o), Where
(0) = o [ deta Jeime
m = 4 - - ) - €
Xm\pP on Jo Sop P — Po, ¥ — ¥o
1 2m —im
= 5 5([)—,00)/ ded(p — po)e™?
P 0
1 )
=L s emimeo 3.73
27p (p—po)e ( )
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POLAR COORDINATES

= F M) = Y 2™ [ pdpxn(p)Tu(2mpr)

m=—0oQ

- : i o 1 —im
= > 2m(i)me™ / pdp [5(p—po)6 20| T (27 pr)

0 2mp

m=—0oQ
o0

= Y (i)remiermeo /0 dpd(p — po)Jm (2 pr)

= Y (i)™ g, (2mpor). (3.74)
This and Eq.(3.52) allows to establish another relation
ei27rp0rcos(9—<po) _ Z (i)meimQG—imngJm(Qﬂ_pOT)' (375)
Eq.(3.67) and Eq.(3.75) can be written more generally as
e—i27rprcos(€—<p) _ Z (—i)meim‘pe_imeJm(Qﬂpr). (376)
6i27rp7‘cos(9—gz>) _ Z (i)meimﬁe—imcpjm(Qﬂ.p,r)' (377)

These relations will be used in the following sections. It’s important to mention that the

forward and inverse transform for a function with radial symmetry mentioned in the section

3.4 are a particular case of the development presented in this section since these functions

have only the m = 0 term in their Fourier series, thus if we consider m = 0 in Eq.(3.65)
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and Eq.(3.72), we get something similar except for the terms (y(r) and xo(p). However, the

definition of the coefficients allows to see the following

1

Golr) = 5 /0 T A0C(r)e = = ¢(r) (3.78)

and in the same way for xo(p), so Eq.(3.56) and Eq.(3.57) are recovered.

3.6 Fourier transform and series representation for a shifted func-

tion

In cartesian coordinates we know that

F{C(x — w0,y — yo)} = e 2Tt ZL( (2, )}, (3.79)

to express this in polar coordinates, we can see that e 7(#@o+¥%0) is given by Eq.(3.17)
also, we know that the Fourier transform of a general function in polar coordinates can be

expressed as Eq.(3.65). Then, for 7 and rg, vectors in polar coordinates we found

FF—rp)y = e ?mroesmd Z{((r,0)} (3.80)
= i (—i)meimeeimbo ] ( 27rp7’o] l i Xn(p ”w] (3.81)
— i (— z)mezm@e_’meoj (2mpro) i (—i)”ei”“”}—[n{(n(r)}

o0 [e.9]

i.e, F{(T—1r)} Z Z i)™t elmtn)ee —imbo g (21 pro)Ho{Ca(r)}.  (3.82)

m=—0o0 N=—00
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For simplicity, applying the inverse Fourier transform to Eq.(3.81) it is possible to find an

expression for a shifted function

((r—ry) = ﬁ_l{ Z (—i)meim“"e_imeojm(Qﬁpro) Z Xn(p)em“’}

oo 2w 0 ) ) '
- / Pdpdwl Y. (=i)memeemm g, (2mpro) Z Xn(p ’"‘P] ¢i2mer cos(6—¢)
0o Jo i e
2m
= / / pdpdgo Z m zmsoe zm@oJ (QWPTO Z Xn mcp
X Z (i)%e%e% J (27 pr)

q=—00

= Y X @ [ pdpxa o) 2mpro) yf2mpr)

M=—00 N=—00 g=—00
2

x [ dpelminmae, (3.83)
0

The integral over ¢ is nonzero only if m+n—q¢=0 — m=q¢—nand (—i)" =i ™

= C(F—T_f)) = 27 Z Z n e~ila- neoezqg/ pden q n(27Tpr0)JQ<27TpT)

n=-—00 qg=—00

= 3 e
i.e, C(F—r1p) = i [C(7 — 73)]4(r)e'” (3.84)
= rla(r) = 2 35 @ [ o ()dy-a2mpro) e, (355)

The last expression is the Fourier series representation, where the coefficients of the shifted

function in r are represented in terms of the unshifted frequency-space coefficients x,(p).
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However if the values of the shifted coefficients are desired in terms of the original unshifted

coefficients (,(r) — (,(u), then Eq.(3.66) gives us an expression for x,(p).

[e.e] o0

CF=r) = 2m 30 30 (@ eI [T pdp (<) Ha{Gow)}] Ty (2mpro) Jy (2mpr)

n=—00 g=—00

@ Y S I [y [ ) (2mpu) Ty (2pro) 2

n=-—00 qg=—00

= Z Z e~ a0 qu/ uduC, (w) S (u, ro, 1) (3.86)

n=—00 ¢=—00

where S9(u,rg,r) is defined as a shift-type operator given by the integral of the triple-Bessel

product
SI(u,ro,r) = /OO pdpJ,(2mpu)Jy—n(2mpro) J,(2mpr) (3.87)
0

3.6.1 Fourier transform and series representation for a shifted function with

radial symmetry

Although the function has radial symmetry, the shift to imply the linear translation in r
and angular rotation in #. Hence (7 — 7) indicates that the radially symmetric ((r) is now

centered at ry. Then the expression (3.80) is valid and takes the form

FU(F—10)} = e 2mrocoslo=e) Z(((r)} = e~ Pmroeoso=e)c (), (3.88)

substituting directly or using Eq.(3.82) with n = 0 the following expression is reached

FLF=ro)} = > (—i)yme™ee % ] (2mpro) Ho{((r)}- (3.89)
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To find an expression for a shifted function with radial symmetry it’s necessary to apply the

inverse Fourier transform to the previous result

C(F—7) = g—l{ i (_.)mez’(m)we—im%Jm(zﬁpro)}[o{g(r)}}

m=—0o0

= [T pdedp 3 (iyneee g (ompro Mo ()

m=—00

X Z (i)qeiqee”'q“"Jq(Qﬂpr)

q=—00

=YX e e [ g (ompr )y (mor Ha{C(r)}

m=—00 g=—00

27 .
X / dpeim=a¢. (3.90)
0

The integral over ¢ is nonzero only if m — ¢ = 0 — m = ¢, also making the change
Ca(r) = Cu(u) in the Hankel transform, as it was done in the previous treatment to Eq.(3.86)

in order to avoid confusion, we have

(F—r) = 2m 3 e e /OOOpdpJq<27w'f’o>Jq(%m“)”o{f(“)}

q=—00

= (2m)* ) e atoel? /OOO pdpJ,(2mpro)J,(2mpr) /OOO udul(u)Jo(2mpu)

q=—00
= (2m)? Y et /Ooopdp/ooo udul(u)Jo(2mpu)J,(2mpre)J,(2mpr)
qg=—00
= (2m)* D el /Ooudug(u)Sg(u,rg,r), (3.91)
g=—00 0
with
Se(u,ro, 1) = /0 pdpJo(2mpu)J,(2mpro)J,(2mpr). (3.92)

It’s clear that the same result can be obtained making n = 0 in Eq.(3.86). In the same

way, the inverse Fourier transform and series representation for a shifted function for the
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two previous cases can be found, we now that

F = v —w)} = e BT U (1))

et (17, y)

then for a function with radial symmetry we have

ngl{g(p . p_é)} _ efiQTrpor cos(97<,00)<(7n)

(3.93)

o0

ie, FHlp—po)} = 3 ()memem ™m0 T, (2mpor)C(r)

m=—0o0

(3.94)

Ho—p) = ff{ 3 (i)meimee_im%Jm(QWPOT)C(T)}

m=—00

— / / rdrd@[ (z’)me”’”eZ'm“"OJm(%por)C('f’)]

m=—0o0

X Z (—i)%e" e J (27 pr)

q=—00

= Z Z 1™ imPo piap /Ooo rdrJy, (27 por)C(r)Jy(2mpr)

m=—00 g=—00
21 .
X dfe'm—a)?
0

= 21 ) e vl /OO rdrJ,(2mpor)((r)J,(2mpr)
0

g=—00

it can be expressed as

(3.95)
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((p—p0) = 2m /OO rdr((r)Jo (27ﬂ“\/p% + p? — 2pp cos(p — 900)) (3.96)

0

3.7 Fourier transform of a product

We consider the product of two functions ((r,8) = f(r,0)g(r,0), where f(r,0) and g(r,0)

can be expresed in Fourier Series (Eq.3.60), then for expresed ((r,6) in Fourier series we

need to find a relation between the coefficients by using the Fourier transform. Let

(o) = 3 Culr)e™

m=—0o0

[0 = 3 fulr)e

n=—oo

90 = Y gr)e

q=—00

where the all coefficients are given by Eq.(3.61), then

Clpo) = F{f(r.0)g(r.0)}
— /Ooo/o%rdrdﬁ S L)e S gy(r)e

|[n=—00 q=—00

oo 2w
= [ [ raras Z Fr)e™® S gu(r)e®
0 0

|[n=—00 q=—00

[e.e] o0 o

6—i27rp7" cos(60—p)

o0

S (=i)ymemee ™, (2mpr)

m=—00

o) 21 . . .
= Z Z Z )™ "”9"/ rdrfn(r)gq(r)Jm(Qﬂpr)/ dfe™ ¢110 g—imé
0 0

n=—00 qg=—00 M=—00
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where as in the section 3.6, the last integral is nonzero only if n + ¢ —m = 0 which leads to

n =m — q and so
~ o

(o) = 3 3 2miy e [T rdrfu (o) Inepr)  (397)

q=—00 mM=—00

= i Xm(p)emw

m=—00

S xnlp) = 3 2m(i)"™ [ rdrfo(r)gn(r) I (2mor). (3.98)

g=—o00

However, we found (Eq.3.66) that for a general function, the Fourier coefficients in the

frequency space x,,(p) are given by

Xm<p) = (_Z)mHm{Cm(T)}

= 2m(=))™ /OOO 7dr G (1) (21 pr),

comparing this expression with Eq.(3.98) leads to
<m(7‘) = Z fm—q(r)gq(r> (3‘99)
q=—00

which is the convolution of the Fourier series of f(r,6) and g(r,6). In other words, the

coefficients of the two series product is the convolution of the coefficients, so

) = (F ) = P g (1) = 3" FonealP)gal1). (3.100)

g=—0o0

Note that (fg),(r) doesn’t represent the product of coefficients, it symbolizes the coefficients

of the product.
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3.8 Fourier transform of a product of a radially symmetric func-

tion with a function without radial symmetry

We consider the product of two functions ((r,0) = f(r,0)g(r), where only f(r,0) can be
expresed in Fourier Series (Eq.3.60), then Let

[0 = 3 fu(r)e™

n=—oo

and

pp) = FLf(r,0)g(r)}
= /OOO /027r rdrdel i fn(r)emeg(r)] p—i2mpr cos(6—¢)

n=—oo

- [ /O%rdrdel 3 fn(r)emeg(r)] S (iymemee-ini ) (9mpr)

n=—0oo m=—0Q

o oo 00 o1t
= Z Z (_i)meimgo/o Tdrfn(r)g(T)Jm(Qﬂpr)/o deeineefime

n=—oo0 m—=——0oQ

where as in the section 3.6, the last integral is nonzero only if n — m = 0 which leads to

n = m and so

E(pyp) = f} o (—i)meime /Ooordrfm(r)g(r)Jm(Qﬂpr) (3.101)
= i Xm(p)eimw
& yom(p) = 21 (—i)™ /0 " rdr fo (1) g (1) T (2 pr). (3.102)

However, we found (Eq.3.66) that for a general function, the Fourier coefficients in the

frequency space x.,(p) are given by

Xm(p) = (_Z)mIHm{Cm(T)}
= 2m(=)" [ rdrGu () Jn2mpr)
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comparing this expression with Eq.(3.98) leads to

Cm(r) = fin(r)g(r). (3.103)

3.8.1 In terms of the Fourier transforms

Eqgs.(3.57) and (3.72) allows to express

g(r) = /OOO uduG(u)2m Jo(2mur)

fm(r) =2m(i)™ /DOO vdvFy, (V) (2m0T)
then

C(p,p) = Z QW(—i)meim“”/OoonTZW(i)m

X /OO vdvF,, (v) Jy (2mor) /OO uduG(u)2m Jo(2mur) Jp, (2mpr)
0 0

[e.9]

= ) (2m)%e"m® /Ooo rdr /OOO vdvF,, (v)J (2mor)

m=—0o0

X /OOO uduG (u) Jo(2mur) J,, (2w pr)

[e.e]

= > (2m)%™¥ /OO vdvF,,(v) /.OO uduG(u)

m=—o00 0 0

X /OO rdrJo(2mur) Jy, (2mor) J, (27 pr)
0

[e.9]

= ) (2m)%e"m® /OO vdvF,,(v) /Oo uduG(u) Sy (u, v, p)

m=—00 0 0
= ) (2m)Peme /OO vdvF,, (v)S§ (u, v, p) /oo uduG (u) (3.104)
m=—o00 0 0

3.9 Fourier transform of a product of two radially symmetric func-

tions

We consider the product of two functions ((r) = f(r)g(r), then
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Cp) = F{f(r)g(r)}

= 27 /OOO rdrf(r)g(r)Jo(2mpr) (3.105)

3.9.1 In terms of the Fourier transforms

Eq.(3.57) allow to express

g(r) = /OOO uduG(u)2m Jo(2mur)

f(r) = /OOO vdvF(v)2m Jo(2mor)
then

C(p) = 2rm /OOO rdr /OOO vdvF(v)2m Jo(2mor) /Ooo uduG (u)2m Jo(2mur) Jo(2mpr)

= (2n)} /OOO vdvF (v) /OOO uduG(u) /OO rdrJo(2mvr)Jo(2mur) Jo(2mpr)

0

— (2n) /0 " vdoF(v) /0  uduG(w) SO, v, p) (3.106)

3.10 Convolution

In two dimensions, the convolution of two functions is definied as

() = <) = ) xgr) = [[ draf(ma)g(r— 7). (3.107)

so we can find an expression for the Fourier transform of a convolution with the help of the

Fourier expansions for f and the shifted version of ¢ given by Eq.(3.86), so

() = /OOO /O%TOdrOdQOl 3 fm(ro)eime‘)]

X [(27r)2 >y e_i(q_”)eoeiqe/o udugn(u)Sg(u,ro,r)]
n=—00 g=—00
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= (2n)? Z Z Z/ Todro fm ro/ dfpe™bo gt a—m)b0

M=—00 N=—00 ¢=—00

x ¢4 / udugn (w) S (u,ro,r),
0

it can be seen that the second integral is nonzero only if m+n —q¢=0;ie., m=q—n

=((r) = 27T Z Z / Todro fg—n(r0)e “16/ udug, (w) S} (u, ro, )

n=—00 g=—00

= (2n)° Z Z / rodro fg—n(r0)e€’ 9/000 udugy (u)

n=—00 g=—00

X / pdpJy(2mpu)Jy—p (27 pro) Jy(2mpr)
0

= 21 ), ' /OO pdpJ,(2mpr)

q=—00

X Z 277/ rodro fo—n(r0) Jg—n(2mpro)2m /Ooo udugy (u)J,(2mpu),

n=—oo

the second and third integral have a similar form as in Eq.(3.66); i.e, for

Flog)= Y Fouldd@™ A Glpo)= 3 Galp)e™ (3.108)
= "

we have
Fyn(p) = 2m(—i)t™ /O " rodro fyn(ro) Jyn(27pro) (3.109)
Goulp) = 27(—i)" /U ™ wdugn (1) J (27 pu) (3.110)

and
) = 2 > e [T pdpdompr) 30 #E W(p)i"Galo)
q_foo W

_ zwq;miqew@ /0  pdp Liqu_n(p)Gn(p) J,(2mpr) (3.111)

=Y G

g=—o00
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& Gi(r) = 2wt [ pdp [ S Fyalp)Galp)| Jy(2mpr), (3.112)

nN=—0o0o

Similarly in (Eq.3.72) we find that for a general function, the Fourier coefficients in the

object space (,4(r) are given by

Cq(r) = 2m(d)" /0 h pdpxq(p)J4(2mpr)

comparing this expression with Eq.(3.112) leads to

W) = S Fun(0)Galp). (3.113)

n=—oo

Also, in Eq.(3.100) we found that the convolution of the coefficients is equal to the coefficients

of the two series product; i.e.,

W) = S Fan(0)Gulp) = (Fy x Gy)(p) = (FG)y(p). (3.114)

n=—oo

The comparison made with x,(p), means that by obtaining the Fourier transform of a con-
volution and express it in series, the coefficient of the convolution of two functions is equal

to the multiplication of coefficients, this provides

=
>
>
I
N
~
=
L
—
I
N
~~
~
—
S
*
*
2,
=

)} = F(p,0)G(p, p). (3.115)

Which is consistent with the result in cartesian coordinates i.e., the Fourier transform of the
two functions convolution is the multiplication of their transforms. This equation defines the
convolution operation; therefore, to find the convolution of two functions given in Fourier-
series form, one must first find the qth coefficient of the Fourier transform of each function
F,(p), G4(p) and then convolve the resulting series follow Eq.(3.114) to get x,(p). Finally

inverse Hankel transform must be applied to obtain (,(r).
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3.11 Convolution of a radially symmetric function with a function
without radial symmetry

For the development of this particular case, Eq.(3.107) is considered with g(7') = g(r), the

radially symmetric function, then

C(r,0) =¢(r) = [f(F)*xg(r) = f(7) xxg(r) = //0 din f(P)g(F— ), (3.116)

due to the convolution definition, the Fourier expansion for f(75) and the shifted version of

g for a function with radial symmetry given by Eq.(3.91) are necessary

(") = /Ooo /O%n)drodeol 3 fm(rg)eime(’]

m=—0o0

X [(2#)2 i e‘iqeoeiqg/

q=—00 0

o 2w 0 .
= / / Todrodeo Z fm (To)elmao
0 0

m=—00

- udug(u)SE(u, ro, r)]

x(2m)? Y eTiaboei? /OOO pdp /OOO udug(w)Jo(2mpu)J,(2mpro) Jy(2mpr)

g=—00

> © . oo 27 )
= @0 X X [T rdrofuln) [ dpe o
0 0

m=—00 g=—00

X /OO pdp /OO udug(u)Jo(2mpu)J,(2mpro)Jy(2mpr),
0 0

the second integral is nonzero only if ¢ — m = 0; i.e., ¢ = m, then the convolution is given

by

) = @0° Y @ [Trdndyro) [ pdo [ udug(u)Jo(2mpu)Jy(more) Ty (2pr).

g=—00

(3.117)
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By rearranging the terms, a relationship can be found to express the Fourier transform of

the convolution

= ((7)

However, for

we have

= 21 > e"qe/o pdpJ,(2mpr)

g=—00

X 21 / " rodro fy (o) Jy(2m pro)2n / " udug(u).Jo(2mpu).
0 0

Flop)= 3 Fy(p)ei®e

q=—00

Fy(p) = 27(=i)" [~ rodrofy(ro)Jy(2mpro),

also Eq.(3.56) indicates

then

but by definition

G(p) = 27r/00o ug(u)duJo(2mpu)

() = 2 3 #e [ pdoFy(p)Gp)Jy(2mpr)

g=—00

() = 3 2wl [ pdpx(p)y(ompr)

g=—00

< Xq(p) = Fq(P)é(p)'

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

Then the convolution Fourier transform of two series when one of them has radial symmetry

(and thus consists of only the first term) becomes a simple matter of multiplication. Also

this result could be found considering n = 0 in Eq.(3.111) since G(p) is not expressed in
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series. It’s clear that by considering only the m,n V ¢ = 0 term in the general equations,
the particular case of radial symmetry can be reached; however it was necessary to make a

more detailed demonstration.

3.12 Convolution of two radially symmetric functions

Let g(7) = g(r) and f(7) = f(r) be radially symmetric functions, then

CF) = flr)*#g(r // A7 f (7 // diof(ro)g(r — 70),  (3.124)

= ((7) = /Oo/% drod? 2 S et [~ udug(u)Sg
) = - rodrodby f(ro) x |(2m) Ze e /0 udug(u)S§(u, ro, )

g=—o0
= /OOO /027r rodrodfy f(ro)

0

q=—00

= 27’(’ Z qu/ Todrof To / d@oeizqeo

q=—00

></ pdp/ udug(uw)Jo(2mpu)J,(2mpre)J,(2mpr),
0 0

the second integral is nonzero only if ¢ = 0, then the convolution for two radially symmetric

functions is given by

() = (2n)° /OOO rodro f(ro) /OOO pdp /OOO udug(w)Jo(2mpu) Jo(2mpre) Jo (2 pr).

(3.125)

Also

Glp) = ZW/OOOug(u)duJO(QWpu) (3.126)
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F(p) = 2m /OOO rodrof(ro)Jo(2mpro) (3.127)

> (7 = 2m [ F(p)G(p)ho2mor)

and comparing with Eq.(3.57)

(M) = /O " pdpC(p)2mJo(2mpr)

the following result can be set

{(p) = Flp)Gp) (3.128)
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Chapter 4

Problem Statement

By using the Young interferometer of n-slits distributed on a contour, when n is large, the
resulting interference pattern is similar to the diffraction pattern provided by a continuous
aperture (that follows the contour shape) [2]. Following this qualitative fact, it is desired
to find the numerical value for n in order to form zero-order and first-order Bessel beams.
Below are two proposals to find these desired values.

The first proposal consists of circular slits distributed in a way that they follow the desired
contour shape. Initially circular slits are established because in real life point slits can’t be

made; however, when the radius tends to zero, the ideal case must be reached.

Given the possible complexity of the first method, the second proposal is to use the sam-
pling theorem, where the object to be sampled would be the desired contour, this method
has proven to be effective in understanding the result more simply at least in cartesian

coordinates as it is presented below.

4.1 Sampling theorem in cartesian coordinates

In cartesian coordinates, by acquiring discretized information of an object ((z,y) (sampling),

a set of values (s(z,y) is obtained, if this sampling is done in equal intervals for z and y then

Cs(x,y) = ((z,y) - Comb(z,y)
= ((z,y)- Z Z 0(x — jap, y — kyp). (4.1)

Jj=—00 k=—00
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using the fact that the transform of a multiplication is the convolution of the transforms,

the Fourier transform of the sampling is given by

o0 [e.9] 1

Py} = duv)ee Y Y o (M_j,y_’f>

j=—00 k=—o0 TP Yp Lp Yp

= [ deane j k

_ 1l s 5 5<M_i,y_;> p (4.2)

TpYp j= oo k=00 p

which indicates that the ¢ (1, ) spectrum of the unsampled object is repeated periodically in
W= xJT, and v = i Then the values of x, and y, to get the spectrum sufficiently separated

can be found.

For example let’s consider a sampling for the contour of a square shown in Fig. 4.1 using two
diferent Comb functions, one with periods z, = y, (Fig. 4.2 (a)) and another with smaller

periods z, =y, (Fig. 4.3 a)).

0.8
0.6
0.4
0.2

(a)

Figure 4.1: Contour of a square in (a) 2D and (b) 3D.

Since x, = y, are large, it can be seen that for the first sampling, the spectrum of the square

contour is repeated with a smaller period and therefore they are mixed.
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y 1.0
. . . ° .
. . . . .

0.8
. . . .
. . D . °

0.6
.
. . X

0.4
. . . o
. . .
. . . . 0.2
. . .
. . . . 0

(a) (b)

Figure 4.2: (a) Comb function with periods z, = y,, (b) spectrum of the square contour replicated with
periods i = i

Instead, for the second sampling, as x, = y, are smaller, the spectrum replicas are farther

apart.

y 1.0

------------

e o o o o o 8 © o o & o o

-----------

e o o o o o & o o o o o

(a) (b)

Figure 4.3: (a) Comb function with periods z, = y,, (b) spectrum of the square contour replicated with
periods Zi = yi
P p

Then using very small periods, the replicated spectra can be obtained far enough to distin-
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guish only one.

1.0

0.8

0.6

0.4

0.2

Figure 4.4: Spectrum of the square contour. On the color scale 0 represents the minimum value of intensity
and 1 represents the maximum value.

This treatment is versatile because the transformation of the pulse train is another train,
this allows the convolution with any function gives as a result such replicated function.
Following this idea, a process analogous for polar coordinates can be done. However the

Comb function can’t be used, we need a train that can sample circumferences.

4.2 Sampling in polar coordinates

A sampling in polar coordinates can be defined as

Cs(r0) = C(r) - tp(r,0). (4.3)

where ((r) is a function with radial symmetry and t,(r,0) is an impulse train in polar

coordinates.
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4.2.1 Dirac impulse train in polar coordinates

To sample circumferences, a delta train that follows the form shown in Fig. 4.5 is needed

—» Polar axis
(b)
Figure 4.5: Dirac impulse train in polar coordinates in (a) 2D and (b) in 3D.
An impulse train that follows the form showed in Fig. 4.5 can be written as
oo n—1
t(z,y) =0 (v,y) + > > 0 (x — jrycos (kby) ,y — jr,sin (k6,)), (4.4)
j=1 k=0

where 6, is the angular period with n the desired number of slits and r, the radial period.
However, if we want to find the Fourier transform of this train, the treatment that is done
to the Comb(z,y) function can’t be applied due to that the function is not separable. To

avoid this, a notation in polar coordinates can be expressed as

oonfll

ty(r,0) = 271”45 (r) + Z Z ;5 (r —jrp,0 — k6,). (4.5)

=1 k=0

Eq.(4.5) will be called polar train (¢,). One way to find the Fourier transform of the impulse

train is to directly apply the definition
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to(p, ¢)

If the polar trai

o0 n— l
— Q{QW‘ ZU;) 57’—]7’,, 5(9—k0p)}
J
oo n—1
- 1+ZZ/ / rdrde §(r — jry) 6 (8 — kf,) e~ 2mer cos(0=)
7=1k=0
oo n—1
— 1+Zzefi2ﬂpjrpcos(k0pf<p)' (46)
J=1 k=0

n (Eq 4.5) is expressed in series but only for the angular part, this is

]' = m
ty(r,0) = %5 (r) + Z tom (7)€ 0

m=—0Q0

with
1 o0 n—l -
bonlr) = oo [0S0 S ) (6 k)| e
7=1k=0
1 o n- 1 1 o )
= Y ir—gr,) [ 85 (0 — ko) e
Ti=1k=0" 0
1 e n- 1 1
= Z Z =6 (r — jr,) e~ "m0 (4.7)
] 1 k= 0
00 oo n—1 1
= t,(r,0) = —5 — > ZZ =6 (1 — jry) e~ mkbpgim? (4.8)
2mr m*—oog 1 k= 0
and
5 oo n—1
=t,(p,p) = 1+ Z SN (—iymetmeeT ik gL (21 piry,). (4.9)

m=—00 j=1 k=0

In cartesian coordinates the transform of an impulse train results in another train, making

use of its series

angular and the

representation. Following the same procedure for the polar train, both the

radial part need to be developed in series, so the following definition is used.
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A function ((r, ) can be expressed as a Fourier-Bessel expansion

) = 3 Y0l (hk) e

m=—o00 s=1

with

2m r .
e = —r—— drdf((r,0)J, —ime 4.1
¢ aQJH vs) 27T/ / rdrdf((r,0)J, < oz)e ’ (4.10)

where A, s are the zeros of the function J, and « is the upper limit of the interval (0, o] where

the function can be approximated with the Fourier-Bessel series. Then, for the polar train

0o n— 1
ty(r,0) = —i—ZZ 5 (r—gjrp) 6 (0 — k6,) (4.11)
2nr j=1k=0"
we have
C,, = /27r / rdrd&—é (r) J, </\ 7") ¢mimd
e a2J2+1 vs) 2 “a
n—1 oo 1 r ]
drdf =6 (r—jry) 8 (0 —kb,) J, ( Aps— ) e
+oz2J2 1(Avs) 27T/ / rar I;UZI (r=Jrp) o b)J ( a)e
J, (0) ik 2 1 /O‘ — 1 ( 7")
- imkty =S 6 — ) T (s
70221 (M) *Z 272 (hs)2rJo | rj;r (r=jry)
Jv (0) e — 2 IIES ( JTp)
= o a_ Ju | Avs
NS W P DLy oY )%E
J, (0) o — 1 ( ij)
= — imk6p Ul AusT— | . 4.12
ma?J2 (Ays) +k§‘;]§:16 ma?Jz (N, )J « (4.12)

The first part implies m = 0, so its series would be only for the zeros, thus,

s J, (0) r
tp(’f', 9) = 231 7_[_(]'/21]2 ()\Vs) JV <Ausa)
oo n—1 « 1 jT r
+ L (Awp> 7, (A) mo (4.13)
m—z;oo sz:l ];)j 1 CY2‘]3-|-1()\ ) a Q

Here jr, < a for some j and the first term is canceled if v # 0. If v = 0, the polar train is

represented by
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> 1 T
t,(r,0) = _— Aos—
p(r,) ; a2 J2(Nos) Jo < 0 oz)

co n—1 « 1

3 S S e s (W) () € (a1

m=—o00 s=1 k=0 j=1

The simulation of Eq.(4.14) is presented bellow

Figure 4.6: Polar train represented by Fourier-Bessel series with unitary radial period, & = 10 (arbitrary
units), angular period 2, j = 8, m € [—60,60] and s € [0, 50].

To obtain the Fourier transform of the entire polar train, for the first part the definition for
a function with radial symmetry must be applied, the second part must apply the definition
in series. For that reason, the second part of Eq.(4.14) has to be seen as a Fourier series in
the form

w .
Z tpm (’f‘) esz

m=—0Q

the coeffiecient t,,,(r) is
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oo n—1 «
= 222
s=1 k=0 j=1

—imk6p jT‘ r
‘ 7ra2J2(/\ )J </\050zp> Jo ()\OSO) ’ (4.15)

i.e.,

00 1 r

t(r0) = S —— o (Aos—

P(r7 ) 822171'0[2(]2()\05)J0( Osa>
co n—1 «

—imk0), & 1 imo
+ Z ZZZG OC2J2(>\ )JU </\Us @)JO()\OSQ>€

m=—o00 s=1 k=0 j=1
> 1

s=1 m=—o00

Then the Fourier transform of the polar train is

~ o0 s 1 T
to(pyp) = 27r/0 rdr WJO (%sa) Jo(2mpr)

2
o matJi

+ Z 27 (—i)™e"™? /OO rdrt (1) Jm (27 pr)
0

m=—00

> 1 1 A
_ S s
szzjl ma? JE (Nos) (2m)2p (p 271'04)
0 n—1 « ()\Os]ap)

m zmgp —imkOyp o T’)
FOY an(rene Y Yy e 2oy ) rrdo (Youl ) Ju(2pr

m=—00 s=1k=0j=1

(4.17)

In contrast to the treatment in cartesian coordinates, in polar coordinates, the transformation

of a pulse train can’t be clearly interpreted.
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Chapter 5

Method to form zero-order Bessel

beams

5.1 Overlap of Circ functions

The Fourier transform of an annular aperture when the thickness tends to zero gives, as a
result zero-order Bessel function. Let’s consider n circular slits for the interferometer, which

are distributed over an imaginary circumference with radio ry as shown in Fig. 5.1

W Pol: {
' Polar axis

Figure 5.1: Overlap of circ functions.

Every slit can be described as a shifted circle function; also, in the section 3.6.1 we found

that for a shifted function with radial symmetry
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FL(F =)} = e et aZ{((n)}, (5.1)

it’s obvious that for Fig. 5.1 the radius ry is the same for each slit, but the angle changes

according to
k:9p:k‘;;k‘20,...,n—1. (5.2)

Then, for each slit shifted according to 7}, = 7%(ro, k6,) we have

: T_Fk _ i27rrcos(k0)o‘*{- (7”)}
F { circ = g 7P =¥ F {cire [ —=
e (7)) :

_ €—i27rp7’0 COS(ka—Sﬂ)WRQBeSSiHC(QpR>
S2mpR)

_ —i27pro cos(k:HP—Lp)Q RZ
‘ " 2npR

(5.3)

The previous result can be divided by a factor 7R?, then the Fourier transform of the

complete configuration is given by

n—1 r— 7, n—1 J1(27pR)
Tz . - 9 —12mpro cos(kOp—p)
e () -2

k=0
J1(2mpR)

co n-—1
= 2 > Z(—i)meim“pe_imkepJm(27rp7"0) 2R

m=—0o0 k=0

(5.4)

where the exponential term has been developed in series. It can be seen that the different val-
ues of the exponential term are accompained by the term Bessinc(2pR), this means that the
spectrum formed by the sum of exponentials will be contained in the envelope Bessinc(2pR).
Then if the radius of the circular slit tends to zero, the case of point slits can be reached,

then for Bessinc(2pR) we have
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9 9 o 1y 9 2041
lim 27(]1< TPk) = lim > (=1) ( WpR)
R—0 2mpR R—0 2mpR = F(l +DI'(l+1+1) 2

-1)' (2npR)”

Raozg l+1 )L(I+2)  (2)*

o (1) @R
i 1+;r(z+1)r(1+2) (2)” ]

.

Therefore for the case of point slits its Fourier transform is given by

n—1 n—1
26—127rpr0cos(k9p—so Z Z —Z m “”W’e kaepj (27TPTO) (55)
k=0 m=—o00 k=0

which is in effect the Fourier transform of a superposition of Dirac deltas following the
circumference shape with radius ry, we can verify it by comparing with Eq.(4.9) for jr, = .
In this case the envelope is a constant. Using the squared module of Eq.(5.4) and Eq.(5.5)
in exponential form, the diffraction pattern for n = 5 for the two types of slits is compared

below

(a) (b)

Figure 5.2: Diffraction pattern for ro = 3 for (a) circular slits (R = 0.125), here the color scale was modified
to appreciate the envelope Bessinc(2pR) and (b) for point slits, here it’s clear that the envelope is a constant.

The diffraction pattern for different values of n were obtained only for circular slits with
the squared module of Eq.(5.4), without a change in the color scale, it’s difficult to see the

envelope clearly.
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n=A1

0 0.2 0.4 0.6 0.8 1.0
n=2

0 0.2 0.4 0.6 0.8 1.0

Figure 5.3: The figures on the left show the diffraction pattern for R = 0.125, ro = 3 (arbitrary units). On
the color scale 0 represents the minimum value of intensity and 1 represents the maximum value. The figures
on the right show the distribution of the circular slits on an imaginary ring (in purple).
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L

0 0.2 0.4

0.6 0.8 1.0

Figure 5.4: The figures on the left show the diffraction patterns for R = 0.125, 7o = 3 (arbitrary units).

On the color scale 0 represents the minimum value of intensity and 1 represents the maximum value. The
figures on the right show the distribution of the circular slits on an imaginary ring (in purple).
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0 0.2 0.4 0.6 0.8 1.0

Figure 5.5: The figures on the left show the diffraction patterns for R = 0.125, ro = 3 (arbitrary units).
On the color scale 0 represents the minimum value of intensity and 1 represents the maximum value. The
figures on the right show the distribution of the circular slits on an imaginary ring (in purple).
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0 0.2 0.4 0.6 0.8 1.0

Figure 5.6: The figures on the left show the diffraction patterns for R = 0.125, 7o = 3 (arbitrary units).
On the color scale 0 represents the minimum value of intensity and 1 represents the maximum value. The
figures on the right show the distribution of the circular slits on an imaginary ring (in purple).
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n=9

0 0.2 0.4 0.6 0.8 1.0
n=10

0 0.2 0.4 0.6 0.8 1.0

Figure 5.7: The figures on the left show the diffraction patterns for R = 0.125, ro = 3 (arbitrary units).
On the color scale 0 represents the minimum value of intensity and 1 represents the maximum value. The
figures on the right show the distribution of the circular slits on an imaginary ring (in purple).
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n=11
B
0 0.2 0.4 0.6 0.8 1.0
n=12
B
0 0.2 0.4 0.6 0.8 1.0

Figure 5.8: The figures on the left show the diffraction patterns for R = 0.125, 7o = 3 (arbitrary units).
On the color scale 0 represents the minimum value of intensity and 1 represents the maximum value. The
figures on the right show the distribution of the circular slits on an imaginary ring (in purple).
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n=13
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0 0.2 0.4 0.6 0.8 1.0

Figure 5.9: The figures on the left show the diffraction patterns for R = 0.125, ro = 3 (arbitrary units).
On the color scale 0 represents the minimum value of intensity and 1 represents the maximum value. The
figures on the right show the distribution of the circular slits on an imaginary ring (in purple).
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|

0 0.2 0.4 0.6 0.8 1.0
n=25
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Figure 5.10: The figures on the left show the diffraction patterns for R = 0.125, ro = 3 (arbitrary units).
On the color scale 0 represents the minimum value of intensity and 1 represents the maximum value. The
figures on the right show the distribution of the circular slits on an imaginary ring (in purple).
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Figure 5.11: The figures on the left show the diffraction patterns for R = 0.125, ro = 3 (arbitrary units).
On the color scale 0 represents the minimum value of intensity and 1 represents the maximum value. The
figures on the right show the distribution of the circular slits on an imaginary ring (in purple).
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Eq.(5.4) shows that it’s difficult to obtain values to form a Bessel beam due to the number

of terms, so the second method is presented in the next section.

5.2 Sampling of a ring delta function

To find the Fourier transform of the sampling (s(p, ¢)) of a ring delta function (transform
of a product), it’s necessary to apply the theory of the section 3.8; i.e., considering the

definition for a sampling in polar coordinates (Eq.(4.3))

Cs(ra 9) - C(T) ' tp<r7 0)7

we have

1 > 1 r
RO = g =03y ()
1

n—

- _ = - —imkOyp & 1 im0
+2 1) S I OW(A )J(AOSOé)JO(/\OSa)e .

m=—o00 s=1 k=0

(5.6)

Again we have to apply the definition of Fourier transform of a product of two radially
symmetric functions for the first part and the definition of Fourier transform of a product of
a radially symmetric function with a function without radial symmetry for the second part,

then,

00 1 & 1
CG(pp) = 27r/0 rdr lzmﬁ(r —7p) - Z mjo <)\08;)] Jo(2mpr)

s=1

o0 1
) m zmap/ - . (2
—i—m_z_:m 7( ; rdrt, (T)QWT(S(T 70) Jm (27 pr)
© 1 0 T
— sz:l 7m52{]12()\05)/0 dro(r —ro)Jo </\080z) Jo(2mpr)
oo n—1 «

m zmgo —imk0p ]TP)
3 (e Y Y Y ey

m=—00 s=1k=0j=1

0 1
X /0 rdrJy (x\osa) %5(7‘ —10)Jm(2mpr)
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> 1 To
SR . — A 5 VAL I AT
5—21 a2 J2(Nos) JO( 0 a) Jo(2mpro)
+ Z m zmcpinzlie—zmkﬂ 1 J </\ ]Tp)
m=—00 s=1 k=0 j=1 a2‘]1 (AOS) ” «

XJ() </\()57;)> Jm(Qﬂ'p’f’Q),

ie.,

~ oo 1
s\Ps = ———~——Jo | Aos Jo(2
C(p 90) SZ::I 7TOC2J12<)\03) ( 0 ) 0( 7TP7’0)
oo n—1 « J (/\Osj p) r
im Z) ,—imkb, o 0
T S 3 5p oY s s P S EACHNCES

m=—o00 s=1 k=0 j=1

Then by calculating the squared module of the previous expression, diffraction patterns are
obtained for different values of n. For all figures at the bottom, on the color scale 0 represents

the minimum value of intensity and 1 represents the maximum value.
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0 0.2 0.4 0.6 0.8 1.0

Figure 5.12: (a) Diffraction pattern of a ring delta function sampling for m € [—60, 60], s € [1,50], a = 25,
j =6 and ro = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates for a
ring delta function with 6, = 27.
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Figure 5.13: (a) Diffraction pattern of a ring delta function sampling for n=2, m € [—60,60], s € [1,50],
a =25, 7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates
for a ring delta function with 6, = .
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0 0.2 0.4 0.6 0.8 1.0

Figure 5.14: (a) Diffraction pattern of a ring delta function sampling for n=3, m € [—60,60], s € [1,50],

a = 25,7 =6 and ro = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with 6, = %’r
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Figure 5.15: (a) Diffraction pattern of a ring delta function sampling for n=4, m € [—60,60], s € [1,50],
a =25, 7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with ¢, = 5
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0 0.2 0.4 0.6 0.8 1.0

Figure 5.16: (a) Diffraction pattern of a ring delta function sampling for n=5, m € [—60,60], s € [1,50],

a = 25,7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with 6, = %’r
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0 0.2 0.4 0.6 0.8 1.0

Figure 5.17: (a) Diffraction pattern of a ring delta function sampling for n=6, m € [—60,60], s € [1,50],
a =25, 7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with 6, = 5.
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0 0.2 0.4 0.6 0.8 1.0

Figure 5.18: (a) Diffraction pattern of a ring delta function sampling for n=7, m € [—60,60], s € [1,50],
a = 25,7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with 6, = 27”
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0 0.2 0.4 0.6 0.8 1.0

Figure 5.19: (a) Diffraction pattern of a ring delta function sampling for n=8, m € [—60,60], s € [1,50],
a =25, 7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates
for a ring delta function with ¢, = 7.
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0 0.2 0.4 0.6 0.8 1.0

Figure 5.20: (a) Diffraction pattern of a ring delta function sampling for n=9, m € [—60,60], s € [1,50],

a = 25,7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with 6, = %”.
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0 0.2 0.4 0.6 0.8 1.0

Figure 5.21: (a) Diffraction pattern of a ring delta function sampling for n=10, m € [—60,60], s € [1,50],
a =25, 7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with 6, = £.
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Figure 5.22: (a) Diffraction pattern of a ring delta function sampling for n=11, m € [—60,60], s € [1,50],
a =25, j =06 and rg = 3. (b) Graphical representation of the sampling in polar coordinates for a ring delta

function with 6, = 21—’17
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Figure 5.23: (a) Diffraction pattern of a ring delta function sampling for n=12, m € [—60,60], s € [1,50],
a =25, 7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with 6, = ¢.
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Figure 5.24: (a) Diffraction pattern of a ring delta function sampling for n=13, m € [—60,60], s € [1,50],
a = 25,7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with 6, = %
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Figure 5.25: (a) Diffraction pattern of a ring delta function sampling for n=14, m € [—60,60], s € [1,50],
a =25, 7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with 6, = Z.
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Figure 5.26: (a) Diffraction pattern of a ring delta function sampling for n=15, m € [—60,60], s € [1,50],
a = 25,7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with 6, = %
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Figure 5.27: (a) Diffraction pattern of a ring delta function sampling for n=25, m € [—60,60], s € [1,50],
a =25, 7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with ¢, = %—g
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Figure 5.28: (a) Diffraction pattern of a ring delta function sampling for n=30, m € [—60,60], s € [1,50],
a = 25,7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with 6, = .
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Figure 5.29: (a) Diffraction pattern of a ring delta function sampling for n=50, m € [—60,60], s € [1,50],
a =25, 7 =6 and rg = 3 (arbitrary units). (b) Graphical representation of the sampling in polar coordinates

for a ring delta function with 6, = 5.
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However, the simulation of Eq.(5.7) doesn’t seem to have variation with j = 3,4..., this is
because in the sampling only for j = 3 the deltas of the third radial period of the polar
train coincide with the ring. This can be seen clearly using Eq.(4.8), where the polar train

is expressed in series but only for the angular part, i.e.,

tp (7“, 0) = 1 Z zm@

27Tr o

1 oonl

= 27T Z Z Z 5 7“ _]'rp zmkﬁpeime

T m=—o00 j=1k=0 "

This time, the sampling is represented by

G(rl) = ——6(r—rp)- 271””5(70)

2mr
0o oonll

+2—5(7‘ —7p) Z Z Z -6 (r—grp)e _’mkepezme. (5.8)

m—fOOJ 1 k= 0

The first term is canceled and the Fourier transform is given by

P m zm o 1
CGlpyp) = m;m 27 (— (p/o Tdrtpm(r)%é(r—ro)Jm(prr)
— Z 27T m zmap
1 o n- 1 1o 1
X / rdr— > Z 5 (r — jrp) e ™0 —§(r — o) (27 pr)
0 T Si=o" 2mr

oonll

= Z Z 27r (—i)™e ’mkepe"m@/o d?" Z(S (r—grp) 0(r —1ro)JJm(2mpr)

m=—00 k=0 ]1
o) nll

1
= D D —(—i)me ™ Zm“"/ dr—0 (r —ro) 0(r — ro)Jm(2mpr)
Mo o 2T r

co n—1 1

. () 1
= Z Z (—i)"e ’mke”e’"w/ dr—o6(r — 1) Jm(2mpr)
27T 0 T

m=—00 k= 0

-y ¥

m=—00 k=0

e~ Mk etme 1 (27 pry). (5.9)

27r7’0

This result shows that there is no dependence on the radial period, it only depends on the
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ring’s radius and the angular period but this doesn’t happen for non-null width functions.
It must be mentioned that the simulations of Eq.(5.9) give the same result as Eq. (5.7).
Given the form of Eq.(5.9) it is not easy to understand if there is a relation between the
sampling spectrum and the spectrum of the unsampled object (as in cartesian coordinates).
However, an analysis can be done to try to simplify the result and express it in a more
friendly way.

Since k0, = k‘%ﬁ and the sum goes from 0 to n — 1 then

e n iftm=lin, l€Z
e = (5.10)
k=0 0 if m #In.

Thereby Eq.(5.9) turns into

~ _ n = _\in ilngol] 2
Cs(p, ) - ZZX;OO( i)' e Jy (2 pro)
i —1 [ee)
= n Jo(2mpro) + Z (—i)lneile (2mpro) +Z ln dwc]ln(QWP?"o)
271 I =0 -1
n B 0 . 0
- Jo(2mpro) + > (=i)""e™ T yu(2mpro) + D (—i)" ey (%rpm)]
2mro | =1 =1
n B 00 ‘ i 00
= Jg(27TpT0)+Z(Z)ln6 Zl"“"( )Z"Jln (2mpro) +Z l” e'ne J, (27Tpr0)]
27mro | =1 =1
= o | Jo(@mpro) + 30 (=) "e T gy (2mprg) + 3 Z)l”e“"“’Jm(%pro)]
2mro | =1 =1
n B 0
= Jo(2mpro) + 23 (=)™ T (27 pro) cos(Ing)
27rg | Py
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Chapter 6

Method to form first-order Bessel

beams

6.1 Overlap of Circ functions

The Fourier transform of an circular aperture gives, as a result first-order Bessel function
over its argument. Let’s consider n circular slits for the interferometer, which are distributed

over an imaginary circle with radio r; + Ry as shown in Fig. 6.1

) Polar axis

Figure 6.1: Overlap of circ functions.

Just like the previous chapter, every slit can be described as a shifted circle function. How-
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ever, due to the configuration given, this time both the radius and the angle change. For
Fig. 6.1 let’s consider the radial variation as ri,, 2ry, and 3ry,, where 3r;, = r;, but in

general we can consider Iry,,l = 1,2,..., 8 with $ry, = r; for some 3. Also

K, =k™—; k=0,...,n—1. (6.1)

F {circ (T — Flk) } = e i2mplrip COS(WP*@)QWR% Jlézmj)fl)
TPl

- M _imp —im J 27T R
= > (—)me™e ke”Jm(Qﬂplrlp)QﬂR%W.

m=—0oQ

(6.2)

If the configuration of the Fig. (6.1) is followed, one slit at the origin needs to be added,

whose Fourier transform is 27 R? Jléi;f{fl). Both results can be divided by a factor 7 R?, then

the Fourier transform of the complete configuration is given by

ﬁ n—1 — ﬁ n—1
P . (=T J1(2mpRy) ol o
T E E _ = I\ E 'E : i2mplrip cos(kbp—@) | 1
{ e ( R ) } 2mpRy c

| 1=0 k=0

) [ B n—1 A .
_ 2J1( 77031) Z ZZ(_Z‘)mezmcpe—zmkﬁme(27Tpl,r,1p)+1

(6.3)

Using the squared module of Eq.(6.3) in exponential form, the diffraction pattern for different

values of n is shown below.
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Figure 6.2: The figures on the left show the diffraction patterns for R; = 0.125, r,, = 0.5 and 3 = 6
(arbitrary units). On the color scale 0 represents the minimum value of intensity and 1 represents the
maximum value. The figures on the right show the distribution of the circular slits on an imaginary circle
(in purple).
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Figure 6.3: The figures on the left show the diffraction patterns for Ry = 0.125, ry,, = 0.5 and 3 = 6
(arbitrary units). On the color scale 0 represents the minimum value of intensity and 1 represents the
maximum value. The figures on the right show the distribution of the circular slits on an imaginary circle
(in purple).
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Figure 6.4: The figures on the left show the diffraction patterns for R; = 0.125, r, = 0.5 and 8 = 6
(arbitrary units). On the color scale 0 represents the minimum value of intensity and 1 represents the
maximum value. The figures on the right show the distribution of the circular slits on an imaginary circle
(in purple).
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Figure 6.5: The figures on the left show the diffraction patterns for Ry = 0.125, ry,, = 0.5 and 3 = 6
(arbitrary units). On the color scale 0 represents the minimum value of intensity and 1 represents the
maximum value. The figures on the right show the distribution of the circular slits on an imaginary circle
(in purple).
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n=9
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Figure 6.6: The figures on the left show the diffraction patterns for R; = 0.125, r, = 0.5 and 8 = 6
(arbitrary units). On the color scale 0 represents the minimum value of intensity and 1 represents the
maximum value. The figures on the right show the distribution of the circular slits on an imaginary circle
(in purple).
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6.2 Sampling of a circ function

The sampling of a circ function is expressed as

Cs(r,0) = circ( )-tp(r,ﬁ),

r
r1+ Ry

where, by Eq.(4.16)
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~+circ <
r

Just like in the previous section we have to apply the definition of Fourier transform of a
product of two radially symmetric functions for the first part and the definition of Fourier
transform of a product of a radially symmetric function with a function without radial

symmetry for the second part, this is,

Glpp) = 2m /0°° rar [Cim( —:R1> i 12(/\05)JO </\05;)1 Jo(2mpr)
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The first integral in Eq.(6.5) can be evaluated with the help of a formula given by [11],

namely,

/0 " tdt T, (kt) J,(1t) = kT r (k) T, (1) — 1, (k) J, 1 (1)) (6.6)

k2 —l2

Lettingx =r1 + Ry, t=1r, k= %, [ =2mp, v = 0 etc., enables us to write
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therefore
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Due to the complexity of the theoretical result, simulations aren’t presented for this case.
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Chapter 7

Conclusions and future work

The conclusions of the present work and some future work options that may continue to be

developed as a result of the investigation are presented below.

7.1 Conclusions

Two methods im polar coordinates to form both zero-order and first-order Bessel beams

were developed.

For the theoretical part of zero-order Bessel beams a numerical simulation was imple-

mented.

The simulations for the two methods to form zero-order Bessel beams show significant

similarities.

Due to the complexity of the theoretical development results of the first-order Bessel

beams for the sampling case, only the simulation results for the first method are shown.

7.2 Future work

e To express the results in simpler ways such that the behavior observed in the simulations

can be deduced in a simple way from the theoretical part.

e To know with what value of n and the dimensions of the slits, the sought beams can be

found and thus, proceed with the experimental part.
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7.2. FUTURE WORK

e To look for the possibility of creating another type of beam.

e To evaluate the possibility of modulating amplitude and phase of the slits.
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