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Aplicación de técnicas de teoŕıa de matrices

aleatorias al estudio de redes complejas

Resumen

En esta tesis nos dedicamos al estudio de propiedades estructurales, de autova-

lores y autovectores de redes complejas usando a la matriz de adyacencia en dos versiones:

binaria y aleatoriamente pesada. Nos enfocamos en el estudio de propiedades estáticas y

propiedades dinámicas. Con relación a propiedades estáticas realizamos el estudio de dos

modelos de redes aleatorias:

• El modelo de grafos geométricos aleatorios dirigidos.

• El modelo de grafos hiperbólicos aleatorios no dirigidos.

En el contexto de ensambles de matrices aleatorias, realizamos el estudio de la probabilidad

de supervivencia en un modelo base:

• El modelo de redes aleatorias tipo Erdös Renyi no dirigidas.

Usando matrices de adyacencia binarias, nos enfocamos en el estudio de cantidades topológicas

o estructurales: el grado promedio, el ı́ndice armónico, ı́ndice de Randić, coeficiente local,

y coeficiente global de clustering. Usando modelos de ensambles de la teoŕıa de matri-

ces aleatorias como referencia de matrices aleatorias pesadas, nos dedicamos al estudio

estad́ıstico de cantidades espectrales (de autovalores y autovectores): la razón entre espa-

ciamientos de autovalores consecutivos, la razón entre espaciamientos de autovalores entre

el autovalor vecino más cercano y su vecino más próximo, la razón de participación inversa

de los autovectores, y la entroṕıa de Shannon de los autovectores.

Particularmente, mostramos que para las cantidades espectrales estáticas es posible definir

un parámetro de escalamiento que permite obtener curvas universales para los modelos de

redes, definiendo aśı tres reǵımenes: estados localizados, la región de transición entre estados

localizados a delocalizados, y estados totalmente delocalizados. Aśımismo, mostramos que

a tráves del grado promedio es posible caracterizar el comportamiento de la probabilidad

de supervivencia de redes tipo Erdös Renyi.



Application of random matrix theory techniques

to the study of complex networks

Abstract

In this thesis, we study the structural, eigenvalue and eigenvector properties of

complex networks using their adjacency matrix representation in two different versions:

binary and randomly-weighted. We focus on the study of static and dynamical properties.

Regarding static properties, we study two random network models:

• The directed random geometric graph model.

• The undirected random hyperbolic graph model.

In the context of random matrix ensembles, we perform the study of the survivial probability

in a reference model:

• The undirected Erdös Renyi random network model.

Using binary adjacency matrices, we focus on the study of topological or structural quan-

tities (measures): the average degree, the Harmonic index, the Randić index, the local and

global clustering coefficients. Using models of ensembles of random matrix theory as a

reference of randomly-weighted adjacency matrices, we dedicate to the statistical study of

spectral and eigenvector quantities: the ratio between consecutive eigenvalue spacings, the

ratio between the nearest and next-to-nearest-neighbor spacings, the inverse participation

ratio, and the Shannon entropy of the eigenvectors. Particularly, we show that for the static

spectral and eigenvector measures it is possible to define a scaling parameter that allows to

obtain universal curves for the random network models, and help us to define three different

regimes of the network states: localization, localization-to-delocalization crossover, and full

delocalization. Finally, we show that by using the average degree we can characterize the

general behavior of the survival probability of Erdös Renyi random networks.
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List of Abbreviations and symbols

The following list describes the significance of abbreviations, acronyms and sym-

bols used throughout this thesis work. The page of the first use of the abbreviation, acronym

or symbol is also given.

ER Erdös Renyi (p. 5)

RGG Random geometric graph (p. 6)

dRGG Directed random geometric graph (p. 6)

HRG Hyperbolic random graph (p. 6)

RMT Random matrix theory (p. 7)

GOE Gaussian orthogonal ensemble (p. 8)

GUE Gaussian unitary ensemble (p. 8)

A Denotes a binary adjacency matrix (p. 19)

G Denotes graph (p. 24)

Ω Denotes connectance (p. 22)

R(G) Randić connectivity index (p. 24)

H(G) Harmonic index (p. 24)

Vx(G) Number of nonisolated vertices (p. 25)

C(G) Local clustering coefficient (p. 25)

Cg(G) Global clustering coefficient (p. 26)

AO Denotes an orthogonal randomly-weighted adjacency matrix (p. 30)

RGE Real Ginibre ensemble (p. 30)

AnH Denotes a randomly-weighted non-Hermitian adjacency matrix (p. 30)

MRME Magnetic random matrix ensemble (p. 31)
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AH Denotes a randomly-weighted Hermitian adjacency matrix (p. 31)

λi, Ψ
i Denote the i− th eigenvalue and normalized eigenvector, respectively (p. 32)

rR, rC Ratio between consecutive level spacings, ratio between nearest-and next-to-nearest

eigenvalue spacings, respectively (p. 33)

IPR, S Inverse participation ratio, Shannon entropy (p. 33)

PE Poisson ensemble (p. 33)

(·)RGE, (·)MRME, (·)PE,

(·)GOE Denote the limit ensemble value of the quantity (·) (p. 34)

n Number of nodes, also called size of the graph or network (p. 36)

ℓ Connection radius, parameter of the RGG model (p. 36)

ℓ0 Lowest bound of the support of the radii distribution of the RGG model (p. 37)

α Exponent of the radii Pareto distribution of the RGG.

Exponent of the node radial coordinate density function of the HRG (p. 37, 56)

P (k) Degree distribution (p. 39)

P (k) Distribution of the normalized degree (p. 39)

⟨k⟩ Average degree (p. 41)

ξ Denotes a scaling parameter (p. 49)

C, δ Fitting constants (p. 50)

H2 Hyperbolic plane (p. 50)

ρ Disk radius of the hyperbolic disk, parameter of the HRG (p. 56)

K Gaussian curvature (p. 56)

ζ Related to the Gaussian curvature K = −ζ2, parameter of the HRG (p. 56)

β Exponent of the power-law degree distribution of the HRG (p. 58)
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γ Fitting constant (p. 58)

|Ψ(t)⟩ Denotes a time-evolved initial state (p. 77)

|ϕini⟩ Denotes an initial state taken from a generic basis of the FRME (p. 77)

SP Survival probability (p. 77)

FRME Full random matrix ensemble (p. 77)

LDOS Local density of states (p. 78)

FRM Full random matrix (p. 78)

tTh Thouless time (p. 79)

p Connection probability, parameter of the ER network model (p. 79)

D2 Correlation dimension (p. 85)

D̃2 Correlation dimension of the initial state (p. 85)

C(t) Time-averaged survival probability (p. 86)

η Relative depth of the correlation hole (p. 88)

Dq Generalized dimension q (p. 88)

IPR(q) Generalized inverse participation ratio (p. 88)



Chapter 1

Introduction

Historically, the emergence of graph theory traces back to the problem of the seven

bridges of Königsberg in which Leonhard Euler in 1736 showed that it was not possible to

visit all of the mainland banks of the city of Königsberg by crossing the seven bridges just

once. He extracted the concepts of vertices and edges, representing the banks and bridges,

respectively. Euler showed that the problem had a solution only if none or two vertices had

an odd degree [1]. By abstracting this geometric problem, he laid the foundations of graph

theory. Later, important fundamentals of graph theory were established with the study of

enumeration of trees, and the Kuratowski and the Túran theorems [2]. Also in 1847 Gustav

Kirchhoff used trees to describe current flow in electrical networks in the development of

Kirchhoff’s circuit laws as an important application of graph theory [3]. Then, in order to

account for randomness in graphs, in 1951 Solomonoff and Rapoport introduced the first

random graph model [4] (named Erdös Renyi model after further studies by Paul Erdös

and Alfréd Renyi [5]) that set the development of a wide variety of random network models

and laid the foundations of modern network science.

Today, networks have become tremendously useful for understanding the structure of sys-

tems across scales, containing a few elements or even millions. Depending on their construc-

tion principles, networks are broadly classified as deterministic, random, and fractal [6].

However, networks extracted from real-world systems often result in a large number of

interconnected heterogeneous elements combining features from multiple categories of net-

works in a non-trivial way. These networks are, therefore, extremely difficult to analyze

and are called complex networks [7].

Recently, random graphs, which are probabilistic models where links are added between

4



1.1 Random network models 5

nodes according to some probabilistic rule, have gained much attention in mimicking prop-

erties of interest in complex networks and aiding in their understanding. Thus, much inves-

tigation has been done to understand structural properties of random networks and imple-

ment them to the study of real-world networks such as social networks, the World Wide Web

(WWW), Internet, biological networks, power grids, word association networks [8, 10–12];

and many others. Additionally, some models have also been characterized and used within

the view of statistical mechanics theory [13, 14] as a powerful resource to extend network

theory.

Since random networks have become important for the understanding of global

properties of real-world complex systems modeled by networks, our study focuses on ana-

lyzing the properties of random network models by applying some techniques used in the

context of random matrix theory, which is discussed in Sec. 1.2.

1.1 Random network models

Since the introduction of the Erdös Renyi (ER) model and the limits. it has to fully

describe specific characteristics of realistic networks such as scale-free degree distributions,

high clustering, small-world properties, and the presence of communities; a wide variety of

random network models has been introduced in order to amend for these attributes. Among

the most popular models we can mention the preferential attachment model of Barabási and

Albert [15] (able to reproduce the scale-free property), preferential attachment networks of

Watts and Strogatz [16] (with the small-world feature), and the configuration model by Bol-

lobás (for the generation of random graphs with a specified degree sequence). Interestingly,

as a natural generalization of the ER model, Caldarelli et al. [17] and Söderberg [18] have

proposed the construction of inhomogeneous graphs characterized by an attachment kernel

and a fitness distribution (also called hidden variable graphs [19]) allowing the appearance

of scale-free degree distributions and correlated structures. Among some applications of the

Erdös Renyi model we can mention: epidemic modeling and percolation studies [20]. This

reveals that despite the ER model is proved simplistic for the analysis of complex networks,

it is still a crucial framework model with general applicability across disciplines. Therefore,

the ER model serves as a useful tool for unifying concepts when analyzing different kinds

of systems, bridging the gap between the formal mathematical study of networks and real-
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world complex systems.

If the system under study is embedded in a geometric space (like road networks,

power networks or networks of wireless communication devices) the best suited representa-

tion belongs to the so-called spatial networks [21]. The rising interest in spatial networks

stems from their ability to capture the intrinsic interplay between structure and space, of-

fering a more comprehensive understanding of real-world complex systems. The versatility

of spatial networks extends across diverse applications, spanning a spectrum that includes

transportation and urban planning, where understanding spatial relationships is pivotal

for efficient design, to ecology, where the geographical distribution of species influences

ecosystems. Additionally, in fields like epidemiology, the consideration of spatial connec-

tions becomes crucial for modeling the spread of diseases, while in telecommunications, the

optimization of network infrastructure relies on an appreciation of the spatial relationships

between communication nodes. One key aspect of geometric networks is their capacity to

uncover hidden patterns, dependencies, and vulnerabilities that are often obscured in con-

ventional network analyses [22, 23, 156]. In this respect, probably the most studied model

of spatial networks is the random geometric graph (RGG) model introduced by Gilbert

in 1961 [24]. Among many areas of study, random geometric graphs have been used for

modelling worm epidemics in wireless, ad hoc networks, stochastic epidemics, rumor propa-

gation, and design of wireless networks [25–27]. In particular, since the arrival of the RGG

model different versions of the same have been proposed contrasting in boundary domains

from unit circles and squares [8, 28–30] to d-dimensional spheres and squares [28, 31], etc.

Since most of the real-world spatial networks are intrisically directed, models of directed

RGGs, called dRGGs, have been explored in order to extend its applicability in the study

of wireless networks and word association networks [8, 9]. However, Euclidean geometry of

RGGs is not always apt to represent exponentially distant node locations or node similarity

distances [14]. In this sense, for instance, some studies have shown that hyperbolic spaces

show a more accurate interpretation of the structure of brain networks than Euclidean ge-

ometry at different scales [32,33]. As a natural extension of spatial networks, the hyperbolic

random graph (HRG) model introduced in [14, 34] portraits the quality to represent nodes

separated by exponential distances on the hyperbolic plane H2 as a stereographic projection

of the positive hyperboloid, while simultaneously presenting scale-free degree distributions

as in the original preferential attachment model, strong clustering, sparseness, community
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structure, and self-similarity [156]. Moreover, because of the inherent real-world-like prop-

erties, due to negative curvature geometry, some possible applications of the HRG as a

null model have been studied on brain dynamics, mapping of the Internet and link predic-

tion [35–38]. Thus, for the relevance of these models in the modeling and understanding of

complex networks, we study topological and spectral properties of the dRGG and the HRG

models in the context of random matrix theory.

Furthermore, not only the properties of topological and static spectral properties of

mostly undirected networks have been extensively analyzed, also the dynamical properties

that inherit the structure of networks and graphs have attracted great interest in the studies

of rumor spreading, glassy systems modelling with random regular graphs, the return or

survival probability of random walks in scale-free trees, and random walks using weighted

matrices with a dynamics described by a discrete time Markovian process [39–42]. In

addition, studies of the random walk dynamics with long range interactions using fractional

calculus has permitted to explore fractional diffusion in networks [43]. And as an extension,

fractional quantum transport in ring graphs was also studied in [44] and serving to generalize

dynamics based on continuous-time quantum walks [45]. Even more, more recently, Mellin-

transformed d-path Laplacian operators have been implemented to the study of quantum

transport and return probabilities of ring, complete and star graphs [46]. However, even

though the static spectral properties of networks have been analyzed in the context of

random matrix theory, their dynamics has not been taken into account in the same context.

Hence, in this work we aim to contribute to the study of the dynamics of random networks

by analyzing the ER random network model (as a conventional reference in the study of

networks) within the framework of random matrix theory (RMT). That is, we focus on the

analysis of the survival probability in terms of the inherent parameters of the ER network.

1.2 Random matrix theory

The origins of random matrix theory (RMT) can be traced back to Wishart in

1928 for statistical studies [47], later introduced by Eugene Wigner during the 1950s in the

field of nuclear physics. In quantum mechanics the energy levels of a system are completely

described by the eigenvalues of its Hamiltonian, but in the study of complex atom nuclei the

knowledge of the Hamiltonian and to solve its eigenvalue equation may be quite difficult.

Thus, Wigner surmised that the local statistical behavior of levels in a simple sequence
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(levels with the same spin, parity, and some other conserved quantities) would be identical

to the eigenvalues of a random matrix [48]. In this sense, Wigner introduced the concept

of level distribution and showed that the eigenvalues were not independent and exhibited

level repulsion [49]. Later Porter and Rosenzweig analyzed nuclear experimental data com-

piled by Harvey, Hughes and Moore [50, 51] and corroborated Wigner’s conjecture to be

very proximal to reality. This fact caused the development of random matrix ensembles

invariant under symmetry groups as a statistical approach to the study of complex physical

systems [52, 53]. As stated by Dyson, the statistical theory would not predict the detailed

level sequence of any nucleus, but it would describe the general appearance and degree

of irregularity of the level structure. In this way, the complex nucleus was pictured as a

“black box” with large number of particles interacting with unknown laws [54]. Therefore,

at the core of RMT is the idea that spectral distribution density in random matrices is in

fact universal, meaning that it does not matter what is the specific type of matrix or its

underlying physical system.

The classical matrix ensembles, also known as Wigner classical ensembles describe different

types of symmetry in the underlying physical systems and are classified based on the nature

of its matrix elements. These ensembles include the Gaussian orthogonal ensemble (GOE),

the Gaussian unitary eensemble (GUE), and the Gaussian symplectic ensemble (GSE):

• GOE: Consists of squared n × n real and symmetric matrices. The matrix elements

are independent random variables drawn from a normal distribution with mean zero

and variance 2σ2 in the main diagonal, and variance σ2 for the off-diagonal elements.

This ensemble corresponds to systems with time-reversal symmetry and rotational

symmetry.

• GUE: Consists of squared n × n complex hermitian matrices. The matrix has real

elements in the diagonal and complex off-diagonal elements. Both real and imaginary

parts are drawn from a normal distribution with mean zero and variance σ, resulting

in diagonal elements with variance σ and off-diagonal elements with variance σ too.

This ensemble has no time-reversal symmetry but keeps rotational symmetry.

• GSE: Consists of squared n × n quaternionic self-dual matrices. The matrix ele-

ments are real random variables in the diagonal and quaternionic random variables

off-diagonal. All random variables have mean zero and variance σ. This ensemble
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preserves time reversal symmetry but not rotational symmetry.

Today RMT has numerous applications across different fields, such as condensed

matter physics, characterization of chaotic systems, financial markets, quantum gravity, and

in mathematics for the analysis of the distribution of values of the Riemann zeta function

[55,56], etc. Interestingly, one particularly suitable approach to address the relation between

the structure and the dynamics of a networked system is given by RMT, for instance, the

random Ising model or spin glass [57] seen as a network where nodes are spins and edges

represent interactions between spins. Consequently, RMT is also a suitable framework for

the study of random networks. Since random networks even though constructed with a

fixed set of parameter values, have themselves a random structure; it is meaningless to

study a single random network. Instead a statistical study of an ensemble of networks with

the same average properties should be performed. In this sense, the use of RMT techniques

might reveal universal properties, see e.g. [58–60], which are always of interest, as they allow

to reduce the set of parameters describing the system and deduce its behavior from a few

global parameters.

1.3 Methodology

It is possible to distinguish two approaches where RMT is applied to the study of

complex networks:

(1) On the one hand, diluted versions of the classical RMT ensembles have been used to

characterize ER-like networks. In this line of research the most studied RMT model is

the diluted version of the GOE which serves as a null model of ER undirected networks,

see e.g. [58–74]. Moreover, recently, diluted versions of the Gaussian Unitary Ensemble

and the Ginibre Ensemble were used to study directed ER weighted networks [75].

(2) On the other hand, given a specific complex network model it is possible to design a

corresponding RMT null (or reference) model. This approach has been used to study

multilayer and multiplex networks [76, 77], bipartite networks [78], and mutualistic

networks [79].

Specifically, while approach (1) does not consider the matrix structure representation of a

network, approach (2) was designed to take it into account. However, we have to recognize
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that approach (2) is mainly a numerical approach. Therefore, in this thesis we study spectral

properties of different random network models and contribute to the analysis of dynamical

properties within the second approach using as a mathematical tool the adjacency matrix

that we define in the next chapter.

1.3.1 Thesis organization

In this work we study the topological structure, spectral properties, and the sur-

vival probability of some random network models using RMT representations. This work

is divided in two parts:

• Part I: This part includes Chapter 2 through Chapter 5. In Chapter 2 we intro-

duce the notion of degree, the different types of graphs according to the nature of

their edges, and the topological quantities that we use to study two random network

models in Chapter 4 and Chapter 5; namely, the directed random geometric graph

model and the hyperbolic random graph model, respectively. In Chapter 3 we em-

phasize the importance of a RMT approach for the study of random networks and the

straightforward connection between random matrix and adjacency matrix for the rep-

resentation of random network models. Also, in this Chapter we define the standard

RMT quantites that we use to characterize the directed random geometric graphs

and the hyperbolic random graphs. In Chapter 4 we introduce the directed random

geometric graph model, and perform a thorough numerical analysis of the topological

and spectral properties of the model. Then we show relevant characterization of topo-

logical measures through the average degree, we also show that by use of the average

degree we can find a scaling parameter for the spectral measures that permit us to

characterize them across different network sizes. In Chapter 5 we define the hyper-

bolic random graph model, we also perform a numerical analysis of the topological

and spectral properties of this model, again, by performing calculations over a large

ensemble of binary (for topological quantities) and randomly-weighted adjacency ma-

trices (for spectral quantities) in the context of RMT ensembles. Also for this model

we show the existence of a scaling parameter for spectral measures.

• Part II: This part includes Chapter 6, where we define the ER model, and perform

the analysis of the survival probability in the context of RMT. Also, in Appendix A
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we include complementary results useful for the analysis of the survival probability of

Chapter 6.

Finally, in Chapter 7 we present the conclusions of this Thesis work.





Part I

Topological and static spectral

measures in random network

models

13





Chapter 2

Classification, representation, and

topology of networks

A complex system can be abstracted into a set of vertices, participant components

of the system under study, and a set of edges or links, relationships between components,

that form a network. Thus, a network can be thought of as the skeleton of a complex

system. This permits us to identify and study many properties inherited by the structure

of the object of observation. It is crucial to emphasize that depending on the application,

vertices and edges may have different interpretations. Consequently, for the great flexibility

that networks have in modeling systems of many interacting constituents, this chapter will

classify and define networks and some important topological properties and measures as

well as matrix representations of them.

2.1 Classification of graphs

A graph is a mathematical structure consisting of a set of vertices or nodes

connected by edges or links, they are generally used to represent abstract relationships

or connections between entities. The distinction between graph and network relies on

application. While a graph is more mathematically based, a network typically refers to

a real-world system of interconnected entities with applications ranging from exact to social

sciences [15, 80–82], Fig. 2.1 shows the components of a network and depicts a possible

application in biology. Here, for this thesis work, we must point out that the words graph

and network are used interchangeably. However, since the analysis of complex systems

15
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Figure 2.1: Left: Mathematical network and the parts that define it. Right: The principle
of the epigenetic landscape showing a gene network as the connection between the genotype
of an organism (its DNA) and its phenotype (the way the organism looks). Figure and
description taken from [83].

through networks is built upon graph theory fundamentals, we introduce some basic con-

cepts.

We can classify any graph by the direction of the connection of its edges. This

is, edges can be directed or undirected. As we can see in Fig. 2.2, a directed edge points

outward from a starting node towards a destination node; while an undirected edge does

have nor starting neither destination nodes. In this way, if a graph is constructed only

by directed edges we talk about a directed graph or digraph, when this is constructed only

by undirected links it is called undirected. It is also important to mention that in general,

graphs can contain loops (an edge that connects a node to itself) and even multiple edges

between two nodes (called multiedges) as seen in Figs. 2.3(a-b), respectively. This opens a

broader categorization of graphs:

• Simple graphs: These graphs do not contain multiedges or loops. The edges or links

can be undirected (see Fig. 2.2(a)) or directed (see Fig. 2.2(b)). In the directed case

multiple arrows with same source and target nodes are not allowed. In this sense

Fig. 2.2 is simple, since the bidirectional arrow ↔ between nodes 3 and 4 denotes an

arrow from 3 → 4 and another from 4 → 3.

• Multigraphs: They have multiedges but not loops. See multiedges in pairs of nodes

(1,2), (1,5), (3,4) from Fig. 2.3(b). By the nature of their edges, they can be undirected

multigraphs, or multidigraphs.



2.1 Classification of graphs 17

1

2

3

4

(a)

1

2

3

4

(b)

Figure 2.2: Example of (a) an undirected graph and (b) a directed graph with 4 vertices.
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(b)

Figure 2.3: (a) Example of a graph of 5 nodes with single edges between nodes and loop
edges in nodes 2, 3, and 4. (b) Example of a graph of 5 nodes with multiedges between
some pairs of nodes.

• Pseudographs: They combine the presence of multiedges and loops. Also edges may

have direction or not.

As we observe the broad classification, we focus only on simple undirected and

directed graphs since the random network models we analyze in this thesis are simple

networks by definition. Then depending on the number of edges a simple graph has, we can

identify two extreme stages:

• Isolated or null graphs: None of the possible edges exist. See Fig. 2.4(b) where all

nodes are isolated because they do not share edges.

• Complete graphs: All possible edges exist. See Fig. 2.4(a) for the simple undirected

case and Fig. 2.4(c) for the simple digraph case, with bidirectional edges denoting a
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Figure 2.4: Example of a 4 vertex graph as (a) a complete simple undirected graph, (b) an
isolated or null graph, and (c) a complete simple directed graph.

single edge per departure node.

Finally, another important possible feature of networks is that their edges may be

weighted, and graphs with this characteristic are now called weighted graphs. The weights

represent some property or characteristic of the relationship between pairs of nodes, thus

their meaning varies depending on the context of analysis or applicability. This permits

a natural association with complex systems. In Figs. 2.5(a-b) we show a simple weighted

graph with the undirected case on the left and the directed one on the right.

4.5

3.
3 2.1

1.7

1 2

3 4

(a)

4.5

2.13.
3

1.7

21

3 4

(b)

Figure 2.5: Example of (a) a simple undirected weighted graph and (b) a simple directed
weighted graph with 4 vertices. Weights are shown on each edge.



2.2 Adjacency matrix 19

2.2 Adjacency matrix

The adjacency matrix A is probably the most extensively used matrix representa-

tions of networks, A is commonly defined as a binary matrix that represents the adjacent

connections to every node in the graph,

Aij =

 1 if i∼j
0 otherwise

, (2.1)

where i∼j represents the existence of an edge between nodes i and j. For undirected graphs,

we note that the adjacency matrix must be symmetric Aij = Aji. Nevertheless, for digraphs,

the direction of the edges must be taken into account, therefore we redefine the assignation

of one entries as

Aij =

 1 if j → i

0 otherwise
, (2.2)

where j → i indicate the existence of an edge pointing from node j to node i and the

resulting adjacency matrix A will be, in general, non-symmetric.

Then, the corresponding binary adjacency matrices of the simple undirected and directed

graphs of Figs. 2.2(a-b) are

A(a) =


0 1 1 0

1 0 1 0

1 1 0 1

0 0 1 0

 A(b) =


0 0 1 0

1 0 0 0

0 1 0 1

0 0 1 0

 . (2.3)

In addition, when having multiedges between nodes, entries become the multiedge

cardinality and when having loops, the main diagonal entries corresponding to nodes with

loops are replaced by 2. Thus, the adjacency matrix representation of Figs. 2.3(a-b) become

A(a) =



0 1 1 0 1

1 2 1 0 0

1 1 2 1 1

0 0 1 2 1

1 0 1 1 0


A(b) =



0 2 1 0 2

2 0 1 0 0

1 1 0 2 1

0 0 2 0 1

2 0 1 1 0


. (2.4)
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Moreover, when we treat with weighted graphs and a connection exist, we substi-

tute the one entry for the weight of the edge. Regarding the nature of the links we follow

the same previous rules. Then the adjacency matrices of Figs. 2.5(a-b) are given as

A(a) =


0 4.5 3.3 0

4.5 0 2.1 0

3.3 2.1 0 1.7

0 0 1.7 0

 A(b) =


4.5 0 3.3 0

0 0 0 0

0 2.1 0 0

0 0 1.7 0

 . (2.5)

2.3 Topology of networks

Within network science, the information that topology provides is crucial for the

understanding of complex systems modeled by networks. In this section, we introduce the

degree of a node for both simple undirected and directed graphs, the average number of

links, the global and local clustering coefficients, and some topological indices such as, the

number of non-isolated vertices, the Randić index, and the Harmonic index.

2.3.1 Number of edges, average degree, and connectance

The degree is defined as the number of edges or links that connects a vertex to

other vertices in the graph. For a node with an assigned tag or label i, we denote the degree

as ki. Since graphs can be directed or undirected, the degree is classified as follows:

• In-degree: Denoted as kini , is the number of edges that point towards node i.

• Out-degree: Denoted as kouti , is the number of outgoing edges from node i.

• Degree: Denoted as ki, for directed graphs ki = kini +kouti . While for undirected graphs

ki = kini = kouti since the in- and out-degrees are the same.

Inasmuch as the adjacency matrix A from Eqs.(2.1) and (2.2) represents every

connection to a node by a unit entry, the degree ki for a n node graph can be directly

computed from A [12]:

• For in-degree:

kini =

n∑
j=1

Aij (2.6)



2.3 Topology of networks 21

• For out-degree:

koutj =

n∑
i=1

Aij (2.7)

• For the undirected case:

ki = kouti = kini (2.8)

• For the directed case:

ki = kouti + kini . (2.9)

Now, the calculation of the total number of edges, denoted as L, is straightfor-

ward. For undirected graphs:

2L =

n∑
i=1

ki =
∑
ij

Aij , (2.10)

where the factor 2 is given due to double counting of edges in the summation of ki as incom-

ing and outcoming edges are undistinguishable for the undirected scenario (see Fig. 2.2(a)).

On the other hand, for directed graphs:

L =
n∑

i=1

kini =
n∑

i=1

kouti =
∑
ij

Aij , (2.11)

in this case the factor of 2 does not appear since directed graphs count incoming and

outgoing edges separately.

Then, the average degree, ⟨k⟩, of a graph can be known in terms of L using

Eqs. (2.10) and (2.11):

• For the undirected case:

⟨k⟩ = 1

n

n∑
i=1

ki =
2L

n
(2.12)

• For the directed case:

⟨k⟩ = 1

n

n∑
i=1

ki =
L

n
(2.13)

From Eqs. (2.12) and (2.13) we can see that the average degree ⟨k⟩ is a measure

of how densely connected a graph may be. Moreover, owing to the lack of multiedges and

self-loops of simple graphs, the maximum number of edges will be Lmax =
(
n
2

)
for undirected

and Lmax = 2
(
n
2

)
for directed graphs. Therefore, we can define the connectance [12] of a
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graph, known as the fraction of the existent edges in the graph from the possible maximum

number of edges:

Ω =
L

Lmax
=
⟨k⟩
n− 1

. (2.14)

When the average degree ⟨k⟩ → 0, the connectance Ω → 0 and when ⟨k⟩ → n − 1 (the

maximum average degree of a graph), Ω → 1. Thus, the connectance Ω ranges between

0 and 1. In particular, as the size n of a network increases n → ∞ and Ω → 0 we say

that the network is sparse. The connectance is an indicator of “sparsity” in the graph.

In fact, most of the real-world networks are sparse [84] with Ω << 1. Furthermore, the

connectance is also the fraction of non-zero off-diagonal elements of the adjacency matrix

A. Fig. 2.6 exemplifies the non-zero off-diagonal elements of the adjacency matrix A for

different values of Ω for directed and undirected graphs with n = 5 nodes. We observe that

as the connectance Ω increases, the adjacency matrix A becomes fuller (disregarding main

diagonal elements).
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Figure 2.6: (a) Undirected graph with connectance Ω = 0.4 and (b) its corresponding
nonzero adjacency matrix elements. (c) Unidirected graph with connectance Ω = 0.8 and
(d) its corresponding nonzero adjacency matrix elements. (e) Digraph with connectance
Ω = 0.4 and (f) its corresponding nonzero adjacency matrix elements. (g) Digraph with
connectance Ω = 0.8 and (g) its corresponding nonzero adjacency matrix elements. Nonzero
off-diagonal elements are shown in dark blue. Diagonal elements are colored in light grey
only to guide the eye, but they remain zero since graphs are simple.
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Figure 2.7: Molecular graph G of 2,4,4,6-tetramethylheptane. The degree is indicated next
to every vertex. Figure taken from [85].

2.3.2 Degree-based topological indices

Molecular-graph-based structure descriptors also known as topological indices have

been widely studied in chemistry graph theory as a form to associate a numerical value to a

chemical structure [85,86]. This association is achieved by the extraction of the skeleton of

the structure of a molecule, known as a molecular graph, that permits quantitative studies

to predict biological activity, pattern recognition, toxicity, molar refractions, partition coef-

ficients, boiling points [89–93], and many physicochemical properties of a particular feature

of the structure of the compounds being studied [87]. Then, a molecular graph is a simple

graph where vertices represent atoms and edges represent the bonds between atoms [85].

Fig. 2.7 exemplifies the graph representation of a branched-chain hydrocarbon with the

chemical formula C11H24 with bonds as edges and vertices as atoms.

Topological indices were first introduced by Wiener in his work “Structural deter-

mination of paraffin boiling points” [88,99], where he studied physical properties of alkanes

in relation to the distances of their molecular graph. After this seminal work was published

in 1947, many topological indices were proposed in the context of chemistry and gained

attention of mathematicians [94,95] after the introduction of the first degree-based descrip-

tor proposed by Randić in 1975 in his paper entitled “On characterization of molecular

branching” [96]. Randić took the bond descriptor (the number of bonds of an atom, equal

to its degree) of every atom and proposed an index as the summation of the products of

bond descriptor values to the minus one-half power of the pairs of atoms with a sharing

bond (see Eq. (2.15)). This index was known as a branching index and proved good cor-

relation with alkane properties such as: boiling points, chromatographic retention times,

enthalpies of formation, surface areas, etc. [97, 99]. Thus, among many molecular-graph-
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based descriptors, the Randić index is the most explored in chemistry, pharmacology, in

mathematics and mathematical chemistry [96, 98]. Interestingly, relationships between the

Randić topological index and many other degree-based topological indices have been proved

in [96]. Even more, besides the physicochemical applications, this index has been applied

to the study of robustness [100], similarity [101], heterogeneity of networks [102], and more

recently; applications to the analysis of random networks [103].

Given a simple graph G = (V (G), E(G)) with V (G) and E(G) the vertex set and

edge set, respectively, the Randić connectivity index is defined as [99]

R(G) =
∑

i∼j∈E(G)

1√
kikj

, (2.15)

Another important topological index is the Harmonic index [104]. This index is

defined as follows [104]:

H(G) =
∑

i∼j∈E(G)

2

ki + kj
. (2.16)

Interestingly, this graph invariant has also reported relationships with other indices such as

the first geometric-arithmetic index and the sum connectivity index [106,109]. Even Favaron

et. al. proposed a relation of the Harmonic index with the eigenvalues of graphs [107]. Some

other works, with respect to this index, have analyzed the characterization of extremal

graphs that maximize or minimize this topological graph invariant under given constraints,

while others have analyzed its minimum and maximum values for unicyclic, simple, bicyclic

graphs, and trees [109–111,115–117].

Other studies refer to this index as having a better correlation with some physicochemical

properties than the Randić index. On that account, this index has been used to push for-

ward studies of nanostructures. For example, a fifth harmonic index was introduced in [105]

to contribute to the study of H-Naphtalenic and TUC4[m,n] nanotubes, an explicit formula

of the Harmonic index for nanocones CNCk[n] was explored in [108], also inspired on the

degree-based index, a Harmonic index of temperature was suggested in [112]. Even the

generalized version of the Harmonic index presented in [113] has been focus of studies of

graphene [114].
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Finally, another measure we use in this dissertation is the number of non-isolated

vertices, denoted as Vx. Since a topological index is defined as the summation of a function

of the degrees of vertices with a common edge [85], the number of non-isolated vertices Vx

is also a topological index, defined as:

Vx =
∑
i∼j

(
1

ki
+

1

kj

)
(2.17)

In particular, this index has been correlated to other topological and spectral

properties in the study of random networks (see, for instance, [118]).

Here, i∼j denotes the edge connecting vertices i and j, and ki the degree of vertex

i. Note that edge nature (directed or undirected) is considered in the definition of the degree

ki from Eqs. (2.8) and (2.9).

2.3.3 Local and global clustering coefficients

Specially proposed for the analysis of social networks to reveal a collaborative

relationship between agents [119,120], the local clustering coefficient also known as Watts-

Strogatz (WS) clustering coefficient [16] is a measure of the tendency of nodes to cluster

(or form complete subgraphs) as edges between neighbors to a node form. Then, the local

clustering coefficient of a node i is the likelihood that its neighbor nodes connect to each

other. It is defined as the ratio of the number of edges Ei that exist between neighbors of

node i to the total number of possible edges between them
(
ki
2

)
[16],

Ci =

 0, if ki = 0, 1

2Ei
ki(ki−1) , if ki ≥ 2

. (2.18)

Also in terms of the binary adjacency matrix A, the WS clustering coefficient given by

Eq. (2.18) when ki ≥ 2 takes the form [121]

Ci =
1

ki(ki − 1)

∑
j,k

AijAjkAki. (2.19)

Figs. 2.8(a-c) show an example of the clustering coefficient of a node 1 (red node) at different

stages of connection for a graph with 4 vertices. As exemplified in the Fig. 2.8, and according
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Figure 2.8: Example of the measurement of the local clustering coefficient of a simple
undirected graph with 4 vertices. Gray solid lines show the edges connecting to node 1, red
dashed lines show the possible and non-existent edges between neighbors (nodes connected
to node 1), an actual edge between neighbors is denoted by a black solid line. (a) None of
the edges between neighbors exist and C1 = 0. (b) An edge exists between nodes 2 and 3,
one out of three, thus C1 = 1/3. (c) All edges exist and a comple graph forms C1 = 1.

to definition of Eq. (2.18), Ci transits from 0 to 1 as local subgraphs of a node form. This

quantity is equally described as the ratio of the number of triangles (three nodes forming

a closed graph, see, for instance, Fig. 2.8(c)) to the total number of possible triangles that

share a node i.

A straightforward way to measure the overall level of local clustering of any network

is by using the average local clustering coefficient of a graph G, defined as

C(G) =
1

n

n∑
i

Ci =

n∑
i

2ti
ki(ki − 1)

, (2.20)

where ti = Ei is the number of triangles of i and n is the number of vertices of the graph.

One important trait of this quantity is that networks which have a high average clustering

coefficient are considered to be of the small world type [16].

A different way to measure clustering in a network is through the use of the

global clustering coefficient or transitivity [122, 123]. In contrast to the WS coefficient, the

transitivity gives the tendency of the whole network to form clusters and focuses on the

formation of triplets to quantify it. See Fig. 2.9. It is defined as the ratio of the number

of closed triplets (triangles) to the the total number of triplets (open and closed) of the

graph [122,123],

Cg(G) =
number of closed triplets

total number of triplets
=

∑n
i ti∑n

i ki(ki − 1)
. (2.21)



2.3 Topology of networks 27

That in terms of the binary adjacency matrix A, becomes:

Cg(G) = 2

∑
i,j,k AijAjkAki∑n
i ki(ki − 1)

. (2.22)
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Figure 2.9: Example of (a) an open triplet and (b) a closed triplet or triangle graph.



Chapter 3

Spectral measures in random

matrix theory

For the study of a single random network cannot shed light on global network

properties, as stated earlier, we use random matrix theory (RMT) as a mainly numerical

approach to derive global properties of random network ensembles. Thus, in this chapter

we define the RMT adjacency matrices and common RMT spectral static measures that we

use for the study of random network models in the next chapters.

3.1 RMT adjacency matrix

The connection between RMT and random networks seems straightforward through

the use of weighted graphs. As discussed in Chapter 2, the edges may contain weights which

can be represented in every entry of the adjacency matrix (See Eq. (2.5) and its correspond-

ing graphs in Fig. 2.5 ). Then an ensemble of adjacency matrices from graphs with random

weights will become RMT ensemble-like. In addition, for any ensemble of random simple

graphs (directed or undirected), when the connectance becomes Ω = 1 the off-diagonal

adjacency matrix elements are different from zero (they are 1, indeed in the binary adja-

cency matrix representation); however, the main diagonal remains empty. In this sense,

for many random network models, generally simple, it is impossible to recover any of the

classical RMT ensembles (GOE, GSE, or GSE), which are full random matrices, by us-

ing typical adjacency matrix representations. This puts forward the need to introduce a

different adjacency matrix representation capable to convey the structural information of

28
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random networks, possible edge weights (or interaction strength between nodes) that re-

semble complex systems modeled by networks, and at the same time makes use of RMT

ensembles as top and bottom limit references when the connectance transits from Ω = 1 to

Ω = 0.

In this sense, we define the RMT reference ensembles that we use throughout this

thesis work for the analysis of random network models according to their constructions,

directed or undirected edge assignation.

3.1.1 Gaussian Orthogonal ensemble

The gaussian orthogonal ensemble (GOE), known as one of the classical Wigner-

Dyson random matrix ensembles, was firstly introduced for the analysis on the eigenvalue

distribution of heavy nuclei with level repulsion [49]. Since the GOE is invariant under or-

thogonal transformations, it has been used to study systems invariant under time-reversal

and rotational symmetry. Some applications of the GOE extend from quantum systems

with a chaotic classical limit, where the energy spectrum follows the GOE [125], to con-

densed matter physics, describing disordered metals and transport properties [126]. In-

terestingly, regarding applications to graph theory, it has been showed that the adjacency

matrix spectrum of certain random graphs (undirected) follows GOE statistics [124]. In

fact, since the adjacency matrix of undirected random networks are real and symmetric,

as shown in Fig. 2.2(a) and Eq. (2.1) in Chapter 2, the connection to random orthogonal

symmetric matrices of the GOE is straightforward. A clear example of this connection is

reported in the analysis of the distribution of level spacings for random networks matching

the GOE prediction even when the connectance Ω << 1 [58]. Therefore, we can use the

GOE matrix representation as a convenient top limit ensemble of undirected random net-

works through weighted adjacency matrices. This approach has been applied to characterize

spectral properties of random networks in [30, 58, 118,149,158]. Accordingly, we define the

randomly-weighted version of the adjacency matrix for undirected networks as:

[AO]uv =


√
2ϵuv u = v,

ϵuv u ∼ v,

0 otherwise,

(3.1)
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where ϵuv are independent random variables drawn from a normal distribution with zero

mean and unit variance, and u ∼ v depicts the undirected edge between nodes u and v.

With this definition, diagonal random matrices (known in RMT as the Poisson Ensemble

(PE) [125]) are obtained when the graphs consist of disconnected vertices (Ω = 0); whereas

the GOE (i.e. full real and symmetric random matrices [125]) is recovered when the graphs

are complete (Ω = 1). This means that as a graph becomes more densely connected we

expect to observe a transition from the PE to the GOE as Ω increases. Thus, the ensemble

defined by the randomly-weighted adjacency matrices AO corresponds, indeed, to a diluted

GOE during the crossover from disconnected (also known as isolated) to complete graphs.

3.1.2 Real Ginibre ensemble

After the formulation of the Wigner-Dyson classical ensembles (GOE, GUE, GSE),

Ginibre formulated, as a mathematical extension to RMT, non-Hermitian random matrix

ensembles to account for relevant physical systems where the governing operators or matrices

are non-Hermitian [127]. In particular, the real formulation of the Ginibre ensembles, called

real Ginibre ensemble (RGE), have proved useful in the analysis of open quantum dissipative

systems, and the stability of large random neural networks and biological networks [128,

129, 150]. Since adjacency matrices extracted from directed networks are non-Hermitian

(see Eq. (2.2) and (2.5)(b)), some studies have focused on the spectral analysis of directed

complex networks in relation to the Ginibre ensemble and have shown that short-range

and long-range eigenvalue correlations agree well with Ginibre ensemble predictions [131].

For this straightforward connection, the analysis of directed random networks through a

randomly-weighted non-Hermitian adjacency matrix has been considered in [149]. In this

work, we use this non-Hermitian adjacency matrix AnH for directed graphs defined as

follows:

[AnH ]uv =


ϵuu u = v,

ϵuv u→ v,

0 otherwise,

(3.2)

where ϵuv are independent random variables drawn from a normal distribution with zero

mean and unit variance, and u→ v denotes the edge oriented from node u towards v; note

that in general ϵuv ̸= ϵvu when a graph G is directed. Thus, when we analyze spectral prop-

erties of a large ensemble of random graphs represented by this definition, diagonal random

matrices (Poisson ensemble) are obtained when the graphs consist mostly of disconnected
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vertices; whereas the Real Ginibre Ensemble (RGE) (i.e. full real and non-symmetric ran-

dom matrices [127]) is recovered when the graphs are complete. Therefore, in the statistical

analysis of a random graph, we expect to observe, for any spectral quantity, a transition

from the PE to the RGE for increasing connectance Ω or average degree ⟨k⟩. Thus, the

ensemble defined by AnH corresponds to a diluted RGE [149].

3.1.3 Magnetic random matrix ensemble

In 1993, Lieb and Loss introduced a Laplacian operator associated to a graph as a

discretization of space for the analysis of a quantum particle as an attempt to study electron

magnetic field interactions in condensed matter physics. This operator, called the magnetic

Laplacian operator, has been used as a tool for the study of the stability of an eigenvalue

of a graph under a magnetic perturbation and correlation to the number of zeros of its

corresponding eigenfunction [133], among other applications; such as community detection

and signal processing algorithm development for directed graphs [134, 135]. Furthermore,

the characterization of directed networks has been analyzed thorough the spectra of the

magnetic Laplacian operator [138]. Indeed, the first appearance of a weighted adjacency

matrix inspired on the magnetic Laplacian operator applied to the study of random net-

works was introduced in [149], although Hermitian adjacency operators (also inspired on

the magnetic Laplacian framework) for unweighted directed networks were already defined

in [136,137]. In this sense, we consider the randomly-weighted Hermitian adjacency matrix

formulation for directed random graphs proposed in [149] as the building block for what we

call the magnetic random matrix ensemble (MRME).

Given the standard binary adjacency matrix A of Eq. (2.2) extracted from a

directed graph, we consider the following Hermitian adjacency matrix AH:

[AH ]uv =



√
2ϵuu u = v,

ϵuvAuv u↔ v,

iϵuvAvu u→ v,

−iϵuvAvu v → u,

0 otherwise.

(3.3)

Again, ϵuv are independent random variables taken from a normal distribution with zero

mean and variance one [149], u→ v [v → u] depicts the edge orientation from u [v] towards

v [u], and u ↔ v denotes the existence of the two edges u → v and v → u. It is clear
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that [AH ]vu = [AH ]∗uv by construction. The main advantage of AH over AnH is that the

former has a real spectrum, thus some spectral measures from RMT can be computed

easier [30,149]. Therefore, when considering an ensemble of random directed networks, the

MRME defined by AH transits from the PE, when graphs consist mostly of disconnected

vertices, to the Gaussian Orthogonal Ensemble (GOE) (i.e. full real and symmetric random

matrices [125]), when graphs are complete. This convergence to the GOE is clearly seen

from Eq. (3.3), as any pair of vertices is connected by two edges (each with a different

orientation) when Ω = 1, giving as a result Eq. (3.1). Here it is important to note that

the MRME can not be considered as a diluted GOE since for any connectance Ω < 1

(⟨k⟩ < n− 1), AH is still a complex Hermitian matrix.

3.2 Spectral measures

As previously stated, we are interested in the statistical analysis of ensembles of

random matrices characterized by randomly-weighted adjacency matrices to understand

global network properties. Hence, we perform numerical diagonalization of orthogonal AO,

non-Hermitian AnH and Hermitian AH weighted adjacency matrices defined, respectively,

in Eqs. (3.1), (3.2) and (3.3) to obtain the eigenvalues λi and normalized eigenvectors Ψi of

directed and undirected random network models. Thus, in this work we do not consider the

binary adjacency matrix A for the analysis of spectral and eigenvector properties, only the

weighted versions defined above. Consequently, in this numerical approach, we use standard

RMT measures to characterize spectral and eigenvector properties.

It is important to clarify that, in this work, the term spectral measure is not used

in the formal sense of functional analysis, where it refers to a projection-valued measure

associated with a self-adjoint operator, as defined by the spectral theorem [139]. Nor is it

related to the concept of measure in the Lebesgue sense, which assigns sizes to subsets of

the real line and is used, for example, to describe spectral densities [139]. Instead, we use

spectral measure or spectral property in an informal, statistical sense common in RMT to

refer to functions of eigenvalues such as the ratio between consecutive eigenvalue spacings,

which are analyzed across ensembles of random matrices to capture features of spectral

statistics.

Then, regarding eigenvalue properties, in this work, we compute the ratio between
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consecutive level spacings rR and the ratio between nearest- and next-to-nearest eigenvalue

spacings rC. The former quantity is suitable for the analysis of real and ordered spectrum

λ1 > λ2 > · · · > λn−1 > λn, where the i–th ratio is given by [140,141]

riR =
min(λi+1 − λi, λi − λi−1)

max(λi+1 − λi, λi − λi−1)
. (3.4)

When the spectrum is complex, such as in the case of AnH, we use the ratio between

nearest- and next-to-nearest-neighbor spacings rC, with the i–th ratio defined as [142]

riC =
|λNN

i − λi|
|λNNN

i − λi|
; (3.5)

where λNN
i and λNNN

i are, respectively, the nearest and the next-to-nearest neighbors of λi

in C. However, rC can also be computed for real spectra, so it works for both AnH and

AH. These two eigenvalue quantities provides valuable information on the local spectral

rigidity as well as being considered measures of complexity that indicate the localization-

to-delocalization transition of directed random networks represented by random adjacency

matrices. Particularly, in this work, we focus on the average of these quantities over an

ensemble of random graph models ⟨rR⟩ and ⟨rC⟩.
Regarding eigenvector properties, given the normalized eigenvectors Ψi (that is,∑n

m=1 |Ψi
m|2 = 1) of AnH or AH, we compute the inverse participation ratios [140]

IPRi =

[
n∑

m=1

|Ψi
m|4

]−1

(3.6)

and the Shannon entropies [143,144]

Si =

n∑
m=1

|Ψi
m|2 ln |Ψi

m|2. (3.7)

Both IPR and S measure the extension of eigenvectors on a given basis. In the case of

random graphs, IPR is commonly used to characterize the localization properties of a

network (see e.g. [145–147]) while S has been used to prove percolation transitions (see

e.g. [30, 58, 149]). As IPR and S give the number of main components of an eigenvector,

and we want to globally characterize random network models, we focus on the average of

these quantities over all eigenvectors of ensembles of randomly weighted adjacency matrices;

⟨IPR⟩ and ⟨S⟩.
From definitions (3.4-3.7), when Ω ≈ 0; that is when AO, AnH and AH are mostly

diagonal, rC(G) ≈ (rC)PE, rR(G) ≈ (rR)PE, IPR(G) ≈ (IPR)PE, and S(G) ≈ (S)PE; while
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for Ω = 1, when AO, AnH and AH are full random matrices, all spectral and eigenvector

measures are expected to acquire their corresponding full random matrix values [30,149] for

they permit us to characterize the transition from isolated to complete graphs in relation

to RMT ensemble limits. Thus, these eigenvector measures are relevant to our study.

Therefore, since we are interested on the characterization of these quantities for random

network models with varying number of vertices (network sizes), we conveniently normalize

them to ease the comparison

⟨rR(G)⟩ ≡ ⟨rR(G)⟩ − (rR)PE

(rR)RME − (rR)PE

, (3.8)

⟨rC(G)⟩ ≡ ⟨rC(G)⟩ − (rC)PE

(rC)RME − (rC)PE

, (3.9)

⟨IPR(G)⟩ ≡ ⟨IPR(G)⟩ − IPRPE

IPRRME − IPRPE

, (3.10)

and

⟨S(G)⟩ ≡ ⟨S(G)⟩
SRME

; (3.11)

where the subscript RME stands for random matrix ensemble, denoting the value of the

quantity for the random matrix ensemble under study. In addition, G denotes the graph,

so ⟨X(G)⟩ denotes the average over the ensemble of graphs, here X(G) stands for any

eigenvalue and eigenvector measure previously defined.

PE GOE RGE MRME (Ω→ 1)

(rR)RME 0.3867 [149] 0.5307 [141,149] – 0.5995 [149]

(rC)RME 0.5006 [149] 0.5688 [118,149] 0.737 [149] 0.6175 [149]

(IPR)RME 1 n/3 [118] n/2.04∗∗ n/2 [148]

(S)RME 0 ln (n/2.07) [149] ln (n/1.56) [149] ln (n/1.53) [143]

Table 3.1: Values of the eigenvalue and eigenvector measures of Eqs. (3.8)-(3.11) for the
limit random matrix ensembles PE, GOE, RGE, and MRME. The references where these
quantities are reported appear in every cell. The asterisks indicate a value computed nu-
merically in this work.

Thus, in Table 3.1, we show the limiting values of spectral and eigenvector measures

for every random matrix ensemble. One important fact about the MRME is that the values

of the measures as Ω→ 1 (when the random matrix is Hemitian complex) tend to the GUE

predictions. Indeed, the transition from GUE to GOE has been reported in the literature

for this RME. Thus, the values reported for MRME when Ω → 1 correspond to the GUE
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predictions. Finally, we note that since we did not find an expression for (IPR)RME for the

RGE in the literature, we computed it numerically for the graph sizes used in this work [30];

see Chapter 4.

Hence, with these quantities properly defined, we establish the framework for our

study of random networks in the following chapters. Specifically, we analyze topological

properties using binary adjacency matrices and static spectral properties using randomly

weighted adjacency matrices, respectively, through the use of large random matrix ensem-

bles.



Chapter 4

Directed random geometric graphs

In this chapter we present a model of directed random geometric graphs that we

define in Section 4.1. We perform a thorough numerical analysis of the model for the

whole transition, from isolated to full graphs, and show that through the use of the average

degree ⟨k⟩ we can find a scaling parameter for the structural and spectral properties. In

particular, we utilize two random matrix theory ensembles as reference for the analysis of

spectral measures, the RGE and the MRME. This chapter is based on the work published

in [30].

4.1 Random graph model

In Gilbert’s original version a random geometric graph (RGG) consists of n ver-

tices uniformly and independently (randomly) distributed on the plane, where two vertices

u and v are connected by an undirected edge if their Euclidean distance is less or equal than

a connection radius ℓ [24]. Although there are many space embedding configurations for

RGGs, one of the most simple representations is the unit square with rigid walls, where n

vertices are uniformly and independently (randomly) distributed in it. In Fig. 4.1 we show

a RGG in the unit square with n = 45 vertices and a radius of connection ℓ = 0.2. Each

highlighted red node is surrounded by a red dashed circle that depicts its connection disk

of radius ℓ; vertices lying inside the disk are linked to the central vertex exemplifying the

construction of the entire undirected graph.

Interestingly, even when most of the real-world spatial networks that could be modeled by

random geometric graphs (RGGs) (i.e. transportation networks like cargo ship networks,

36
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Figure 4.1: RGG in the unit square with n = 45 vertices and radius of connection ℓ = 0.2.
Two vertices, their corresponding connection disks (circles), and their corresponding links
are showed in red.

infrastructure networks like power networks or road networks, communication networks,

etc.) and the processes associated to them (i.e. disease spreading, urban sprawl, commuter

behavior, etc.) are intrinsically directed, models of directed RGGs have been scarcely stud-

ied. There are some exceptions where models of directed RGGs have been used to study

wireless networks and word association networks, respectively [8, 9].

Therefore, as an extension of the RGG defined above, in this work, we consider a

directed RGG (dRGG) with n vertices uniformly and independently (randomly) distributed

in the unit square with randomly assigned connection radius ℓu to the vertex u, where ℓu

is taken from a Pareto distribution,

f(ℓ) =

 η/ℓα ℓ0 ≤ ℓ ≤
√
2,

0 otherwise.
(4.1)

Here, α > 0 is the exponent of the power-law decay of the Pareto distribution, ℓ0 ∈ (0,
√
2]

is the lowest bound of the support of the distribution, and

η =

 (α− 1)ℓα−1
0 [1− (ℓ0/

√
2)α−1]−1 α ̸= 1,

[ln(
√
2/l0)]

−1 α = 1,
(4.2)

is a normalization factor such that
∫ √

2
ℓ0

f(ℓ)dℓ = 1. With this assignation, every vertex of

the graph may have a different radius of connection; in Fig. 4.2 we show some examples of



38 4.2 Structural properties

0 0.7 1.4

l

10
-4

10
-2

10
0

10
2

f(
l)

l
0
 = 0.01

l
0
 = 0.5

l
0
 = 1

0 0.7 1.4

l

10
-4

10
-2

10
0

10
2

0 0.7 1.4

l

10
-4

10
-2

10
0

10
2

α = 1.5 α = 2 α = 3

(a) (b) (c)

Figure 4.2: Probability distribution functions f(ℓ), see Eq. (4.1), for (a) α = 1.5, (b) α = 2,
and (c) α = 3. Each panel displays f(ℓ) with ℓ0 = 0.01, 0.5, and 1. Figure taken from [30].

probability distribution functions f(ℓ) for different combinations of α and ℓ0. Then, if the

vertex v lies within the disk of radius ℓu, centered at u, there exists a directed edge from

u to v, u → v. Note that since ℓu ̸= ℓv, the existence of u → v does not imply u ← v, so

the graph is directed. In Fig. 4.3 we show an example of a dRGG with n = 45 vertices.

Three nodes are highlighted in different colors with their corresponding connection disks,

contrasting with Fig. 4.1 since every vertex has a different radius of connection, ensuring

that the formation of directed edges is independent of the existence of others between pairs

of nodes. The directed links emanating from the highlighted nodes (source nodes) are shown

in the same color.

Thus, this model of dRGGs depends on three parameters: G(n, α, ℓ0). Here, the low bound

of the support of the Pareto distribution ℓ0 is considered as a free parameter in the range

(0,
√
2], then this graph shows a transition by increasing ℓ0, for fixed parameters (n, α),

from isolated vertices when ℓ0 ≈ 0 to complete graphs for ℓ0 =
√
2. On the other hand, as

α > 0 when α → 0 we note that the distribution f(ℓ) becomes flat and as α → ∞ we can

also enhance the existence of isolated vertices as seen in Fig. 4.2(c) for ℓ0 = 0.01. Therefore,

the transition from isolated (disconnected) to fully connected graphs depends on the proper

election of both parameters (α, ℓ0).

4.2 Structural properties

First, we study the statistical properties of the vertex degree k of the dRGGs,

which is defined according to Eq. (2.9). Thus, in Fig. 4.4 we present examples of the degree

distribution P (k) for different graph sizes n (different columns correspond to different values
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Figure 4.3: dRGG in the unit square with n = 45 vertices and lower bound radius ℓ0 = 0.1
and exponent α = 4. Three vertices are highlighted in colors (red, blue, and green; from
top to bottom) and their corresponding connection disks are depicted as dashed circles in
the same color.

of n) and two values of the exponent of the Pareto distribution α: α = 1.5, panels (a-d),

and α = 7, panels (i-l). We note that, for fixed α, the support of P (k) grows with n while

keeping the same shape; indeed the shape of P (k) evolves with α. Specifically, while for

small values of α, P (k) develops a two-peak structure (one broad peak for k → 1 and one

sharp peak at k = n − 1, see e.g. Figs. 4.4(a-d) for α = 1.5), P (k) is unimodal for large α

(see e.g. panels (i-l) for α = 7). Moreover, we observe a smooth transition in the shape of

P (k) from the two-peak structure to the unimodal form for increasing α; see for example

Figs. 4.5(a-e), where we show P (k) for several values of α. The existence of the second

peak at large k is understood from the Pareto distribution of Eq. (4.1), for small α we

expect a still significant proportion of radii ℓ →
√
2 and since the degree k is given as the

summation of in- and out- degrees (see Eq. (2.9)), we observe a significant contribution for

large k. Thus, as observed in Figs. 4.5(a-e), this second peak is lessened as α increases.

Notice, though, that in Figs. 4.5(a-e) we are plotting distributions of the normalized degree

k = (k−⟨k⟩)/σ(k), where σ2(k) is the variance of k, to show that the shape of P (k) depends

on α only.

As stated in Chapter 2, the average degree ⟨k⟩ indicates the level of sparsity of the

graph, therefore, we characterize the average degree of dRGGs. Then, also in Fig. 4.4 we

show the average degree ⟨k⟩ as a function of ℓ0 for dRGGs characterized by α = 1.5, panels
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Figure 4.4: (a-d,i-l) Degree distributions P (k), at ℓ0 = 0.12, and (e-h,m-p) average degree
⟨k⟩ as a function of ℓ0 for dRGGs. Each column corresponds to random graphs of different
size n. Panels (a-h) and (i-p) correspond to α = 1.5 and α = 7, respectively. Vertical
black-dashed lines in (e-h,m-p) mark ℓ0 = 0.12, the value of ℓ0 used to compute P (k) in
(a-d,i-l). Magenta dashed lines in (m-p) are Eq. (4.3). Both P (k) and ⟨k⟩ were computed
from 106/n random graphs. Figure taken from [30].
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Figure 4.5: (a-c) Probability distribution function of the normalized degree P (k) for dRGGs
with ℓ0 = 0.12. (f-j) Average degree ⟨k⟩ (normalized to n− 1) as a function of ℓ0. Magenta
dashed lines in (f-j) are the best fittings of Eq. (4.4) to the data; the fitting constants are
reported in Table 4.1. (k-o) The variance of the degree σ2(k) (normalized to n2) and (p-t)
the ratio σ2(k)/⟨k⟩2 as a function of ℓ0. In all panels we report results for four different
graph sizes n. Each column corresponds to a different value of the power-law decay α.
Figure taken from [30].

(e-h), and α = 7, panels (m-p). In particular, we notice that the curves ⟨k⟩ vs. ℓ0 for α = 7

can be well described by the expression for ⟨k(n, ℓ)⟩, derived in [151], for standard RGGs

when replacing ℓ by ℓ0:

⟨k⟩ = (n− 1)ℓ20

(
π − 8

3
ℓ0 +

1

2
ℓ20

)
; (4.3)

see the magenta dashed lines in Figs. 4.4(m-p). This fact makes sense because for large α,

the Pareto distribution f(ℓ) is strongly peaked at ℓ0 so most radii get the value of ℓ0; see

Fig. 4.2(c). Moreover, taking into account that we are dealing with a distribution of radii

ℓ, we found that

⟨k⟩ = (n− 1)⟨ℓ⟩2
(
C1 − C2⟨ℓ⟩+ C3⟨ℓ⟩2

)
(4.4)

describes the average degree of dRGGs with α > 3 even better than Eq. (4.3). In this case,

Ci are fitting constants and ⟨ℓ⟩ is the average connection radius that we computed directly
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from Eq. (4.1) as

⟨ℓ⟩ =


η
[
2(2−α)/2 − ℓ0

2−α
]
[2− α]−1 α ̸= 1, 2,

η
[
2(2−α)/2 − ℓ0

2−α
]

α = 1,

η ln(
√
2/ℓ0) α = 2,

(4.5)

where η is given in Eq. (4.2). An important consequence of Eq. (4.4) is that the ratio

⟨k⟩/(n − 1) does not depend on n, as it is verified in Figs. 4.5(f-j) for all values of α (not

only for α > 3): There, in each panel, we present four curves for different graph sizes n

that fall one on top of the other, as anticipated. Thus, in Figs. 4.5(f-j) we plot Eq. (4.4)

(as magenta dashed lines) and see a very good correspondence with the numerical data for

α > 3, while for smaller α we see good correspondence for large ℓ0 only. Notice from Table

4.1 that the value of the fitting constant C1 is approximately equal to π for all α; therefore,

the prediction for ⟨k(n, ℓ)⟩ for standard RGGs from [151] with ℓ → ⟨ℓ⟩ approximately

coincides with Eq. (4.4) to the leading order.

α = 1.5 α = 2 α = 3 α = 4.5 α = 7

C1 3.203 3.147 3.192 3.274 3.340

C2 3.220 3.081 3.113 3.216 3.292

C3 0.929 0.857 0.856 0.887 0.907

Table 4.1: Values of the fitting constants Ci of Eq. (4.4) for different values of α. The
fittings were performed on the data of Figs. 4.5(f-j).

To complete the statistical inspection of k, in Figs. 4.5(k-o), we show that the

variance of k grows with ℓ0, approaches a maximum, and then decreases to zero for ℓ→
√
2;

where the maximum is higher the larger the value of α is. Also, in Figs. 4.2(p-t), we plot

the ratio σ2(k)/⟨k⟩2 as a function of ℓ0. It is interesting to note that for small α, σ2(k)/⟨k⟩2

remains constant for increasing graph size (that is, the curves in panels (p,q) fall one on

top of the other for different n), meaning that k is not a self-averaging quantity. On the

contrary, for large α and small ℓ0, the ratio σ2(k)/⟨k⟩2 decreases with n (see the left part

of the curves in panels (s,t)); so, under these conditions, k is a self-averaging quantity.

Now, we recall that increasing ℓ0 from ℓ0 ≈ 0 to ℓ0 =
√
2 drives the model of

dRGGs from mostly isolated vertices to complete graphs. This transition, as a function of

ℓ0, could be well characterized by computing the average number of nonisolated vertices

⟨Vx(G)⟩ as well as the average values of the Randić and the Harmonic indices, see e.g. [118].
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Figure 4.6: (a) Average number of nonisolated vertices ⟨Vx(G)⟩, (d) average Randić index
⟨R(G)⟩, and (g) average Harmonic index ⟨H(G)⟩ as a function of ℓ0 of dRGGs characterized
by α = 3. In each panel we report results for graphs of four different sizes n. Normalized
average indices ⟨Vx(G)⟩/n, ⟨R(G)⟩/(n/2), and ⟨H(G)⟩/(n/2) as a function of (b,e,h) ℓ0 and
(c,f,i) ⟨k⟩. The insets in (c,f,i) show the same curves of the main panels but in semilog scale.
All averages were computed from 106/n random graphs. Figure taken from [30].

Certainly, we expect ⟨Vx(G)⟩ ≈ 0 when ℓ0 ≈ 0 (that can be enhanced for large α > 0 values)

and ⟨Vx(G)⟩ = n for ℓ0 =
√
2.

Then, in Figs. 4.6(a,d,g) we present, respectively, the average number of noniso-

lated vertices ⟨Vx(G)⟩, the average Randić index ⟨R(G)⟩, and the average Harmonic index

⟨H(G)⟩ as a function of ℓ0 of dRGGs characterized by α = 3. We show curves for four differ-

ent graph sizes n in each panel. As can be clearly seen, the three quantities ⟨X(G)⟩ (where
X represents Vx, R or H) undergo a smooth transition (in log scale) from ⟨X(G)⟩ ≈ 0 for

small ℓ0 to the corresponding maxima max[X(G)] at ℓ0 =
√
2. Moreover, the normalized

curves ⟨X(G)⟩/max[X(G)] vs. ℓ0 have a very similar functional form but they are displaced

to the left on the ℓ0–axis for increasing n; see Figs. 4.6(b,e,h). In fact it was shown, for

standard RGGs [118] and also for non-uniform RGGs [158], that these three normalized

quantities scale with ⟨k⟩; that is, the curves ⟨X(G)⟩/max[X(G)] vs. ⟨k⟩ fall one on top
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Figure 4.7: (a-e) Normalized average number of nonisolated vertices ⟨Vx(G)⟩/n, (f-j) nor-
malized average Randić index ⟨R(G)⟩/(n/2), and (k-o) normalized average Harmonic index
⟨H(G)⟩/(n/2) as a function of the average degree ⟨k⟩ for dRGGs of four different sizes n.
Magenta dashed lines in (a-e) are Eq. (4.7). Each column corresponds to a different value
of the power-law decay α. All averages were computed from 106/n random graphs. Figure
taken from [30].

of the other for different graph sizes. Therefore, we validate this scaling for dRGGs in

Figs. 4.6(c,f,i) where we plot ⟨Vx(G)⟩/n, ⟨R(G)⟩/(n/2) and ⟨H(G)⟩/(n/2) vs. ⟨k⟩ in log-log

scale (main panels) as well as in semilog scale (insets). We observe a very good scaling for

the three quantities.

Furthermore, in Fig. 4.7 we explore the scaling of ⟨X(G)⟩/max[X(G)] with ⟨k⟩ for
dRGGs characterized by values of α ranging from 1.5 to 7. We do confirm that ⟨Vx(G)⟩/n
shows a perfect scaling with ⟨k⟩ for all the values of α examined in this work; see Figs. 4.7(a-

e). In contrast, the scaling of ⟨R(G)⟩/n and ⟨H(G)⟩/n with ⟨k⟩ is reasonably good for α > 3

only; indeed for α < 3 these two indices do not scale in any range of ⟨k⟩, see Figs. 4.7(f,g,k,l).
We surmise that the lack of scaling of ⟨R(G)⟩/n and ⟨H(G)⟩/n with ⟨k⟩, for small α, may

be related to the non self-averaging property of k for those values of α.

We also recall that an expression for Vx(G) is known for standard RGGs [152]:

Vx(G) ≈ n[1− exp(−nπℓ2)], (4.6)
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which was recently generalized for both RGGs and non-uniform RGGs as [158]

⟨Vx(G)⟩ ≈ n[1− exp(−⟨k⟩)]. (4.7)

Then, given the perfect scaling of ⟨Vx(G)⟩/n with ⟨k⟩ (meaning that ⟨Vx(G)⟩/n is a function

of ⟨k⟩ only), we test Eq. (4.7) on dRGGs by plotting it in Figs. 4.7(a-e); see the magenta

dashed lines. Indeed, we do confirm that Eq. (4.7) describes perfectly well our numerical

data for all α. This is a remarkable result because it stresses the universality of Eq. (4.7)

on RGG models.

In fact, Eq. (4.7) allow us to write down an explicit expression for ⟨Vx(G)⟩ in terms

of the model parameters (n, α > 3, ℓ0) by the use of Eqs. (4.2),(4.4), and (4.5):

⟨Vx(G)⟩ ≈ n

1− exp

−nπ [
α− 1

α− 2
ℓα−1
0

21−α/2 − ℓ2−α
0

(ℓ0/
√
2)α−1 − 1

]2
 . (4.8)

4.3 Spectral properties

We now explore some spectral properties of dRGGs. We perform exact numerical

diagonalization to obtain the eigenvalues λi and eigenvectors Ψi (i = 1, . . . , n) of large

ensembles of randomly-weighted adjacency matrices characterized by the parameter set

(n, α, ℓ0) : AnH from Eq. (3.2) and AH from Eq. (3.1). Therefore, we can compute relevant

spectral measures, such as ⟨rR(G)⟩, ⟨rC(G)⟩, ⟨IPR(G)⟩, and ⟨S(G)⟩ defined in Chapter 3.

Thus, in Figs. 4.8(a,d,g) we present, respectively, the average ratio between con-

secutive eigenvalue spacings ⟨rC(G)⟩, the average inverse participation ratio ⟨IPR(G)⟩, and
the average Shannon entropy ⟨S(G)⟩ as a function of ℓ0 for dRGGs characterized by α = 3.

Here the dRGGs are represented by the diluted RGE as stated in Subsection 3.1.2; i.e. by

the non-Hermitian adjacency matrices AnH of Eq. (3.2). In each panel we report results

for graphs of four different sizes n. As for the structural measures (see Figs. 4.6(a,d,g) as a

reference), the three spectral measures ⟨X(G)⟩ (where X represents rC, IPR or S) undergo

a smooth transition (in log scale) from ⟨X(G)⟩ ≈ XPE for ℓ0 ≈ 0 to the corresponding

maxima max[X(G)] = XRGE at ℓ0 =
√
2. To ease the analysis of these average quantities

we normalize them according to Eqs. (3.9)-(3.11).

Then, in Figs. 4.8(b,e,h) we plot, respectively, the normalized average measures

⟨rC(G)⟩, ⟨IPR(G)⟩, and ⟨S(G)⟩ as a function of ℓ0. Now the curves ⟨X(G)⟩ vs. ℓ0 have a

very similar functional form but they are displaced to the left on the ℓ0–axis for increasing



46 4.3 Spectral properties

10
-4

10
-2

10
0

0.5

0.6

0.7

〈r
C
(G

)〉

10
-4

10
-2

10
0

0

0.5

1

〈r
C
(G

)〉

10
-3

10
0

10
3

0

0.5

1

10
-4

10
-2

10
0

0

250

500

〈I
P

R
(G

)〉

n=1000

n=500

n=250

n=125

10
-4

10
-2

10
0

0

0.5

1

〈I
P

R
(G

)〉

10
-3

10
0

10
3

0

0.5

1

10
-4

10
-2

10
0

l
0

0

3

6

〈S
(G

)〉

10
-4

10
-2

10
0

l
0

0

0.5

1

〈S
(G

)〉

10
-3

10
0

10
3

〈k〉

0

0.5

1

(a) (b) (c)

(d)

(e)

(f)

(g) (h) (i)

Figure 4.8: (a) Average ratio between consecutive eigenvalue spacings ⟨rC(G)⟩, (d) average
inverse participation ratio ⟨IPR(G)⟩, and (g) average Shannon entropy ⟨S(G)⟩ as a function
of ℓ0 for dRGGs characterized by α = 3. In each panel we report results for graphs of
four different sizes n. Normalized average measures ⟨rC(G)⟩, ⟨IPR(G)⟩, and ⟨S(G)⟩) as a
function of (b,e,h) ℓ0 and (c,f,i) ⟨k⟩. Here the dRGGs are represented by the diluted RGE.
Figure taken from [30].

n. Following the idea of the previous section, in Figs. 4.8(c,f,i) we test whether the curves

⟨X(G)⟩ scale with ⟨k⟩. Indeed we observe a reasonable good scaling of ⟨rC(G)⟩ and ⟨S(G)⟩
with ⟨k⟩; that is, the curves of ⟨rC(G)⟩ and ⟨S(G)⟩ vs. ⟨k⟩ fall one on top of the other for

different graph sizes n. In contrast, we note that the scaling of ⟨IPR(G)⟩ is not good, see

Fig. 4.8(f). However, note that in Fig. 4.8 we are reporting results for dRGGs characterized

by α = 3 only. Then, in Fig. 4.9 we explore the scaling of ⟨X(G)⟩ with ⟨k⟩ for dRGGs

characterized by several values of α. As for the topological indices reported in Fig. 4.7, here

we observe better scaling of spectral and eigenvector properties the larger the value of α is,

even for ⟨IPR(G)⟩; see Figs. 4.9(f-j).

We recall that the results in Figs. 4.8 and 4.9 are for dRGGs represented by the non-

Hermitian adjacency matricesAnH of Eq. (3.2). The question now is whether the Hermitian
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Figure 4.9: (a-e) Normalized average ratio between consecutive eigenvalue spacings ⟨rC(G)⟩,
(f-j) normalized average inverse participation ratio ⟨IPR(G)⟩, and (k-o) normalized average
Shannon entropy ⟨S(G)⟩ as a function of ⟨k⟩ for dRGGs of four different sizes n. Each
column corresponds to a different value of the power-law decay α. Here the dRGGs are
represented by the diluted RGE. Figure taken from [30].

adjacency matrices AH of Eq. (3.3) provide equivalent results. Then in Fig. 4.10 we plot

the average normalized ratios ⟨rC(G)⟩ and ⟨rR(G)⟩ (we recall that rC can be computed for

real spectra too) for dRGGs represented by the MRME and characterized by several values

of the power-law decay α. Again, these quantities are normalized according to their PE and

MRME values (Eqs. (3.8)-(3.11)).

We just want to add that since the MRME reproduces the GOE only when the

corresponding graphs are complete, the values for spectral and eigenvector measures have

different values for ℓ→
√
2 and exactly at ℓ =

√
2, as shown in Fig. 4.10 where we can see

an abrupt decay of the curves at ⟨k⟩max = n− 1, that is at ℓ =
√
2.

Then, taking the AH representation, we observe from Fig. 4.10, that the ratios

⟨rC(G)⟩ and ⟨rR(G)⟩ scale better with ⟨k⟩ the larger the value of α is. However, even for

small α (see Fig. 4.10(a,f) corresponding to α = 1.5) the scaling is reasonably good. This

is in contrast with ⟨rC(G)⟩ when computed on AnH, see Fig. 4.9(a), where the curves of

⟨rC(G)⟩ for different graph sizes n are clearly displaced on the ⟨k⟩–axis. Additionally, in

Fig. 4.11 we plot ⟨IPR(G)⟩ and ⟨S(G)⟩ as a function of ⟨k⟩ for dRGGs represented by
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Figure 4.10: Normalized average ratios (a-e) ⟨rC(G)⟩ and (f-j) ⟨rR(G)⟩ as a function of ⟨k⟩
for dRGGs of four different sizes n. Each column corresponds to a different value of the
power-law decay α. Here the dRGGs are represented by the MRME. Figure taken from [30].

the MRME. A visual comparison of Fig. 4.11 with Fig. 4.9 reveals that the eigenvector

properties of the MRME scale with ⟨k⟩ better than those computed for the diluted RGE.

Therefore, to support this statement in what follows we perform a scaling study of the

spectral and eigenvector properties of both adjacency matrix ensembles AnH and AH for

dRGGs.
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Figure 4.11: (a-e) Normalized average inverse participation ratio ⟨IPR(G)⟩ and (f-j) nor-
malized average Shannon entropy ⟨S(G)⟩ as a function of ⟨k⟩ for dRGGs of four different
sizes n. Each column corresponds to a different value of the power-law decay α. Here the
dRGGs are represented by the MRME. Figure taken from [30].
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4.4 Scaling analysis

So far, we analyzed spectral properties of dRGGs. Specifically, we reported the

average ratio between consecutive eigenvalue spacings ⟨rC(G)⟩, the average inverse partic-

ipation ratio ⟨IPR(G)⟩, and the average Shannon entropy ⟨S(G)⟩ of dRGGs represented

by the diluted RGE (i.e. by random non-Hermitian adjacency matrices AnH), see Figs. 4.8

and 4.9. And for dRGGs represented by the MRME (i.e. by random Hermitian adjacency

matrices AH) we have reported the same measures plus the ratio between consecutive level

spacings ⟨rR(G)⟩, see Fig. 4.10. Until now, we have observed that the average degree ⟨k⟩
do not scale the curves of the spectral and eigenvector measures X(G) since the curves are

displaced in the ⟨k⟩-axis showing a clear dependence on the size of the network n. In ad-

dition, we observed that the MRME ensemble seems to perform a better scaling prediction

with ⟨k⟩ than the RGE. Consequently, we perform a scaling analysis; that is, to find the

scaling parameter ξ such that the properly normalized curves ⟨X(G)⟩ vs. ξ are universal

curves; here X representes both spectral and structural measures. We stress that finding a

scaling parameter is of very practical importance for the complete characterization of the

measures permits to predict properties of networks of any other size without the need of

additional computation. Thus, here we look for the scaling parameter ξ = ξ(n, ⟨k⟩), of both
AnH and AH, such that the curves ⟨X(G)⟩ vs. ξ remain invariant; here X stands for rC,

IPR, and S.

Note that all curves ⟨X(G)⟩ vs. ⟨k⟩ show a transition from approximately 0, when

ℓ0 ≈ 0, to 1, when ℓ0 →
√
2, (see Figs. 4.9, 4.10 and 4.11) but they are displaced along the

⟨k⟩–axis for different values of n (also note from Fig. 4.10 that this displacement is almost

negligible for rC and rR in the case of the MRME, meaning that ξ ≈ ⟨k⟩ in that case).

Then, we characterize the position of the curves ⟨X(G)⟩ vs. ⟨k⟩ along the ⟨k⟩–axis by the

values of ⟨k⟩ for which ⟨X(G)⟩ ≈ 0.5. We label the values of ⟨k⟩ at half of the full transition
as ⟨k⟩∗. As observed in Figs. 4.14 and 4.15, a linear trend of the data sets (in log-log scale)

⟨k⟩∗ vs. n suggests a power-law behavior of the form

⟨k⟩∗ = Cnδ. (4.9)

Thus we define the scaling parameter as the ratio between ⟨k⟩ and ⟨k⟩∗:

ξ ≡ ⟨k⟩
⟨k⟩∗

=
⟨k⟩
Cnδ

∝ n−δ⟨k⟩. (4.10)
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Figure 4.12: (a-e) Normalized average ratio ⟨rC(G)⟩, (f-j) normalized average inverse partic-
ipation ratio ⟨IPR(G)⟩, and (k-o) normalized average Shannon entropy ⟨S(G)⟩ as a function
of ξ for dRGGs of four different sizes n. Each column corresponds to a different value of
the power-law decay α. Here the dRGGs are represented by the diluted RGE. Figure taken
from [30].

Therefore, by plotting again the curves of ⟨X(G)⟩ now as a function of ξ we observe, in

particular for α ≥ 3, that curves for different graph sizes n collapse on top of universal

curves; see Fig. 4.12 for the diluted RGE and Fig. 4.13 for the MRME.

⟨rC(G)⟩ α = 1.5 α = 2 α = 3 α = 4.5 α = 7

diluted RGE
C 0.519 1.012 2.372 2.837 2.586
δ 0.679 0.458 0.181 0.095 0.092

MRME
C 1.514 2.449 2.588 3.538 5.992
δ 0.141 0.054 0.099 0.090 0.056

Table 4.2: Values of the parameters C and δ of Eq. (4.10) obtained from the fittings of the
curves ⟨k⟩∗(⟨rC(G)⟩) vs. n for the diluted RGE and the MRME with different values of α.

In addition, it is useful to look at the values of the exponent δ of Eq. (4.10) ob-

tained from the fittings of the curves ⟨k⟩∗ vs. n, which are reported in Tables 4.2, 4.3

and 4.4 for ⟨rC(G)⟩, ⟨IPR(G)⟩ and ⟨S(G)⟩, respectively. From Table 4.2 we can clearly see,

for all the values of α reported here, that the values of δ for the MRME are smaller than

those for the diluted RGE. Moreover, since δ ≈ 0 for the MRME, we can claim that ⟨k⟩
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Figure 4.13: (a-e) Normalized average ratio ⟨rC(G)⟩, (f-j) normalized average inverse partic-
ipation ratio ⟨IPR(G)⟩, and (k-o) normalized average Shannon entropy ⟨S(G)⟩ as a function
of ξ for dRGGs of four different sizes n. Each column corresponds to a different value of the
power-law decay α. Here the dRGGs are represented by the MRME. Figure taken from [30].

⟨IPR(G)⟩ α = 1.5 α = 2 α = 3 α = 4.5 α = 7

diluted RGE
C 0.804 1.298 2.824 3.476 3.557
δ 0.751 0.612 0.402 0.323 0.303

MRME
C 0.320 0.578 1.738 2.847 3.505
δ 0.812 0.662 0.398 0.283 0.254

Table 4.3: Values of the parameters C and δ of Eq. (4.10.xi) obtained from the fittings of
the curves ⟨k⟩∗(⟨IPR(G)⟩) vs. n for the diluted RGE and the MRME with different values
of α.

⟨S(G)⟩ α = 1.5 α = 2 α = 3 α = 4.5 α = 7

diluted RGE
C 1.487 1.960 2.669 2.746 2.691
δ 0.364 0.270 0.158 0.136 0.139

MRME
C 0.602 0.888 1.701 2.189 2.383
δ 0.389 0.282 0.138 0.113 0.124

Table 4.4: Values of the parameters C and δ of Eq. (4.10) obtained from the fittings of the
curves ⟨k⟩∗(⟨S(G)⟩) vs. n for the diluted RGE and the MRME with different values of α.

is indeed the scaling parameter of ⟨rC(G)⟩ for this ensemble of adjacency matrices, as was

already observed in Fig. 4.10. The situation is quite different for ⟨IPR(G)⟩ and ⟨S(G)⟩,
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⟨rR(G)⟩ α = 1.5 α = 2 α = 3 α = 4.5 α = 7

MRME
C 1.641 2.583 2.752 3.424 3.135
δ 0.131 0.058 0.098 0.12 0.14

Table 4.5: Values of the parameters C and δ of Eq. (4.10) obtained from the fittings of the
curves ⟨k⟩∗(⟨rC(G)⟩) vs. n for the diluted RGE and the MRME with different values of α.

see Tables 4.3 and 4.4 there the values of δ for the MRME are smaller than those for the

diluted RGE only when α ≥ 3. This means that only for α ≥ 3 (when k is a self-averaging

quantity) the eigenvector measures scale better with ⟨k⟩ for the MRME than for the diluted

RGE. Anyway, the scaling of the eigenvector measures of both random adjacency matrix

ensambles seems to be acceptable for α ≥ 3 only, where the curves ⟨X(G)⟩ vs. ξ are clearly

invariant (i.e. they fall one on top of the other for different n). So, a deeper study of the

statistical properties of k, in particular the self-averaging property, seems to be necessary.
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Figure 4.14: Curves ⟨k⟩∗ vs. n in log-log scale for the (a, d, g, j , m) normalized average
ratio between nearest- and next to-nearest-neighbor eigenvalue distances ⟨rC(G)⟩, (b, e, h,
k, n) normalized average inverse participation ratio ⟨IPR(G)⟩, and (c, f, i, l, o) normalized
average Shannon entropy ⟨S(G)⟩ of the dRGG using the RGE ensemble. We show the five
different power-law exponent configurations α = 1.5, α = 2, α = 3, α = 4.5, and α = 7
(from top to bottom). In every panel the red line is the best fit to the data as Eq. (4.9).
The fiting values are reported in Tables 4.2, 4.3, and 4.4. In some panels the data values
are shown to help visualize the scale.



54 4.4 Scaling analysis

125 625

〈k
〉∗

〈r
R
(G)〉

3.02
3.4

3.71
4.05

125 625

〈r
C
(G)〉

125 625
10

100

〈IPR(G)〉

125 625

10

〈S(G)〉

3.39
3.58

3.69
3.84

125 625

〈k
〉∗

3.18

3.44
3.62

3.76

125 625 125 625
10

100

125 625

10

125 625

10

〈k
〉∗

125 625

10

125 625
10

3.54
3.87

4.33
4.61

125 625

125 625

10

〈k
〉∗

125 625

10

125 625

10

125 625

10

125 625
n

10

〈k
〉∗

125 625
n

10

125 625
n

10
125 625

n

10

α
=

1
.5

α
=

2
α

=
3

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

α
=

4
.5

α
=

7

(m) (n) (o) (p)

(t)(s)(r)(q)

Figure 4.15: Curves ⟨k⟩∗ vs. n in log-log scale for the (a, e, i, m ,q) normalized average
ratio between consecutive eigenvalue spacings ⟨rR(G)⟩, (b, f, j, n, r) normalized average
ratio between nearest- and next to-nearest-neighbor eigenvalue distances ⟨rC(G)⟩, (c, g, k,
o, s) normalized average inverse participation ratio ⟨IPR(G)⟩, and (d, h, l, p, t) normalized
average Shannon entropy ⟨S(G)⟩ of the dRGG using the MRME ensemble. We show the
five different power-law exponent configurations α = 1.5, α = 2, α = 3, α = 4.5, and α = 7
(from top to bottom). In every panel the red line is the best fit to the data as Eq. (4.9).
The fiting values are reported in Tables 4.2, 4.3, 4.4, and 4.5. In some panels the data
values are shown to help visualize the scale.



Chapter 5

Hyperbolic random graph

In this chapter we show a study of structural and spectral properties of hyperbolic

random geometric graphs (HRGs) with quasi-uniform node density and arbitrary curvature

by means of a random matrix theory (RMT) approach. Specifically, through a numerical

study of the topological indices and clustering coefficients defined in Chapter 2, and the

spectral measures defined in Chapter 3 by using orthogonal random adjacency matrices.

As in Chapter 4, here we perform a scaling analysis through the use of the average degree

⟨k⟩ and show that Euclidean random geometric graphs and hyperbolic random graph share

important average properties over a graph ensemble. This chapter is based on the work

published in [153].

5.1 Random graph model

As a natural extension of conventional spatial networks such as the random ge-

ometric graph (RGG), the hyperbolic random graph (HRG) model introduced in [14, 34]

allows to represent nodes separated by exponential distances on the hyperbolic plane H2
ζ ,

while simultaneously presenting scale-free degree distributions (as in the original preferential

attachment model [15]), strong clustering, sparseness, community structure [14, 154, 155],

and self-similarity [156]. Hyperbolic random geometric graphs (HRGs) are formed by dis-

tributing n nodes in a hyperbolic disk H2
ζ of fixed radius ρ as follows:

• The vertex radial coordinates r are drawn from the density function [14]

f(r) = α
sinh (αr)

cosh (αρ)− 1
, (5.1)

55
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Figure 5.1: HRG with n = 1000 vertices, ρ = 5, ζ = 4 (K = −16), and distribution
exponent α = 2. The connection disk of radius ρ of the highlighted red node is delimited
by blue dashed line (orange shaded area). The vertices within the disk of connection are
linked to the red node, those edges are displayed in solid blue lines.

where α is the exponent of the distribution.

• Angular coordinates θ of the vertices are assigned from the uniform density

g(θ) =
1

2π
. (5.2)

• Vertices are connected with the connection probability function

p(xij) = Θ(ρ− xij), (5.3)

where xij is the hyperbolic distance between nodes i and j (with polar coordinates

(ri, θi) and (rj , θj), respectively) which satisfies the hyperbolic law of cosines

cosh ζxij = cosh (ζri) cosh (ζrj)− sinh (ζri) sinh (ζrj) cos (∆θ). (5.4)

Here, ∆θ = π − |π − |θi − θj || and ζ is the parameter that controls the curvature of

the embedding hyperbolic space: K = −ζ2. Here K is Gaussian curvature.

In Fig. 5.1 we show a HRG with n = 1000 nodes inside a hyperbolic disk of radius ρ = 5

from the origin and gaussian curvature K = −16. The connection disk of the highlighted
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red node is depicted by a blue dashed line (orange shaded area) according to Eq. (5.3);

where vertices lying inside the connection disk are linked to the red node (central node

of the connection disk) exemplifying the construction of the entire graph. Here, we should

note that the connection disk is deformed to the eye due to the fact that the distances in the

hyperbolic plane H2 increase exponentially as they part from the origin. This can be clearly

seen from Eq. (5.4): as r increases, distances x grow exponentially. For this reason, nodes

located near the center of the disk have smaller hyperbolic distances and connect more

easily, while nodes located near the boundary have exponentially large distances between

them and fewer edges, even if they look close.

K = -0.25, /  = 0.2 K = -1, /  = 0.2 K = -4, /  = 0.2

K = -0.25, /  = 0.5 K = -1, /  = 0.5 K = -4, /  = 0.5

K = -0.25, /  = 1.5 K = -1, /  = 1.5 K = -4, /  = 1.5

Figure 5.2: HRGs with n = 100 nodes and disk radius ρ = 5. Different curvatures are
shown: K = −0.25 (left column), K = −1 (middle column), and K = −4 (left column).
Different ratios α/ζ are shown: α/ζ = 0.2 (upper row), α/ζ = 0.5 (middle row), and
α/ζ = 1.5 (lower row).

Thus, the HRG model is defined by the number of nodes n, the disk radius ρ,

the radial distribution exponent α > 0, and the curvature parameter ζ > 0. Moreover,

the purely intrinsic geometry construction of the graph allows for heterogeneous degree
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distributions of the form [14]

P (k) ∝ k−β, with β =

 2α/ζ + 1 if α/ζ ≥ 1/2

2 if α/ζ ≤ 1/2
. (5.5)

From Eq. (5.5) we see that the power-law exponent β of the degree distribution is de-

termined by the ratio α/ζ. Then, the structure of the HRG is defined as a graph G =

G(n, ρ, α/ζ), with α/ζ completely defining the heterogeneity of the degrees and the in-

trinsic geometry. Therefore, since we want to explore the general behavior of the model,

we characterize structural and spectral properties of HRGs for three parametric scenarios:

α/ζ < 1/2, α/ζ = 1/2 and α/ζ > 1/2. Specifically, without loss of generality, we consider

the ratios α/ζ = 0.2, α/ζ = 0.5 and α/ζ = 1.5 and explore different curvature configu-

rations. In Fig. 5.2 we show HRGs with n = 100 and ρ = 5 for different curvatures and

different ratios; namely, α/ζ = 0.2, α/ζ = 0.5, and α/ζ = 1.5. For a fixed radius ρ we ob-

serve that as the curvature K [ratio α/ζ] increases (from left to right [from top to bottom])

nodes are located (visually) farther apart from the center of the disk.

5.2 Structural properties

We first revise the properties of the vertex degree k. In Figs. 5.3(a-c) we plot

the average degree ⟨k⟩ as a function of the Poincaré disk radius ρ of HRGs characterized

by α/ζ = 0.2 (left panel), α/ζ = 0.5 (middle panel), and (c) α/ζ = 1.5 (right panel). In

each panel we show curves for five values of the curvature K = −ζ2 (different symbols)

for graphs of size n = 1000. As expected, the curves ⟨k⟩ vs. ρ show a crossover from full

graphs, ⟨k⟩ = n− 1 when ρ→ 0, to isolated vertices. Indeed, the exponential decay of ⟨k⟩
with ρ is well described by the analytical prediction of [14],

⟨k⟩ =


nζρ
2

(
1 + ζρ

2π

)
e−ζρ/2, if α

ζ = 1
2

2ξ2n
π

(
e−ζρ/2 + e−αρ

{
αρ
2

[
πζ2

4α2

− (π−1)ζ
α + π − 2

]
− 1

})
, if α

ζ < 1
2 ,

α
ζ > 1

2

(5.6)

where ξ = (α/ζ) (α/ζ − 1/2); see the cyan lines in Figs. 5.3(a-c). Moreover, in Figs. 5.3(d-f)

we present the variance of k normalized to n2 as a function of ⟨k⟩ for three graph sizes,

n = 250, 500 and 1000, using different values of the curvature K while keeping a constant

ratio α/ζ in each panel. From Figs. 5.3(d-f), we observe the rapid increase of σ2(k) with
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Figure 5.3: (a-c) Average degree ⟨k⟩ of hyperbolic random graphs of size n = 1000 as a
function of the hyperbolic disk radius ρ for five different values of the curvature K = −ζ2
(symbols). Cyan solid lines correspond to the analytical prediction of ⟨k⟩ given by Eq. (5.6).
(d-f) The variance of k, σ2(k), normalized to n2 as a function of ⟨k⟩. (g-i) The relative
variance of k as a function of ⟨k⟩. The HRGs are characterized by the ratios α/ζ = 0.2
(left panels), α/ζ = 0.5 (middle panels), and (c) α/ζ = 1.5 (right panels). Insets in (d-f)
zoom in on the black dashed squares. In (d) and (e), vertical dashed lines mark ⟨k⟩ = n/3
(log-log scale); in (i), solid lines mark ⟨k⟩ = n/2 (log-log scale). Each panel (d-i) displays
curves for five values of the curvature K = −ζ2 (different symbols) for each of three graph
sizes: n = 250 (blue), n = 500 (red) and n = 1000 (black). Each data value was computed
from an ensemble of 106/n graphs. Figure and description taken from [153].

⟨k⟩, reaching a maximum about ⟨k⟩ ≈ 102 before dropping to zero. In fact, the normalized

variance σ2(k)/n2 is size dependent as in insets of panel (d-f) we observe that the maximum

of each curve is reached at ⟨k⟩ ≈ n/3 when α/ζ ≤ 1/2 and at ⟨k⟩ ≈ n/2 when α/ζ = 1.5

in the inset of panel (f). This is an evidence of the level of heterogeneity of the network

as described by Eq. (5.5) since maximum variance is gotten for ⟨k⟩ > n/3 as α/ζ > 1/2.

In addition we observe, for any fixed graph size no matter the curvature, that the curves

σ2(k)/n2 vs. ⟨k⟩ fall one on top of the other. Then, in Figs. 5.3(g-i) we explore the relative

variance of k as a function of ⟨k⟩. We note then, that the fact that σ(k)2/⟨k⟩2 does not



60 5.2 Structural properties

decrease with n (for a fixed ⟨k⟩) makes k a non self-averaging quantity. Also we note that

the non self-averaging property of k is stronger for α/ζ ≤ 0.5.
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Figure 5.4: Number of non-isolated vertices ⟨Vx(G)⟩ of hyperbolic random graphs as a
function of (a-c) the disk radius ρ and (d-f) the average degree ⟨k⟩. (g-i) ⟨Vx(G)⟩, normalized
to the graph size n, as a function of ⟨k⟩. The HRGs are characterized by the ratios α/ζ = 0.2
(left panels), α/ζ = 0.5 (middle panels), and (c) α/ζ = 1.5 (right panels). Each panel
displays curves for five values of the curvature K = −ζ2 (different symbols) for each of
three graph sizes: n = 250 (blue), n = 500 (red) and n = 1000 (black). Each data
value was computed from an ensemble of 106/n graphs. Magenta dashed lines in panels
(g-i) correspond to Eq. (5.7). Cyan dashed lines in panels (g,h) correspond to fittings of
Eq. (5.8) to the data with the fitting parameter (g) γ ≈ 0.2, (h) γ ≈ 0.44, and (i) γ ≈ 0.93.
Figure and description taken from [153].

Then in Figs. 5.4(a-c) we present the average number of non-isolated vertices

⟨Vx(G)⟩ (see Eq. (2.17)) as a function of the disk radius ρ of HRGs characterized by α/ζ =

0.2 (left panel), α/ζ = 0.5 (middle panel), and (c) α/ζ = 1.5 (right panel). In each panel

we include curves for five values of the curvature K = −ζ2 (different symbols) for each of

three graph sizes n (different colors). First, we note that for each parameter combination

(n, α, ζ), the curves ⟨Vx(G)⟩ vs. ρ show a crossover from full graphs, ⟨Vx(G)⟩ = n when
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ρ → 0, to isolated vertices, ⟨Vx(G)⟩ = 0 for ρ ≫ 1. Indeed, from Figs. 5.4(a-c) we can

clearly see that the smaller the value of the ratio α/ζ the wider the range of ρ (at small ρ)

for which ⟨Vx(G)⟩ is maximal, meaning complete graphs. In fact, this observation coincides

with the results reported in [157] for α/ζ < 0.5.
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1

γ

Figure 5.5: Parameter γ as a function of the ratio α/ζ as obtained from the fittings of
Eq. (5.8) to numerical data. Red full line marks γ = 1. Blue dashed line corresponds to
α/ζ = 1.5. Error bars are not shown since they are much smaller than the symbol size.
Figure and description taken from [153].

In previous works, the number of nonisolated vertices ⟨Vx(G)⟩ for RGGs has been

reported as a simple function of the average degree ⟨k⟩, specifically, [30, 158]

⟨Vx(G)⟩ ≈ n[1− exp(−⟨k⟩)]. (5.7)

Therefore, in Figs. 5.4(d-f) we show again the curves of ⟨Vx(G)⟩ of Figs. 5.4(a-c) but now as

a function of ⟨k⟩. Indeed, we observe that curves for different values of K collapse on top of

a single curve. Moreover, in Figs. 5.4(g-i) we present ⟨Vx(G)⟩, normalized to the graph size

n, as a function of ⟨k⟩ and observe the complete collapse of all curves in each panel. Also

in Figs. 5.4(g-i) we include Eq. (5.7), as magenta dashed lines, and observe that it coincides

with the numerical data for α/ζ = 1.5 only; see Fig. 5.4(i). For this reason, as a next step,

we perform a numerical fitting as we observe that

⟨Vx(G)⟩ ≈ n[1− exp(−γ⟨k⟩)], (5.8)

where γ ≡ γ(α/ζ) is a fitting parameter, reproduces well the curves ⟨Vx(G)⟩ vs. ⟨k⟩ for all
the ratios α/ζ; see the cyan dashed lines in Figs. 5.4(g-i) where the values of γ obtained

from the fittings are γ ≈ 0.2, γ ≈ 0.44 and γ ≈ 0.93 (see the blue-dashed line in Fig. 5.5).

In fact, a detailed characterization of the dependence of γ on the ratio α/ζ is illustrated
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in Fig. 5.5 where the asymptotic convergence to γ = 1 is clear as α/ζ grows. This shows

that the number of non-isolated vertices Vx(G) for HRGs tends to the prediction for RGGs

when α/ζ →∞.
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Figure 5.6: Average Randić index ⟨R(G)⟩ of hyperbolic random graphs as a function of
(a-c) the disk radius ρ and (d-f) the average degree ⟨k⟩. (g-i) ⟨R(G)⟩, normalized to n/2,
as a function of ⟨k⟩. The HRGs are characterized by the ratios α/ζ = 0.2 (left panels),
α/ζ = 0.5 (middle panels), and (c) α/ζ = 1.5 (right panels). Each panel displays curves
for five values of the curvature K = −ζ2 (different symbols) for each of three graph sizes:
n = 250 (blue), n = 500 (red) and n = 1000 (black). Each data value was computed from
an ensemble of 106/n graphs. Magenta dashed line in panel (i) corresponds to RGGs in the
unit square with n = 250. Figure and description taken from [153].

Now, in Figs. 5.6 and 5.7 we present the average Randić and Harmonic indices

from Eqs. (2.15)-(2.16), respectively, of HRGs characterized by α/ζ = 0.2 (left panels),

α/ζ = 0.5 (middle panels), and (c) α/ζ = 1.5 (right panels). For comparison purposes

Figs. 5.6 and 5.7 have the same format as Fig. 5.4 for ⟨Vx(G)⟩: Panels (a-c) show ⟨R(G)⟩
and ⟨H(G)⟩ as a function of ρ, panels (d-f) show ⟨R(G)⟩ and ⟨H(G)⟩ as a function of ⟨k⟩,
while panels (g-i) show ⟨R(G)⟩ and ⟨H(G)⟩, normalized to n/2, as a function of ⟨k⟩. Each
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Figure 5.7: Average Harmonic index ⟨H(G)⟩ of hyperbolic random graphs as a function of
(a-c) the disk radius ρ and (d-f) the average degree ⟨k⟩. (g-i) ⟨H(G)⟩, normalized to n/2,
as a function of ⟨k⟩. The HRGs are characterized by the ratios α/ζ = 0.2 (left panels),
α/ζ = 0.5 (middle panels), and (c) α/ζ = 1.5 (right panels). Each panel displays curves
for five values of the curvature K = −ζ2 (different symbols) for each of three graph sizes:
n = 250 (blue), n = 500 (red) and n = 1000 (black). Each data value was computed from
an ensemble of 106/n graphs. Magenta dashed line in panel (i) corresponds to RGGs in the
unit square with n = 250. Figure and description taken from [153].

panel includes curves for five values of the curvature K = −ζ2 (different symbols) for each

of three graph sizes n (different colors). Also, from Figs. 5.6 and 5.7 we can make similar

observations to those made for ⟨Vx(G)⟩ in Fig. 5.4 (i) The curves ⟨R(G)⟩ vs. ρ and ⟨H(G)⟩
vs. ρ show a crossover from full graphs, ⟨R(G)⟩ = ⟨H(G)⟩ = n/2 when ρ → 0, to isolated

vertices, ⟨R(G)⟩ = ⟨H(G)⟩ = 0 for ρ ≫ 1; see Figs. 5.6(a-c) and 5.7(a-c). (ii) The curves

⟨R(G)⟩ vs. ⟨k⟩ and ⟨H(G)⟩ vs. ⟨k⟩ for different values of K collapse on top of a single curve;

see Figs. 5.6(d-f) and 5.7(d-f). (iii) The curves ⟨R(G)⟩/(n/2) vs. ⟨k⟩ and ⟨H(G)⟩/(n/2)
vs. ⟨k⟩ collapse on top of a single universal curve for α/ζ > 0.5 only; see Figs. 5.6(g-i)

and 5.7(g-i). We understand the lack of scaling of ⟨R(G)⟩/(n/2) and ⟨H(G)⟩/(n/2) with
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⟨k⟩ as a consequence of the lack of self-averaging of k, mainly for α/ζ ≤ 0.5, as reported in

Fig. 5.3; a situation also observed in dRGGs [30]. Moreover, in Figs. 5.6(i) and 5.7(i) we

also plot ⟨R(G)⟩/(n/2) and ⟨H(G)⟩/(n/2) for the RGGs in the unit square (see Fig. 4.1)

and observe a perfect correspondence with the curves for HRGs before saturation, since the

curves for RGGs saturate at smaller values of ⟨k⟩.
Finally, we compute the clustering measures of Eqs. (2.18)-(2.20) and Eqs. (2.21)-(2.22).

Therefore, in Fig. 5.8 we present the average Watts-Strogatz clustering coefficient ⟨C⟩ (up-
per panels) and the average global clustering coefficient ⟨Cg⟩ (lower panels) of HRGs as a

function of the average degree ⟨k⟩. As for the topological indices reported above, here each

panel of Fig. 5.8 includes curves for five values of the curvature K = −ζ2 (different symbols)

for each of three graph sizes n (different colors). Also, we consider HRGs characterized by

α/ζ = 0.2 (left panels), α/ζ = 0.5 (middle panels), and (c) α/ζ = 1.5 (right panels). We

observe two main differences between the curves of ⟨C⟩ and ⟨Cg⟩ as a function of ⟨k⟩: First,
while ⟨Cg⟩ is a monotonically increasing function of ⟨k⟩ for α/ζ ≥ 0.5, ⟨C⟩ is not. Second,

while ⟨k⟩ scales ⟨C⟩ (i.e. curves for different curvatures and graph sizes fall one on top of

the other), it does not scale ⟨Cg⟩ (even though the scaling is good for a fixed graph size).

Moreover, for α/ζ < 0.5, monotonicity of ⟨Cg⟩ is only present at small graph sizes (see panel

(d)) due to the appearance of a crest and a valley (local extrema) for larger sizes (see red

and black curves). For α/ζ = 1.5, in panel (f), we observe a rapid increase of ⟨Cg⟩ in the

interval from ⟨k⟩ ≈ 0.01 to ⟨k⟩ ≈ 1. Then it becomes plateaued for increasing ⟨k⟩ and after-

wards the further increase of ⟨Cg⟩ until reaches the value of 1. In fact, this behavior reflects

the scale-free property of HRGs, since for larger β values we expect higher clustering even

with relatively low average degrees; see Eq. (5.5). Moreover, the appearance of bumps in

panels (d-e) is a signature of transitivity phase transition due to hyperbolic proximity; that

is, even though the network is still sparse (small ⟨k⟩), nodes begin forming small and tightly

connected clusters due to their proximity in hyperbolic space, but as hubs (central nodes

with high degrees) begin connecting to more peripheral nodes as ⟨k⟩ increases, the triangle

density can be significantly reduced (due to large hyperbolic distances between their neigh-

bors) then affecting the global clustering coefficient ⟨Cg⟩ growth rate as a function of ⟨k⟩.
On the other hand, regarding the average local clustering coefficient, when α/ζ ≤ 0.5, the

curves for ⟨C⟩ exhibit a peak at ⟨k⟩ ≈ 40 for α/ζ = 0.2 and at ⟨k⟩ ≈ 30 for α/ζ = 0.5. We

observe that this peak is flattened when α/ζ = 0.5 and disappears for α/ζ = 1.5 (β = 4).

Indeed, since ⟨C⟩ =
∑

k P (k)C(k), the peaks show the contribution of the graph size on
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C(k) when β < 2.5 in accordance with [159]. Explicitly, when k >
√
n and β < 2.5 the

local clustering in terms of the degree is given as C(k) ∝ k2β−6n5−2β [159], then leaving us

with a size contribution of ∼ n2.2 for β = 1.4 (α/ζ = 0.2) and ∼ n for β = 2 (α/ζ = 0.5).

Consequently, as the average degree ⟨k⟩ >
√
n bumps of the ⟨C⟩ are expected to appear.
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Figure 5.8: (a-c) Average Watts-Strogatz clustering coefficient ⟨C⟩ and (d-f) Average
global clustering coefficient ⟨Cg⟩ of hyperbolic random graphs as a function of the average
degree ⟨k⟩. The HRGs are characterized by the ratios α/ζ = 0.2 (left panels), α/ζ = 0.5
(middle panels), and (c) α/ζ = 1.5 (right panels). Each panel displays curves for five values
of the curvature K = −ζ2 (different symbols) for each of three graph sizes: n = 250 (blue),
n = 500 (red) and n = 1000 (black). Dashed lines in panels (a-c) [(d-f)] are ⟨C⟩ [⟨Cg⟩] of
RGGs in the unit square with n = 250 (cyan), n = 500 (orange), and n = 1000 (gray).
Each data value was computed from an ensemble of 106/n graphs. Figure and description
taken from [153].

Additionally, for comparison purposes, in Fig. 5.8 we include (as dashed lines) ⟨C⟩
and ⟨Cg⟩ of RGGs in the unit square with n = 250 (cyan), n = 500 (orange), and n = 1000

(gray). As expected, we observe the convergence of the properties of HRGs to those of

RGGs when increasing the ratio α/ζ. Moreover, notice the large difference of the average

global clustering coefficients of both network models, mainly for 0.1 < ⟨k⟩ < 10 when the

HRGs are characterized by α/ζ ≤ 0.5, meaning that the heterogeneous topology of the

HRG creates high-degree nodes with hubs that dominate the degree distribution leading to

lower average global clustering compared to the RGG; which has an homogeneous degree

distribution.
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5.3 Spectral properties

To characterize the spectral properties of the HRG model we apply a RMT ap-

proach, see e.g. [30,58,118,149,158]. Accordingly, we use the randomly-weighted version of

the adjacency matrix, defined as Eq. (3.1). With this definition, diagonal random matrices

(PE [125]) are obtained for ρ≫ 1, when the graphs consist of disconnected vertices; whereas

the GOE (i.e. full real and symmetric random matrices [125]) is recovered for ρ→ 0, when

the graphs are complete. Thus, the ensemble defined by the randomly-weighted adjacency

matrices AO corresponds to a diluted GOE. Then, we use standard RMT measures to

characterize the eigenvalue and eigenvector properties of AO. Therefore, as mentioned in

Chapter 3, all RMT measures will transit from their corresponding PE values to their GOE

values as ρ increases.

For the computation of spectral measures of HRGs, we perform exact numerical

diagonalization to obtain the eigenvalues λi and normalized eigenvectors Ψi (i = 1, . . . , n)

of large ensembles of randomly-weighted adjacency matrices AO characterized by the pa-

rameter set (n, ρ, α, ζ).

In Figs. 5.9(a-c)-5.12(a-c) we present, respectively, the average ratio between con-

secutive eigenvalue spacings ⟨rR(G)⟩ (from Eq. 3.4), the average ratio between nearest- and

next-to-nearest-neighbor eigenvalue distances ⟨rC(G)⟩ (from Eq. 3.5), the average inverse

participation ratio ⟨IPR(G)⟩ (from Eq. 3.6), and the average Shannon entropy ⟨S(G)⟩ (from
Eq. 3.7) of HRGs as a function of the hyperbolic disk radius ρ. Each panel in Figs. 5.9-

5.12 includes curves for five values of the curvature K = −ζ2 (different symbols) for each of

three graph sizes n (different colors); the HRGs are characterized by α/ζ = 0.2 (left panels),

α/ζ = 0.5 (middle panels), and (c) α/ζ = 1.5 (right panels). As expected from the analysis

of the structural properties of the previous section, here for each parameter combination

(n, α, ζ), the curves ⟨X(G)⟩ vs. ρ show a crossover from full graphs, ⟨X(G)⟩ = XGOE when

ρ → 0, to isolated vertices, ⟨X(G)⟩ = XPE for ρ ≫ 1. Here X represents rR, rC, IPR,

and S; while XGOE and XPE are the RMT values of the spectral measures in the GOE and

PE limits, respectively. Then, in Figs. 5.9(d-f)-5.12(d-f) we present again the curves of

Figs. 5.9(a-c)-5.12(a-c) but now as a function of ⟨k⟩. Here we observe a reasonably good

scaling of ⟨rR(G)⟩ and ⟨rC(G)⟩, while ⟨IPR(G)⟩ and ⟨S(G)⟩ still show a graph size depen-

dence. Anyway, for a fixed graph size we observe the collapse of the curves characterized

by different curvatures.
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Figure 5.9: Average ratio between consecutive eigenvalue spacings ⟨rR(G)⟩ of hyperbolic
random graphs as a function of (a-c) the disk radius ρ and (d-f) the average degree ⟨k⟩.
(g-i) ⟨rR(G)⟩, see Eq. (3.8), as a function of ⟨k⟩. The HRGs are characterized by the ratios
α/ζ = 0.2 (left panels), α/ζ = 0.5 (middle panels), and (c) α/ζ = 1.5 (right panels). Each
panel displays curves for five values of the curvature K = −ζ2 (different symbols) for each of
three graph sizes: n = 250 (blue), n = 500 (red) and n = 1000 (black). Each data value was
computed from an ensemble of 106/n graphs. Magenta dashed line in panel (i) corresponds
to RGGs in the unit square with n = 250. Figure and description taken from [153].

To ease the comparison of the spectral measures we conveniently normalize them

according to Eqs. (3.8)-(3.11). Therefore, in Figs. 5.9(g-i)-5.12(g-i) we show the normalized

spectral measures in terms of the average degree ⟨k⟩. From these figures we can see that

⟨k⟩ serves as the scaling parameter of ⟨rR(G)⟩, ⟨rC(G)⟩ and ⟨S(G)⟩ for α/ζ = 0.5, while

⟨IPR(G)⟩ does not scale at all for any value of α/ζ. In fact, we have already observed

that the spectral properties of models of dRGGs do not scale with ⟨k⟩ [30] (in Chapter

4) for all model parameter combinations, which is what we also observe here for HRGs.

However, it was possible to find the scaling parameter ξ of the spectral properties of RGGs

by performing a proper scaling analysis that incorporates an additional dependence of the

graph size [30], i.e. ξ ≡ ξ(⟨k⟩, n). Indeed, we perform the scaling analysis of the spectral
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Figure 5.10: Average ratio between nearest- and next-to-nearest-neighbor eigenvalue dis-
tances ⟨rC(G)⟩ of hyperbolic random graphs as a function of (a-c) the disk radius ρ and
(d-f) the average degree ⟨k⟩. (g-i) ⟨rC(G)⟩, see Eq. (3.9), as a function of ⟨k⟩. The HRGs
are characterized by the ratios α/ζ = 0.2 (left panels), α/ζ = 0.5 (middle panels), and
(c) α/ζ = 1.5 (right panels). Each panel displays curves for five values of the curvature
K = −ζ2 (different symbols) for each of three graph sizes: n = 250 (blue), n = 500 (red)
and n = 1000 (black). Each data value was computed from an ensemble of 106/n graphs.
Magenta dashed line in panel (i) corresponds to RGGs in the unit square with n = 250.
Figure and description taken from [153].

properties of HRGs in the next section, so we properly define ξ. Also, as well as in Sec. 5.2,

for comparison purposes in Figs. 5.9(i)-5.12(i) we include results for RGGs in the unit square

with n = 250; see magenta dashed lines. As expected, we observe the convergence of the

spectral properties of HRGs to those of RGGs for large α/ζ.

5.4 Scaling analysis

In Sec. 5.3 we analyzed spectral properties of HRGs. Specifically, we reported the

average ratio between consecutive eigenvalue spacings ⟨rR(G)⟩, the average ratio between
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Figure 5.11: Average inverse participation ratio ⟨IPR(G)⟩ of hyperbolic random graphs as
a function of (a-c) the disk radius ρ and (d-f) the average degree ⟨k⟩. (g-i) ⟨IPR(G)⟩, see
Eq. (3.10), as a function of ⟨k⟩. The HRGs are characterized by the ratios α/ζ = 0.2 (left
panels), α/ζ = 0.5 (middle panels), and (c) α/ζ = 1.5 (right panels). Each panel displays
curves for five values of the curvature K = −ζ2 (different symbols) for each of three graph
sizes: n = 250 (blue), n = 500 (red) and n = 1000 (black). Each data value was computed
from an ensemble of 106/n graphs. Magenta dashed line in panel (i) corresponds to RGGs
in the unit square with n = 250. Figure and description taken from [153].

consecutive nearest- and next-to-nearest-neighbor eigenvalue distances ⟨rC(G)⟩, the average
inverse participation ratio ⟨IPR(G)⟩, and the average Shannon entropy ⟨S(G)⟩, see Figs. 5.9-
5.12.

Furthermore, we found that curves ⟨X(G)⟩ vs. ⟨k⟩ (where X represents rR, rC,

IPR, and S), characterized by the same graph size n and ratio α/ζ, fall one on top of the

other; that is, the curves ⟨X(G)⟩ scale with ⟨k⟩. However, as n decreases, the arrays of

scaled curves are displaced to the left on the ⟨k⟩-axis. This last observation indicates the

additional dependence of the curves ⟨X(G)⟩ vs. ⟨k⟩ on n and the possible existence of a true

scaling parameter ξ ≡ ξ(⟨k⟩, n). Therefore, a scaling analysis of ⟨X(G)⟩ seems pertinent.

Again, as in the scaling analysis of dRGGs in Chapter 4, we try to find a parameter ξ such
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Figure 5.12: Average Shannon entropy ⟨S(G)⟩ of hyperbolic random graphs as a function
of (a-c) the disk radius ρ and (d-f) the average degree ⟨k⟩. (g-i) ⟨S(G)⟩, see Eq. (3.11),
as a function of ⟨k⟩. The HRGs are characterized by the ratios α/ζ = 0.2 (left panels),
α/ζ = 0.5 (middle panels), and (c) α/ζ = 1.5 (right panels). Each panel displays curves
for five values of the curvature K = −ζ2 (different symbols) for each of three graph sizes:
n = 250 (blue), n = 500 (red) and n = 1000 (black). Each data value was computed from
an ensemble of 106/n graphs. Magenta dashed line in panel (i) corresponds to RGGs in the
unit square with n = 250. Figure and description taken from [153].

that the curves ⟨X(G)⟩ vs. ξ are universal curves, i.e; invariant curves as a function of ξ.

First, we note that all curves ⟨X(G)⟩ vs. ⟨k⟩ show a transition from approximately

0, when ⟨k⟩ ≪ 1, to 1, when ⟨k⟩ ≫ 1, (see Figs. 5.9-5.12) but they are displaced along the

⟨k⟩–axis for different values of n. Then, we characterize the position of the curves ⟨X(G)⟩
vs. ⟨k⟩ along the ⟨k⟩–axis by the values of ⟨k⟩ for which ⟨X(G)⟩ ≈ 0.5. We label the values

of ⟨k⟩ at half of the full transition as ⟨k⟩∗. We observe in Fig. 5.15 a linear trend of the

data sets (in log-log scale) ⟨k⟩∗ vs. n suggesting a power-law behavior of the form

⟨k⟩∗ = Cnδ. (5.9)
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⟨rR(G)⟩ ⟨rC(G)⟩ ⟨IPR(G)⟩ ⟨S(G)⟩

α/ζ C δ C δ C δ C δ

0.2 1.8 0.277 1.521 0.304 0.362 0.883 0.92 0.462

0.5 4.889 0.013 3.332 0.07 1.02 0.613 2.821 0.146

1.5 1.271 0.418 1.09 0.449 1.424 0.502 1.822 0.254

Table 5.1: Values of the fitting parameters C and δ in Eq. (5.9) as extracted from the curves
of ⟨k⟩∗ vs. n for the normalized quantities ⟨rR(G)⟩, ⟨rC(G)⟩, ⟨IPR(G)⟩, and ⟨S(G)⟩.

0.01 1 100

ξ

0

0.5

1

〈r
R
(G

)〉

α/ζ=0.2

0.01 1 100

ξ

0

0.5

1

α/ζ=0.5

0.01 1 100

ξ

0

0.5

1

α/ζ=1.5

0.01 1 100

ξ

0

0.5

1

〈r
C
(G

)〉

ζ=0.25

ζ=0.5

0.01 1 100

ξ

0

0.5

1

ζ=1

ζ=2

0.01 1 100

ξ

0

0.5

1

ζ=4

(a) (b) (c)

(d) (e) (f)

Figure 5.13: (a-c) Normalized average ratio between consecutive eigenvalue spacings
⟨rR(G)⟩ and (d-f) normalized average ratio between nearest- and next-to-nearest-neighbor
eigenvalue distances ⟨rC(G)⟩ of hyperbolic random graphs as a function of the scaling pa-
rameter ξ. The HRGs are characterized by the ratios α/ζ = 0.2 (left panels), α/ζ = 0.5
(middle panels), and (c) α/ζ = 1.5 (right panels). Each panel displays curves for five values
of the curvature K = −ζ2 (different symbols) for each of three graph sizes: n = 250 (blue),
n = 500 (red) and n = 1000 (black). Each data value was computed from an ensemble of
106/n graphs. Figure and description taken from [153].

Thus we define the scaling parameter as the ratio between ⟨k⟩ and ⟨k⟩∗:

ξ ≡ ⟨k⟩
⟨k⟩∗

=
⟨k⟩
Cnδ

∝ n−δ⟨k⟩. (5.10)

Therefore, by plotting again the curves of ⟨X(G)⟩ now as a function of ξ we observe

that curves for different graph sizes n collapse on top of universal curves; see Fig. 5.13 for

the spectral measures and Fig. 5.14 for the eigenvector measures of HRGs. This means that
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Figure 5.14: (a-c) Normalized average inverse participation ratio ⟨IPR(G)⟩ and (d-f)
normalized average Shannon entropy ⟨S(G)⟩ of hyperbolic random graphs as a function of
the scaling parameter ξ. The HRGs are characterized by the ratios α/ζ = 0.2 (left panels),
α/ζ = 0.5 (middle panels), and (c) α/ζ = 1.5 (right panels). Each panel displays curves
for five values of the curvature K = −ζ2 (different symbols) for each of three graph sizes:
n = 250 (blue), n = 500 (red) and n = 1000 (black). Each data value was computed from
an ensemble of 106/n graphs. Figure and description taken from [153].

for a given setup of HRGs, once the value of the scaling parameter is computed, one may

predict the spectral properties of the HRGs without actually computing them by looking

at the scaled universal curves. Moreover, the scaling parameter of ⟨S(G)⟩ allows for the

definition of the localization regimes: For ξ ≤ 0.1 [ξ ≥ 10], the eigenvectors of the HRGs are

in a localized [extended] regime, while the transition from localized to extended eigenvectors

occurs for 0.1 < ξ < 10.

In addition, it is useful to look at the values of the exponent δ of Eq. (5.9) obtained

from the fittings of the curves ⟨k⟩∗ vs. n, which are reported in Table 5.1. From Table 5.1,

since δ ≈ 0 for ⟨rR(G)⟩ and ⟨rC(G)⟩ for α/ζ = 0.5, we can claim that ⟨k⟩ is indeed the

scaling parameter of ⟨rR(G)⟩ and ⟨rC(G)⟩; as already observed in Sec. 5.3 but quantified

here by means of the scaling analysis.
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Figure 5.15: Curves ⟨k⟩∗ vs. n in log-log scale for the (a, e, i) normalized average ratio
between consecutive eigenvalue spacings ⟨rR(G)⟩, (b, f, j) normalized average ratio between
nearest- and next to-nearest-neighbor eigenvalue distances ⟨rC(G)⟩, (c, g, k) normalized
average inverse participation ratio ⟨IPR(G)⟩, and (d, h, l) normalized average Shannon
entropy ⟨S(G)⟩ of the hyperbolic random graph. We show the three different ratio configu-
rations α/ζ = 0.2 (top row), α/ζ = 0.5 (middle row), and α/ζ = 1.5 (bottom row). In every
panel the red line is the best fit to the data as Eq. (5.9). The fiting values are reported in
Table 5.1. In some panels the data values are shown to help visualize the scale.
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Chapter 6

Survival probability in random

network models

In this Chapter we study the survival probability of an initial state of the ER

network model represented by the orthogonal randomly weighted adjacency matrix AO

in the context of its full random matrix ensemble (GOE) formulation. We introduce the

construction of the random network model, and describe the behaviour of the survival

probability of the ER model in terms of its inherent parameters. We show that the relative

depth of the correlation hole of the survival probability can be scaled with the average

degree ⟨k⟩, and that the survival probability can be well characterized at different time

scales by fixing the average degree ⟨k⟩ with varying network sizes n. Furthermore, we show

that the generalized fractal dimensions of the inverse participation ratio describe the decay

of the time-averaged survival probability.

6.1 Survival probability in the GOE

The survival probability (SP), also known as return probability, measures the

probability of finding a system in its initial state at a later time t. Assuming an initial state

|Ψ(t = 0)⟩ and its time-evolved counterpart |Ψ(t)⟩, the SP is the squared inner product of

both states. In the context of RMT, for full random matrix ensembles (FRME) we assume

the existence of a basis of states |ϕk⟩ used to construct every FRME. In this sense, we can

define an initial state |ϕini⟩ ≡ |Ψ(0)⟩ at the bulk of the spectrum, ini = n/2 [161], with n

77
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the size of the matrix. Then the SP is defined as,

SP (t) =| ⟨Ψ(0)| |Ψ(t)⟩ |2 =

∣∣∣∣∣∣
∑
β

∣∣∣Cβ
ini

∣∣∣2 e−iEβt

∣∣∣∣∣∣
2

(6.1)

=

∣∣∣∣∫ ρ(E)e−iEβtdE

∣∣∣∣2 ,
ρ(E) =

∑
β

∣∣∣Cβ
ini

∣∣∣2 δ(E − Eβ) (6.2)

where Eβ are the eigenvalues of the ensemble,
∣∣∣Cβ

ini

∣∣∣2 are the components of the evolved

initial state on the basis, and ρ(E) corresponds to the energy distribution of the initial

state, also known as the local density of states (LDOS). The focus on an initial state at

the bulk of the spectrum is derived from the fact that most eigenstates are concentrated at

the bulk according to Wigner’s simicircle law. On this basis, the dynamics of such a state

is therefore representative of the typical behavior in the system. In particular, in quantum

chaotic systems, the bulk captures the ergodic and delocalized nature of eigenstates, and

helps studies on many-body quantum thermalization [160,161]

Now, since the SP and LDOS are related by a Fourier transform, the SP can be analytically

derived once the LDOS shape is determined. For the GOE, the shape of the LDOS follows

the Wigner semicircle law,

ρ(E) =
1

πσini

√
1−

(
E

2σini

)
, (6.3)

where σ2
ini [161] is the variance of the energy distribution of the initial state. The variance

σ2
ini is given as,

σini
2 =

∑
β

∣∣∣Cβ
ini

∣∣∣2
Eβ −

∑
β

∣∣∣Cβ
ini

∣∣∣2Eβ

2

, (6.4)

with Eβ as the eigenenergies of the FRM. In Fig. 6.1 we plot the local density of states for

a FRME with size n = 1000 following the Wigner’s semicircle law with a spectral width

E ∼ (−σini, σini).
Then the analytical expression for the average SP [162] derived from the semicircle

shape of the LDOS is given by

⟨SP (t)⟩ = 1− ⟨SP ⟩
n− 1

[
n
J 2
1 (2σt)

(σt)2
− b2

(
σt

2n

)]
+ ⟨SP ⟩. (6.5)
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Figure 6.1: Local density of states (LDOS) of the initial state |ϕini⟩ for a GOE matrix with
size n = 1000. The Wigner semicircle law of Eq. (6.3) corresponds to the black line.

Where J1 is a Bessel function of the first kind, the term [J1(2σinit)/(σinit)]2 corresponds to

the Fourier transform of Eq. (6.3), and b2(t) corresponds to the two-level form factor that

predominates on the ramp (correlation hole) until saturation ⟨SP ⟩. This expression predicts

slow decaying oscillations of the probability at short times as t−3 and a well defined Thouless

time tTh = (3/π)1/4 [163–165]. As indicated in Fig. 6.2 the Thouless time is the time for the

survival probability to reach the bottom of the correlation hole. In the context of electrons

in disordered systems and localization theory, the Thouless time indicates the characteristic

time it takes for an electron to diffuse across a finite disordered system, thus determining its

time scale. Regarding RMT, this time marks the time scale at which eigenvalues transition

from being uncorrelated (PE) to fully correlated (FRME).

Hence, following this formalism, we study the SP of ER networks using as a refer-

ence the diluted GOE presented in Chapter 3, the AO randomly-weighted adjacency matrix

representation.

6.2 Erdös Renyi network

The Erdös-Renyi (ER) random network model, introduced in 1951 [4] by Solomonoff

and Rapoport and later named after Paul Erdös and Alfréd Renyi [5], is generated by in-

dependently connecting n separate vertices or nodes with a connection probability of p
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Figure 6.2: Survival probability of a FRME with size n = 1000 in red line. Black dashed
line indicates the analytical prediction of Eq. (6.5). The slow decay of the SP is indicated
in the cyan dashed line as t−3. The correlation hole (ramp) is indicated between magenta
and green dashed lines. The Thouless time tTh is depicted with the magenta line. The
saturation value ⟨SP⟩ is reached at large times after the end of the ramp.

through a random pairing process. This pairing process leads to a graph where the pres-

ence or absence of any specific edge is entirely uncorrelated with the others. Thus, given the

random and independent nature of edge formation, the degree k of any particular node in

an ER graph (network) follows a binomial distribution as it is the sum of n−1 independent

Bernoulli trials, each with success probability p. Then, the average degree can be calculated

directly from the parameters n and p of the ER model. Since each node has n− 1 potential

connections, and each connection exists with probability p, the expected degree ⟨k⟩ of any
node is:

⟨k⟩ = (n− 1)p ≈ np. (6.6)

Here, we can easily identify p as the connectance Ω from Eq. (6.6) and Eq. (2.14).

Thus in Fig. 6.3 we observe the evolution of the edge formation as the connection probability

p increases for ER networks with n = 15 nodes, from isolated to a complete graph. Note,

that this is just a visual representation for in the practice ER is random and different p

values give essentially different network realizations.

Then, as p increases, the network becomes more densely connected, which influ-

ences various properties of the network, such as the emergence of a giant component (a large

cluster) and the overall robustness of the network. Moreover, due to the importance of the
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average degree ⟨k⟩ as a critical parameter that influences the overall structure of the network

and connectivity, proved as a scaling parameter of structural and static spectral measures

of various random network models [30, 58, 118, 149, 166], we use these two parameters to

characterize the survival probability and its relevant features.

p = 0 p = 0.2 p = 0.5 p = 0.8 p = 1.0

Figure 6.3: Erdös Renyi network with n = 15 vertices for five different values of the con-
nection probability p.

6.3 Analysis of the survival probability

First, in Fig. 6.4 we show the local density of states (LDOS) of various configura-

tions of size n and probability p of ER networks. In panels (b, e, h) the distributions are

given for a critical value of the connection probability p, given as

pc ∼ (n2/3)/(n− 1), (6.7)

which was reported in [167] as the probability up to which, the Wigner semicircle-law of

the LDOS is still expected as n → ∞. Thus, panels (c, f, i) show distributions for higher

probabilities, and panels (a, d, g) for lower probabilities, as multiples of pc, to illustrate

how semicircle behaviour is lost when p is lower than pc and when size n decreases as well.

As a consequence, we expect to observe GOE-like behaviour of the SP [162] for p > pc.

Additionally, as observed in panels (a, d, g), the LDOS shape is clearly non-universal when

p < pc. Thus, an analytical prediction of the SP decay can not be derived as with Eq. (6.5),

and significant deviations from the GOE are expected as p→ 0.

Thus, to assess the general behaviour of the survival probability as the connectance

p varies, in Figs. 6.5(a-c), we present the evolution of the SP for several connection proba-

bility values p for a 2× 104 ensemble of ER networks with n = 1000 nodes. In panel (a) the
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Figure 6.4: Histograms of the local density of states LDOS at the center of the bulk ϕini

of ER networks for different values of connection probability p in terms of the critical value
pc from Eq. (6.7) and different sizes (number of nodes) n. Panels (b), (e) and (h) show the
histograms for the critical value pc from Eq. (6.7). Panels (a), (c), (d), (f), (g) and (i) are
given for multiples of pc. The size of the network is given per row. Every histogram was
constructed from a single realization. Black lines are semicircles (Eq. (6.3)) with σini from
Eq. (6.4) of the corresponding realization.

SP has an evident power-law decay with null oscillations as well as its saturation values are

lowered as the probability p of the network increases (from top to bottom) as indicated by

dashed black lines in Fig. 6.5(a) and the insets in Figs. 6.5(b) and (c). Additionally, the SP

curves saturate faster as p increases. In panel (b), as p increases, minor oscillations emerge

during the slow decay of the SP showing the relevance of p → pc = 0.11 (for n = 1000).

We also observe in the insets of Figs. 6.5(b-c) that saturation values begin to tend to the

GOE prediction 3/n = 0.0033 as the network becomes fully connected p → 1. In panel

(c) we observe the oscillations of the SP increase in amplitude at early times and depict

the transition into the FRME (GOE) prediction [163–165]. Also in panels (a-c) the drop

(ramp) of the SP is rendered as a correlation hole since the localization-to-delocalization

transition of the ER model has been reported around ⟨k⟩ ≥ 4 [58,64,65,67,171].

Additionally, as we dilute the network (p → 0, ⟨k⟩ → 0), the correlation hole
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Figure 6.5: (a-c) Survival probability SP (t) of the ER network with size n = 1000 for
several values of probability p. (d) Inverse participation ratio of the initial state IPRini

over 3/n (GOE saturation value) as a function of the probability of connection p, and (e)
as a function of the average degree for three network sizes. Insets in panels (b and c) offer
an amplification of the marked black dashed squares below. Horizontal dashed black lines
indicate the saturation value of the curves. In panels (a-c) the probability of connection p
increases from top to bottom. Colored dashed lines in panels (d-e) correspond to fittings of
Eq. (6.14) to the data; see Table 6.1.

vanishes according to the localization-to-delocalization transition ⟨k⟩ value, and after its

disappearance the minimum of the SP is recovered around the tTh of the GOE [162] (not

shown here), tGOE
Th = (3/π)1/4 ≈ 1, indicating the end of the quasi-diffusive behavior of the

network and the onset to localization.

6.3.1 Initial fast decay

The initial fast decay of the SP is governed by the Fourier transform of the LDOS.

However, in the case of ER networks, the LDOS becomes non-universal as p→ 0 (p < pc);

see Fig. 6.4. Nevertheless, the dominant first term in the approximation of the inner product

| ⟨Ψ(0)| |Ψ(t)⟩ |2 determines the very initial decay of the SP, which is given by

S(t << 1) ≈ 1− σ2
init

2. (6.8)

Then, in order to characterize the standard deviation σini in terms of the connection prob-

ability p, in Fig. 6.6(g), we plot the standard deviation of the energy distribution of the

initial state σini given by Eq. (6.4) for various values of the probability of connection p.

Here, we find that the σini vs. p curve follows a power-law fit σini = ApB with fitting values

A = 31.68175 ≈ n1/2 and B = 0.5006. This shows that the variance of the initial state σ2
ini
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is directly related to the average degree ⟨k⟩, for now σini ≈
√
np ≈ ⟨k⟩1/2; see Eq. (6.6).

Thus, in panels (a-h) in Fig. 6.6, we plot (in green lines) the initial fast decay of the SP,

now given by

SP (t << 1) ≈ 1− ⟨k⟩t2, (6.9)

and observe a good correspondence with the SP curves across different values of ⟨k⟩.
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Figure 6.6: (a-h) Survival probability of ER networks for several fixed values of the
average degree ⟨k⟩. Graph sizes increase from top to bottom (n = 250, 500, 1000, 2000).
Magenta dashed lines depict t−D2 , where D2 = 0.0446(a), 0.1316(b), 0.234(c), 0.3509(d),

0.4885(e), 0.6868(f), 0.8615(g), and 0.9477(h). Cyan solid lines depict t−D̃2 , where D̃2 =
0.0269(a), 0.1467(b), 0.2647(c), 0.4062(d), 0.5589(e), 0.7786(f), 0.8398(g), and 0.8873(h).
Green dashed lines show the decay at very short times of the survival probability as given
by Eq. (6.9). (g) Standard deviation of the energy distribution of the initial state σini
(Eq. (6.4)) as a function of the connection probability p for ER with n = 1000. The red
dashed line is a fit of the form y = AxB, with A = 31.68175 and B = 0.5006. The values of
D2 and D̃2 were computed as described in Appendix A.

6.3.2 Slow decay

Since the time evolution of wave functions is directly related to the transport

properties of a conducting-insulator system at criticality, at the mobility edge, some studies

have focused on its description through the analysis of the correlation dimension D2; see
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Appendix A for the definition of D2. The analysis of the correlation dimension D2 has

become relevant as the diffusion constant of quantum Hall systems was found related to

D2 [169]. This led to the study of the return probability (or survival probability) of non-

interacting electrons in a two-dimensional disordered system under a magnetic field, showing

that its slow decay is a power-law with exponent D2/2 [169]. Later, Huckestein and Klesse

showed that at the mobility edge, in disordered non-interacting electron systems in two

and three dimensions, the survival probability has a slow power-law decay D2/d, where

d is the dimension of the system [180]; also proving that the generalized dimension of

the initial state D̃2 is related to D2 as D2/d ≈ D̃2 further confirming the findings of

[169]. In particular, these critical states have shown multifractal properties, such as in

the case of Anderson metal-insulator transition in two and three dimensions, described by

the generalized dimensions Dq [176]. The existence of multifractal eigenstates means that

eigenstates are neither fully extended nor fully localized causing long-time correlations in

the quantum dynamics, leading to a power law decay of the survival probability as explored

in [181,182]. Therefore, as the power-law decay of the survival probability has been related

to the generalized dimensions D2 and D̃2 we expect to find them as descriptors of the slow

decay of the survival probability of ER networks.

Since we aim to characterize the power-law behavior of the SP curves and the

average degree fully conveys the localization-to-delocalization crossover of the eigenstates

of the network, in Fig. 6.6 we show SP (t) plots for different fixed average degree ⟨k⟩, from
⟨k⟩ = 2.07 (see panel (a)) to ⟨k⟩ = 11.23 (see panel (h)) and four ER network sizes n

increasing from top to bottom. Magenta and cyan lines show the correlation dimension D2

and the generalized dimension of the initial state D̃2, respectively (see Appendix A). We

note that in panel (a) nor D2 neither D̃2 match the decay of SP (t), however as ⟨k⟩ increases
t−D2 predicts the decay at short times as we can see in panels (b, c, and d). Note, however,

that the decay predicted as t−D̃2 is more persistent when ⟨k⟩ = 4.27, 5.44 and 6.92 (in panels

(d-f)) as the SP (t) curves follow that tendency for longer times, that is, as long as curves

fall on on top of the other. Then we conclude that t−D2 is a better decay indicator for small

degrees ⟨k⟩ (e.g. ⟨k⟩ = 2.63, 3.35 in panels (b and c)), while t−D̃2 does it for ⟨k⟩ = 4.27, 5.44

and 6.92. Also t−D2 is a better decay indicator at short times (t ≈ 1), while t−D̃2 is a

better indicator for longer times 1 < t < 10. After panel (f) the curves do not fall as the

generalized dimensions. Therefore, we can see that there exist only a small interval of ⟨k⟩
where the decay of the survival probability can be described by the generalized dimensions.
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The full analysis of the generalized dimensions Dq and D̃q is shown in Appendix A.
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Figure 6.7: (a-h) Time-averaged survival probability C(t) of ER networks for several values
of the average degree ⟨k⟩. Graph sizes increase from top to bottom (n = 250, 500, 1000 and

2000). Red dashed lines depict tD̃2 for each value of ⟨k⟩. In panel (a) blue dashed line
depicts tD2 for comparison. (g) Generalized dimension D̃2 of the initial state |ϕini⟩ as a
function of the average degree ⟨k⟩, where D̃2 = 0.0269(a), 0.1467(b), 0.2647(c), 0.4062(d),
0.5589(e), 0.7786(f), 0.8398(g), and 0.8873(h). The blue dashed line in panel (g) indicates
the upper limit of D̃2 = 1.

On the other hand, the time-averaged survival probability also known as the tem-

poral autocorrelation function [168] has been extensively used to analyze the dynamics of

disordered systems at the mobility edge [168–170]. More recently, it has been applied to

the study of the many-body localization transition in the 1D Heisenberg model [172]. In

any case, it has been observed that the generalized dimension D̃2 directly governs the decay

of the time-averaged survival probability, which follows a power law ∼ t−D̃2 . Due to its

relevance, the analysis of this quantity seems pertinent for our study. The time-averaged

survival probability is defined as:

C(t) =
1

t

∫ t

0
SP (τ)dτ. (6.10)

Thus, in Figs. 6.7(a-h) we present the time-averaged survival probability C(t) for the same

values of the average degree ⟨k⟩ of Fig. 6.6. In every panel we show t−D̃2 as red dashed
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lines, illustrating that the decay of C(t) is well-described by the generalized dimension D̃2.

Notably, the best agreement is observed when ⟨k⟩ ≥ 3.35. Additionally, in panel (a-b), we

include t−D2 (blue dashed line) for comparison. As already observed in Figs. 6.6(a-b), this

is a good indicator of the SP (t) decay before saturation of the curves. Interestingly, it also

proves to be a good descriptor for C(t) in the same context. Then, ⟨k⟩ = 2.07 and 2.63

are early stages in the crossover from localization to full delocalization. Finally, in panel

(g) we present the generalized dimension D̃2 vs. ⟨k⟩, the curve illustrates the asymptotic

transition to D̃2 = 1 (horizontal blue dashed line) as ⟨k⟩ increases. Here, we observe that

the metallic regime is reached when ⟨k⟩ ≈ 10 as suggested in Fig. 6.9 in the analysis of the

relative depth of the correlation hole in Subsection 6.3.4, and in Fig. 6.5 for the evolution

of the SP.

6.3.3 Thouless time
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Figure 6.8: (a) Thouless time tTh of ER networks for four different network sizes n in
terms of the connection probability p, (b) and the average degree ⟨k⟩. Colored dashed lines
in panels (a-b) correspond to fittings of Eq. (6.11) to the data; see Table 6.1.

As observed in Fig. 6.5, the correlation holes are displaced owing to the changes

in the Thouless time, tTh, and the relaxation time, tR (the approximate time for the SP to

reach its saturation value up to a relative error δ). As previously mentioned, the Thouless

time tTh is the time scale for the eigenvalues to fully correlate according to RMT. Thus,

we estimate the Thouless time tTh of ER networks of different sizes n as a function of the

connectance p and the average degree ⟨k⟩ in Figs. 6.8(a-b), respectively. In Fig. 6.8(a)

we observe that the smaller the size, the greater the connectance required to observe a

displacement of tTh. It should be also noted that as the size n increases, the value of the
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Thouless time tTh also increases as a function of ⟨k⟩ (see Fig. 6.8(b)). Despite of the possible

fluctuations on the calculation of the critical time tTh due to the lack of stability of the SP

curves, as can be easily seen for every size n (colored symbols), we observe a rapid decay of

the tTh as the network becomes fully connected (p→ 1, ⟨k⟩ → n− 1). Then in Figs. 6.8(a)

and (b) we perform a fit to the numerical data as,

tTh ≈ eAp−B
, (6.11)

where A and B are fitting constants; see Table 6.1. We must stress here, that tTh fluctu-

ations were unavoidable and their elimination may require much computing power. Thus,

we expect a different correspondence of the expression to the numerical data for larger en-

sembles. As observed in Fig. 6.8(b), the tTh exhibits an additional dependence on n since

curves are displaced to the right on the ⟨k⟩ axis as n increases.

6.3.4 Correlation hole

The relative depth of the correlation hole has been used to detect the integrablility-

chaos transition of disordered systems and more recently for the many-body localization

phase in disordered interacting systems [173]. Therefore, the study of this quantity is

relevant for us. The relative depth of the correlation holes is defined as:

η =
SP − SPmin

SP
. (6.12)

Here, SP is the saturation value of the SP at very large times, and SPmin is the minimum

value of the SP. In the case of the FRME (GOE), SP ≈ 3/n and SPmin ≈ 2/n. Then,

we expect to observe a shift from η → 0 when p → 0 to η → 1/3 when p → 1. Thus, in

Fig. 6.9(a-b) we present the relative depth of the correlation hole η of ER network ensembles

in terms of the connection probability p and in terms of the average degree ⟨k⟩, respectively.
It is observed that the larger the size of the network, the η curves saturate at earlier values

of p. That is, the curves are displaced to the left in the p-axis as the size increases. As we

plot η in terms of ⟨k⟩ all the curves fall one on top of the other, indicating that ⟨k⟩ is the
scaling parameter of η. Moreover, as ⟨k⟩ > 10, the relative depth of the correlation hole η

reaches practically the GOE regime [58,174] depicted by the magenta dashed line η = 1/3,

this means that the metallic regime transition is well reflected in the η behavior. Since, the

curves overlap we can find a heuristic expression that describes the η behavior. In this case,
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we found that

η ≈ 1

3

[
1− exp

{
−C⟨k⟩D

}]
(6.13)

describes the general behavior of η when ⟨k⟩ > 3 as observed in Fig. 6.9(b). Here, C and

D are fitting constants; see Fig.6.9(b).
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Figure 6.9: (a) Relative depth of the correlation hole η of the survival probability SP (t)
for ER networks as a function of the connection probability p and (b) as a function of the
average degree ⟨k⟩. Cyan dashed line in panel (b) correspond to the best fit of Eq.(6.13),
where C = 0.008 and D = 2.186 are the fitting values. Magenta dashed lines depicts the
upper limit η = 1/3 of the GOE.

6.3.5 Saturation of the survival probability

In Figs. 6.10(d-e) we plot the inverse participation ratio of the initial state IPRini

over 3/n for three different sizes n = 250, 500 and 1000 (represented by colored symbols) as

a function of the connectance p and the average degree ⟨k⟩, respectively. Since the IPRini

is the saturation value of the SP, the ratio IPRini/(3/n) shows the transition from diluted

ensembles of matrices to the FRME as IPRini/(3/n)→ 1. In this case we perform a similar

fit to the numerical data as in Eq. (6.11) since the decay is also fast as the connectance p

grows:

IPRini ≈
3

n
eAp−B

. (6.14)

Where A and B are fitting constants. Then, colored dashed lines in panels (d-e) correspond

to the best fit to the numerical data for every size n; see Table 6.1.

Here, as in the case of the tTh we stress that the variations of the saturation value

IPRini will be lessen as the size of the ensemble becomes larger, so the correspondence to
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IPRini tTh

n A B A B

250 0.0240755 1.09585 0.104712 0.886255

500 0.00475391 1.28734 0.238992 0.615046

1000 0.00368026 1.22414 0.130568 0.684641

2000 0.0016593 1.23125 0.287341 0.491692

Table 6.1: Values of the fitting parameters A and B in Eqs. (6.14) and (6.11) as extracted
from the curves IPRini vs. p and tTh vs. p, respectively.
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Figure 6.10: (a) Inverse participation ratio of the initial state IPRini over the FRME satu-
ration value (3/n) as a function of the connectance p and (b) as a function of the average
degree. We report four different sizes denoted by symbols. Dashed colored curves indicate
the best fit to the data as given by Eq. (6.14).

Eq. (6.14) may vary. Eq. (6.14) is an indicator of the tendency of the IPRini decay.



Chapter 7

Conclusions

In this thesis we studied structural, eigenvalue and eigenvector properties of two

spatial random network models: the directed random geometric graph (dRGG) and the

hyperbolic geometric graph (HRG). We also studied the survival probability of a reference

random network model: the Erdös Renyi (ER) random model. All these studies where

performed using random matrix theory ensembles as a numerical approach.

7.1 Conclusions of Part I

In the first part of this thesis, we performed an extensive numerical analysis of two

random network models embedded in a geometric space: the directed random geometric

graph and the hyperbolic random graph. First, we focused on the study of topological

indices using large ensembles of binary adjacency matrices. Second we focused on the study

of the eigenvector and eigenvalue properties of the models through the use of randomly-

weighted adjacency matrices that transit from the Poisson ensemble to full random matrix

ensembles when the network models transit from isolated to complete networks as a func-

tion of their inherent parameters. In this way, we enabled the analysis of standard measures

from random matrix theory to the study of networks.

The directed random geometric graphs (dRGGs) were characterized by the param-

eter set (n, α, ℓ0), where n is the number of vertices uniformly and independently distributed

on the unit square, α is the power-law decay of the Pareto distribution that determines the

connection radius of each vertex, and ℓ0 is the lower bound of the Pareto distribution

91
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support. We observed that by fixing (n, α), as ℓ0 increased, the dRGGs transited from

being isolated to fully connected. In the analysis of the structural properties of dRGGs,

we found that for exponents α > 3 the degree k(G) is a self-averaging quantity, while it

is not for α < 3. Then, we were able to propose a phenomenological expression for the

average degree ⟨k(G)⟩ (that stands as the summation of the out-degree and in-degree; see

Eq. (2.9)), see Eq. (4.4) which indeed fails when k is a non-self-averaging quantity. More-

over, we demonstrated that the average number of nonisolated vertices of G, normalized to

the graph size, ⟨Vx(G)⟩/n, perfectly scales with ⟨k⟩, following a quite simple relation, see

Eq. (4.7). This fact, stresses the universality of Eq. (4.7) for random geometric graphs in

both cases: directed and undirected versions. On the other hand, regarding spectral mea-

sures, we computed the standard spectral measures of random matrix theory by using two

random matrix constructions: a non-Hermitian AnH and a Hermitian AH random matrix

ensemble; see Eqs. (3.2) and Eq. (3.3). While the ensemble defined by AnH corresponds to

a diluted Real Ginibre Ensemble, we named the ensemble defined by AH as the magnetic

random matrix ensemble (MRME). Even though, both random matrix ensembles provide

similar results, we found that the scaling of the eigenvalue and eigenvector properties of the

dRGGs with ⟨k⟩ is observed in a wider range of α for the MRME.

As for the analysis of the hyperbolic random graphs (HRGs), we presented the

graph model characterized by four parameters (n, ρ, α, ζ), where n is the number of vertices

embedded inside the hyperbolic disk H2 of radius ρ, α determines the distribution of radial

coordinates of the vertices, and ζ is the control parameter of the curvature; where K = −ζ2

is the gaussian curvature. We also computed structural and spectral properties of HRGs

along the transition from isolated to fully connected networks. We were able to general-

ize the previously known expression for the number of non-isolated vertices Vx(G), which

we showed valid for Euclidean random geometric graphs in the undirected and undirected

cases, see Eq. (4.7) and Eq. (5.7). We achieved this by the incorporation of a parameter

that depends on the ratio α/ζ, see Eq. (5.8), thus validating the relevance of this ratio

as the controller of heterogeneity of the network. This parameter α/ζ enabled the study

of the HRGs in three regimes of heterogeneity: α/ζ < 1/2, α/ζ = 1/2, and α/ζ > 1/2.

Thus, we performed numerical studies of this regimes without loss of generality by choosing

α/ζ = 0.2, 0.5, and 1.5. In addition, we also computed average topological indices and

clustering coefficients finding that ⟨k⟩ scales them properly when k is a self-averaging quan-

tity. For the exploration of we spectral properties we used randomly-weighted adjacency
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matrices of HRGs G(n, ρ, α, ζ) represented by a Hermitian diluted random matrix ensemble

that corresponds to the diluted GOE; see Eq. (3.1). We also found that while properly

normalized average eigenvalue measures reasonably scale with the average degree ⟨k⟩, the
average eigenvector measures needed the derivation of a compound scaling parameter that

also incorporates the network size ξ ≡ ξ(n, ⟨k⟩). The importance of this scaling parameter

ξ relies on the fact that having universal curves for each quantity permits us to predict

spectral properties of the models without actually computing them and to identify different

regimes of the random network models as well: the localized regime, the localization-to-

delocalization crossover, and the fully delocalized regime or metallic-regime. The derivation

of the scaling parameter ξ ≡ ξ(n, ⟨k⟩) was performed for both random network models:

dRGGs and HRGs.

7.2 Conclusions of Part II

In the second part of this work, we have analyzed the survival probability of Erdös

Renyi (ER) networks in the crossover from isolated nodes to full networks within a ran-

dom matrix theory (RMT) approach. We have showed that the survival probability of ER

networks exhibits an initial fast decay followed by power-law decay (which we called slow

decay) before reaching the Thouless time or the correlation hole. In addition, we found that

the inverse participation ratio of the initial state IPRini, the Thouless time tTh, and the

relative depth of the correlation hole η can be described by simple functions that depend

solely on the parameters of the networks p and ⟨k⟩ as they transit from PE towards GOE

limit values. Particularly, we observed that the relative depth of the correlation hole η is

solely scaled by the average degree ⟨k⟩. We also showed that by fixing the average degree

⟨k⟩, the curves of the survival probability and curves of its time average fell one on top of the

other for different network sizes before reaching their corresponding correlation hole. This

allowed us to characterize in a general form the fast initial decay of the survival probability

in terms of ⟨k⟩, and its slow decay as a power law of the correlation dimensions D2 and

D̃2. And in the case of the time-averaged survival probability we observed a full character-

ization of the power-law decay by the correlation dimension associated to the inital state

D̃2, which is better for ⟨k⟩ > 3. Finally, we showed that the ER model exhibits finite-size

multifractality at every fixed value ⟨k⟩; see Appendix A.

We hope that this study may motivate further research on the application of RMT tech-
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niques to the study of spectral and dynamical properties of different random network models

by the use of randomly-weighted adjacency matrix ensembles.



Appendix A

Multifractal analysis of the Erdös

Renyi network model

The multifractal nature of eigenstates in disordered systems at the Anderson tran-

sition is reflected in their spatial fluctuations. Lattice models, such as the Anderson tight-

binding model, power-law random banded matrix (PRBM) models, and certain critical

random matrix ensembles, have been extensively used to investigate the Anderson metal-

insulator transition [175–177]. In particular, Anderson transition in random graph generic

models have shown the existence of multifractal wave functions [178], and random networks

represented as a diluted PRBM version have shown also multifractional eigencfunctions

in [179]. An eigenstate is considered multifractal when it is extended but only covers a

limited portion of the configuration space. The multifractality of these states is character-

ized by the generalized dimension Dq, where Dq = 1 corresponds to fully delocalized states,

0 < Dq < 1 corresponds to multifractal states, and Dq = 0 corresponds to localized states.

The generalized dimensions Dq quantify the spatial fluctuations of the eigenstates Ψi and

are determined by the scaling of the averaged inverse participation ratio IPR with the size

of the system n,

⟨IPR(q)⟩ ≡


〈∑n

i=1 |Ψi|2q
〉
∼ n−(q−1)Dq , for q ̸= 1,〈

−
∑n

i=1 |Ψi|2 ln |Ψi|2
〉
∼ D1 lnn, for q = 1.

(A.1)

Some studies of disordered noninteracting systems have shown that the survival

probability [168, 169, 180] exhibits a power-law behaviour that is directly related to the
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Figure A.1: Generalized participation ratio IPR(q) of ER network ensembles as a function
of the network size n for (a) q = 0.6, (b) q = 1, (c) q = 1.6, and (d) q = 2. Several values
of the average degree ⟨k⟩ are presented in every panel.

correlation dimension D2. Also, in the study of dynamics at the Many-Body localization

transition, the generalized dimension associated with the initial state D̃2 has been related

to the power-law decay of the survival probability in [172].

In this section, we compute the generalized dimensions Dq of the ER network model by

setting the average degree ⟨k⟩ of every network ensemble. Since fully connected networks

reach the GOE limit, we expect a transition in Dq from Dq → 0 as ⟨k⟩ → 0 to Dq → 1 as

⟨k⟩ → n− 1. For this, we average IPR(q) over an eigenvalue window of 20% of the matrix

size and over 106/(0.2n) random realizations of the matrix. To compute Dq we have used

six network sizes n = 100, 200, 400, 800, 1600, and 3200.

In Fig. A.1 we present plots of IPR(q) vs. n in log-log scale for different fixed

average degrees ⟨k⟩ of ensembles of ER networks. In panels (a-b) we observe that as the

average degree ⟨k⟩ increases the slope (Dq) of the IPR(q) vs. n curves grows. In panels

(c-d) for q > 1 the sign of the slope changes according to Eq. (A.1) and decreases with

⟨k⟩. Not surprisingly, when ⟨k⟩ > 10 the IPR(q) vs. n curves begin to overlap as we

can see for ⟨k⟩ = 47.92, and 99 in all panels. This indicates a transition to a metallic

regime, consistent with the fact that for ER networks this transition occurs at ⟨k⟩ ≈ 10.
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Finally, in all panels (a-d), when ⟨k⟩ = 1, the slope is close to 0, meaning that the system

is localized, further confirming that the average degree is below its delocalization transition

value. Thus the generalized inverse participation ratio IPR(q) completely exhibits the

fully delocalization transition (metallic regime) inherent of the network model as already

discussed in the analysis of the correlation hole and critical Thouless time of the survival

probability of the initial state |ϕini⟩.
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Figure A.2: (a), (c) Multifractal dimension Dq as a function of the parameter q of ER
networks for several values of the average degree ⟨k⟩. (b), (d) Multifractal dimension Dq as
a function of the average degree ⟨k⟩ for several values of the multifractal dimension q.

Following the scaling of equation (A.1) we obtain the generalized dimensions Dq

of ER networks; see Fig. A.2. In panels (a, c) we present the generalized dimensions Dq

in terms of the parameter q with fixed average degrees ⟨k⟩. We see that Dq decreases as

the parameter q grows and the curves move upwards tending to Dq → 1 as the average

degree increases ⟨k⟩ (see square and diamond symbols). Also as q → 0, Dq reaches its

maximum value for a given ⟨k⟩. This shows that low values of ⟨k⟩ produce strongly localized

eigenstates for all q, while extended states feel the entire system as the network structure

is significantly changed with higher ⟨k⟩ values. Then in panels (b, d) we display Dq vs.

⟨k⟩, with ⟨k⟩ ranging from 1 to 99 for several values of q (see circle and triangle symbols),

where curves transit from Dq → 0 when ⟨k⟩ → 1 to Dq → 1 when ⟨k⟩ grows. That is, a
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transition from localized states to delocalized states is shown. Also the curves saturate at

Dq → 1 more quickly for lower values of q, with these curves being displaced to the left in

the ⟨k⟩-axis.
Furthermore, the study of the survival probability has also been related to the

generalized dimension of the initial state |ϕk⟩. This quantity is obtained in a similar way

to D2 by a scaling analysis of the inverse participation ratio of the initial state [172],

⟨IPR(2)⟩ini =

〈∑
β

∣∣∣Cβ
ini

∣∣∣4〉 ∼ n−D̃2 . (A.2)
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versus similarity in growing networks, Nature 489, 537 (2012).
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[175] J. A. Méndez-Bermúdez, A. Alcázar-López, and I. Varga, Multifractal dimensions for

critical random matrix ensembles, EPL 98, 37006 (2012).

[176] F. Evers and A. D. Mirlin, Anderson transitions, Rev. Mod. Phys. 80, 1355 (2008).

[177] A. D. Mirlin, Y. V. Fyodorov, F. M. Dittes, J. Quezada, and T. H. Seligman, Tran-

sition from localized to extended eigenstates in the ensemble of power-law random

banded matrices, Phys. Rev. E 54, 3221 (1996).
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random networks with power-law decaying bond strengths, Phys. Rev. E 99, 042303

(2019).

[180] B. Huckestein and R. Klesse, Wave-packet dynamics at the mobility edge in two- and

three-dimensional systems, Phys. Rev. B 59, 9714 (1999).

[181] A. K. Das, A. Ghosh and I. M. Khaymovich, Emergent multifractality in power-law

decaying eigenstates, arXiv preprint arXiv:2501.17242 (2025).

[182] G. De Tomasi, M. Amini, S. Bera, I. M. Khaymovich, and V. Kravtsov, Survival prob-

ability in Generalized Rosenzweig-Porter random matrix ensemble, SciPost Physics

6(1), 014 (2019).


	Introduction
	Random network models
	Random matrix theory
	Methodology
	Thesis organization


	I Topological and static spectral measures in random network models
	Classification, representation, and topology of networks
	Classification of graphs
	Adjacency matrix
	Topology of networks
	Number of edges, average degree, and connectance
	Degree-based topological indices
	Local and global clustering coefficients


	Spectral measures in random matrix theory
	RMT adjacency matrix
	Gaussian Orthogonal ensemble
	Real Ginibre ensemble
	Magnetic random matrix ensemble

	Spectral measures

	Directed random geometric graphs
	Random graph model
	Structural properties
	Spectral properties
	Scaling analysis

	Hyperbolic random graph
	Random graph model
	Structural properties
	Spectral properties
	Scaling analysis


	II Survival probability in random network models
	Survival probability in random network models
	Survival probability in the GOE
	Erdös Renyi network
	Analysis of the survival probability
	Initial fast decay
	Slow decay
	Thouless time
	Correlation hole
	Saturation of the survival probability


	Conclusions
	Conclusions of Part I
	Conclusions of Part II

	Multifractal analysis of the Erdös Renyi network model
	Bibliography


