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Estimacion de la constante de Hubble y los
parametros de un agujero negro Schwarzchild-de

Sitter

Resumen

En este trabajo de tesis utilizamos el fondo Schwarzschild-de Sitter, el cual describe
un agujero negro estatico y esféricamente simétrico en un universo dominado por la energia
oscura. Obtenemos la expresién del corrimiento de fotones emitidos en la vecindad del
agujero negro, cuya fuente orbita circularmente el agujero negro, y que son detectados por
un observador lejano que tiene un movimiento de recesién debido a la expansién del universo.
Tal expresion del corrimiento involucra cantidades observables, como el corrimiento de los
fotones, asi como pardmetros del espacio-tiempo mismo, como la masa del agujero negro y
la constante cosmolégica. A continuacién, aplicamos este modelo tedrico a los sistemas de
megamaseres de HoO, que consisten en nubes de vapor de agua que emiten radiacién en el
espectro de las microondas y que se encuentran en el disco de acreciéon de agujeros negros.
Utilizando observaciones astrofisicas del corrimiento al rojo y posicion de estos méseres,
realizamos una estimacion estadistica Bayesiana para encontrar los pardmetros de masa,
distancia y posiciéon del agujero negro, asi como de la constante de Hubble, por su relacién

con la constante cosmoldgica.



Estimation of the Hubble constant and

Schwarzschild-de Sitter black hole parameters

Abstract

In this thesis, we work on the Schwarzschild-de Sitter background, which describes
a static and spherically symmetric black hole immersed in a universe dominated by dark
energy. We obtain the redshift expression of photons emitted by a massive particle circularly
orbiting the black hole and detected by a far away observer with recessional movement due
to the expansion of the universe. This redshift expression involves observable quantities,
such as the redshift, with spacetime parameters, like the mass of the black hole and the
cosmological constant. Thus, we apply this theoretical model to HoO megamaser systems,
which consist on water vapor clouds emitting radiation on the microwave regime, located on
accretion disks of black holes. By using astrophysical observations of the redshift, blueshift
and position of the maser features, we perform a Bayesian statistical fit to estimate the
parameters of mass, distance and position of the black hole, as well as the value of the

Hubble constant, through its relation to the cosmological constant.
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Chapter 1

Introduction

In 1905, Einstein published the postulates of the special theory of relativity [1],
establishing that the speed of light is constant for all observers in any inertial reference
frame and that the laws of physics are identical for all observers within such frames. A
decade later, he introduced the general theory of relativity [2, 3, 4], where he first presented
the Einstein field equations. These equations describe how spacetime curvature is influenced
by the presence of mass and energy, and in turn, how this curvature dictates the motion
of particles. In this theory, gravity is not described as a force but rather as the result of
spacetime curvature caused by mass, and particles follow geodesic paths within this curved
spacetime.

A couple of months after the publication of this paper, Karl Schwarzschild found
the first exact solution to Einstein’s equations for the exterior of a static, spherically sym-
metric mass [5]. In subsequent years, general solutions for static objects were discovered,
each incorporating different physical characteristics. These include the Reissner-Nordstrém
metric for a charged mass [6, 7], or the Kottler metric, which introduces the cosmological
constant to the Schwarzschild solution [8]. Friedrich Kottler proposed this metric after Ein-
stein added the cosmological constant to his equations in order to obtain a static universe.
However, in 1929, Edwin Hubble observed a relationship between the recession velocity of
galaxies and their distance [9], leading to the conclusion that the universe is expanding. As
a result, the original purpose of Einstein for adding the cosmological constant was recon-
sidered, and it is now used to describe an expanding universe, associated with the concept
of dark energy in modern cosmology.

These early solutions to Einstein’s equation predicted the existence of regions now
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understood as black holes. In [5], Schwarzschild identified a radius at which the escape
velocity for a particle in this spacetime equals the speed of light; this critical distance,
known as the Schwarzschild radius, describes the event horizon of the Schwarzschild black
hole. Initially, the singularities in these solutions were considered purely mathematical
with no physical meaning, as it was widely believed that a mass could not collapse below
its Schwarzschild radius. However, physicists such as Chandrasekhar [10] and Oppenheimer
[11] proposed mechanisms by which such gravitational collapse could occur, making plausi-
ble the existence of black holes. In the following years, the concept of black holes developed
further, leading to a deeper understanding of these objects. The work of Penrose and Hawk-
ing [12, 13] demonstrated that singularities are natural consequences of general relativity,
establishing black holes as extreme objects of the theory.

For decades, efforts to find astronomical evidence of black holes were unsuccessful
and their existence remained speculative. The observation of accretion disks around massive
compact objects in the X-ray regime provided indirect evidence supporting their presence
[14, 15, 16]. However, it was not until nearly a century after the proposal of general relativity
that compelling evidence was found by the detection of gravitational waves caused by the
merger of two black holes, observed by the LIGO and Virgo collaborations [17, 18]. This
discovery not only confirmed the existence of black holes as predicted by general relativity
but also proved their dynamic behavior in the universe. Moreover, in recent years the
Event Horizon Telescope collaboration provided the first images of black holes, capturing
the shadow of the supermassive black hole at the core of the galaxy M&7 and, shortly
afterward, that of our own galaxy’s central black hole, known as SgrA* [19, 20, 21, 22, 23].

Before this observational evidence, the existence of SgrA* was inferred through
studies of the mass distribution in the central region of the Milky Way. Two research
teams led by Andrea Ghez and Reinhard Genzel [24, 25, 26] studied the kinematics of
stars at the center of our galaxy for decades, and independently determined the existence
of a supermassive compact object with the mass of the order of 106 Mg, [27, 28, 29, 30].
Following this line of research, we are now interested in determining black hole parameters
by studying the kinematics of objects lying in their accretion disk with the help of a different
approach based on the frequency shift of the orbiting particles.

Some research papers on black holes use Newtonian analysis with relativistic cor-
rections to find black hole parameters (see [31, 32, 33], for instance). However, since black

holes are massive and compact, general relativity is the most adequate theory to describe
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them. Some general relativistic effects have no Newtonian analog, such as the gravitational
redshift, the dragging effect of spacetime, and the gravitational lensing, among others [34,
35]. Hence, we use the general theory of relativity with its corresponding mathematical tools
to relate astrophysical observables to the black hole parameters and spacetime properties.

In [36], a general relativistic model is described for a Kerr-de Sitter black hole
orbited by a photon source. The photon source moves in circular orbits on the equatorial
plane so that a distant observer located on the Earth observes the system edge-on. It is
possible to find an expression for the frequency shift in terms of the mass and angular
momentum of the black hole, the cosmological constant, and the test particle position by
using the four-velocity of the test particle and the four-momentum of its emitted photons.
This general relativistic approach has been applied to different metrics, see [34, 37, 38].

In this thesis, we use the Kottler solution, also known as the Schwarzschild-de
Sitter (SdS) metric as a first approximation, without considering matter in our universe,
given that this metric describes a static and spherically symmetric black hole immersed in
an expanding universe dominated by dark energy. We obtain an expression for the redshift
of photons in the vicinity of an SdS black hole in a similar manner as for the Kerr-de
Sitter case, described in [36]. By using the SdS metric, we naturally introduce the rate
of expansion of the universe Hy in our equations through its relation to the cosmological
constant A.

We aim to apply this theoretical model to actual astrophysical systems, specifically
to the megamaser systems. These megamasers are vapor clouds found in the accretion disk
of black holes at the core of active galactic nuclei (AGNs), stimulated by the black hole
and emitting light in the microwave regime. Numerous observations of these systems show
a thin disk seen edge-on from the Earth, with three groups of megamasers observed in the
sky: the megamasers at the edges of the disk (where they are redshifted and blueshifted due
to their rotation around the accretion disk) and the central megamasers [39]. According to
literature, megamasers orbit a central mass around 106 —107 M, , i.e., a mass of the order of
a supermassive black hole. Moreover, they follow rotation curves with low eccentricity [40,
41]. Therefore, since megamaser systems constitute a thin accretion disk circularly orbiting
a compact supermassive object, we can apply the aforementioned mathematical model for
circular geodesic motion to these astrophysical systems, and look for evidence of general
relativistic effects.

The Megamaser Cosmology Project is dedicated to discovering and observing
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megamaser systems at AGNs. They calculate the Hubble constant and the parameters
of these black holes using Keplerian rotation curves with relativistic corrections [40, 41].
Their observations are available in public databases (e.g., [42, 43, 44]), thus, we use this
public data to statistically estimate the black hole parameters using the general relativity
formalism, as it was accomplished for several black holes in [45, 46, 47, 48]. Such estima-
tions are performed using Bayesian statistical fits through a Python program employing the
Markov Chain Monte Carlo method.

Taking into account the current tension of the Hubble constant between the ob-
servational values of the late universe and early universe [49], estimating the value of this
constant by using new methods has great interest and is significantly important. The former
measurements refer to local observations of Cepheids and Type Ia Supernovae, where as-
tronomers use the luminosity-distance relation to obtain the Hubble constant Hy = 73.04+1.0
km s~! Mpc~! [50]. The early universe measurements rely on Cosmic Microwave Back-
ground (CMB) observations. In this method, the astronomers analyze the temperature and
polarization variations on the CMB with the ACDM model, statistically fitting the Hubble
constant and obtaining the value Hy = 67.4 + 0.5 km s~! Mpc~! [51]. Systematic errors
have been considered in an effort to solve this tension. However, despite the increased
precision in these measurements, the tension remains. In this work, we estimate the value
of the late universe Hubble constant since we will be working with five black holes from
galaxies located within the range of 30 Mpc - 150 Mpc from Earth.

In summary, the main goal of this thesis is to estimate the Hubble constant and
the parameters of mass and distance of five black holes. By employing the SdS background,
we incorporate the effects of dark energy with those caused by black holes, while avoiding
the complexities introduced by matter in the universe. This general relativistic method
offers an independent approach to obtain the Hubble constant, relying solely on redshift
data of photons emitted from black hole accretion disks, rather than traditional distance
indicators like Cepheids. This initial approach may be useful to analyze the relationship
between black holes and cosmological properties, and it can be extended in future research
to more realistic models that include matter and additional cosmological factors.

This thesis is organized as follows. Chapter 2 is dedicated to studying the SdS
metric, examining the geodesic behavior of both massive and massless particles, as well as
the redshift of photons as detected by a distant observer. Chapter 3 provides a brief review

of the detection, data collection and mechanism of megamaser AGN systems, as well as their
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application in our modeling. In Chapter 4, we explain how to employ Bayesian statistics to
estimate black hole parameters. We also implement the theoretical model with megamaser
observations in a Python program to perform these estimations. Chapter 5 presents the
results of the statistical estimations for the Hubble constant and black hole parameters of

five galaxies. Finally, Chapter 6 discusses these results and presents the conclusions.



Chapter 2

Photon redshift in

Schwarzschild-de Sitter spacetime

2.1 Schwarzschild-de Sitter metric

In this work, we consider the Einstein-Hilbert action with cosmological constant

A >0,
S = /d‘*x\/fg(R —2A), (2.1)

where R is the Ricci scalar and g is the determinant of the metric tensor g,,,. By varying

the action and using the least action principle, we obtain the Einstein field equations
1
Ry — §Rg;w + Agw/ =0, (2.2)

where R, is the Ricci tensor.
By solving the Einstein equations, we can obtain the SdS metric, which describes
a spherically symmetric and static black hole in an expanding universe dominated by dark

energy. This metric reads
ds? = —fdt? + f~tdr? 4+ r2dQ2, (2.3)

where f = (1 — % — ATT2> is the metric function in natural units, M is the black hole mass

and d? = d#? + sin? 0d¢?. The term —2M /r corresponds to the gravitational potential of

the black hole, and the term —A7r?/3 introduces the accelerated expansion of the universe.
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In order to find the coordinate singularities of this metric, we need to solve the

equation f(r) = 0. The three roots of the following cubic equation
A3 —3r+6M =0 (2.4)

follow the restriction r_ < rg < ro. Here, r_ represents a negative root and therefore has
no physical meaning, while rg and r¢o are the event horizon radius and the cosmological
horizon, respectively. The cosmological horizon is a one-way membrane such that even light
cannot escape towards the observable universe and the null particles are purely outgoing at
this radius. By fixing the cosmological constant, the values of i and ro depend only on the
mass; if M increases, the event horizon increases and the cosmological horizon decreases. In
a similar manner, if we fix the mass and vary the cosmological constant, the event horizon
increases as the cosmological constant increases, decreasing the cosmological horizon.

In this particular spacetime, there is another significant radius known as the zero-
gravity radius (ZGR). At this radius, the gravitational pull of the black hole and the ex-
pansion of the universe cancel each other, creating a state of equilibrium. As a result, any
static particle located at this radius remains static. A schematic illustration of the event

horizon, the cosmological horizon and ZGR is shown in Figure 2.1.

2.2 Geodesic motion of a massive particle

Let us consider a massive particle with four-velocity U* = (U, U",U% U?) in
geodesic motion around a SdS black hole without perturbing its gravitational field.

The SdS metric has a temporal Killing vector ¢# = (1,0,0,0) and an azimuthal
Killing vector ¢¥* = (0,0, 0, 1) related to the conserved quantities of energy E and the axial

angular momentum Ly, respectively, such that
Ut¢, = —F, Utap,, = Lg. (2.5)

Therefore, we can express the U! and U? in terms of conserved quantities and

metric components

(2.6)
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Cosmological Horizon

Zero gravity radius

~
- ~

i ~
.

Event Horizon

Figure 2.1: Schematic illustration of the cosmological horizon, zero gravity radius and event

horizon of a SdS black hole.

We can insert these equalities in the four-velocity normalization U*U,, = —1 to
obtain
E* L7
1 = g, (U)? + goo(U?)? + = + —2. (2.7)
gt Goo
By rearranging terms and substituting the metric components, we can write the
energy as
E* 1 1 oM Ar? L}
U (- ) 142U 2.8
2 2( )+2< r 3>(+T( )—i_7“zsin2197 (28)

where we define an effective potential V¢, such that the total energy is given by E; =
E?/2 =T + V,ss, where T = (U")?/2 is the kinetic energy and the effective potential is
1 oM Ar? L;
Vipp==(1-"—=—-") [1+72(U0)+ —2~|. 2.9
eff 2( 3 )( Ch 72 sin’ 0 (2:9)
Now, we restrict the motion of the particle on the equatorial plane (§ = 7/2) and
consider circular orbits. With these considerations, the four-velocity contains only two non-

zero components U* = (U*,0,0,U ¢), and the effective potential must satisfy the condition
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Vi = 0!. In addition, we need the stability condition V% > 0 to make sure it is a stable
minimum.

By computing the derivative of the effective potential (2.9)

2L2 /3M 1 Ar M
1o _ T [0 1) ar oM
Vi =— (T2 7~> 2( ; r2>’ (2.10)

and equating to zero for circular orbits, we obtain the angular momentum

(2.11)

(2.12)

Finally, we insert E and L in (2.6) to get the four-velocity components for a
massive test particle in circular geodesic motion (U” = 0) restricted to the equatorial plane

(U? = 0), reading

Ue(re,m/2) = 7 (2.13)

US(re,m/2) = £— (2.14)

These four-velocity components are labeled with the subscript . and are evaluated

at the emission point r., since we will assume this particle is a photon source.

2.3 Geodesic motion of a massless particle

The emitted photons of the test particle described in the previous section move in

null geodesics with four-momentum k#* = (k*, k", k%, k?). Similarly to the massive particle

'Here ’ denotes derivative with respect to the radial coordinate r
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case, the conserved quantities associated to the Killing vectors are the energy £, and

momentum L-,
ktE, = —E,, ki, = L, (2.15)
then, the time and the azimuthal components of the four-momentum can be expressed as
ky = —E,, ky = L. (2.16)

Since the motion of massless particles is confined to null geodesics, we have k*k,, =

0. Considering relations (2.16), we have the equation
0=g"" (kr)* + 9" (ko)? + g™ (E4)* + g7 (L)% (2.17)

In the previous section we assumed there is no motion on the polar coordinate 6,

then kg = 0, and we can write the radial component of the four-momentum as

2 2\ —2 L2 2\ —1
k) _ 1_W_M> B 1_2M_A”> . (2.18)
E, r 3 Evr r 3

We can define a parameter of interest that arises from the conserved quantities £,

and L,: the light bending parameter or apparent impact factor b = L,/E,. In practice,
it is hard to detect the frequency-shift of photons because of its small magnitude, so we
focus on the points where the redshift is maximal. This occurs at the extremes of the orbit
(¢ = £7/2) where the test particle, and therefore its emitted photons, have their maximum
tangential velocity with respect to the observer, thus maximizing the chances of detecting
the redshift /blueshift compared to the rest of the orbit. At these specific points, the photons
move in the azimuthal direction towards the observer (see Figure 2.2), then k, = 0, and the

impact parameter at the edges of the disk is as follows

Te

- 2M Ar?
Te 3

Since b is defined as the quotient of two conserved quantities, it is also a conserved

bew = (2.19)

quantity along the whole path of the photons from emission to detection. Nevertheless, note

that this expression is calculated for emission at the extremes of the disk?.

2The test particle emits photons at all points of the orbit and they all could arrive to the distant observer.
We consider the photons emitted at the extremes of the disk, because the redshift at these points maximizes,
as explained in the previous paragraph. Expression (2.19) is calculated for these extreme points.
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Now, we can rewrite equation (2.18) in terms of this impact parameter as follows
ke \ 2 oM A2\ b oM Ar2\
<T> :<1__T> _e,;F<1__T> ) (2.20)
E, r 3 T r 3

2.4 Geodesic motion of a far away observer

In the previous sections, we obtained the four-velocity of a test particle circularly
orbiting the black hole, along with the four-momentum of its emitted photons. Now, we
consider another test particle located far away from the SdS black hole which detects the
emitted photons. In the Schwarzschild metric, for r — oo, the observer can be considered at
rest with respect to the black hole, with its four-velocity Uf,, == (1,0,0,0). Nevertheless,
the SdS metric is not asymptotically flat but asymptotically de Sitter. Therefore, the effect
of the cosmological constant dominates for large distances and the massive particle moves
away from the black hole due to the accelerated expansion of the universe, created by the
cosmological constant. Then, the radial velocity of the test particle is non-zero and recedes
from the black hole.

Considering the particle is not moving in the polar and azimuthal directions, we

set U% =0 and Ly = 0, and use (2.8) to determine U" as follows
2M  Ar?
(U2 =— (1 e T> + B2 (2.21)
r

In order to find the energy expression, we use the conservation of energy law and
the ZGR. As stated in Section 2.1, the ZGR indicates the radius at which a particle remains
at rest because of the cancellation between the gravitational potential of the black hole and
that of the expansion of the universe. Its angular momentum is given by (2.11) and vanishes

since there is no motion in the azimuthal direction, then,

zg
3
i =0, (2.22)
T2g
hence, the ZGR is given by
3M 1/3
ng = <A> . (223)

By setting U" = 0 in equation (2.21) and substituting the ZGR we can see that

the energy reads

E= \/1 — (BM)2/3A1/3. (2.24)



12 2.5 Redshift

Because of the energy conservation, this is not only the energy for this radius, but
also for greater radii than the ZGR.

Finally, we can use this energy in the first equality of (2.6) and in (2.21) to obtain
the four-velocity components of a far away observer with receding radial motion from the

black hole

/1= (3M)2/3AL/3

U(ra) oM ArZ (2:25)
_ M Arg
rd 3
M Ar?
Uj(rg) = \/2” + % — (BM)?/3A1/3, (2.26)

Here, the subscript 4 indicates that these four-velocities are valid for the detector at ry.
In Figure 2.2 a schematic view of the SdS black hole is presented, illustrating the

orbiting photon source and a distant observer.

2.5 Redshift

Determining the frequency shift of photons is important, as it is a commonly
measured quantity in astrophysical observations through high-resolution spectrometry. Ad-
ditionally, the shift in the frequency is an invariant quantity, meaning it does not depend
on the reference frame in which it is measured. Hence, in this section we are going to find
an expression for the redshift in terms of the metric variables.

The redshift (z1) or blueshift (z2) of a photon is defined as the relative change
between its detected wavelength and its emitted wavelength. This relationship can be

expressed mathematically as
Ad — e
Ae

212 = (2.27)

Here the subscripts 4 and . indicate the detection point and emission point, respectively.

In terms of frequency, we can write

14210 = %Z (2.28)

where w; is the photon frequency at either point of emission or detection.
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¢

Figure 2.2: A photon source at r, circularly orbiting the SdS black hole and an observer
at a distance ryq, which is receding from the black hole system. The observer measures
the frequency shift and the position on the sky © of the photon source. At the edges of
the disk, the test particle has its maximum tangential velocity, leading to the detection of
redshift /blueshift of the emitted photons. The midline connects the disk’s edges with the
central black hole, while the line of sight (LOS) connects the observer to the black hole.

Using natural units (h = 1), the energy of a photon is given by E, = w. Therefore,

the frequency of a photon measured by an observer with four-velocity U* is given by
w=—k,U". (2.29)

Then, the frequency shift of emitted photons in the vicinity of a SdS black hole and detected
by an observer on the Earth reads

(kU — k¢U¢)e
(kU =k, UT),
After substituting the four-momentum (2.16) and dividing by E,, Eq. (2.30)

1+ ZSd51,2 = (230)

converts to

(U —b:U?),

L+ Zsas,» = 77—
(Ut B ﬁUr)d

, (2.31)
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where b is the impact parameter defined in equation (2.19). Now, we can substitute
the four-velocity components for the emission point (2.13)-(2.14) and the detection point
(2.25)-(2.26), as well as the term k,/E, from (2.20) into relation (2.31). The resulting full
expression of the redshift reads

1
]‘+st312:7~><
' vV1-3M
14 ﬁ (1_2]\_4_]\)
1—2M — A
(2.32)

3 ——
_ 1—2M — A
1— (3M)2/3A1R — \/2M + A — (3M)2/3A173, |1 — <re> e
VI= @) Y (31) =)
where we redefined the variables as M = M/r., A = Ar?/3, M = M/rq and A = Ar3/3.
We can express the redshift as the sum of the gravitational redshift Z; and the

kinematic redshift Zj;,; 2 such that
ZSdSLg = Zg + Zkin1,2~ (233)

The gravitational redshift can be distinguished from the kinematic redshift since it
arises from the curvature of spacetime caused by the black hole mass and the cosmological
constant, and does not depend on the particle’s motion around the black hole. Therefore,
only the time component of the emitter’s four-velocity will give rise to the gravitational

redshift. Based on this understanding, from (2.31), we obtain an expression for Z,

1
1+ Zy=——ux

V1—3M

1—2M — A
(2.34)

- —.
_ 1—2M — A

V1= (3M)2BAB — /20 + A — (3M)2/3AL/3, [1 — (TC) S er 2
ra) 1—2M — A
On the other hand, since the kinematic redshift arises from the particle’s motion

around the black hole, the azimuthal component of the emitter’s four-velocity generates

this redshift, reading

N M — A
V1—3MV1—2M—A

X

Zkinl,g -

1—2M — A (2.35)

re>21—2M—A

= BAZBAS — /2T + A — (30)2PA13 1< A=A
VI=GM) v G \/ i

Td
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Note that the expansion of the universe contributes to both redshifts through the
cosmological constant.

Furthermore, we can compose the SdS redshift (2.32) with a relativistic boost to
consider the redshift due to the peculiar motion of the system. This composition is presented

in Appendix 1.

2.5.1 Redshift approximation

Hereinafter we consider megamaser systems for our model. In these systems,
the photon source is a water vapor cloud located in the accretion disk at r. < 1pc from
a supermassive black hole with mass M ~ 10% My, at a distance r4 > 30 Mpc from the
Earth, this lower bound of the distance is chosen in order to consider photon sources located
within the Hubble flow. Considering this configuration, and the fact that the cosmological

constant is of the order of A ~ 10752 m~2, we have the following constraints

M
— > 1075, Ar2 > 1079,
Te
M
— <1071, Ar2 <1072,
Td

By expanding equation (2.32) for M/rq — 0, Ar2 — 0 and Arfl — 0, and keeping
the first dominant term in Ar?l, the SdS redshift can be expressed as the following product

[36]
1+ Zsds,, = (1 + Zschuwy o) (1 + Zn), (2.36)

where Zgcpp1,2 corresponds to the frequency shift in the Schwarzschild spacetime [45]

1 M
147 - 1+ _ . 2.37
Schuwi,2 \/1 — 30 \/(1 — 3M)(1 — 2] (2:37)

which we can also express as a sum of gravitational and kinematic redshifts in a simmilar

manner to the SdS case (2.33)

ZScthz = Zg,Schw + Zkian,Schwa (238)

where the gravitational and kinematic redshifts for this case read

[ 1
1 + Zg,Schw = m, (239)
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M
Zkin chw = T ~ ~ - 2.40
i 2. Seh \/(1 — 3M)(1 — 2M) (2.40)

On the other hand, he cosmological redshift Z, reads

[A
1 + ZA =1 + gTd =1 + Ho?“d, (2'41)
where we used the relation
A
Hy = 3 (2.42)

Using this relation introduces a model-dependency in our results, as it derives from the
standard model of cosmology, when neglecting the matter content of the universe, since the
SdS background accounts solely for dark energy. Note that Equation (2.41) is the Hubble
law.

Thus, we have a formula for the frequency shift, which is a directly measurable

quantity, in terms of the metric parameters and the Hubble constant.



Chapter 3

Megamaser AGN systems

3.1 Astrophysical megamasers

Astrophysical masers (Microwave Amplification by Stimulated Emission of Radi-
ation) consist of high-density gas clouds that emit radiation in the microwave regime. This
emission occurs when an external energy source induces a population inversion in the gas,
meaning there are more particles in an excited energy state than in a low state. When mi-
crowave photons interact with these excited particles, stimulated emission occurs, leading
to the amplification of the microwave radiation.

H0 megamasers emit at the 22 GHz transition line of water molecules and are
extremely luminous L > 100Ls (10° times brighter than galactic masers). Very Long
Baseline Interferometry (VLBI) has been widely used look for these water vapor systems by
observing at 22 GHz. Moreover, VLBI provides the submilliarcsecond resolution needed to
map the sub-parsec maser disks [41]. Most of these water megamaser systems arise in high-
density circumnuclear disks with an AGN as the energy source for the stimulated emission
[52]. In particular, they are found on accretion disks orbiting a central mass of the order
10% — 10"M, at sub-parsec radii [40].

Megamaser disks are observed edge-on, with three groups of maser features ob-
served on the sky: the masers on the extremes of the disk (which exhibit redshift and
blueshift due to the rotation of the disk), and the central maser features [39], as illustrated
in Figure 3.1. Henceforth, the former two maser groups will be called highly frequency-
shifted masers, and the masers located along the line of sight (LOS; the line that connects

the observer to the black hole) will be referred to as systemic masers. This configuration

17
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Observer's View

0.1 pc

e

([T 77772

Top View
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Figure 3.1: HoO megamaser features configuration. There are three groups of megamasers

observed edge-on on the sky. The figure is taken from [56].

arises because, at the edges of the disk, the velocity gain paths are the longest, provid-
ing the necessary conditions for amplifying radiation due to velocity coherence along these
paths. The systemic masers originate because the central energy engine stimulates the va-
por clouds located along the LOS, producing the emission of coherent light directly towards

the observer.

The megamaser system at the core of NGC 4258, discovered in 1984, has been
thoroughly studied and has significantly contributed to the modeling of megamaser systems
[53, 54, 55]. Ever since its discovery, numerous observations have been conducted, making
it the most studied megamaser system and achieving a great number of data. It represents
the archetypal model for water megamaser configurations, exhibiting a thin annular disk

viewed edge-on, as shown in Figure 3.1.



3.2  Megamaser observation and data 19

i ' y ’ 0.5 ]

60 i H,O Masers in UGC 3789 _| R \‘

= | ] @ ]

2 | E ool * i

; 40+ o § :

L | 4 £ 1

a o0k i 5 -05F- v .

x | P 1

3 r \ 1 o i

bl (T |

[ U AT 0.1 |

0 -_ J " 1 ok pc ]
2500 3000 3500 4000 10 05 0.0 05 10

V ¢ (kms™) East Offset (mas)

Figure 3.2: MCP measurements of UGC 3789 as reported in [57]. The left figure shows the
measured redshift in terms of velocity using the optic definition of the redshift v = cz. The

right figure displays the sky position of the masers.

3.2 Megamaser observation and data

Throughout the years, surveys of thousands of AGNs have been conducted to iden-
tify megamaser AGNs, and around a hundred of such systems have been identified. These
astrophysical observations have been carried out using Very Long Baseline Interferometry
(VLBI) since this technique provides the submilliarcsecond resolution needed to map the
sub-parsec maser disks [41].

The Megamaser Cosmology Project (MCP)! is a National Radio Astronomy Ob-
servatory (NRAQO) key project that aims to measure the Hubble constant using megamaser
AGNSs located within the Hubble flow?. The MCP conducts surveys to find megamaser
AGNs and maps the maser features found in each galaxy, measuring the following quanti-

ties for each maser feature
e Frequency shift z,ps.

e Position on the sky (x, y) measured in milliarcseconds (mas). This is the aperture

angle of the telescope when observing the positions on the sky of the masers.

"More information in: https://safe.nrao.edu/wiki/bin/view/Main/MegamaserCosmologyProject
2The Hubble flow describes the receding motion of the galaxies due solely to the expansion of the Universe.
This effect becomes more pronounced at distances greater than 30 Mpc.
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e Error in positions (o, oy).
e Acceleration of the masers and error in the acceleration.

These measurements are illustrated in Figure 3.2 for the UCG 3789 galaxy reported in [57],
where the three groups of maser features (the highly frequency-shifted and the systemic) are
visible. This project has mapped over 20 megamaser galaxies (e.g., [42, 43, 44]) using VLBI
techniques with the Very Large Baseline Array (VLBA), the Radio Telescope Effelsberg
(ET), the Robert C. Byrd Green Bank Telescope (GBT) and the Karl G. Jansky Very
Large Array (VLA).

In [47] and [48], 14 of these megamaser AGN systems are studied using a general
relativistic model (considering a Schwarzschild black hole), statistically fitting the black
hole parameters by means of the MCP data. Out of these 14 galaxies, 12 are located within
the Hubble flow, namely NGC 1194, NGC 1320, NGC 2960, UGC 3789, NGC 5495, NGC
5765b, NGC 6264, NGC 6323, Mrk 1029, CGCG 074-064, ESO 558-G009 and J0437+2456.
In this work, we are interested in statistically estimating the Hubble constant, so we mainly
focus on the ones that are farther away into the Hubble flow, as well as the ones that have
the highest number of data and the highest precision.

In summary, we use the MCP data of frequency shift and sky positions of the
maser features, along with their corresponding errors, as reported in [33, 42, 43, 58, 59, 60,
61] for the 12 aforementioned galaxies. Our primary focus is on the galaxies UGC 3789,
NGC 5765b, NGC 6264, NGC 6323 and CGCG 074-064 because of the previously mentioned

criteria (the images of the host galaxies are presented in Figure 3.3).
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Figure 3.3: Megamaser host galaxies. The images are taken from the Aladin sky atlas.



Chapter 4

Bayesian statistical fit

4.1 Bayesian statistics

In this thesis, we aim to estimate black hole parameters and the Hubble con-
stant. We achieve these estimations using Bayesian inference, a method widely employed
in cosmology for parameter fitting when having large datasets [62].

Unlike the frequentist approach to statistics, Bayesian statistics incorporates the
prior knowledge of an event into the calculation of the posterior probability of said event.
Mathematically, this is expressed by the Bayes’ theorem

plomld) = PRI, (11)
where p(m|d) represents the posterior probability that the model m is true given the data
d, p(m) is the prior probability of the model, p(d) is the probability of the data occurring
under all possible models, and p(d|m) is called the likelihood, which is the probability of
obtaining the data with the given the model.

In other words, the posterior probability of a certain hypothesis or model is pro-

portional to its prior probability and the likelihood [63],
posterior « prior X likelihood. (4.2)

These quantities have an associated probability density function (PDF). We can
write the PDF of the likelihood L of a parameter x as follows

L(x) = \/2;7 exp [—%;(x — u)2]. (4.3)

22
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This represents a Gaussian distribution, where the mean value is u with some error o. The
term multiplying the exponential is a normalising constant. Given that the likelihood is
related to the probability of obtaining the data given a model, the mean p is the value of
a measurement and the error ¢ is the associated uncertainty of the measurement.

The prior PDF is usually represented as a flat or a Gaussian distribution, depend-
ing on the previously provided information. The shape of the posterior PDF, on the other
hand, is influenced by the prior PDF and the likelihood PDF'. It is desired that the PDF of
the posterior takes the form of a Gaussian, with a most-probable value xy and some error

09. This posterior value with its error is the result of the parameter estimation.

4.1.1 Goodness of fit

The goodness of fit indicates how well a dataset matches the values predicted by a
theory. One common measure of goodness of fit is the reduced Pearson’s x?, which relates

to the likelihood as follows

2
InL x _X (4.4)

2

Explicitly writing the reduced Pearson’s x?, we have

2 N 2
X (data; — model)
— =) > (4.5)

: 9

where o; is the error of the i-th data point, and N is the number of observational data [64].

To increase the goodness of fit of the model means increasing the probability of
obtaining the experimental data given the theoretical model. For this, we have to maximize
the likelihood (4.3), and therefore minimize the reduced Pearson’s x2. The more the reduced
Pearson’s x? approaches to unity, the more likely it is that our general relativistic model

fits the astrophysical data.

4.2 Implementing the model on megamaser redshift obser-
vations
As stated in Section 3.2, we use megamaser astrophysical data to fit our model

and determine the black hole parameters of mass M, position on the sky (z, yo), distance

rq and the Hubble constant Hy. The astrophysical observations consist of the redshift z.ps,
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positions on the sky (z, y) and position uncertainties (o, o,) of the maser features. The
position measurements are actually aperture angles © of the telescope, while in our model
we need the radius of the emitter r.. We can express the emitter radius in terms of the
aperture angle and the distance from the Earth to the black hole for the highly frequency-
shifted masers by making the approximation r. ~ r40 (see Figure 2.2 for more clarity),
with ©% = (z — 20)? + (y — y0)?. In this way, we can explicitly write the redshift in terms
of the black hole mass, its distance to Earth, the sky position of the photon source and the
Hubble constant, (i. e. in terms of the black hole parameters and the observed quantities).

For simplicity and clarity, we write the explicit expression for the approximated
redshift (2.36) instead of equation (2.32), given that it is lengthy (see Appendix 2 for the

full expressions),

1+ ZSdSLz = (1 + HOTd) . (4.6)

1o M\ (M
rq© rq©

Now, using the goodness of fit (4.5), we can test this general relativistic model

against the astrophysical observations of megamasers’ redshift. Employing expression (2.36)

of the redshift, we obtain the following y2/N

. 2
)ﬁ _ i\[: [Zobs,i — (1 + Zyrav + €500 Zpin, ) (Za + 1) + 1] )
N A ) .

2
P 6 2% 45+ (BZyin, ,(1 + Zy))

where Zy,; is the observed redshift of the i-th maser spot and §Zg4g is its observational
uncertainty. We have also introduced the correcting factors sinfy, € and 5. The former
factor considers small deviations of the disk from the equatorial plane (g ~ m/2). The
other two factors account for deviations of masers about the midline, meaning the masers

are spread by a small angle d¢ on the midline (¢ = 7/2 + §¢)
cn1 00 000 g2 (4.5)

where ¢ corresponds to the expansion of the cosine function for small angles, and S is the
variation of this expansion.

We can write the observational uncertainty of the SdS redshift (4.6) as the variation

02545 = (5Zg'ra'u + esin Qodem)(l + ZA), (4.9)
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where the errors of the gravitational redshift 67,4, and the kinematic redshift §Z;, are

[45]

3 s M (60

6Zgrav - _2(1 + Zgrav) rd@ ( @ ) 5 (410)
1,5 14O [ 6M? 60

2= 378557 (o =) (6). 1

Finally, §O is related to the uncertainty of the measured position, reading

2 2
T —Zo Y—Y%

Note that in every expression involving the redshift (i.e equations (4.6), (4.10)

and(4.11)), the mass and the distance are always in the form %, while the Hubble constant
and the distance are also coupled as Hgry. Because of this coupling, it is not possible to

independently estimate M, rq and Hy, but the quantities M /ry and Hory.

4.3 Statistical fit via Python

To perform the statistical estimations, we use a Python program that employs the
Markov Chain Monte Carlo (MCMC) method, which is widely used in Bayesian inference
because of its power to explore high-dimensional parameter spaces.

This computational method consists of generating a series of random samples for
the parameter to be estimated, known as Markov chains. Each sample value is assigned a
probability based on the given prior and the likelihood, looking for minimizing the reduced
Pearson’s x2 (4.5). This set of sample values forms a posterior probability distribution, from
which the most probable value is taken as the posterior estimate, along with an associated
error. The more number of chains, the more the posterior probability distribution is defined,
leading to a better posterior estimation [65].

In this way, we input the reduced Pearson’s x? corresponding to our model (B.2)
in the Python program with ~ 10% — 108 chains to fit the following parameters of each of
the five galaxies (UGC 3789, NGC 5765b, NGC 6264, NGC 6323 and CGCG 074-064)

e Mass-to-distance ratio of the black hole M /rg.
e Position of the black hole (xq, yo).

e The Hubble constant times the distance Hyry.
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We perform the Bayesian statistical fit for each galaxy individually as well as for all
the five galaxies together. By performing the estimations with the five galaxies combined,
we correlate them through the Hy value, which is a common variable present in all of the
five galaxies. Also, for this particular estimation we use a Gaussian prior for the Hubble
constant to decouple the quantities M /ry and Hyrg to estimate M, r4 and Hp independently.

Given the large number of parameters to be estimated and a great number of ob-
servational data for all the galaxies, a high number of chains is required to obtain reliable
estimations, making the process computationally expensive. Therefore, we use IFUAP’s
cluster and the Cuetlaxcoapan cluster from the Laboratorio Nacional de Supercémputo del
Sureste de México to execute the Python program, taking advantage of their high compu-

tational performance. In the next Chapter, the results of these estimations are presented.



Chapter 5

Results

From the twelve galaxies mentioned in Chapter 3, we focus on individual esti-
mations for the five galaxies with the greatest number of data and best precision. These
galaxies are UGC 3789, NGC 5765b, NGC 6264, NGC 6323 and CGCG 074-064. Addi-
tionally, we perform a combined statistical fit using the data from these five galaxies, since
it is advantageous to combine the datasets to obtain a more accurate value of the Hubble
constant. By correlating the data from these galaxies within a single program, we enhance
the precision of our results.

As mentioned in the previous Chapter, we use a Bayesian statistical fit that min-
imizes the reduced Pearson’s x? (B.2) using the observational data and relating it to our
theoretical model (B.1). The data sources for each galaxy are displayed in Table 5.1, from

where we also recover the inclination angles 6.

System 8o (°) Source

UGC 3789 90.6  Reid et al. (2013) [33]
NGC 5765b 94.5  Gao et al. (2015) [60]
NGC 6264  89.5 Kuo et al. (2012) [58]
NGC 6323 88.5  Kuo et al. (2014) [59]
CGCG 074-064 90.8  Pesce et al. (2020) [61]

Table 5.1: Data sources for each galaxy and their corresponding inclination angles recovered

from these references.

27
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Figure 5.1: Maser features in the sky, black hole posterior position and posterior probability

distributions for UGC 3789.

5.1 Estimation of individual galaxies

The parameters that undergo a Bayesian statistical fit are the mass-to-distance
ratio M/rq, the product Horq and the position (zg,y0)'. For each system we fixed the
scattering angle of maser features d¢ such that the reduced x? reaches a value close to
unity. The posterior fitting results are summarized in Table 5.2. In Figures 5.1-5.5, the
posterior probability distributions of the parameters and their confidence regions for every
system are shown, as well as images of the maser features in the sky with their corresponding

error and the estimated black hole position (xg,yo) on the sky with its errors.

5.1.1 UGC 3789

Although this maser disk is thin, it is possible to estimate the black hole position
on the y axis. The posterior position of this galaxy resulted to be near the geometric center,
slightly off the systemic masers. The maser features are scattered about the midline with

an angle of §¢ = 10°, and the best reduced x? fit is 1.40.

5.1.2 NGC 5765b

For this galaxy, we find the scattering of the masers about the midline to be

8¢ = 10°, and we obtain a reduced x? of 1.15. Since the disk of this galaxy has an inclination

For NGC 6264 the position yo could not be estimated, and therefore was fixed.
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Figure 5.2: Maser features in the sky, black hole posterior position in the sky, and posterior

probability distributions for NGC 5765b.
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Figure 5.3: Maser features in the sky, black hole posterior position in the sky, and posterior

probability distributions for NGC 6264.
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Figure 5.4: Maser features in the sky, black hole posterior position in the sky, and posterior

probability distributions for NGC 6323.
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Figure 5.5: Maser features in the sky, black hole posterior position in the sky, and posterior

probability distributions for CGCG 074-064.
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angle of y = 94.5° [60], the LOS masers seem misaligned with the redshifted and blueshifted
masers. Besides, more redshifted maser features are observed in a wider y offset range in
comparison to the blueshifted ones. As a result of the Bayesian statistical fit, we find
the black hole position to be near the geometric center formed by the redshifted and the

blueshifted maser features.

5.1.3 NGC 6264

For this galaxy in particular, we perform the Bayesian statistical fit for three
parameters, fixing yo at the geometric center of the disk formed by the highly frequency-
shifted masers at a y offset of 0.030 mas [47]. We vary the yg offset along the height of the
disk and find variations on M /74 of less than 0.012%, which is inside the error. The angle
on which the highly frequency-shifted masers are spread about the midline is d¢ = 10°,
rendering a reduced y? = 1.28. In Figure 5.3 the error on the y offset is not shown because
the yo position is fixed. Furthermore, since we vary the g offset along the height of the
disk and find negligible variations on the results, we can assert the yg offset may be in any

position along the height of the disk.

5.1.4 NGC 6323

The three groups of maser features in this galaxy are almost aligned with each
other, with an inclination angle of nearly 90° [59]. The reduced x? we find is 1.26, and the
scatter angle is d¢ = 11°. Although in this galaxy the error on the x offset is bigger than
in the rest of the galaxies, the error on the estimated black hole x offset does not increase

significantly, as seen in Figure 5.3.

5.1.5 CGCG 074-064

For this system, the observed maser features seem aligned with each other, and
the disk practically edge on, with an inclination angle of 90.8° [61]. The posterior position
of the black hole is near the geometric center, behind the systemic masers. For this galaxy,
we obtain a reduced y? = 1.27 with a scattering angle of §¢ = 11°. Note, in Figure 5.5,
that the error in the posterior g offset seems significantly smaller compared to the rest of
the galaxies. Actually, the errors on the y offset of the maser features of this dataset are

greater than the errors in the rest of the galaxies, so it could be expected to have a larger
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System M/rq Horg Zo Yo 0 Xied
(10°Mo/Mpe)  (km/s) (mas) (mas) ()

UGC 3789 2278 £0.009 3281.00£2.92 —0.049+0.006 0.011=£0.025 10 1.40

NGC 5765b 3.727£0.013 8314.64+2.42  0.122£0.008 —0.100£0.034 10 1.15

NGC 6264 2.123£0.007 10212.44 +3.50  0.005 £ 0.006 - 10 1.28

NGC 6323 0.917+0.005 7840.72+3.80  0.018 £ 0.007 0.013+£0.028 11 1.26

CGCG 074-064 2.750 £0.017  6946.32 £5.47 —0.040£0.007 0.040£0.020 11 1.27

Table 5.2: Posterior values of the fit. Column 1: Name of the megamaser system. Column
2: Fitted mass-to-distance ratio. Column 3: The Hubble constant times distance. Column
4: Horizontal offset (zp) of the black hole found by the Bayesian fit. Column 5: Vertical
offset (yp) of the black hole found by the Bayesian fit. For NGC 6264 the yq offset is fixed
at the geometric center of the disk formed by the high-redshifted maser features. Column
6: Scattering angle in which the maser features are spread on the azimuthal angle about

the midline. Column 7: Reduced x? of the best fit.

error in 9. Nevertheless, this disk has a larger height, so the distribution along this axis
makes the estimation on y more precise. Besides, the scale in y makes the errors in the y

offset seem smaller.

5.2 Estimation with five galaxies

In this estimation we set the Gaussian prior Hy = 73.04 + 1.04 km s~ Mpc™!,
based on the estimation of this parameter from [50]. In this paper, the local value of the
Hubble constant is measured using the Hubble Space Telescope and the SHOES Team, where
they use Cepheids and Type Ia Supernovae observations.

By using this Gaussian prior, we are able to estimate the parameters M, r4 and
Hy separately. The posterior result for the Hubble constant is Hy = 72.897103 km s7!

Mpc~!, and its reduced Pearson’s x? = 1.27.
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System M rq xo Yo 0
(10" M) Mpc (mas) (mas) °)

UGC 3789  1.02540.015  45.01708  —0.049+£0.006 0.011+0.025 10

NGC 5765b  4.251+£0.063 114.0677%;  0.122+0.008 —0.100+0.034 10

NGC 6264  2.97840.044 140.09725L  0.005 4 0.006 - 10

NGC 6323  0.98740.015 107.56755; 0.018£0.027  0.012+1.512 11

CGCG 074-064 2.6214+0.041 95297137 —0.040+0.006  0.039+1.37 11

Table 5.3: Posterior values of the fit for the five galaxies. Column 1: Name of the megamaser
system. Column 2: Fitted mass. Column 3: Estimated distance. Column 4: Horizontal

offset (zg). Column 5: Vertical offset (yo). Column 6: Scattering angle.

The posterior results for the mass, distance, position and scattering angle for
the five galaxies are shown in Table 5.3. The posterior probability distributions and the
confidence regions for this estimation are shown in Figure 5.6. Note, in this Figure, the
correlation between the five masses, distances and the Hubble constant. Such correlation
is because the Hubble constant is correlated with the distance, since in our equations the
term Hyrg is always present. In addition, the mass and the distance are correlated given
that we also have M /ry in our equations. Therefore, given that we estimate Hy using the
data of the five galaxies altogether, the masses and distances of the galaxies all correlate

between them.

5.3 Calculation of the gravitational and kinematic redshifts

Now, using the results presented in Table 5.2 of M/ry, Hory and the black hole
position (xg,yo), we can calculate the gravitational and kinematic redshifts using equations

(2.34) and (2.35), respectively. We calculate these redshifts for the closest maser feature to
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Distance to the

Source closest maser cZy5ds CLgSchw CLkin,SdS CZkin,Schw
(mas) (km/s) (km/s) (km/s) (km/s)
UGC 3789 0.305 3284.34 3.308 822.10 813.20
NGC 5765b 0.537 8317.80 3.076 805.88 784.13
NGC 6264 0.336 10215.34  2.805 774.30 748.79
NGC 6323 0.214 7842.65 1.893 631.31 615.22
CGCG 074-064 0.252 6951.26 4.832 1005.55 982.78

Table 5.4: Gravitational and kinematic redshift in terms of velocity for the full SAS case
and the Schwarzschild case. Column 1: Name of the system. Column 2: Distance from the
posterior black hole position to the closest maser feature. Column 3: Velocity associated
to the SdS gravitational redshift. Column 4: Velocity associated to the Schwarzschild
gravitational redshift. Column 5: Velocity associated to the SdS kinematic redshift. Column

6: Velocity associated to the Schwarzschild kinematic redshift.

the posterior black hole position, given that the values of the redshifts are higher for smaller
re. We also compute the redshifts for the Schwarzschild case given by Equations (2.39) and
(2.40) in order to compare these two models. These redshifts for each galaxy are shown in
Table 5.4 in terms of velocity.

From these results, we can see that the SdS gravitational redshift is significantly
bigger than the Schwarzschild case. This is because now we have the expansion embedded in
the gravitational redshift, given that this gravitational redshift also depends on A. For the
kinematic redshift, the results of both cases are quite similar, nevertheless, the kinematic
redshift has also dependence on A. These results show us that most of the expansion is into

the gravitational redshift.



Chapter 6

Discussion and conclusions

In this work, we have related the Hubble constant and black hole parameters to
the observational frequency shift using a general relativistic formalism within the SdS back-
ground. We derived an expression for the redshift in term of these quantities, allowing us
to relate the cosmological constant with the mass, distance and position of the black hole.
The total redshift expression comprises two components: the gravitational redshift and the
kinematic redshift, both depending on the black hole parameters and the cosmological con-
stant. Unlike previous works, where the recessional motion of the system was considered
as an additional composition to the Schwarzschild redshift (similar to Equation (2.36), see
[45]), the SAS metric includes the redshift due to the cosmic expansion through the cosmo-
logical constant. This provides a more integrated description of the universe’s expansion
through redshift. Given that we recover the Hubble law in the approximation (2.41), we
can say Equation (2.32) is a generalization of the Hubble law obtained from first principles
of general relativity.

Regarding our fitting results, we estimated the mass-to-distance ratio M /rq, the
product Hyrg, and the black hole position (xg,yg) for five black holes using spectroscopy
and astrometry data of the maser features on their accretion disks. By incorporating a
Gaussian prior for the Hubble constant, we were able to disentangle these quantities and
estimate the mass, distance and the Hubble constant separately. Our posterior results
yielded black hole masses within the range 10° — 107 M), indicating that these black holes
are supermassive, consistent with the hypothesis of existence of supermassive black holes
in AGNs [66, 67]. Comparing the masses and distances of our estimations with those

obtained by astronomers using a Newtonian model with relativistic corrections, we find
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that our results are in agreement with theirs (see the references mentioned in Table 5.1
for comparison with our results). Additionally, for the five systems, the estimated black
hole positions (xg, o) lie within the region of the systemic masers, which is physically in
concordance with the maser emission mechanism.

Furthermore, the results in the computation of the SAS gravitational redshift in-
dicate that the expansion is mostly embedded in this redshift, making the gravitational
redshift no longer small, unlike in the Schwarzschild case, where this redshift is only due to
the mass of the black hole and the order of its associated velocity is 1 km s—1.

This work provides a first approximation for estimating the Hubble constant in
a universe without matter dominated by dark energy, where the model depends only in
redshift observations. In further works, we could decouple the quantities M /ry and Hyry
by modeling the maser disk and setting dependence on r;. We wish to break such coupling
in order to not rely on the Gaussian prior based on distance indicators, and therefore obtain
an independent estimation of the Hubble constant based solely on general relativity and

redshift observations.



Appendix A

Relativistic boost

We can compose the SdS redshift with a relativistic boost Zp,s in order to consider
additional motion of the system not considered in the model. This motion may be the
peculiar motion of the galaxy, which is due to local gravitational interactions and the proper

motion of the galaxy. This relativistic boost reads

(A.1)

where = Upee/c, Upee is the peculiar motion of the galaxy, and « is the angle between the
LOS and the direction of the peculiar velocity. In this manner, the term vpe. cos o accounts
for the radial motion of the galaxy. For simplicity, we continue the analysis considering the
peculiar motion is purely radial, so a = 0.

Thus, the redshift composition [68] renders a total redshift
ZtOtlA,Q = (1 + ZSdSl,z)(l + Zboost)- (A2)

For the case of the peculiar motion, the velocities are less than 1% of the speed
of light, so we could use (1 4 wvpe./c) instead of equation (A.1), but for the sake of using a

completely relativistic model, we keep using this expression.
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Appendix B

Full SdS expressions

In this Appendix we present the explicit formulas where the full redshift is used.

The SdS redshift from Equation (2.32) reads

M
1 = (Horq®)?
1+ ZSd5'1 y = —F/—— 1+ d X
' 3M 2M
1- = 1— —= — (Hor¢®)?
rq© rq©
2M
<1 _— = (Ho'f‘d> ))
rd
2M )
N2 1—=——(Hora)’
V1 —3(MHy)%/3 — \/ + (Horg)? — 3(MHo)2/3 |1 — <> 2]7\”;
d 1—— — (Ho?“d@)
40
(B.1)
Since in this case we have
1+ ZSdSl,Q = Zgraﬂu + Zkinl,y
as in Equation (2.33), the reduced Pearson’s x? reads
2
Xi iv: Zobs,i — (Lgrav + €8In 00 Zkin, 2)] (B.2)
N i=1 SdS + (/Bkal 2(1 + ZA))

Tha variation of the SAS redshift is

0Zs4s = 5Zgrav + €8in 00 Zyin, (B'?’)
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where the errors of the gravitational redshift §Z,,4, and the kinematic redshift §Zy;, are

(14 Zgrav)? 60

5Zg'r‘av = - 3M 6)(
12—
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The expressions presented in this Appendix are the ones used in the Bayesian

estimations.
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