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Abstract

Based on the results of our works Maximum augmented Zagreb index on polyomino chains
[22], which was published in the journal Applied Mathematics and Computation, and Extremal
degree-based indices of general polyomino chains via dynamic programming [21], which is already
submitted in a peer reviewed journal, in this work, we focus on the problem of finding extremal
graphs with respect to degree-based topological indices, which is a major area in chemical graph
theory and plays a fundamental role in the design of chemical compounds, especially as part of
the QSPR analysis. In particular, we center our study in polyomino chains, which is an important
graph family in the context of the extremal problem.

Dividing the problem into a restricted setting and the general setting of the problem, we develop
a dynamic programming framework, by means of a new encoding of polyomino chains based on
local geometric descriptions which we call actions, for identifying extremal polyomino chains with
respect to any degree-based topological index. Specifically, for the restricted version of the problem,
our approach provides an explicit recurrence and a constructive algorithm that enable both the
computation of an extremal retricted polyomino chain in linear time with respect to the number
of squares and the enumeration of all extremal restricted polyomino chains in linear time with
respect to their amount, being able to retrieve all non-isomorphic extremal restricted polyominoes
in quadratic time with respect to the amount of extremal restricted chains. On the other hand, for
the general problem, we generalize our approach and as a consequence obtain methods for both the
computation of an extremal polyomino chain in linear time with respect to the number of squares
and the enumeration of all extremal polyomino chains, with the complication the time complexity
for the latter is no longer linear and depends on the multiple interpretations of the encodings.

As concrete application of both settings, we resolve two open problems posed in 2016 and 2015
respectively, by determining, for any given number of squares, all the restricted polyomino chains
that maximize the Augmented Zagreb Index, AZI, and all the polyomino chains that maximize
the generalized Randić index with parameter α = −1, R−1, which are both relevant indices due to
their numerous connections with chemical characteristics.

Moreover, beyond the specific contributions of our work, we importantly establish conditions
for cyclic patterns to appear in extremal constructions, conditions so that the linear and zig-zag
chains (which are central in most of the existent results in the literature) appear as extremal and
conditions so that solving the extremal problem can be reduced to solving it in the more simple
restricted setting. In particular, as a consequence of all this theoretic development, we immediately
retrieve most of the literature’s results and provide a constructive and systematic methodology for
tackling extremal problems in graph theory, for which we provide a link to the code in the conclusion
section.

Keywords: Extremal Graph Theory, Degree-Based Topological Indices, Polyomino Chains,
Augmented Zagreb Index, Generalized Randić Index, Dynamic Programming.
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Chapter 1

Introduction

1.1. Introduction to Extremal Chemical Graph Theory

1.1.1. Introduction to Chemical Graph Theory

The study of molecular structure is a central and crucial part of chemistry. Based on the fact
that all biological functions depend on events that occur at the molecular level and that these
themselves are directed by large or clusters of molecules, the constitution of molecular structure
becomes the key to unlock nature’s blueprint. The purpose of studying molecular structure is then
to be able to explain and predict the properties and behavior of substances, giving us the capacity
to comprehend biological systems, design new drugs and materials, and further develop technology
in areas such as medicine and environmental science.

At the current time, quantum mechanics is the ultimate approach to the exact quantification
of molecular structure. Given the coordinates and atomic numbers for a collection of atoms, the
Schrödinger equation, in principle, can be solved for the eigenvalues and eigenvectors that describe
the energy and electron distribution, from which other properties of the molecular aggregate can
be then derived from the wave function and energy [19]. Hence, a complete quantum mechanical
treatment may give us as a result our desired connection between molecular structure and physi-
cochemical properties. Nevertheless, quantum mechanical approaches have a high computational
complexity, not to mention the approximate calculation nature of all their computational versions
result in a substantial loss of information, especially for large molecules and interacting systems
[19]. Therefore, it is necessary to provide a substitute for another quantitative way of describing
molecular structure, in such a way that their computational complexity or characterization is easy
to afford and study. It is here that we find the force and importance of chemical graph theory,
which is a branch of mathematical chemistry that, through graph theoretic concepts, is concerned
with the analysis of all consequences of connectivity.

From its conception, graph theory has proved to be a very powerful mathematical tool used to
model an immense variety of problems, both inside mathematics and in the natural sciences. In
particular, out of all natural sciences, chemical systems are the ones which present as a common
feature the presence of sites and connections between them; where sites may be atoms, electrons,
molecules, molecular fragments or orbitals, and connections may represent bonds, elementary reac-
tion steps or Van der Waals forces [29].

As a special type of chemical system, there is hardly any which is closer to the notion of a graph
than the constitutional formula of a chemical compound; where individual atoms correspond to
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Figure 1.1: The Molecular Graphs for Propane and Cyclopropane.

Figure 1.2: The Molecular Graphs for Benzene and Benzo[a]corene.

vertices and chemical bonds to edges between them. In Figure 1.1 we show the graph representation
of both propane and cyclopropane, in which we leave at their vertices the chemical labels of the
corresponding elements; while in Figure 1.2 we show a more simplified graph representation of
molecules where we have removed the hydrogen bonds and depict benzene and benzo[a]corene
respectively.

Having established this relation between chemical compounds and graphs, chemists and mathe-
maticians have used it as an advantage in order to classify, systematize, enumerate and design
chemical systems of interest, along with the generation of new concepts based on the underlying
structure and the regularities revealed by chemical data [6].

It is as far back as 1843, that graph-theoretical results started to get introduced into the area,
with Laurent and Gerhardt establishing that the number of atoms of odd valence in a molecule
was always even and the many observations of homologous series made by Kekulé, who mana-
ged to visualize the formation of both double and triple bonds and give a structural formula for
benzene. Later on, with the rising problem of isomer identification, mathematicians like Cayley
were able to obtain isomer counts for alkanes by the use of generating functions, and after that,
many combinatorial graph theoretic techniques like symmetry classes and permutation groups were
incorporated into the study of chemical structures such as aldehydes, amines, ethers and organic
acids [6]. By 1986 many areas within the study of chemical graph theory had been introduced, such
as isomer enumeration, additivity studies, chemical bonding theory and the study of topological
indices; having in that sole year, more than 500 papers published [6].

In the following section, we will introduce our area of interest, which is the study of topological
indices.

1.1.2. Topological Indices and Degree Based Topological Indices

As a motivational example, we can take a look at the molecular graphs of butane and isobuta-
ne, shown in Figure 1.3, which despite being closely related, clearly have very different structures.
However, how different are they? Is it possible to assign some numerical value to the graphs of
molecules so that differences in structure could be quantified? Moreover, is it possible to differen-
tiate, numerically, molecular structures sufficiently so that significant correlations with physical,

2



Introduction
1.1 Introduction to Extremal Chemical Graph Theory

Figure 1.3: The Molecular Graphs for Butane and Isobutane.

chemical, and biological properties are established? The answer to both of these last questions is
yes and the mathematical mechanism to do so is through the concept of topological indices, which
are single numbers used to characterize the graph of a molecule regardless of the ways it could be
drawn or labeled.

The interest in topological indices is then apparent to the organic and medicinal chemist,
who can use them as a means to form quantitative structure-activity relationships (QSAR) and
structure-property relationships (QSPR), which are essential in areas such as pharmacology, to-
xicology, environmental chemistry and drug design [29]. Furthermore, the non-empirical and low
computational cost of topological indices, has made them an indispensable tool for studies where
experimental testing and exact computation are unaffordable (such as analyzing the relative po-
tency of drugs or studying intermolecular interaction), not to mention that their study has brought
them to correlation with some physical properties to a point near the experimental limit of the
values [19].

As examples of some of the properties topological indices can quantify we have: solubility, heat
of atomization, stability, the refractive index, strain energy, heat of vaporization, the partition
coefficient and π-electron energy [19]; which in turn give a wide range of applications, as are the
optimization of pharmacological, biocidal and pesticidal activity, the designing out and prediction of
toxicity, the selection of compounds with optimal pharmacokinetic properties and the optimization
of drug activity, specially as a tool for filtering drug candidates out of large chemical databases
[28].

Now, in order to distinguish topological indices by the way they capture the topological struc-
ture of graphs, we divide them into three main categories: Degree-based, Distance-based and
Spectrum-based; from which we shall focus on the first for this work and present their formal
definition in Definition 1.1.1.

Topological degree-based indices are especially useful in chemical graph theory. For instan-
ce, the Geometric-Arithmetic index (GA) has been successfully employed as a predictive tool in
QSPR/QSAR studies, being one of its applications in the analysis of drugs used in blood cancer
treatment [32]. Similarly, the Atom-Bond Connectivity index (ABC) has proven valuable in mo-
deling molecular properties such as polarity and refractivity [13] and the Randić index (R), which
helps quantify the notion of molecular branching, has shown strong correlations with the solubility
of alkanes in water [26], as well as relevance in the study of polymers [9]. In addition, many indices
such as the Zagreb indices, which estimate the π-electron energy, and the augmented Zagreb index
(AZI), which has shown strong correlation with standard heats of formation, boiling points and
the capture of structural variations among families of isomers [11, 14], have been successfully used
in several studies, such as in the treatment of coronavirus (COVID-19) [30].
Definition 1.1.1. A topological degree-based index is a function TIf defined by a general formula
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of the form:
TIf (G) =

∑
uv∈E(G)

f(du, dv)

where G is a graph, E(G) is the set of edges of G, du and dv are the degrees of the vertices u
and v, respectively, and f is a real-valued symmetric function, that is, f(x, y) = f(y, x) for all
x, y ∈ {1, 2, . . . }.
Remark 1.1.2. Notice as an immediate consequence of asking function f symmetric, we have the
topological degree-based index will be a graph invariant; that is TIf (G1) = TIf (G2) whenever
G1
∼= G2.

Over the years, more than 120 topological indices have been developed for the study of physico-
chemical properties. In Table 1.1 we show the most important and central degree-based indices as
discussed in [17], where we include indices such as the Generalized Atom-Bond Connectivity Index
and the Generalized Randić Index, which depend on a parameter r ∈ R and have been widely
studied due to the relevance of their special cases.

Degree-based Index f(x, y)

Randić Index (R) 1√
xy

Sum Connectivity Index (χ) 1√
x+y

Geometric Arithmetic Index (GA)
√
xy

1
2 (x+y)

Atom Bond Connectivity Index
(ABC)

√
x+y−2

xy

Harmonic Index (H) 2
x+y

First Zagreb Index (M1) x+ y

Second Zagreb Index (M2) xy

Augmented Zagreb Index (AZI)
(

xy
x+y−2

)3

Generalized Randić Index (Rr) (xy)r

Generalized Sum Connectivity
Index (χr)

( 1√
x+y

)r

Generalized Atom Bond
Connectivity Index (ABCr)

(
x+y−2

xy

)r

Table 1.1: Main degree-based topological indices and their associated functions f(x, y).

1.1.3. Polyomino Chains and the Extremal Problem

As discussed in the preceding sections, the need is evident to start studying and characterizing
the properties of concrete graph structures related to chemical compounds. In particular, in this
work we’ll focus on the study of polyomino chains, which are graph configurations relevant in
chemical graph theory as they can be used to model a variety of molecular structures, including
polymers, crystal lattices, polycyclic compounds, and certain classes of organic compounds [10]. In
addition, thanks to their well structured geometric construction, it has been possible to treat them
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Figure 1.4: Examples of polyomino chains (graphs A and B) and of non-polyomino chains (graphs
C and D).

as a meaningful example in the study of other related molecules, which has been the main reason for
their extensive examination, specifically in the context of degree-based topological indices [1, 18].
Definition 1.1.3. Let G be a graph.

a) G is a polyomino system if it is finite, 2-connected, and every interior face (also called a cell)
is a unit square with a side length of one.

b) The inner dual graph of a polyomino system G is the plane graph whose vertices are the
cells; two vertices are adjacent if and only if the corresponding cells share an edge.

c) A polyomino chain is a polyomino system G whose inner dual is a path. In particular, a
polyomino chain can be constructed iteratively by adding unit squares one by one in the
order induced by that path.

In figure 1.4 we show four graphs in which we give examples of polyomino chains (graphs A
and B) and examples of others which aren’t (C and D). In this case, notice the reason why graph
C isn’t a polyomino chain comes directly from the fact of not even being a polyomino system, since
one of its interior faces isn’t surrounded by a regular square. In the case of graph D, even though
it is a polyomino system, it isn’t a polyomino chain, since its dual graph isn’t a path.

Now, with respect to the study of topological indices in concrete classes of graphs, there has been
a lot of work towards their characterizations, focusing on their connection to other graph theoretical
objects and their extremal values, which is the problem of finding for a specific topological index
the graphs that maximize or minimize it, being one of the first to highlight their mathematical
difficulty Paul Erdős and Béla Bollobás with their study on the Randić Index [5] in 1998. In
particular, considerable attention has been devoted to characterizing extremal polyomino chains
with respect to degree-based indices [3, 4, 23, 24, 27, 31]. In this problem, due to the fact polyomino
chains can be thought of as paths made out of squares, the question can be phrased into: for a
given natural number n and a topological degree-based index TIf , which polyomino chain, G, with
n squares maximizes (or minimizes) TIf (G)?

As an example, in Figure 1.5 we show the seven non-isomorphic polyomino chains with 5 squares
that exist, for which we have used the Randić index, f(x, y) = 1√

xy . In this case, the graphs G1 and
G7 correspond to the polyomino chains with 5 squares that maximize and minimize the expression
TIf (G) respectively.

At this point, it is important to highlight without further tools, the problem of finding a
extremal polyomino chain of a fixed number of squares for a topological degree-based index isn’t
computationally efficient. Naively, since we know polyomino chains must form a path, we could
start placing one square after the other and begin to build every possible graph candidate by
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Figure 1.5: Finding the extremal polyomino chains of 5 squares with respect to the Randić index.

exhausting the different choices of placements for each square (which are three). However, the
amount of these possible candidates is exponential with respect to the number of squares, not to
mention that many of them will not even be polyomino chains, which forces us to have a way
to tell them apart. Moreover, variations of the main problem add additional complications, like
which is the set of all extremal polyomino chains? Which is the set of all non-isomorphic extremal
polyomino chains? How do extremal polyomino chains change with the change in the number of
squares? In the case of parametrized indices, how do extremal polyomino chains behave for different
values of the parameters? Or, if we want a specific polyomino chain to be extremal, how must the
topological degree index be?

In the course of this work we will come to study all of these questions.

1.2. Links and Classes of Polyomino Chains

1.2.1. Polyomino Chains and General Polyomino Chains

By now, we have described polyomino chains through their graph theoretic definition. However,
we need a better way to encode polyomino chains if we are to work in algorithms that are able to
generate them. Thus, in order to do so, we’ll take advantage of both the path representation underl-
ying a polyomino chain, as well as their strong geometric description when thought as embedded
in R2. For what follows we refer as the construction process of a polyomino chain to the process
of consecutively adding its squares to the graph, in the order given by its path representation.
Definition 1.2.1. Let PCn be a polyomino chain with n unit squares embedded in R2.

a) The chain is horizontal(resp. vertical) at step i ≥ 2 of its construction process if the (i)-
th square is placed to the right/left(resp. up/down) of the (i − 1)-th. The corresponding
orientations are encoded by the instructions set

I = {R,L,U,D} (right, left, up, down).

Although introduced for the chain, direction/orientation at step i depend only on how the
(i)-th square is attached; thus we may regard the (i)-th square itself as carrying them. As
a convention, since all two-square chains are isomorphic, we fix PC2 to be horizontal with
right orientation (see Figure 1.6)
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Figure 1.6: The graph PC2.

b) By part a) of this definition, any chain PCn determines a sequence of instructions given by
the orientations of its squares

(I1, I2, · · · , In), Ik ∈ I

where we adopt the convention I1 = I2 = R and we write the chain as PC(R,R, I3, · · · , In).
We call (R,R, I3, · · · , In) a sequence of instructions.

The use of sequences of instructions makes now straightforward the exhaustive search over all
possible graph candidates for extremal polyomino chains. Nevertheless, the issue regarding the
question of whether all of these candidates truly correspond to polyomino chains still remains,
since a sequence of instructions may not necessarily correspond to one. For this purpose, observe
that the graph theoretic definition of a polyomino chain does not give us any manageable criteria,
especially when it comes to evaluate if a graph is a polyomino chain as we keep placing consecutive
squares one by one. So, in order to establish a useful equivalence, we must first give a few additional
definitions and elaborate on the definition of an interior face, which is used in Definition 1.1.3 to
define a polyomino system.
Definition 1.2.2. Let (R,R, I3, · · · , In) be a sequence of instructions with Ik ∈ I. The sequence
is realizable if the full construction of the graph given by consecutively placing squares in the
orientations of Ik, as stated in Definition 1.2.1, yields a polyomino chain; in this case we denote it
by PC(R,R, I3, · · · , In).
Definition 1.2.3. When carrying out the (i)-th step of the constructive process, since the addition
of the i-th square to the (i−1)-th involves only one edge of the former, it follows two of its vertices
remain unused in the connection. We refer to these vertices as the ending vertices of the i-th square.
Definition 1.2.4. An interior face of a graph is a region enclosed by the graph’s edges when it is
drawn on a plane without any edges crossing. More formally, an interior face of a graph is a region
enclosed by a cycle of vertices of the graph, such that there doesn’t exist any other cycle between
a subset of those vertices.
Lemma 1.2.5. Let (I1, I2, · · · , In) be a sequence of instructions. If at every step of its constructive
process the last square has its ending vertices with degree exactly two, then the sequence is realizable.

Proof. We argue by induction on i, the step of the constructive process.

For i = 1 it is clear the graph consisting of only the first square is a polyomino chain. So assume
for i ≥ 1 the graph consisting of the first i squares is a polyomino chain and that when we attach
the (i+1)-th square to the structure by joining one of its edges to another of the (i)-th, its ending
vertices have degree exactly two.

In order to bring in notation, let’s label the vertices of the (i + 1)-th square as v1, v2, v3 and
v4; where v2 and v3 are its ending vertices (see Figure 1.7).

Suppose there exists a cycle involving either v2 or v3, namely C and assume without loss of
generality v2 ∈ C. Then because any vertex in a cycle has an edge with at least two others, and v2
has an edge only with v1 and v3, it follows v1, v3 ∈ C. Similarly, since v3 ∈ C but it only has edges
with v2 and v4, we have v4 ∈ C. Therefore, we can conclude any cycle having either v2 or v3, must
have the vertices v1, v2, v3 and v4, which in particular form a cycle, namely the (i+ 1)-th square.
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Figure 1.7: Labeled (i+ 1)-th square.

Thereby, the only interior face using v2 or v3 is the (i+1)-th square and since all other interior
faces come from using solely vertices from the first i squares, which by the induction hypothesis
must correspond to 1-unit squares, it follows the graph consisting of the first i + 1 squares is a
polyomino chain.

By induction we conclude the sequence of instructions (I1, I2, · · · , In) is realizable.

Remark 1.2.6. As a matter of fact it is also possible to show if G is a polyomino chain, then at
every step of its constructive process the last square has ending vertices with degree exactly two.
However, we won’t prove this result here, as it needs the use of a theorem which is not relevant for
the rest of our theory. Nevertheless, we provide the proof and required theoretical details to show
Proposition 1.2.7 in the Appendix.

Proposition 1.2.7. Let (I1, I2, I3, · · · , In) be a sequence of instructions. The sequence is realizable
iff at every step of its constructive process the last square has its ending vertices with degree exactly
two.

Remark 1.2.8. Notice by performing an exhaustive search over the set of all sequences of instruc-
tions (R,R, I3, · · · , In) and using an auxiliary matrix in order to geometrically realize the graph
associated with the sequence, it is possible to check for the validity of Lemma 1.2.5 as well as com-
pute the topological index value. This algorithm effectively gives us the exponential brute force
search for the extremal polyomino chains.

By means of Lemma 1.2.5, the problem of knowing if a given sequence of instructions corres-
ponds to a polyomino chain has been solved. However, in theory, it has been hard to manage
techniques that deal with the issue of encodings not necessarily corresponding to our object of
study. Therefore, many works have focused in finding extremal graphs for a specific family of pol-
yomino chains which avoids the encoding misrepresentation [4, 15, 27, 31]. This family of polyomino
chains can be expressed in terms of instructions, as those composed of only instructions R and D,
and is called the family of restricted polyomino chains.

In the following proposition we show, that as desired, sequences of only instructions R and
D correspond to polyomino chains. In order to do so, we’ll apply Lemma 1.2.5 and instead of
working with the placement of squares, we’ll work in the dual graph which can be thought of
been realized in R2, with the first vertex being placed at (0, 0). Notice that in such scenario, the
condition of the lemma is equivalent to the last vertex, with coordinates (x, y), attached to the
graph not having neighbors at positions (x, y−1), (x+1, y−1), (x+1, y), (x+1, y+1) and (x, y+1)
when the last vertex was placed as a result of an R instruction (Figure 1.8, a) ) or at positions
(x+ 1, y), (x+ 1, y + 1), (x, y + 1), (x− 1, y + 1) and (x− 1, y) when the last vertex was placed as
a result of a D instruction (Figure 1.8, b) ).
Proposition 1.2.9. Any sequence of instructions (R,R, I3, · · · , In) in which Ik ∈ {R,D}, is
realizable.

Proof. We proceed by induction on n, the number of instructions, and help ourselves with the
invariant if the last vertex in the construction process has coordinates (x, y), then the number of
instructions R and D equal x and y respectively.

8



Introduction
1.2 Links and Classes of Polyomino Chains

For a sequence of 1 instruction, it is clear the graph consisting of only one vertex at (0, 0)
satisfies Lemma’s 1.2.5 hypothesis and the number of R and D instructions is equal to 0.

Assume for any sequence of n− 1 instructions at each step of the constructive process the last
vertex (x, y) attached satisfied Lemma’s 1.2.5 hypothesis and the number of R and D instructions
was equal to x and y respectively. Now, take any sequence of n instructions and assume without loss
of generality the (n)-th instruction was R. We must show if the (n+ 1)-th vertex has coordinates
(x, y), that there aren’t vertices at positions (x, y − 1), (x+ 1, y − 1), (x+ 1, y), (x+ 1, y + 1) and
(x, y + 1), as show in Figure 1.8, a).

By the induction hypothesis applied to the (n)-th vertex, which we know has coordinates
(x − 1, y) (because the instruction used for the (n + 1)-th vertex was R), it follows from the first
n− 1 instructions in the sequence, exactly x− 1 of them are R and y are D. But this means it is
impossible any of the first n vertices has positions (x, y−1), (x+1, y−1), (x+1, y), (x+1, y+1) or
(x, y+1), for either they need more R instructions or more D instructions. Therefore, the (n+1)-th
square corresponding to the (n+ 1)-th vertex in the dual graph, will have its ending vertices with
degree exactly two.

The case in which the (n+ 1)-th instruction is D is completely analogous, taking into account
the relevant positions to show are empty are the ones show in Figure 1.8, b). Hence, we conclude
the sequence of instructions (R,R, I3, · · · , In) is realizable.

Figure 1.8: Cases depending whether the (n+ 1)-th instruction is R or D respectively.

Remark 1.2.10. Due to the relevance and depiction in the literature of restricted polyomino chains
as only polyomino chains, we shall also in this work reserve the term polyomino chain for the
restricted family, while we shall say general polyomino chain in the case the graph satisfies no
other additional condition than those stated in Definition 1.1.3.

1.2.2. Links and Results in the Literature

At the current time, the study of extremal general polyomino chains has been centered around
figuring out ways to capture the geometric structure of the graphs, with the intention of providing
a closed formula to optimize. Examples of these structural encodings can be found in [27], which
studies polyomino chains (the restricted class) through the polyomino’s link representation and [3],
which studies general polyomino chains through the polyomino’s structural vectors.

In essence, both of these particular representations try to capture the geometry of how a
given polyomino chain turns and twists in the plane which, as a matter of fact, capture it in
such a way that from any of the two different encodings, it is possible to uniquely determine
the associated chain. Due to their geometric simplicity (which comes from being defined only
for restricted polyomino chains) and their useful comparison with our own study, we will now
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introduce the concept of the link sequence for a polyomino chain in order to illustrate one such
geometric-based representation.
Definition 1.2.11. Let PCn be a polyomino chain encoded by the sequence of instructions
(R,R, I3, · · · , In); Ik ∈ {R,D}. Its sequence of links is a sequence of the form:

(1, 1, L3, · · · , Ln), Lk ∈ {1, 2}

for k > 2, Lk = 1 if Ik = Ik−1 and Lk = 2 otherwise. We call each of the values Lk a link of the
sequence.
Remark 1.2.12. Notice what links represent is the geometric notion of change of direction, which
is possible because of the restricted growth of polyomino chains.

With the use of these geometric-based representations, it has been possible to calculate the
value of topological degree-based indices for any general polyomino chain via a closed formula
and for some of them even find extremal chains, which as it turns out have been found in their
majority to be either linear or zig-zag chains (as defined in Definition 1.2.13). In Theorem 1.2.14
we summarize the main results presented in [3], where most of the general characterizations that
exist are collected.
Definition 1.2.13. Let PCn be a polyomino chain encoded by the sequence of instructions
(R,R, I3, · · · , In).

a) We call PCn a linear chain if every instruction Ik = R; 1 ≤ k ≤ n, and we denote it by Lin
(see Figure 1.9).

b) We call PCn a zig-zag chain if every instruction Ik = R for k even and Ik = D for k odd;
2 ≤ k ≤ n, and we denote it by Zn (see Figure 1.9).

Figure 1.9: The linear and zig-zag polyomino chains.

Theorem 1.2.14. Let PCn denote any general polyomino chain with n squares:

Mi(Lin) ≤Mi(PCn) ≤Mi(Zn) AZI(Lin) ≤AZI(PCn), n ≥ 6

H(Zn) ≤H(PCn) ≤ H(Lin) ABC(PCn) ≤ ABC(Zn)

R(Zn) ≤R(PCn) ≤ R(Lin) Rr(Lin) ≤Rr(PCn) ≤ Rr(Zn), r > 0

GA(Zn) ≤GA(PCn) ≤ GA(Lin) ABCr(Lin) ≤ABCr(PCn) ≤ ABCr(Zn), r > 1

χ(Zn) ≤χ(PCn) ≤ χ(Lin) χr(Lin) ≤χr(PCn) ≤ χr(Zn), r > 0.

However, despite the full characterization shown in Theorem 1.2.14 of the extremal polyomino
chains for many of the most important indices, the approach of geometric representations has
found difficulties in finding extremal chains for indices such as the augmented Zagreb index (AZI),
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the atom-bond index (ABC), and in general for parametrized versions. In particular, geometric
representations have not been successful when the extremal chains aren’t linear or zig-zag, not to
mention the case in which multiple families of chains correspond to the extremal values. In the
investigation made by R. Cruz and J. Rada [24], they worked precisely on this issue, and through
the use of linearization techniques and a lot of careful analysis, they managed to find one family
that minimizes the ABC index as well as others for more values (but not all) of the parameter in
the generalized Randić index. Nevertheless, this case by case study has proven troublesome and
limited to the appearance of concrete structural values, which ultimately lead to finding families
of extremal chains one by one. Thus, there is a need for a new method which is able to study the
extremal problem as a whole.
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Chapter 2

Extremal Polyomino Chains

Based on the results of our work Maximum augmented Zagreb index on polyomino chains [22],
which was published in the journal Applied Mathematics and Computation, in this chapter, as an
important particular case of the problem, we center on finding the extremal chains for any degree-
based topological index when we are restricted to using only polyomino chains. In order to do this,
we first introduce a new way to encode the information behind polyomino chains, which we name
their action sequence and is based on retrieving only their local geometric structure. With this tool,
we then proceed to define a dynamic programming framework, through which we show that we can
produce, for any fixed number of squares n, a polyomino chain that maximizes or minimizes the
given topological index in linear time with respect to n. In particular, we employ this technique to
find one polyomino chain with maximum augmented Zagreb index, which was until now an open
problem.

Furthermore, by means of the dynamic programming design, we prove it is not only possible
to obtain one extremal polyomino chain, but all of them (possibly isomorphic) in linear time with
respect to their amount and as an application, we characterize all polyomino chains with maximum
augmented Zagreb index. Also, based on the dynamic nature of the procedure, we study the impact
of the values of the topological index in the behavior of its extremal chains, from which we establish
the most extreme cases in the system lead precisely to extremal chains being either linear or zig-
zag; thus retrieving as a consequence most of the characterizations that had been previously made
in the literature and throwing some light to the question of why a certain family of polyominoes
is extremal.

Finally, thanks to the restricted polyomino chain setting, we define the notion of the flip of
a polyomino, with which we solve the problem of finding all non-isomorphic extremal polyomino
chains for any degree-based topological index and give some combinatorial results as well as a
further equivalence that connects the notion of extremal uniqueness with linear and zig-zag chains.
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2.1. Actions

2.1.1. Neighborhoods of Impact and Actions

As we mentioned in Section 1.2.2, most of the encodings used to describe polyomino and general
polyomino chains are based on capturing the graphs geometric structure as a whole. However,
looking at the expression of the topological degree-based index we can see each edge is treated
independently from the others, which gives us a feeling for a local effect:

TIf (G) =
∑

uv∈E(G)

f(du, dv).

As a consequence, it is sufficient to study how the degrees associated to the endpoints of the
edges of the graph change as we add a new square. Fortunately, these affected edges are not many,
as can be appreciated from Figure 2.1 in which we depict the neighborhood around the last square
in which edges might have the degree of their endpoints altered.

Figure 2.1: The neighborhood in which the evaluation of the edges under f could be altered.

Definition 2.1.1. Let PCn be a general polyomino chain with n squares and let v1 and v2 be
its two ending vertices. We define the neighborhood of impact produced by the last square of the
polyomino as the subgraph G of PCn which has as edges all of those in PCn whose endpoints
either connect with v1 or v2 or are one of them. The set of vertices of G is then the collection of
all vertices in PCn which are endpoints to an edge in G.

Also, we consider two neighborhoods of impact distinct iff they are not isomorphic or if the
degrees of their vertices, taken from the respective chains they are subgraphs of, does not coincide
under the isomorphism between them.

Having defined the notion of the neighborhood of impact produced by the last square, we notice
that in general such a subgraph only takes edges out of the last three squares of the polyomino and
vertices out of the last four, which motivates us to study the set of all possible neighborhoods. In
Figure 2.2 we display all four non-isomorphic polyomino chains with four squares and color their
respective neighborhoods of impact, through which we can observe their shape isn’t related to the
direction the last square was placed (as can be seen by comparing the subgraphs of a) and d) which
had their last square placed to the right, or by comparing the subgraphs of b) and c) which had
their last square placed down), but to the notion of how they locally changed direction.
Definition 2.1.2. Let PCn be a general polyomino chain with instruction sequence
(R,R, I3, · · · , In); In ∈ {R,L,D,U}. We say the last square of the chain stayed in the same
direction if In = In−1 and that it changed the direction of the chain otherwise.

Analyzing the structure of the distinct neighborhoods of impact by means of the idea of change
of direction, we can see that in both polyomino chains a) and c) in which the last square stayed
in the same direction, their subgraphs were isomorphic; while in both polyomino chains b) and
d) in which the last square changed the direction, their subgraphs were isomorphic. It is based
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on this observation, we now assign an specific notation based on the notion of change in order to
distinguish the four possible neighborhoods.
Notation 2.1.3. Let S denote a square stayed in the same direction and C that it changed, we
shall refer to S and C as states and write E1E2; E1, E2 ∈ {S,C} to denote a certain square is
at state E2 and the previous square is at state E1, thus giving us a way to describe a transition
between states.

Under this notation we have written in the caption of Figure 2.2 the corresponding transitions
for the last squares in each of the four graphs shown; where for example in b), the transition
corresponding to the last square is SC since it changed direction and the previous square maintained
it.

Figure 2.2: The neighborhoods of impact corresponding to transitions SS, SC, CS and CC res-
pectively.

Now that we have defined notation for the different neighborhoods of impact that
arise when adding a new square, we will proceed to specifically calculate how each
of these distinct additions modify the value of the topological index; with the inten-
tion to later come up with an equality of the form TIf (PCn) = TIf (PCn−1) +
(the alteration caused by a transition produced by adding the last square). Below we show these
modification values for transitions SS, SC,CS and CC.

SS :− f(2, 3)− f(2, 3)− f(2, 2) SC :− f(3, 3)− f(2, 3)− f(2, 2)− f(3, 3)

+ f(3, 3) + f(3, 3) + f(3, 3) + f(3, 4) + f(3, 4) + f(2, 3) + f(3, 4)

+ f(2, 3) + f(2, 3) + f(2, 2) + f(2, 4) + f(2, 3) + f(2, 2)

=3f(3, 3) =3f(3, 4) + f(2, 4) + f(2, 3)− 2f(3, 3)

CS :− f(2, 4)− f(2, 3)− f(2, 2) CC :− f(3, 4)− f(2, 3)− f(2, 3)− f(2, 2)

+ f(3, 4) + f(3, 3) + f(3, 3) + f(4, 4) + f(2, 4) + f(3, 4) + f(2, 3)

+ f(2, 3) + f(2, 3) + f(2, 2) + f(2, 4) + f(2, 3) + f(2, 2)

=f(3, 4)− f(2, 4) + f(2, 3) + 2f(3, 3) =f(4, 4) + 2f(2, 4).

Remark 2.1.4. Even though we stated in general the neighborhoods of impact shown in Figure 2.2
where all of the possible neighborhoods, this is only true if the polyomino chain has more than
three squares. Otherwise, special cases appear due to the fact there isn’t enough space for the
neighborhoods to completely develop as they would were there at least four squares. In Figure
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2.3 we show the only three special cases, which we name special transitions and denote as T, SS∗

and SC∗. Notice in particular T corresponds to the transition of a polyomino having zero squares
passing to one, which is why its notation has only one letter. Also, we do not regard T as being a
state and we consider the first square to have preserved the direction of the chain, that is, being
in state S.

Below we give the respective modifications to the topological index value caused by the special
transitions.

T : 4f(2, 2)

SS∗ :− f(2, 2)− f(2, 2)− f(2, 2) SC∗ :− f(2, 3)− f(3, 3)− f(2, 2)− f(2, 3)

+ f(2, 3) + f(2, 3) + f(3, 3) + f(2, 4) + f(3, 4) + f(2, 3) + f(3, 4)

+ f(2, 3) + f(2, 3) + f(2, 2) + f(2, 4) + f(2, 2) + f(2, 3)

=f(3, 3) + 4f(2, 3)− 2f(2, 2) =2f(2, 4) + 2f(3, 4)− f(3, 3).

Figure 2.3: The special transitions T , SS∗ and SC∗.

Finally, through the use of transitions, we are ready to introduce a new encoding for a given
polyomino chain, where the main focus will now be in how the chain locally changes.
Definition 2.1.5. We will refer to the set {SS, SC,CS,CC} as the set of actions of polyomino
chains and to the the set {T, SS∗, SC∗} as the set of special actions of polyomino chains; where in
particular, we will refer to the elements of any of the two sets as actions and specifically to those
in the set of special actions as special actions.

Let PCn be a polyomino chain with n squares and instruction sequence (R,R, I3, · · · , In);
Ik ∈ {R,D}. We will define the action sequence of the polyomino chain PCn to be a sequence
(a1, a2, a3, · · · , an) where ak is an action and satisfies the following:

a1 = T, a2 = SS∗.

if k = 3 and I3 = D, then a3 = SC∗.

Otherwise:

if Ik−2 = Ik−1 and Ik−1 = Ik; ak = SS

if Ik−2 = Ik−1 and Ik−1 ̸= Ik; ak = SC

if Ik−2 ̸= Ik−1 and Ik−1 = Ik; ak = CS

if Ik−2 ̸= Ik−1 and Ik−1 ̸= Ik; ak = CC.

Also, if (a1, a2, a3, · · · , an) is the action sequence associated to PCn, we can refer to PCn as
PC(a1, a2, a3, · · · , an).
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Remark 2.1.6. For example, the action sequence corresponding to the instruction sequence
(R,R,D,D,D,R,D,D,R,R) is (T, SS∗, SC∗, CS, SS, SC,CC,CS, SC,CS). It is also worth men-
tioning that in terms of actions the linear and zig-zag polyomino chains are expressed as follows:
Lin = PC(T, SS∗, SS, SS, · · · , SS) and Zn = PC(T, SS∗, SC∗, CC,CC, · · · , CC).

2.1.2. Recursive Construction and Connection with Links

Based on the discussion of Section 2.1.1, we can now define a real valued function gf with
domain equal to the set of all actions, such that it assigns them their effect on the TIf function.
As a consequence, we can immediately obtain the following lemma.
Lemma 2.1.7. Let TIf be a degree-based index and let (T, SS∗, a3, · · · , an) be the action sequence
of the polyomino chain PCn. Then

TIf
(
PC(T, SS∗, a3, . . . , an)

)
= TIf

(
PC(T, SS∗, a3, . . . , an−1)

)
+ gf (an),

where

gf (T ) = 4f(2, 2)

gf (SS
∗) = f(3, 3) + 4f(2, 3)− 2f(2, 2) gf (SC

∗) = 2f(2, 4) + 2f(3, 4)− f(3, 3)

gf (SS) = 3f(3, 3) gf (SC) = 3f(3, 4) + f(2, 4) + f(2, 3)− 2f(3, 3)

gf (CS) = f(3, 4)− f(2, 4) + f(2, 3) + 2f(3, 3) g(CC) = f(4, 4) + 2f(2, 4).

Remark 2.1.8. Observe that through the use of Lemma 2.1.7, it is not only possible to easily
compute the value of the degree-based topological index with linear complexity, but it is also
possible to compute it in constant time if the polyomino was described by the amount of each
different action in its action sequence.

TIf
(
PC(T, SS∗, a3, · · · , an−1)

)
=gf (T ) + gf (SS

∗) + gf (a3) + · · ·+ gf (an)

=n1gf (T ) + n2gf (SS
∗) + n3gf (SC

∗) + n4gf (SS)

+ n5gf (SC) + n6gf (CS) + n7gf (CC).

Working a little bit further into the use of Lemma 2.1.7, it is important to notice it makes
explicit mention to a polyomino chain PCn in order to obtain its action sequence. However, due
to the fact we are working with polyomino chains (that is, the restricted case), it is possible to
establish a sense of action sequence, independent of previously having a polyomino chain, such
that action sequences always correspond to actual polymino chains in the same way Lemma 1.2.5
established the same result for sequences of instructions.
Definition 2.1.9. We will say a sequence of the form (a1, a2, a3, · · · , an) is an action sequence
with n squares if ak is an action and the sequence satisfies:

a1 = T, a2 = SS∗ and a3 ∈ {SS, SC∗}

For k ≥ 4, ak ∈ {SS, SC,CS,CC} and if ak = Ek
1E

k
2 , then Ek−1

2 = Ek
1 .

Remark 2.1.10. It is straightforward from Definition 2.1.9 to deduce that an action sequence always
corresponds to the action sequence of a polyomino chain. To do so, it is sufficient to translate the
action sequence into an instruction sequence by performing a reverse process to the one described
in Definition 2.1.5 and apply Lemma 1.2.5. Moreover, by the uniqueness of the translation into
instructions, it follows different action sequences yield different instruction sequences.
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Observing that action sequences of polyomino chains in particular satisfy the conditions of Defi-
nition 2.1.9 and taking into account Remark 2.1.10, we can apply Lemma 2.1.7 to action sequences
in general. We shall then write TIf

(
(a1, a2, a3, · · · , an)

)
in place of TIf

(
PC(a1, a2, a3, · · · , an)

)
,

which is relevant to our study since we will later design the dynamic programming framework
around optimizing over the set of all action sequences, with no reference to polyomino chains.
Definition 2.1.11. Let (a1, a2, a3, · · · , an) be an action sequence with n squares. If
TIf

(
(a1, a2, a3, · · · , an)

)
has maximum value over the set of all possible action sequences with

n squares, we’ll say the action sequence (a1, a2, a3, · · · , an) is extremal.

It is important to highlight at this point, that our current encoding of polyomino chains through
actions, although made with an emphasis on locality, isn’t far away from extensions of other
geometric-based representations, such as encodings using links. As a matter of fact, in [27] we can
find a similar result to Lemma 2.1.7 using pairs of links in order to be able to denote what our
actions retrieved as local changes. Moreover, in this restricted setting, sequences of actions, in the
same way as geometric-based representations, still uniquely determine a polyomino chain, which
means locality in restricted polyomino chains still encompasses the whole geometric information.
However, as we’ll come to realize in Sections 3.1.1 and 3.1.2, the generalization of actions to the
general polyomino chain setting will no longer be equivalent to immediate descriptions using links,
which will be a consequence of sequences of actions representing multiple chains as a result of the
loss of geometric information through local descriptions.

2.1.3. Independence of f

Until this point, the function f through which the topological degree-based index was defined,
has been a key element in our study. Nevertheless, now that we have the function gf , we wonder
how freely we could define its values without the need of explicitly having f . What this means, is
that we want to know if giving arbitrary values to the function gf allows us to recover a function
f which is symmetric. Notice that the importance of such a result is that it would enable us to
interpret the values of gf through the actions to which they correspond and as an immediate
consequence, it would allow us to design counterexamples based on desired behaviors.

So first of all, before examining gf , it is important to notice since we are working with polyomino
chains (even if it were the general case), the degrees of vertices cannot be less than 2 or greater
than 4. Thus, it is only necessary to define f for the pairs of values shown in Figure 2.4, where in
fact only half of them can be freely chosen, since the symmetry of f accounts for the other half of
the values. As a convention, we’ll choose to freely define f(2, 2), f(2, 3), f(2, 4), f(3, 3), f(3, 4) and
f(4, 4).

Figure 2.4: The pairs of values where f must be defined.

Returning to our main question, it is sufficient to show that by defining gf we can retrieve the
necessary values for f . In order to do so, we establish the system (2.1), where we have eliminated the
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row corresponding to action SC∗ since Remark 2.1.12 shows it is linearly dependent of the others,
and where the columns correspond to f(2, 2), f(2, 3), f(2, 4), f(3, 3), f(3, 4) and f(4, 4) respectively.

Remark 2.1.12. We have we can write the effect of action SC∗ in terms of the others, where we
specifically choose to write this action through the others since it can only be used once in an
action sequence.

gf (SC
∗) = gf (SS) + gf (SC)− gf (CS)


0 0 0 3 0 0

∣∣ gf (SS)
0 1 1 −2 3 0

∣∣ gf (SC)
0 1 −1 2 1 0

∣∣ gf (CS)
0 0 2 0 0 1

∣∣ gf (CC)
−2 4 0 1 0 0

∣∣ gf (SS
∗)

4 0 0 0 0 0
∣∣ gf (T )

 (2.1)

Calculating the determinant of (2.1), we obtain it is none-zero, so solving the system yields the
desired values to define f :

f(2, 2) =
gf (T )

4

f(2, 3) =
gf (SS

∗)

4
+

gf (T )

8
− gf (SS)

12

f(2, 4) =
gf (SC)

4
+

5gf (SS)

8
+

gf (SS
∗)

8
+

gf (T )

16
− 3gf (CS)

4

f(3, 3) =
gf (SS)

3

f(3, 4) =
gf (CS)

4
+

gf (SC)

4
+

gf (SS)

24
− gf (SS

∗)

8
− gf (T )

16

f(4, 4) = gf (CC) +
3gf (CS)

2
− gf (SC)

2
− 5gf (SS)

4
− gf (SS

∗)

4
− gf (T )

8
.

2.2. Generating One Extremal Polyomino Chain

2.2.1. Is the Problem Greedy?

Now that we know by means of Remark 2.1.10 that working in the set of all action sequences
is the same as working in the set of all polyomino chains, we wonder if optimizing the value of the
topological degree-based index over the set of all action sequences follows a greedy strategy. That
is, can an extremal action sequence be found by successively choosing the action that provides the
immediate maximum value?

Here, in order to build a counterexample, sustaining ourselves on the results of Section 2.1.3,
we’ll conveniently define gf as follows:

gf (T ) = 0, gf (SS
∗) = 1, gf (SS) = 2, gf (SC) = 3, gf (CS) = 4, gf (CC) = 100

where in particular, as a consequence of Remark 2.1.12, we have gf (SC
∗) = 1. Notice that the

reason we define gf in this way, is to make the decision of an immediate change of direction
(represented by action SC∗) unattractive; while on the other hand making two consecutive changes
of direction the best possible.
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Figure 2.5: The polyomino chain with 3 squares and maximum TIf value.

Calculating, by the use of Lemma 2.1.7, the TIf value for the only two action sequences with
three squares we have TIf (PC(T, SS∗, SS)) > TIf (PC(T, SS∗, SC∗), as shown in Figure 2.5.

Assuming optimization of action sequences followed a greedy strategy, we would have that
an extremal action sequence with four squares must be of the form (T, SS∗, SS, a4). Again, by
calculating the TIf value for the only two possible action sequences with that form, which are
shown in Figure 2.6, we would conclude an action sequence with four squares and maximum TIf
value is (T, SS∗, SS, SC). However, as shown in Figure 2.7, the action sequence (T, SS∗, SC∗, CC)
has a bigger TIf value, which shows optimization over action sequences does not follow a greedy
approach.

Figure 2.6: The polyomino chain with 4 squares and maximum TIf value assuming the first three
squares must correspond to the action sequence (T, SS∗, SS).

Figure 2.7: The actual polyomino chain with 4 squares and maximum TIf value.

Also, even if the greedy approach did, by some peculiarity of the values of gf , find an extremal
action sequence, it would be unable to find any others. Take for example gf as defined above,
with the exception now gf (CC) = 1. Then all of the above reasoning would still apply and the
greedy approach would find the action sequence (T, SS∗, SS, SC), which is in fact an extremal
action sequence. However, the other extremal sequence (T, SS∗, SC∗, CS) would not be taken into
account. In Figure 2.8 we show all polyomino chains with four squares with their respective TIf
values using the new gf .

2.2.2. Dynamic Programming Approach to Build an Extremal Polyo-
mino Chain

In Section 2.2.1 we observed, since optimization did not follow a greedy approach, that extremal
polyomino chains with n squares could be built from a polyomino chain not extremal for n − 1
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Figure 2.8: Multiple extremal polyomino chains.

squares. To overcome that difficulty, what we’ll do in this section is build a maximum from all of
the best routes possible exhaustively searching by using dynamic programming.

Dynamic programming is a classical optimization technique that solves complex problems by
breaking them into overlapping subproblems that exhibit an optimal substructure property [16, 8].
More formally, a dynamic programming approach consists of a set of well-defined problems, a set
of decisions or transitions and a function h; where the intention is to establish the structure of
a directed graph whose vertices correspond to the set of problems and the edges to the set of
decisions, such that solving a problem is equivalent to solving the problems to which it has an edge
and combining their results through h. In Figure 2.9 we illustrate a graph that could correspond
to a dynamic programming framework, where the goal is to solve the problem marked in red.

Figure 2.9: Example of a dynamic programming framework.

Given a degree-based index TIf , we define Mf (n,E) for E = S,C and n ≥ 1 as the maximum
value of this index among all action sequences with n squares ending at state E; that is, an = En

1E
n
2

with En
2 = E. We shall refer to the values Mf (n,E) as problems and to the action sequences that

produce them as maximal action sequences. Motivated by the recursive nature of such indices in
polyomino chains, the following result provides a dynamic programming formulation for computing
Mf (n,E) for all n ≥ 1 and E ∈ {S,C}; where we’ll employ actions as the natural transitions
between problems and Lemma 2.1.7 as the function that combines the solutions of subproblems.

Remark 2.2.1. If there does not exist an action sequence with n squares ending at state E, we will
define Mf (n,E) = −∞, which notice happens only for problems Mf (1, C) and Mf (2, C).

Theorem 2.2.2. Let TIf be a degree-based index. Then for n ≤ 3,

M(1, S) = gf (T ) M(1, C) = −∞
M(2, S) = M(1, S) + gf (SS

∗) M(2, C) = −∞
M(3, S) = M(2, S) + gf (SS) M(3, C) = M(2, S) + gf (SC

∗).

And for n ≥ 4,

M(n, S) = max{M(n− 1, S) + gf (SS),M(n− 1, C) + gf (CS)}
M(n,C) = max{M(n− 1, S) + gf (SC),M(n− 1, C) + gf (CC)}.
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Proof. The expressions for n ≤ 3 are straightforward to check, so we’ll only prove the expression
for problem M(n, S); n ≥ 4. The proof for the expression of M(n,C) is completely analogous.

By definition of Mf (n − 1, S) and Mf (n − 1, C), there exist at least one action sequence
(T, SS∗, · · · , an−1) ending at state S and another (T, SS∗, · · · , bn−1) ending at state C, such that

Mf (n− 1, S) = TIf
(
(T, SS∗, · · · , an−1)

)
Mf (n− 1, C) = TIf

(
(T, SS∗, · · · , bn−1)

)
Hence, by Lemma 2.1.7, we obtain

Mf (n− 1, S) + gf (SS) = TIf
(
(T, SS∗, · · · , an−1, SS)

)
and

Mf (n− 1, C) + gf (CS) = TIf
(
(T, SS∗, · · · , bn−1, CS)

)
.

Therefore, by the definition of Mf (n, S), it follows

max{Mf (n− 1, S) + gf (SS),Mf (n− 1, C) + gf (CS)} ≤Mf (n, S).

Conversely, there exists at least one action sequence (T, SS∗, · · · , an) ending at state S such
that

Mf (n, S) = TIf
(
(T, SS∗, · · · , an)

)
.

Thus, by Lemma 2.1.7,

Mf (n, S) = TIf
(
(T, SS∗, · · · , an−1)

)
+ gf (E

n
1 S)

≤Mf (n− 1, En−1
2 ) + gf (E

n
1 S)

= Mf (n− 1, En
1 ) + gf (E

n
1 S)

≤ max{Mf (n− 1, S) + gf (SS),Mf (n− 1, C) + gf (CS)}.

This concludes the proof.

Now, observe that, due to the linearity of the degree-based indices (see Definition 1.1.1), the
identity TI−f (G) = −TIf (G) holds. This implies that minimizing TIf is equivalent to maximizing
TI−f . Consequently, as a direct application of Theorem 2.2.2, we obtain a method for computing
the minimum value of any degree-based index among all action sequences with n squares and
ending at state E, denoted by mf (n,E), with n ≥ 1 and E ∈ {S,C}.
Corollary 2.2.3. Let TIf be a degree-based index. Then, for n ≥ 1 and E ∈ {S,C}

mf (n,E) = −M−f (n,E).

According to Corollary 2.2.3, we may restrict our attention to the maximization problem.
Moreover, it is important to notice that the method introduced in Theorem 2.2.2 not only allows
us to determine the maximum value of a fixed degree-based index over all action sequences with
n squares and ending at state E, but also provides a constructive way to generate at least one
maximal action sequence for problem Mf (n,E) by using the underlying directed graph implicit in
the dynamic programming framework. This construction can be performed recursively by selecting
each action ak for k ∈ {n, . . . , 4}, according to the following rules:

If we are at problem Mf (k, S) and Mf (k − 1, S) + gf (SS) ≥ Mf (k − 1, C) + gf (CS), then
assign ak = SS and move to problem Mf (k− 1, S). Otherwise, assign ak = CS and move to
problem Mf (k − 1, C).
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If we are at problem Mf (k,C) and Mf (k − 1, C) + gf (CC) ≥ Mf (k − 1, S) + gf (SC), then
assign ak = CC and move to problem Mf (k − 1, C). Otherwise, assign ak = SC and move
to problem Mf (k − 1, S).

Finally, if we are at problem Mf (3, S) assign a1 = T, a2 = SS∗, a3 = SS or a1 = T, a2 = SS∗, a3 =
SC∗ otherwise. Hereafter, we refer to this procedure as the constructive method induced by the
problem Mf (n,E).

As an example, in Figure 2.10 we display a possible graph induced by applying Theorem
2.2.2, where each cell denotes a problem Mf (n,E) and each arrow depicts the subproblem it was
built from in the recursive process. For instance, performing the constructive method for problem
Mf (5, S) we would obtain the action sequence (T, SS∗, SC∗, CC,CS).

Figure 2.10: An example of a graph induced by performing Theorem 2.2.2.

At this point, it is worth emphasizing that our main objective is to determine the maximum
value of a degree–based index among all polyomino chains with a fixed number of squares, say n.
Therefore, the quantity of real interest is

Mf (n) := max{Mf (n, S),Mf (n,C)}.

In any case, the problem reduces to analyzing Mf (n,E), and thus all the previous discussion
remains fully applicable.

Remark 2.2.4. Notice by applying Theorem 2.2.2 and the constructive method we can find a
maximal action sequence with n squares and ending at state S or C in linear time with respect to
n. Consequently, we can also find an extremal action sequence with n squares by taking a maximal
action sequence of either Mf (n, S) or Mf (n,C) depending on which has a higher value.

2.2.3. Cyclic Behavior of Extremal Polyomino Chains

Now, thanks to Theorem 2.2.2 and the constructive method of problems Mf (n,E), we are
capable of not only computing the topological degree-based index for extremal polyomino chains
but also retrieving one such chain. However, because both of these procedures are of a recursive
nature, we face an important problem when trying to characterize the extremal polyomino chains
corresponding to a given index. Since it is not possible to compute Mf (n,E) for all n and all
indices potentially behave differently, in this section we give results concerning the appearance of
cyclic patterns in the construction of problems Mf (n,E).
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The key observation for this process is to notice that for the calculation of the expressions
max{Mf (n − 1, S) + gf (SE),Mf (n − 1, C) + gf (CE)} it is not necessary to recall the values
Mf (n− 1, S) and Mf (n− 1, C) but only their difference. For example,

Mf (n− 1, S) + gf (SE) ≥Mf (n− 1, C) + gf (CE)

⇒Mf (n− 1, S)−Mf (n− 1, C) ≥ gf (CE)− gf (SE).

In other words, if we know the advantage one problem has over the other, it is possible to know
which expression in the max argument is maximum. Based on this, we search for conditions over
advantages in order to establish patterns in the decisions behind the construction of the values of
problems Mf (n,E).
Definition 2.2.5. Let n ≥ 3. If Mf (n, S) ≥ Mf (n,C), we define the advantage of problem
Mf (n, S), denoted by V (n, S) as Mf (n, S) −Mf (n,C) and the advantage of problem Mf (n,C),
denoted by V (n,C) as 0. Similarly, if Mf (n,C) ≥ Mf (n, S), we define V (n, S) = 0 and
V (n,C) = Mf (n,C)−Mf (n, S).

In the case of n = 1, 2 we define as special cases V (1, S) = Mf (1, S), V (1, C) = −∞ and
V (2, S) = Mf (2, S), V (2, C) = −∞.

Also, we’ll denote by x ∈ R the base value of problems Mf (n, S) and Mf (n,C), which is defined
as x = Mf (n, S)− V (n, S) = Mf (n,C)− V (n,C).
Lemma 2.2.6. Let n ≥ 1 and suppose for some 1 ≤ j < n we have V (n, S) = V (j, S) and
V (n,C) = V (j, C). If Mf (j,H1) + gf (b1) ≥ Mf (j,H2) + gf (b2); where either H1 = S,H2 = C
or H1 = C,H2 = S and b1, b2 are actions coming from states H1 and H2 respectively, then
Mf (n,H1) + gf (b1) ≥Mf (n,H2) + gf (b2).

Proof. So suppose Mf (j,H1) + gf (b1) ≥ Mf (j,H2) + gf (b2). Then, because Mf (j,H1) and
Mf (j,H2) are problems for the same number of squares, by the definition of advantage, for x∗ ∈ R
we can write them as:

Mf (j,H1) = x∗ + V (j,H1), Mf (j,H2) = x∗ + V (j,H2).

From this it follows:

Mf (j,H1) + gf (b1) ≥Mf (j,H2) + gf (b2)

⇒Mf (j,H1)−Mf (j,H2) ≥ gf (b2)− gf (b1)

⇒ V (j,H1)− V (j,H2) ≥ gf (b2)− gf (b1)

But then, since by hypothesis we know the advantages for the problems with j squares equal those
of the problems with n squares, we have

V (n,H1)− V (n,H2) ≥ gf (b2)− gf (b1),

and because by the definition of advantage, for x ∈ R we can write

Mf (n,H1) = x+ V (n,H1), Mf (n,H2) = x+ V (n,H2),

we can conclude Mf (n,H1) + gf (b1) ≥Mf (n,H2) + gf (b2).

Lemma 2.2.7. Let n ≥ 1 and suppose for some 1 ≤ j < n, V (n, S) = V (j, S) and
V (n,C) = V (j, C). If problems Mf (n + 1, E) and Mf (j + 1, E) are of the form max{Mf (i −
1, S) + gf (SE),Mf (i − 1, C) + gf (CE)}, where i ∈ {n + 1, j + 1}, E ∈ {S,C} and we have
Mf (j+1, E) = Mf (j,H)+ gf (HE) where H is a state, then Mf (n+1, E) = Mf (n,H)+ gf (HE).
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Proof. Because Mf (j+1, E) = max{Mf (j, S)+gf (SE),Mf (j, C)+gf (CE)} = Mf (j,H)+gf (HE),
it follows Mf (j,H) + gf (HE) ≥Mf (j,H

′) + gf (H
′E) where H ′ is the remaining state. But then,

by Lemma 2.2.6 we have:

Mf (n,H) + gf (HE) ≥Mf (n,H
′) + gf (H

′E),

and since the problem Mf (n+1, E) is of the form max{Mf (n, S)+ gf (SE),Mf (n,C)+ gf (CE)},
this implies Mf (n+ 1, E) = Mf (n,H) + gf (HE).

Remark 2.2.8. It is important to highlight, that in Lemma 2.2.6 we left actions b1 and b2 as general
as possible because we will later apply this lemma in a more bigger context in Section 3.3.2. Also, in
Lemma 2.2.7 we make the now redundant statement that problems Mf (n+1, E) and Mf (j+1, E)
are of the form max{Mf (i− 1, S)+ gf (SE),Mf (i− 1, C)+ gf (CE)}. However, in Section 3.3.2 we
will also apply this lemma in a more general setting, in which problems Mf (n,E) need not be of
that form.

Lemma 2.2.9. Let n ≥ 1 and suppose for some 1 ≤ j < n, V (n, S) = V (j, S) and V (n,C) =
V (j, C). If problems Mf (n+ 1, S), Mf (n+ 1, C), Mf (j + 1, S) and Mf (j + 1, C) are of the form
max{Mf (i− 1, S) + gf (SE),Mf (i− 1, C) + gf (CE)}, where i ∈ {n+ 1, j + 1}, E ∈ {S,C}, then
V (n+ 1, S) = V (j + 1, S) and V (n+ 1, C) = V (j + 1, C).

Proof. Suppose we had

Mf (j + 1, S) = Mf (j,H1) + gf (H1S) and Mf (j + 1, C) = Mf (j,H2) + gf (H2C),

where H1, H2 ∈ {S,C}. Then by the definition of advantage, for x∗ ∈ R we can also write them as:

Mf (j + 1, S) = x∗ + V (j,H1) + gf (H1S),

Mf (j + 1, C) = x∗ + V (j,H2) + gf (H2C).

Now, assuming without loss of generality that Mf (j+1, S) ≥Mf (j+1, C), we have V (j+1, S) =
V (j,H1)− V (j,H2) + gf (H1S)− gf (H2C) and V (j + 1, C) = 0.

On the other hand, by Theorem 2.2.7, it follows

Mf (n+ 1, S) = Mf (n,H1) + gf (H1S) and Mf (n+ 1, C) = Mf (n,H2) + gf (H2C)

and therefore, for x ∈ R we can also write them as:

Mf (n+ 1, S) = x+ V (n,H1) + gf (H1S)

Mf (n+ 1, C) = x+ V (n,H2) + gf (H2C),

which by hypothesis yields

Mf (n+ 1, S) = x+ V (j,H1) + gf (H1S)

Mf (n+ 1, C) = x+ V (j,H2) + gf (H2C).

It would only remain to show Mf (n + 1, S) ≥ Mf (n + 1, C) but this is immediate from the fact
V (j,H1) + gf (H1S) ≥ V (j,H2) + gf (H2C).

Corollary 2.2.10. Let n ≥ 1 and suppose for some 1 ≤ j < n, V (n, S) = V (j, S) and V (n,C) =
V (j, C). If problems Mf (n+ 1, S), Mf (n+ 1, C), Mf (j + 1, S) and Mf (j + 1, C) are of the form
max{Mf (i − 1, S) + gf (SE),Mf (i − 1, C) + gf (CE)}, where i ∈ {n + 1, j + 1}, E ∈ {S,C} and
Mf (j + 1) = Mf (j + 1, E), then Mf (n+ 1) = Mf (n+ 1, E).
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Finally, as a consequence of all the results in this section, we give conditions such that the
computations of problems Mf (n,E) and the actions chosen in the constructive method enter into
a cyclic pattern.
Theorem 2.2.11. Let n ≥ 1 be the first integer such that there exists 1 ≤ j < n where V (n, S) =
V (j, S), V (n,C) = V (j, C) and problems Mf (i, E) with i ≥ j + 1 are of the form max{Mf (i −
1, S) + gf (SE),Mf (i− 1, C) + gf (CE)}; E ∈ {S,C}. For i ≥ n+ 1 let k = j + [i− n mod(n− j)]
if i − n mod(n− j) ̸= 0 and k = n otherwise. If we have Mf (k,E) = Mf (k − 1, H) + gf (HE)
with H ∈ {S,C}, then Mf (i, E) = Mf (i − 1, H) + gf (HE) and V (i, E) = V (k,E). Also, if
Mf (k) = Mf (k,E), then Mf (i) = Mf (i, E).

2.2.4. One Extremal Polyomino Chain of the Augmented Zagreb Index

Provided Theorem 2.2.2, the constructive method introduced in Section 2.2.2 and Theorem
2.2.11, we are now ready to analyze the extremal behavior of degree-based indices when restricted
to polyomino chains. As an application we shall carry out the study on the Augmented Zagreb
Index with the aim of addressing the unresolved problem of finding its maximum extremal chains.

The Augmented Zagreb Index (AZI) is a molecular structure descriptor defined by Furtula,
Graovac, and Vukićević in [2], inspired by the success of the Atom-Bond Connectivity (ABC) index
and which is based on the function

f(x, y) =

(
xy

x+ y − 2

)3

;x, y ∈ {1, 2, . . . }.

Overall, many results have confirmed that the AZI is a highly effective and reliable descriptor
for molecular property prediction, having been shown to outperform the ABC index in predicting
the heats of formation of heptane and octane isomers, and to exhibit the highest reported corre-
lations with the standard heats of formation and boiling points of octane isomers across multiple
studies [14]. Also, comparative analyses with other degree-based topological indices further high-
light the remarkable structural sensitivity and smoothness of the AZI, particularly in the context
of isomeric compounds [12].

However, although several extremal results concerning the AZI have been reported [2], the
specific problem of identifying the polyomino chains with maximal AZI for a fixed number of
squares was posed in [3] and, to the best of our knowledge, remains unresolved.

Before presenting a first result regarding the AZI, we introduce a definition concerning the
description of polyomino chains and notation that will simplify the characterization of the extremal
chains under consideration.
Definition 2.2.12. A square of a polyomino chain is called terminal if it has exactly one adjacent
square and a kink if it has two adjacent squares and contains a vertex of degree 2. A segment is
then defined as a maximal linear chain together with an adjacent kink or terminal square, where
its length is defined as its number of squares and the segment is called external if it has at least
one terminal square and internal otherwise.
Notation 2.2.13. We define a polyomino chain with m ≥ 2 segments as an augmented zigzag of
type 1 if all its segments have length 3; this polyomino chain will be denoted by AZ1

m (see Figure
2.11 a)). Similarly, a polyomino chain with m ≥ 3 segments is called an augmented zigzag of type 2
if all its segments are of length 3, except for exactly one internal segment of length 2; this family
will be denoted by AZ2

m and an specific member is denoted by AZ2
m(i) where i denotes the index

of the segment of length 2 (see Figure 2.11 b)).

For simplicity, throughout this section, we use the notation g, M(n,E), and M(n) instead of
gf , Mf (n,E), and Mf (n), respectively. By carrying out base computations, we obtain g(T ) = 32,
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Figure 2.11: a) The polyomino chain AZ1
4 , b) The polyomino chain AZ2

5 (4).

g(SS∗) ≈ 27.39, g(SC∗) ≈ 32.26, g(SS) ≈ 34.17, g(SC) ≈ 34.69, g(CS) ≈ 36.6, g(CC) ≈ 34.96;
which can serve the reader as a useful reference although the computations for the following proof
need the use of the exact expressions.
Theorem 2.2.14. For n ≥ 5, polyomino chains that maximize the AZI are AZ1

n−1
2

when n is odd

and AZ2
n
2
(n2 − 1) when n is even. Specifically,

M(n) =
4456

125
n− 26763

2000
− 2312

3375
I{n=2k}.

Proof. By Theorem 2.2.2 the values for M(1) and M(2) are clear. On the other hand, for M(3) we
need to compare the values obtained for M(3, S) and M(3, C) which equal g(T )+ g(SS∗)+ g(SS)
and g(T ) + g(SS∗) + g(SC∗) respectively. Through a straightforward algebraic manipulation we
can conclude:

M(3, S) > M(3, C),

and thus M(3) = M(3, S). Here it is important to say, for the following comparisons we will
no longer remember the values of M(3, S) or M(3, C) but only their advantages, which in this
case are V (3, S) = g(SS) + g(SC∗) and V (3, C) = 0, since this will allow us to carry out the
inequalities while only dragging a small representative term solely in terms of g and be able to
spot the conditions in order to enter a cyclic pattern. To illustrate, we now compute M(4) for
which we must first obtain the values for M(4, S) and M(4, C). Observe that

M(3, C) + g(CS) > M(3, S) + g(SS), since g(CS) > V (3, S) + g(SS)

and
M(3, S) + g(SC) > M(3, C) + g(CC), since V (3, S) + g(SC) > g(CC)

From these inequalities, we can determine the values of M(4, S) and M(4, C) and by applying
Remark 2.1.12, it follows that, M(4) = M(4, S) = M(4, C), i.e V (4, S) = V (4, C) = 0.

For n = 5, the inequalities g(SS) < g(CS) and g(SC) < g(CC) imply that

M(5, S) = M(4, C) + g(CS) > M(4, S) + g(SS),

M(5, C) = M(4, C) + g(CC) > M(4, S) + g(SC).

Therefore,
M(5) = M(5, S) = M(4, C) + g(CS),

because g(CS) > g(CC). Moreover, the advantages are given by V (5, S) = g(CS) − g(CC) and
V (5, C) = 0. Now, for n = 6, a similar argument yields:

M(6, S) = M(5, C) + g(CS) > M(5, S) + g(SS),
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M(6, C) = M(5, S) + g(SC) > M(5, C) + g(CC).

Hence,
M(6) = M(6, S) = M(5, C) + g(CS),

and V (6, S) = g(CC)− g(SC), V (6, C) = 0. Next, for n = 7, we observe that:

M(7, S) = M(6, C) + g(CS) > M(6, S) + g(SS), since g(CC) + g(SS) < g(CS) + g(SC),

and
M(7, C) = M(6, S) + g(SC) = M(6, C) + g(CC),

that is, the computation of M(7, C) yields a tie in the max argument. Following the rules given
for the construction method, it then follows M(7, C) = M(6, C) + g(CC). Consequently,

M(7) = M(7, S) = M(6, C) + g(CS),

since g(CS) > g(CC), and V (7, S) = g(CS)− g(CC), V (7, C) = 0. Before proceeding further, we
summarize the key information obtained so far in Figure 2.12 which depicts the underlying graph of
the dynamic programming approach. In it, we have included the values for the advantages V (n, S)
and V (n,C), where notice we did not write function g in the expressions for the advantages in
order to make the table more compact, although every action should be inside a g() expression.
Also, for visual simplicity, we have highlighted in red the cells corresponding to the problem with
the highest index value, that is, the problem corresponding to M(n), even though this could be
retrieved by merely looking at the advantages’ values.

According to the key information summarized in Figure 2.12, it is evident that for n = 7 and
j = 5 we arrive at the conditions for Theorem 2.2.11, which will force problems for n ≥ 8 to
behave the same as those for n = 6 and n = 7. This indicates the onset of a cyclic pattern in the
decision process, with a period of two. Therefore, based on the previous information and applying
the constructive method for problem M(n, S), we conclude the following:

When n is odd, the polyomino chain that maximizes the AZI index is defined by the action
sequence

(T, SS∗, SS, SC,CS︸ ︷︷ ︸
n−3
2 times

)

which corresponds to a polyomino chain composed of n−1
2 segments, each of length 3. In other

words, it is the polyomino chain AZ1
n−1
2

.

On the other hand, when n is even, the polyomino chain that maximizes the AZI index is
defined by the action sequence

(T, SS∗, SS, SC,CS︸ ︷︷ ︸
n−6
2 times

, SC,CC,CS)

which corresponds to a polyomino chain composed of n
2 segments, each of length 3 except for the

penultimate which has length 2. In other words, it is the polyomino chain AZ2
n
2
(n2 − 1).

Finally, the value of M(n) follows directly from Lemma 2.1.7.

Remark 2.2.15. For n ≤ 4, based on Figure 2.12, we have the following are extremal action
sequences:

For n = 1: (T )
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Figure 2.12: The dynamic programming table associated with Theorem 2.2.2 for the maximum
AZI value.

For n = 2: (T, SS∗)

For n = 3: (T, SS∗, SS)

For n = 4: Both (T, SS∗, SS, SS) and (T, SS∗, SS, SC)

2.3. Counting and Generating All Extremal Polyomino
Chains

In Section 2.2.4 we managed to find at least one extremal polyomino chain for every n taking
into account the AZI index. However, are these extremal polyomino chains found by Theorem 2.2.2
and the constructive method all of the extremal polyomino chains for the given index? Taking a
closer look on the constructive method, we can see there exists a potential place where we lose
information and that is when ties occur in the max arguments present in the computation of the
Mf (n,E) values, which can occur as it happened for problem M(7, C) in Theorem 2.2.14. Thus,
it becomes relevant to study what happens in the presence of ties and how do these relate to the
set of maximal polyomino chains. In this section we address this problem and as an application we
fully characterize all extremal polyomino chains for the AZI index.

From this point on, for a fixed integer n ≥ 1 and E ∈ {S,C}, we denote by nt(n,E) the
number of ties that occur during the recursive computation of Mf (n,E). These ties represent
situations where both arguments of the max expression have the save value, resulting in multiple
equally optimal configurations. We define the base cases as: nt(i, E) = 0 for all i ∈ {1, 2, 3} and
E ∈ {S,C}, while for n ≥ 4, nt(n,E) is defined recursively as follows:

a) If only one expression in the max argument of Mf (n,E) is the maximum, then

if the maximum is an expression involving Mf (n− 1, S), nt(n,E) = nt(n− 1, S).
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if the maximum is an expression involving Mf (n− 1, C), nt(n,E) = nt(n− 1, C).

b) Else
nt(n,E) = 1 + nt(n− 1, S) + nt(n− 1, C).

Remark 2.3.1. Notice by the way the values nt(n,E) are defined, we have established a new
dynamic programming framework and along it a new directed graph which we shall call the index
tie graph; where differently as in the graph associated with Theorem 2.2.2, a problem here can
have multiple edges (which happens in the case nt(n,E) = 1 + nt(n− 1, S) + nt(n− 1, C)).

Lemma 2.3.2. Let n ≥ 3, E ∈ {S,C} and (T, SS∗, a3, · · · , an) be a maximal action sequence
corresponding to problem Mf (n,E). Then the following statements hold:

a) For all k ∈ {1, . . . , n}, it follows that

Mf (k,E
k
2 ) = TIf

(
(T, SS∗, a3, · · · , ak)

)
.

b) There exists at least one distinct maximal action sequence (T, SS∗, b3, · · · , bn) for problem
Mf (n,E) if and only if

nt(k + 1, Ek+1
2 ) = 1 + nt(k, S) + nt(k,C),

for some k ∈ {3, . . . , n− 1}.

c) Given k ∈ {3, . . . , n}. The maximum number of consecutive actions, counting backward from
the last one, that are shared by all maximal action sequences of the problem Mf (n,E) is n−k
and these actions are precisely ak+1, . . . , an−1, an if and only if

nt(n,E) = nt(n− 1, En−1
2 ) = · · · = nt(k,E

k
2 ) = 1 + nt(k − 1, S) + nt(k − 1, C).

Proof.

a) The first statement is immediate for the cases k = 1, 2. For k ≥ 3, assume by way of
contradiction that

TIf
(
(T, SS∗, a3, · · · , ak)

)
< Mf (k,E

k
2 ).

By the definition of Mf (k,E
k
2 ), there exists at least an action sequence (T, SS∗, b3, · · · , bk)

such that
Mf (k,E

k
2 ) = TIf

(
(T, SS∗, b3, · · · , bk)

)
.

Then, by Lemma 2.1.7, it follows that

TIf
(
(T, SS∗, a3, · · · , ak, ak+1, · · · , an)

)
< TIf

(
(T, SS∗, a3, · · · , bk, ak+1, · · · , an)

)
,

which contradicts the maximality of the sequence (T, SS∗, a3, · · · , an).

b) Now, let us prove the forward implication of the second statement. Since the two action
sequences are distinct, there must be at least one index at which they differ. Without loss
of generality, assume that k ∈ {3, . . . , n} is the first index (counting from right to left) such
that ak ̸= bk, that is, aj = bj for all j ≥ k + 1. Notice this implies the state from which ak
comes from is different from the one bk comes from, while the states they end at are equal.

Then, by Lemma 2.1.7, it follows that

TIf
(
(T, SS∗, a3, · · · , ak)

)
= TIf

(
(T, SS∗, b3, · · · , bk)

)
.
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Moreover, by the first statement of this lemma and because actions ak and bk end at the
same state,

Mf (k,E
k
2 ) = TIf

(
(T, SS∗, a3, · · · , ak)

)
and

Mf (k,E
k
2 ) = TIf

(
(T, SS∗, b3, · · · , bk)

)
.

Therefore, since we know the states from which ak and bk came from differ, we have:

Mf (k − 1, S) + gf (S,E
k
2 ) = Mf (k − 1, C) + gf (C,E

k
2 ).

which implies nt(k,E
k
2 ) = 1 + nt(k − 1, S) + nt(k − 1, C).

To prove the reverse implication, observe that,

Mf (n,E) = TIf
(
(T, SS∗, a3, · · · , an)

)
.

Then, applying the first statement and Lemma 2.1.7, we obtain

Mf (n,E) = Mf (k + 1, Ek+1
2 ) + gf (ak+2) + · · ·+ gf (an).

By our hypothesis, we then have

Mf (k, S) + gf (SE
k+1
2 ) = Mf (k,C) + gf (CEk+1

2 ),

which leads to the identity,

Mf (n,E) = Mf (k, S) + gf (SE
k+1
2 ) + gf (ak+2) + · · ·+ gf (an)

= Mf (k,C) + gf (CEk+1
2 ) + gf (ak+2) + · · ·+ gf (an).

Now, without loss of generality, assume that the action ak+1 was equal to SEk+1
2 . Then, by

the first statement,
Mf (k, S) = TIf

(
(T, SS∗, a3, · · · , ak)

)
.

Moreover, there exists an action sequence (T, SS∗, b3, · · · , bk) such that

Mf (k,C) = TIf
(
(T, SS∗, b3, · · · , bk)

)
.

Therefore, the action sequences

(T, SS∗, a3, · · · , ak, ak+1, ak+2, · · · an) and (T, SS∗, b3, · · · , bk, CEk+1
2 , ak+2, · · · , an)

are distinct and both attain the value Mf (n,E), as required.

c) To prove the sufficiency direction, assume that all maximal action sequences associated with
Mf (n,E) share the same last n− k actions, denoted by am for m ∈ {k+ 1, . . . , n}, and that
at least two of these action sequences differ at the kth action. Selecting two such sequences
that differ at index k and applying the second part of this lemma, it follows that

nt(k,E
k
2 ) = 1 + nt(k − 1, S) + nt(k − 1, C).

; where notice every maximal action sequence for Mf (n,E) has its kth action ending at state
Ek

2 since they all coincide in the (k + 1)th action.

Now, to prove that nt(m,Em
2 ) = nt(m − 1, Em−1

2 ) for all m ∈ {k + 1, · · · , n}, suppose by
way of contradiction that

nt(m,Em
2 ) = 1 + nt(m− 1, S) + nt(m− 1, C).

31



Extremal Polyomino Chains
2.3 Counting and Generating All Extremal Polyomino Chains

Applying the second part of the lemma, this implies the existence of a maximal action
sequence for Mf (n,E) whose mth action differs from am, contradicting the assumption that
all maximal action sequences share the same last n− k actions.

For the reverse implication of the statement assume that

nt(n,E) = nt(n− 1, En−1
2 ) = · · · = nt(k,E

k
2 ) = 1 + nt(k − 1, S) + nt(k − 1, C)

for some k ∈ {3, . . . , n}.
Let A denote the set of all maximal action sequences associated with Mf (n,E).
Then, every chain in A must share the last n − k actions with the action sequence
(T, SS∗, a3, · · · , ak, ak+1, · · · , an). To verify this, suppose that there exists a sequence in
A that differs from it for the first time (from right to left) at some action of index j, with
j ∈ {k + 1, . . . , n}. Then, by the second part of this lemma, it follows that

nt(j, E
j
2) = 1 + nt(j − 1, S) + nt(j − 1, C),

which contradicts our initial assumption.

Finally, we need to show that there exist at least two action sequences in A that differ at the
kth action. This follows directly from the fact that all sequences in A have their (k + 1)th

action equal, and since

nt(k,E
k
2 ) = 1 + nt(k − 1, S) + nt(k − 1, C),

the second part of this lemma ensures the existence of two action sequences differing at the
kth action.

Thus, both conditions required in the statement are satisfied.

Theorem 2.3.3. Let n ≥ 1 and E ∈ {S,C}. Then nt(n,E) + 1 equals the number of distinct
maximal action sequences, for the problem Mf (n,E), among all action sequences with n squares
and ending at state E.

Proof. The result is immediate for n = 1, 2. For n ≥ 3, we proceed by induction on the number
m ≥ 1 of distinct maximal action sequences.

Base case. Let m = 1, and suppose that nt(n,E) ≥ 1. Then, by the recursive definition of
nt(n,E), there must exist k ∈ {3, . . . , n} such that

nt(n,E) = nt(n− 1, En−1
2 ) = · · · = nt(k,E

k
2 ) = 1 + nt(k − 1, S) + nt(k − 1, C)

where the states {En−1
2 , · · · , Ek

2 } are taken from one of the existing action sequences
((T, SS∗, a3, · · · , ak, · · · , an) corresponding to Mf (n,E).

However, the second statement of Lemma 2.3.2 implies the existence of at least two distinct
maximal action sequences, which contradicts the assumption that m = 1. Therefore, the base case
holds.

Inductive step. Assume the result holds for all m′ < m, with m > 1. By the constructive
proof of the first implication in the second statement of Lemma 2.3.2, each pair of maximal action
sequences is associated with some index k ∈ {3, . . . , n}. Among the m maximal action sequences,
there must exist a pair for which this index attains its largest value, say n∗ ≤ n. As a consequence,
the maximal number of consecutive links, starting from the last one, that are shared by all maximal
action sequences is n− n∗. By the third statement of Lemma 2.3.2 it then follows that nt(n,E) =
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nt(n
∗, En∗

2 ) = 1 + nt(n
∗ − 1, S) + nt(n

∗ − 1, C). On the other hand, we can partition the set of
maximal action sequences into two subsets according to the value of the action at index n∗: one
with an∗ = SEn∗

2 and another with an∗ = CEn∗

2 , having cardinalities m1 and m2, respectively;
m1 +m2 = m and mi ≥ 1 for i = 1, 2.

Now, by the first statement of Lemma 2.3.2, these m1 and m2 maximal sequences can be cut
into maximal action sequences for the subproblems Mf (n

∗−1, S) and Mf (n
∗−1, C), respectively.

Moreover, such sequences have to correspond to all maximal action sequences for these subpro-
blems; otherwise, a distinct maximal sequence in either subset could be extended to produce a new
maximal sequence for Mf (n,E), contradicting the assumption that there are exactly m maximal
action sequences. Thus, by the induction hypothesis, we have

nt(n
∗, S) = m1 − 1 and nt(n

∗, C) = m2 − 1,

which implies
nt(n,E) = nt(n

∗, En∗

2 ) = 1 + (m1 − 1) + (m2 − 1) = m− 1.

This completes the inductive proof.

Based on Theorem 2.3.3 and using the tie graph generated by the dynamic programming fra-
mework over problems nt(n,E), we can now determine all maximal action sequences corresponding
to problem Mf (n,E). In order to do this, we similarly define a construction method for nt(n,E)
by recursively selecting each action ak for k ∈ {n, . . . , 4}, according to the following rules:

If we are at problem nt(k,E) and nt(k,E) = nt(k− 1, S) or nt(k− 1, E) = nt(k− 1, C), then
assign ak = SE and move to problem nt(k − 1, S) or assign ak = CE and move to problem
nt(k − 1, C), respectively.

Otherwise, if nt(k,E) = 1 + nt(k − 1, S) + nt(k − 1, C), we have two options: Either assign
ak = SE and move to problem nt(k − 1, S) or assign ak = CE and move to problem
nt(k − 1, C).

Finally, if we are at problem nt(3, S) assign a1 = T, a2 = SS∗, a3 = SS or a1 = T, a2 = SS∗, a3 =
SC∗ otherwise.

Notice, that by performing every possible assignation in the constructive method associated
to problem nt(n,E), we obtain all maximal action sequences for problem Mf (n,E). Moreover, by
computing all maximal action sequences for problems Mf (n, S) and Mf (n,C), as appropriate, we
can obtain all of the extremal action sequences with n squares. As a special case concerning the
cardinality of the set of all maximal action sequences, we obtain the following corollary.
Corollary 2.3.4. For n ≥ 1 and E ∈ {S,C}. If nt(n,E) = 0, then the maximal action sequence
retrieved by the constructive method of Mf (n,E) is the unique maximal action sequence.

Remark 2.3.5. Thanks to Remark 2.1.10, observe that obtaining the set of all extremal action
sequences corresponds to obtaining the set of all extremal polyomino chains up to isomorphism
(which is something that will be further improved in Section 2.5.1). Also, in regard to the time
complexity of performing the constructive method for nt(n,E), notice this is exponential with
respect to n since the amount of all maximal action sequences corresponding to problem Mf (n,E)
could possibly be the set of all action sequences ending at state E, whose cardinality is 2n−1 and
could happen if for example gf assigned the same value to every action.

Now that we have developed tools to identify all extremal polyomino chains for any given
degree-based index, we proceed to characterize all of the extremal polyomino chains for the AZI.
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Theorem 2.3.6. For n ≥ 5, the polyomino chains that maximize the AZI are AZ1
n−1
2

when n is

odd and the family AZ2
n
2

when n is even. Specifically,

M(n) =
4456

125
n− 26763

2000
− 2312

3375
I{n=2k}.

Proof. Using the calculations done in Theorem 2.2.14, it is immediate to obtain the AZI’s tie
graph shown in Figure 2.13, where in particular, the corresponding cell to problem nt(7, C) has
an edge to both problems nt(6, S) and nt(6, C) because we had previously obtained M(7, C) =
M(6, S)+ g(SC) = M(6, C)+ g(CC). Also, since for n = 7 and j = 5 we arrived at the conditions
of Theorem 2.2.11, the behavior for problems nt(n, S) and nt(n,C) repeats itself in the same way
by experiencing cycles of size two, which notice is justified because all of the results in Section
2.2.3 preserved equalities, meaning ties are preserved throughout cyclic patterns.

Therefore, based on the previous information and applying the constructive method for the
problem nt(n, S), we conclude the following:

When n is odd, by Corollary 2.3.4, the unique polyomino chain that maximizes the AZI index
is defined by the action sequence

(T, SS∗, SS, SC,CS︸ ︷︷ ︸
n−3
2 times

),

which corresponds to a polyomino chain composed of n−1
2 segments, each of length 3. In other

words, it is the polyomino chain AZ1
n−1
2

.

On the other hand, when n is even, we can show by induction that the polyomino chains that
maximize the AZI index are defined by action sequences of the form:

(T, SS∗, SS, SC,CS︸ ︷︷ ︸
m times

, SC,CC,CS, SC,CS︸ ︷︷ ︸
n−6
2 −m times

); 0 ≤ m ≤ n− 6

2
.

For n = 6, it is clear by performing the constructive method explicitly, that the only maximal
action sequence is (T, SS∗, SS, SC,CC,CS).

Now, for n ≥ 8, following the tie graph dynamic, we have:

M(n, S) = M(n− 2, S) + g(SC) + g(CS)

= Mf (n− 3, S) + gf (SC) + gf (CC) + gf (CS).

which by the induction hypothesis implies every maximal action sequence for problem M(n, S) can
be written as

(T, SS∗, SS, SC,CS︸ ︷︷ ︸
m times

, SC,CC,CS, SC,CS︸ ︷︷ ︸
n−8
2 −m times

, SC,CS) with 1 ≤ m ≤ n− 8

2

or
(T, SS∗, SS, SC,CS︸ ︷︷ ︸

n−5
2 times

, SC,CC,CS),

which together complete all cases of the desired form. In terms of segments, these sequences co-
rrespond to polyomino chains with n

2 segments, all of length 3 except for one internal segment of
length 2. In other words, they belong to the family AZ2

n
2
.

Finally, the value of M(n) follows directly from Lemma 2.1.7.
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Figure 2.13: The tie graph for the maximum AZI value.

Remark 2.3.7. Notice, as a direct application of Corollary 2.3.4, the maximum action sequences
for n ≤ 4 remain to be the ones stated in Remark 2.2.15. Furthermore, in this particular case of
the AZI, we can find all maximum non-isomorphic polyomino chains. In order to do this, it is
sufficient to observe that for n ≥ 6 and n even, the polyomino chain given by the action sequence

(T, SS∗, SS, SC,CS︸ ︷︷ ︸
m times

, SC,CC,CS, SC,CS︸ ︷︷ ︸
n−6
2 −m times

)

is isomorphic to the one given by the action sequence

(T, SS∗, SS, SC,CS︸ ︷︷ ︸
n−6
2 −m times

, SC,CC,CS, SC,CS︸ ︷︷ ︸
m times

).

Performing a simple counting argument, we can also conclude that the number of non-isomorphic
polyomino chains for n ≥ 6 and n even is

⌈
n
4 − 1

⌉
.

2.4. Long-Term Behavior of Extremal Polyomino Chains and
their Bang-Bang Dynamic

As could be appreciated from the proofs of Theorems 2.2.14 and 2.3.6, the repetition of decision
scenarios in the dynamic programming framework underlying problems Mf (n,E) was crucial in
order to pinpoint the long-term behavior of the maximal action sequences. Motivated by this
observation, it now becomes relevant to study conditions for gf under which the decisions made to
compute Mf (n,E) follow specific patterns.
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Working on this line of thought, actions SS and CC stand out by the fact they can be repeatedly
chosen, in contrast to actions SC and CS which need an intermediate step in order to be able
to be used once again. In the following lemma we show that due to this property, conditions can
be placed over the actions SS or CC so that they overwhelm the decision process and ultimately
yield a specific pattern for extremal polyomino chains.
Lemma 2.4.1. Let gf (SS) > max

{
gf (SC), gf (CC),

gf (SC)+gf (CS)
2

}
. Then the following state-

ments hold:

a) If for n ≥ 4 Mf (n, S) = Mf (n − 1, S) + gf (SS), then Mf (n + 1, S) = Mf (n, S) + gf (SS)
without ties.

Moreover, for n ≥ 4 Mf (n, S) = Mf (n− 1, S) + gf (SS) without ties.

b) For n ≥ 3 if Mf (n) = Mf (n, S), then Mf (n+1) = Mf (n+1, S) and Mf (n+1) ̸= Mf (n+1, C).

c) If for n ≥ 4 Mf (n) = Mf (n,C), then Mf (n,C) = Mf (n− 1, C) + gf (CC) without ties.

Moreover, for some n∗ ≥ 3 it must be Mf (n) = Mf (n, S).

d) For n ≥ 1 if Mf (n) = Mf (n,E) then nt(n,E) = 0.

Proof.

a) Because Mf (n, S) = Mf (n− 1, S) + gf (SS), we have:

Mf (n− 1, S) + gf (SS) ≥Mf (n− 1, C) + gf (CS)

⇔Mf (n− 1, C)−Mf (n− 1, S) ≤ gf (SS)− gf (CS),

which means the gain produced by using action SS is greater than or equal to the gain
produced by building over problem Mf (n − 1, C). We shall now prove this is also the case
for n, that is:

Mf (n,C)−Mf (n, S) ≤ gf (SS)− gf (CS).

Since Mf (n,C) = max{Mf (n− 1, S)+ gf (SC),Mf (n− 1, C)+ gf (CC)}, we have two cases:

Case 1: Assume Mf (n,C) = Mf (n− 1, S) + gf (SC). In this case it follows

Mf (n,C)−Mf (n, S) = Mf (n− 1, S) + gf (SC)− (Mf (n− 1, S) + gf (SS))

= gf (SC)− gf (SS)

< gf (SS)− gf (CS) because gf (SS) >
gf (SC) + gf (CS)

2

Case 2: Assume Mf (n,C) = Mf (n− 1, C) + gf (CC). In this case it follows

Mf (n,C)−Mf (n, S) = Mf (n− 1, C) + gf (CC)− (Mf (n− 1, S) + gf (SS))

= Mf (n− 1, C)−Mf (n− 1, S) + gf (CC)− gf (SS)

≤ gf (SS)− gf (CS) + gf (CC)− gf (SS)

= gf (CC)− gf (CS)

< gf (SS)− gf (CS)

Therefore, in any case we can conclude Mf (n,C)+gf (CS) < Mf (n, S)+gf (SS), from which
it follows Mf (n+1, S) = Mf (n, S)+gf (SS) and by the strict inequality this happens without
a tie.
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For the second part, notice it is now sufficient to show Mf (4, S) = Mf (3, S)+gf (SS) without
ties. Suppose by way of contradiction this wasn’t the case, then we would have:

Mf (3, S) + gf (SS) ≤Mf (3, C) + gf (CS)

⇔ gf (T ) + gf (SS
∗) + gf (SS) + gf (SS) ≤ gf (T ) + gf (SS

∗) + gf (SC
∗) + gf (CS)

⇔ 2gf (SS) ≤ gf (SC
∗) + gf (CS)

⇔ 2gf (SS) ≤ gf (SS) + gf (SC)− gf (CS) + gf (CS) by Remark 2.1.12
⇔ gf (SS) ≤ gf (SC),

which is a contradiction.

b) Let Mf (n) = Mf (n, S), which means Mf (n, S) ≥Mf (n,C). Then by our main hypothesis it
follows

Mf (n+ 1, S) = max{Mf (n, S) + gf (SS),Mf (n,C) + gf (CS)}
≥Mf (n, S) + gf (SS)

max{Mf (n, S) + gf (SC),Mf (n,C) + gf (CC)}
= Mf (n+ 1, C),

from which we conclude Mf (n+ 1) = Mf (n+ 1, S) and Mf (n+ 1) ̸= Mf (n+ 1, C).

c) Suppose by way of contradiction for some n ≥ 4 it was the case Mf (n − 1, C) + gf (CC) ≤
Mf (n− 1, S) + gf (SC). Then because gf (SS) > gf (SC), we obtain:

Mf (n− 1, C) + gf (CC) ≤Mf (n− 1, S) + gf (SC) < Mf (n− 1, S) + gf (SS),

which implies Mf (n) = Mf (n, S) > Mf (n,C). Thus we reach a contradiction.

For the second part, if for n = 3 we had Mf (n) = Mf (n, S) (which happens iff gf (SS) ≥
gf (SC

∗)) we are done. So suppose Mf (n) ̸= Mf (n, S), that is, Mf (n) is equal only to
Mf (n,C). We have this will remain true while:

Mf (n, S) < Mf (n,C)

⇒gf (T ) + gf (SS
∗) + gf (SS) + (n− 3)gf (SS) < gf (T ) + gf (SS

∗) + gf (SC
∗) + (n− 3)gf (CC)

⇒gf (SS) + (n− 3)gf (SS) < gf (SC
∗) + (n− 3)gf (CC)

⇒n <
gf (SC

∗)− gf (SS)

gf (SS)− gf (CC)
+ 3

Therefore, for n∗ =
⌈
gf (SC∗)−gf (SS)
gf (SS)−gf (CC) + 3

⌉
it follows Mf (n

∗) = Mf (n
∗, S).

d) This is immediate from the fact by part a) of this lemma we have for every n ≥ 4 Mf (n, S) =
Mf (n−1, S)+gf (SS) without ties and by part c), that if Mf (n) = Mf (n,C) then Mf (n,C) =
Mf (n− 1, C) + gf (CC) without ties. Also notice the result is trivial for n ≤ 3.

Notice, that differently as it happened in previous patterns in the dynamic programming fra-
meworks, the pattern established by Lemma 2.4.1 isn’t one concerning the repetition of differences
on the problems Mf (n, S) and Mf (n,C), but one concerning the nature of the states themselves.
What this means, is that Lemma 2.4.1 has established a dynamic over the way we can transition
from being in a state to another. In Figure 2.14 we show the graph representing this dynamic,
from which it can be seen state S has become a recurrent state (that is a state that once entered
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Figure 2.14: The bang-bang dynamic established over states S and C through Lemma 2.4.1.

is never left) while state C has become transitive (that is a state that once left is never entered).
Altogether, this implies that the structure of the dynamic programming pattern follows what is
called in dynamic systems as a bang-bang structure.

In the next theorem, thanks to the given bang-bang structure, we characterize the extremal
polyomino chains for the established dynamic, which is a direct consequence of Lemma 2.4.1.
Theorem 2.4.2. Let TIf be a degree-based topological index such that

gf (SS) > max

{
gf (SC), gf (CC),

gf (SC) + gf (CS)

2

}
.

Then:

a) If gf (SS) > gf (SC
∗), then among all polyomino chains with n ≥ 3 squares, the linear chain

Lin uniquely maximizes TIf .

b) If gf (SS) = gf (SC
∗), then for all n ≥ 4, Lin uniquely maximizes TIf ; and for n = 3, we

have the two possible polyomino chains maximize it.

c) If gf (SS) < gf (SC
∗), define the threshold n∗ :=

⌈
gf (SC∗)−gf (SS)
gf (SS)−gf (CC) + 3

⌉
. Then:

i) For 3 ≤ n < n∗, Zn uniquely maximizes TIf .

ii) For n = n∗, Lin achieves the maximum TIf ; and possibly Zn does as well.

iii) For n > n∗, Lin uniquely maximizes TIf .

Remark 2.4.3. As a concrete example of Theorem 2.4.2, we can define gf as follows:

gf (T ) = 0, gf (SS
∗) = 0, gf (SS) = 4, gf (SC) = 3, gf (CS) = 0, gf (CC) = 3, gf (SC

∗) = 7

from which it is clear gf satisfies the conditions given by the theorem and falls within case c) with
n∗ = 6. In particular, since the function has so simple numeric values, it is easy to compute its tie
graph, see Figure 2.15; where in each cell we write the values for the problems Mf (n,E).

Also, because action CC plays the role of a dual version of action SS, we can similarly give
conditions under which the pattern over the dynamic programming framework has an analogous
behavior.
Lemma 2.4.4. Let gf (CC) > max

{
gf (CS), gf (SS),

gf (SC)+gf (CS)
2

}
. Then the following state-

ments hold:

a) If for n ≥ 4 Mf (n,C) = Mf (n− 1, C) + gf (CC), then Mf (n+ 1, C) = Mf (n,C) + gf (CC)
without ties. Moreover, for n ≥ 4 Mf (n,C) = Mf (n− 1, C) + gf (CC) without ties.

b) For n ≥ 3 if Mf (n) = Mf (n,C), then Mf (n + 1) = Mf (n + 1, C) and Mf (n + 1) ̸=
Mf (n+ 1, S).

c) If for n ≥ 4 Mf (n) = Mf (n, S), then Mf (n, S) = Mf (n − 1, S) + gf (SS) without ties.
Moreover, for some n∗ ≥ 3 it must be Mf (n) = Mf (n,C).
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Figure 2.15: The tie graph for the function gf of Remark 2.4.3.

d) For n ≥ 1 if Mf (n) = Mf (n,E) then nt(n,E) = 0.

Theorem 2.4.5. Let TIf be a degree-based topological index such that

gf (CC) > max

{
gf (CS), gf (SS),

gf (SC) + gf (CS)

2

}
.

Then:

a) If gf (SS) < gf (SC
∗), then among all polyomino chains with n ≥ 3 squares, the linear chain

Zn uniquely maximizes TIf .

b) If gf (SS) = gf (SC
∗), then for all n ≥ 4, Zn uniquely maximizes TIf ; and for n = 3, we

have the two possible polyomino chains maximize it.

c) If gf (SS) > gf (SC
∗), define the threshold n∗ :=

⌈
gf (SS)−gf (SC∗)
gf (CC)−gf (SS) + 3

⌉
. Then:

i) For 3 ≤ n < n∗, Lin uniquely maximizes TIf .

ii) For n = n∗, Zn achieves the maximum TIf ; and possibly Lin does as well.

iii) For n > n∗, Zn uniquely maximizes TIf .

Finally, as a consequence of Theorem 2.4.2 and Theorem 2.4.5, we can retrieve most of the
literature’s results. However, it is important to highlight we are working only over the set of
polyomino chains, while the results compiled in Theorem 1.2.14 were obtained over the set of
general polyomino chains. Even so, in Section 3.4.1 we’ll show for these indices it is sufficient to
work in the restricted polyomino chain setting.
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Corollary 2.4.6. Let PCn denote any polyomino chain with n squares:

Mi(Lin) ≤Mi(PCn) ≤Mi(Zn) GA(Zn) ≤ GA(PCn) ≤ GA(Lin)

H(Zn) ≤H(PCn) ≤ H(Lin) χ(Zn) ≤ χ(PCn) ≤ χ(Lin)

R(Zn) ≤R(PCn) ≤ R(Lin) ABC(PCn) ≤ ABC(Zn)

Moreover, among all polyomino chains with n squares, the linear chain Lin attains the minimum
AZI when n ≥ 6, while the zigzag chain Zn achieves the minimum AZI for n = 3, 4, 5.

2.5. Isomorphic Polyomino Chains and their Extremal Dy-
namics

2.5.1. The Flip of a Polyomino Chain

By now, we have developed tools that allow us to obtain for any degree-based topological
index, either one extremal polyomino chain in linear time or the set of all extremal polyomino
chains in exponential time, in the worst case scenario. However, when we obtain the set of all
extremal polyomino chains, it could still be many of them are isomorphic. Thus, in order to be
able to further refine the set of all extremal polyomino chains obtained through the use of the
constructive method of problems nt(n,E), we must now explore the relationship of isomorphic
polyomino chains, actions and their TIf value.

To begin our exploration, notice that the relationship of isomorphisms between polyomino
chains and the actions that compose their representations is not direct. For example, take the action
sequences (T, SS∗, SC∗, CS, SS, SS) and (T, SS∗, SS, SS, SS, SC), it is clear these sequences do
not share the same amount of every action, nevertheless the polyomino chains they represent are
isomorphic as can be seen from Figure 2.16 in which graphs a) and b) correspond to the first
and second sequence respectively. Moreover, even if we had two action sequences with the same
amount for every action (which immediately implies they have the same TIf value), it could
be the polyomino chains they represent are not isomorphic. As an example take the sequences
(T, SS∗, SS, SS, SC,CS, SS, SC) and (T, SS∗, SS, SS, SS, SC,CS, SC), whose graphs are shown
in Figure 2.17 in a) and b) respectively.

Figure 2.16: Two isomorphic polyomino chains that do not share the same amount of every action.

Continuing our exploration, we now go on to define our key concept in our study of isomorphic
polyomino chains, which is the notion of the flip of an action sequence; where the name flip is
motivated by its involution property displayed at Proposition 2.5.5.
Definition 2.5.1. Let a be an action in the set {SS, SC,CS,CC}. We define its flip action,
denoted by aF , as aF = E2E1; a = E1E2.
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Figure 2.17: Two non-isomorphic polyomino chains that do share the same amount of every action.

Definition 2.5.2. Let (T, SS∗, a3, · · · , an) be an action sequence with n ≥ 1. We define its flip
action sequence as (T, SS∗, b3, · · · , bn) where:

b3 = SS if an ends at state S and b3 = SC∗ if an ends at state C.

For k ≥ 4, bk = aF(n−k+4).

And we denote this sequence (T, SS∗, b3, · · · , bn) by (T, SS∗, a3, · · · , an)F .
Remark 2.5.3. For example, for the action sequence

(T, SS∗, SC∗, CS, SS, SC,CC,CC,CS, SS, SC,CS, SC,CC,CC,CC)

we have its flip action sequence is

(T, SS∗, SC∗, CC,CC,CC,CS, SC,CS, SS, SC,CC,CC,CS, SS, SC)

In Figure 2.18 we show their graphs, which are given by a) and b) respectively.

Figure 2.18: Example of the polyomino chains given by an action sequence and its flip action
sequence.

Proposition 2.5.4. Let (T, SS∗, a3, · · · , an) be an action sequence, then (T, SS∗, a3, · · · , an)F is
also an action sequence.

Proof. Let (T, SS∗, a3, · · · , an) be an action sequence where we will denote the starting and ending
states of one of its actions ak as Ak

1 and Ak
2 respectively, and let (T, SS∗, b3, · · · , bn) be its flip

action sequence where we will denote the starting and ending states of one of its actions bk as Bk
1

and Bk
2 respectively.

We have to show first of all B3
2 = B4

1 . So suppose an ends at state S, then by Definition 2.5.2
it follows b3 = SS and thus B3

2 = S. Also, by Definition 2.5.2 we have B4
1 equals the ending state

of action an−4+4 = an, which implies B3
2 = B4

1 . The case an ends at state C is analogous.
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Now, for 4 ≤ k < n, let’s show Bk
2 = Bk+1

1 . We have since bk = aF(n−k+4), that Bk
2 = An−k+4

1 .
Also, because bk+1 = aF(n−k+3), we can conclude Bk+1

1 = An−k+3
2 = An−k+4

1 = Bk
2 .

Therefore the flip of an action sequence is also an action sequence.

Proposition 2.5.5. Let (T, SS∗, a3, · · · , an) be an action sequence, then (T, SS∗, a3, · · · , an) =(
(T, SS∗, a3, · · · , an)F

)F .

Proof. Let (T, SS∗, a3, · · · , an) be an action sequence, (T, SS∗, c3, · · · , cn) = (T, SS∗, a3, · · · , an)F

and (T, SS∗, b3, · · · , bn) =
(
(T, SS∗, a3, · · · , an)F

)F . We’ll show (T, SS∗, b3, · · · , bn) =
(T, SS∗, a3, · · · , an).

We have cn = aF4 = (E4
1E

4
2)

F = E4
2E

4
1 = E4

2E
3
2 . But then, since b3 ends at the state cn ended,

it follows b3 ends at the same state as a3 and because both come from state S, we have b3 = a3.

Now, for 4 ≤ k ≤ n, we have bk = cF(n−k+4) =
(
aF(n−(n−k+4)+4)

)F
= (aFk )

F =
(
(Ek

1E
k
2 )

F
)F

=

(Ek
2E

k
1 )

F = Ek
1E

k
2 = ak.

Thus (T, SS∗, a3, · · · , an) =
(
(T, SS∗, a3, · · · , an)F

)F .

Because of Proposition 2.5.4 and Remark 2.1.10, it is clear that the flip of an action sequence
represents a polyomino chain. However, it remains unclear whether this polyomino chain is iso-
morphic to the one represented by the original action sequence or even if it has the same TIf value.
In accordance to these questions, we now prove an important result with respect to the possible
isomorphisms of polyomino chains, in which the concept of the flip of an action sequence is central.
Notation 2.5.6. Let PCn be a polyomino chain, we denote by PCn(i, j) the polyomino chain
consisting of the ith up to the jth square of PCn; where i ≤ j and 1 ≤ i, j ≤ n.

Also, we refer as the reverse interpretation of PCn to the instruction sequence of PCn when
its squares are considered in the reverse order of its path.
Theorem 2.5.7. For n ≥ 3 let PC1n and PC2n be polyomino chains with action sequences
(T, SS∗, a3, · · · , an) and (T, SS∗, b3, · · · , bn) respectively. Then PC1n ∼= PC2n, if and only if

(T, SS∗, b3, · · · , bn) = (T, SS∗, a3, · · · , an)

or
(T, SS∗, b3, · · · , bn) = (T, SS∗, a3, · · · , an)F ,

Proof. To proof the sufficiency direction, notice because n ≥ 3, PC1n has two different squares,
namely its first and its last, which have exactly two adjacent vertices with degree 2. Thus if PC1n
is isomorphic to PC2n, then it must be the first square of PC1n is mapped to the first of PC2n
or to its last.

Based on the previous observation we break the proof into cases.

1) Suppose the first square of PC1n is mapped to the first of PC2n. Notice since graph iso-
morphisms preserve adjacency, it follows the kth square of PC1n must be mapped onto the
kth of PC2n, which is straightforward to show by induction using the definition of polyomino
chain (see Definition 1.1.3).

Let’s show (T, SS∗, b3, · · · , bn) = (T, SS∗, a3, · · · , an). We’ll proceed by induction on n.

For n = 2 it is clear their first two actions coincide and that PC1n(1, 2) ∼= PC2n(1, 2).
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Now, assume for 2 ≤ k < n it is true (T, SS∗, b3, · · · , bk) = (T, SS∗, a3, · · · , ak) and that
PC1n(1, k) ∼= PC2n(1, k). Then, for k + 1 suppose by way of contradiction bk+1 ̸= ak+1.
Since the sequences (T, SS∗, b3, · · · , bn) and (T, SS∗, a3, · · · , an) are action sequences, this
means ak+1 and bk+1 must come form the same state but end at a different one.

Assume without loss of generality ak+1 ended at state S and bk+1 ended at state C. It
then follows ak+1 maintained the direction of PC1n(1, k) while bk+1 changed the direction
of PC2n(1, k). As a consequence, the degrees of the vertices of the (k − 1)th square in
PC1n(1, k + 1) remained unchanged while those of the (k − 1)th square in PC2n(1, k + 1)
changed (see Figure 2.19).

Figure 2.19: The possible graphs of the last three squares of the polyomino chains PC1n(1, k + 1)
and PC2n(1, k + 1) in the case ak ends at state S and bk end at state C, respectively.

Moreover, since no square after the (k+1)th can alter the degrees of the (k−1)th squares and
by the induction hypothesis prior to adding the (k+ 1)th square the degrees of the (k− 1)th

squares of PC1n(1, k) and PC2n(1, k) were equal, it follows in PC1n and PC2n the degrees
of the vertices of their (k − 1)th squares do not match. Hence contradicting PC1n ∼= PC2n.
Therefore bk+1 = ak+1 and it is immediate PC1n(1, k + 1) ∼= PC2n(1, k + 1).

We can thus conclude

(T, SS∗, b3, · · · , bn) = (T, SS∗, a3, · · · , an)

2) Suppose the first square of PC1n was mapped to the last of PC2n, which is equivalent to
having the last square of PC1n mapped to the first of PC2n. In this case, thanks again to
the fact isomorphisms preserve adjacency, we can also show by induction the kth square of
PC1n must be mapped to the (n− k + 1)th square of PC2n.

Let’s show for B := (T, SS∗, b3, · · · , bn) and A := (T, SS∗, a3, · · · , an)F , B = A. We’ll proceed
by induction on n.

For n = 2 it is clear the first two actions of B equal those of A and that PC2n(1, 2) ∼=
PC1n(n− 1, n).

Now, for n = 3, if the action an ends at state S, it must be the first square in PC1n(n−2, n)
maintains the direction of the chain when read under the reverse interpretation. Otherwise,
it would imply an = SC which is a contradiction (for a graphic representation see Figure
2.20 a)). Performing then the same argument as in case 1), it has to be b3 also maintains the
direction of PC2n(1, 2). Hence b3 = SS which is precisely the the third action of A.

Similarly, if an ends at state C, we can show b3 = SC∗ (see Figure 2.20 b)) which would be
equal to the third action of A.

In either case we also conclude PC2n(1, 3) ∼= PC1n(n− 2, n).

Now, for 3 ≤ k < n suppose the first k actions of B equal the first k actions of A and
PC2n(1, k) ∼= PC1n(n−k+1, n). We must show bk = aF(n−k+4). We’ll perform the argument
by cases.
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Figure 2.20: The graphs of the PC1n(n − 2, n) depending on whether the first square changes of
maintains the direction of the chain, respectively, when read under the reverse interpretation.

So suppose bk+1 = SC, then because an action for k ≥ 4 completely determines (up to
isomorphism) its impact neighborhood, we have the graph of PC2n(k − 2, k + 1) equals one
of the graphs shown in Figure 2.21.

Figure 2.21: The graphs of the possible neighborhoods when bk+1 = SC.

But then, because by the induction hypothesis PC2n(1, k) ∼= PC1n(n− k + 1, n), it follows
the first three squares of PC1n(n−k+1, n) correspond to one of the graphs shown in Figure
2.22.

Figure 2.22: The possible graphs for the first three squares of PC1(n−k+1, n) under the assumption
bk+1 = SC.

Applying the same argument as in case 1), since action bk+1 changed the direction of
PC2n(1, k), it must be the (n − k)th square of PC1n also changes the direction of
PC1n(n − k + 1, n) when read under the inverse interpretation. Thus the first four squares
of PC1n(n−k, n) correspond to one of the graphs shown in Figure 2.23, where in both cases
we have a(n−k+3) = CS and therefore bk+1 = SC = (CS)F = (a(n−(k+1)+4))

F = aF(n−k+3).

The other cases follow similar arguments and in all of them we conclude B = A.

This finishes the proof of the first implication.

For the reverse implication of the statement, it is clear if (T, SS∗, b3, · · · , bn) =
(T, SS∗, a3, · · · , an), then PC1n ∼= PC2n since they would be the exact same polyomino chain. It
only remains to prove it for the case (T, SS∗, b3, · · · , bn) = (T, SS∗, a3, · · · , an)F .

In order to this, in light of the first implication of the theorem, it is sufficient to show there
exists a polyomino chain PCn such that there is an isomorphism between PC1n and PCn by
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Figure 2.23: Possible graphs for PC1n(n− k, n).

sending the first square of the former to the last of the latter. But notice we can obtain this
polyomino chain PCn by performing rigid transformations on PC1n. In particular, if the instruction
corresponding to the nth square of PC1n is D, we can transform PC1n into a polyomino chain
starting at its nth square by rotating it 90◦ clockwise and then reflecting it horizontally (for a
graphic representation see Figure 2.24 in which this case corresponds to transforming a) onto c)).
Similarly, if the instruction corresponding to the nth square of PC1n is R, we can transform PC1n
into a polyomino chain starting at its nth square by reflecting it vertically and the horizontally (for
a graphic representation see Figure 2.24 in which this case corresponds to transforming b) onto c)).

Figure 2.24: Transforming PC1n into the desired PCn.

It is then clear in either case the desired polyomino chain PCn exists and by case 2) of the first
implication of this theorem, it follows the action sequence of PCn is equal to (T, SS∗, a3, · · · , an)F .
But then, as action sequences represent a unique polyomino chain (Remark 2.1.10), we have
PC2n ∼= PCn

∼= PC1n.

As a direct consequence of Theorem 2.5.7 and the fact topological degree-based indices are in
particular graph invariants (Remark 1.1.2), the following corollary is immediate.
Corollary 2.5.8. Let (T, SS∗, a3, · · · , an) be an action sequence, then

TIf
(
(T, SS∗, a3, · · · , an)F

)
= TIf

(
(T, SS∗, a3, · · · , an)

)
.

2.5.2. How Many Non-Isomorphic Polyomino Chains of n Squares are
there?

Now that we have characterized through Theorem 2.5.7 the isomorphisms between polyomino
chains, a first natural question concerning polyomino chains in general is how many non-isomorphic
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polyomino chains of n squares are there. As a first guess, one would say their amount is 2n−2

2 ,
since there are 2n−2 distinct action sequences with n squares having the first two fixed and for
each of them we have they are isomorphic to their flip action sequence. However, this assumes
(T, SS∗, a3, · · · , an) ̸= (T, SS∗, a3, · · · , an)F , which isn’t the case as Figure 2.25 shows.

Figure 2.25: The polyomino chain corresponding to the action sequence
(T, SS∗, SC∗, CS, SS, SS, SC,CC,CS, SS, SC,CC,CS, SS, SS, SC), which is equal to its
flip.

Definition 2.5.9. Let (T, SS∗, a3, · · · , an) be an action sequence. We’ll say the action sequence
is symmetric if and only if

(T, SS∗, a3, · · · , an) = (T, SS∗, a3, · · · , an)F .

Remark 2.5.10. As important special cases, notice the linear and zig-zag polyomino chains are
symmetric.

Taking into account the possibility of symmetric polyomino chains, it is straightforward to
deduce if Yn is the set of all symmetric polyomino chains with n squares, then the number of
non-isomorphic polyomino chains with n squares will be |Yn|+ 2n−2−|Yn|

2 = |Yn|
2 +2n−3. In the next

theorem we go on and compute |Yn| for every n ≥ 1.

Theorem 2.5.11. For n ≥ 1, |Yn| = 2⌊
n−3
2 ⌋+1.

Proof. The result is easily verified for n ≤ 3. We’ll now divide the proof by cases depending on the
parity of n.

a) Assume n is odd, with n ≥ 5 and let (T, SS∗, a3, · · · , an) be an action sequence.

In this case we have
⌊
n−3
2

⌋
= n−3

2 and by Definition 2.5.9 we have if (T, SS∗, a3, · · · , an) is
to be symmetric, then it must be

a(3+n−3
2 +1), · · · , an = aF

(3+n−3
2 )

, · · · , aF4

It would only remain to impose the last action ended at the same state as the third, but this
is automatically true by the fact our previous condition guarantees the last action ends at
the same state as the one the fourth comes from.
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Thus, since we have two possible choices for the block of the first three actions, na-
mely (T, SS∗, SS) or (T, SS∗, SC∗), and since we can freely chose for each of the actions
a4, · · · , a(3+n−3

2 ) two possible values, it follows there are

2 ∗ 2(3+
n−3
2 )−4+1 = 2

n−1
2 = 2⌊

n−3
2 ⌋+1

symmetric polyomino chains with n squares.

b) Assume n is even, with n ≥ 4 and let (T, SS∗, a3, · · · , an) be an action sequence.

In this case we have
⌊
n−3
2

⌋
= n−4

2 and by Definition 2.5.9 we have if (T, SS∗, a3, · · · , an) is
to be symmetric, then it must be

a(3+n−4
2 +2), · · · , an = aF

(3+n−4
2 )

, · · · , aF4

where a(3+n−4
2 +1) must be equal to either SS or CC depending on the state action a(3+n−4

2 )

ended at.

It would only remain to impose the last action ended at the same state as the third. If n = 4,
we have the action sequence looks as follows (T, SS∗, a3, a(3+n−4

2 +1)) and by the condition
imposed on action a(3+n−4

2 +1), it follows the state the last action ends at is the same the
state the third does. Finally, if n > 4, the excat same argument as in a) yields the desired
result.

Thus, since we have two possible choices for the block of the first three actions, na-
mely (T, SS∗, SS) or (T, SS∗, SC∗), and since we can freely chose for each of the actions
a4, · · · , a(3+n−4

2 ) two possible values, it follows there are

2 ∗ 2(3+
n−4
2 )−4+1 = 2

n−2
2 = 2⌊

n−3
2 ⌋+1

symmetric polyomino chains with n squares.

Corollary 2.5.12. For n ≥ 2 the number of non-isomorphic polyomino chains is

2⌊
n−3
2 ⌋ + 2n−3

2.5.3. Extremal Isomorphic Polyomino Chains

Coming back to the problem of refining the set of all extremal polyomino chains, notice that
by Theorem 2.5.7, we now have the means to find all non-isomorphic extremal polyomino chains
with n squares. To do this, it is sufficient to compare each of the extremal action sequences, found
through the construction method of nt(n,E), with all of the others and eliminate their flip action
sequences (in the case the action sequence was not symmetric). Nevertheless, it is important to
consider that this methodology has a time complexity of N2 × n; where N is the amount of all
extremal action sequences and n the number of squares. Thus, the established procedure leaves
room for the search of a more efficient approach and it remains relevant to further study the
behavior of extremal action sequences and their relation with isomorphisms.

To begin our exploration of the interaction between isomorphisms and extremal action sequen-
ces, notice first of all that if an action sequence is maximal, that is, corresponds to a problem
Mf (n,E), it need not be the case its flip action sequence is also maximal. However, we can place
conditions such that we are able to attribute the flip action sequence the same properties.
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Lemma 2.5.13. If (T, SS∗, a3, · · · , an) is an extremal action sequence, then (T, SS∗, a3, · · · , an)F
is also an extremal action sequence.

Proof. Because (T, SS∗, a3, · · · , an) is an extremal action sequence, it follows its TIf value must
equal that of Mf (n). But then, by Corollary 2.5.8, the TIf value of its flip action sequence must
also be equal to Mf (n).

Corollary 2.5.14. Let Mf (n) = Mf (n, S) = Mf (n,C). If (T, SS∗, a3, · · · , an) is a maximal action
sequence, then (T, SS∗, a3, · · · , an)F is also a maximal action sequence.

Proof. Let (T, SS∗, a3, · · · , an) be a maximal action sequence corresponding to problem Mf (n,E).
Because Mf (n) = Mf (n,E), it follows that the sequence is not only maximal but extremal and
by Lemma 2.5.13 so is (T, SS∗, a3, · · · , an)F which means it must correspond to a maximal action
sequence of Mf (n, S) or Mf (n,C).

Remark 2.5.15. Observe, although Corollary 2.5.14 guarantees the preservation of maximality for
flip action sequences, it does not guarantee maximal action sequences for one problem have their
flip action sequences maximal for the same problem, thus making isomorphisms mix between states.
In the next result we give conditions to avoid this mixture.

Corollary 2.5.16. Let Mf (n) = Mf (n,E) for some E ∈ {S,C} without a tie. If
(T, SS∗, a3, · · · , an) is a maximal action sequence corresponding to problem Mf (n,E), then
(T, SS∗, a3, · · · , an)F is also a maximal action sequence corresponding to problem Mf (n,E).

Proof. Assume without loss of generality that E = S, then the proof is exactly the same as the
one for Corollary 2.5.14 with the exception it now can’t be (T, SS∗, a3, · · · , an)F corresponds to a
maximal action sequence for problem Mf (n,C) since these are not extremal.

Remark 2.5.17. Notice as a direct consequence of Corollary 2.5.16, if E = S, then not only do all
maximal action sequences of problem Mf (n, S) have their flip action sequences also maximal for
the same problem, but they all need to have their first three actions equal to T, SS∗, SS. Moreover,
observe that the flip action sequences of maximal action sequences of problem Mf (n,C) need not
be maximal.

Similarly, if E = C, then all maximal action sequences of problem Mf (n,C) must have their
first three actions equal to T, SS∗, SC∗ and the flip action sequences of maximal action sequences
of problem Mf (n, S) need not be maximal.

We now continue by showing one result connecting isomorphisms and the value of the problem
nt(n,E).
Proposition 2.5.18. If Mf (n) = Mf (n,E) for some E ∈ {S,C} without ties and nt(n,E) = 0,
then the unique extremal action sequence is symmetric.

Proof. By Theorem 2.3.3 we know there exist a unique maximal action sequence for problem
Mf (n,E), which will also be the unique extremal action sequence because Mf (n) = Mf (n,E)
without ties. Moreover, by Corollary 2.5.16 it follows its flip action sequence is also a maximal
action sequence for problem Mf (n,E) and since there only exists one for that problem, it must be
the unique extremal action sequence is symmetric.
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As an example of a surprising application of Proposition 2.5.18, we have the following Corollary
which in particular applies for n = 4 in the proof of Theorem 2.2.14 that dealt with the maximi-
zation of the AZI. The advantage now is we can not only obtain Mf (4, S) = Mf (4, C) without
the use of direct computation but we can do it even without explicit mention of f or g, depending
now only on having the structure given by the tie graph.
Corollary 2.5.19. If for n ≥ 1 nt(n,E) = 0 for both E = S,C and the unique action sequences
for problems Mf (n, S) and Mf (n,C) are not symmetric, then Mf (n, S) = Mf (n,C).

Finally, in the light of Proposition 2.5.18, it is important to point out that the linear and zig-zag
chains are far more special beyond the fact they used actions that could be successively repeated,
which was the reason they emerged as important extremal polyomino chains in Section 2.4. We
now notice part of the reason they emerge so often as extremal is that they are symmetric, which
is something necessary in order to be the unique extremal polyomino chains for a given index and
some fixed number n of squares. Furthermore, in the next theorem we show if a polyomino chain
is to be the unique extremal chain for all values n ∈ {5, · · · , k}, then it must be either the linear
or the zig-zag chain, which makes the dynamic established on Theorem 2.4.2 become even more
special.
Theorem 2.5.20. Let (T, SS∗, a3, · · · , an) be an action sequence such that for every 5 ≤ k ≤ n,
(T, SS∗, a3, · · · , ak) is the unique extremal action sequence. Then

(T, SS∗, a3, · · · , an) = (T, SS∗, SS, SS, · · · , SS)

or
(T, SS∗, a3, · · · , an) = (T, SS∗, SC∗, CC, · · · , CC)

Proof. Let 5 ≤ k ≤ n, because (T, SS∗, a3, a4, · · · ak) is the unique extremal action sequence with k
squares, it follows by Proposition 2.5.18 that the action sequence is symmetric. Then, by definition
we have ak = aF4 . As a consequence, we can conclude the action sequence (T, SS∗, a3, a4, · · · , an)
is of the form

(T, SS∗, a3, a4, a
F
4 , · · · , aF4 )

It is only left to show a4 is equal to SS or CC. But this follows from the fact the sequence in
particular is an action sequence and hence the ending state of a4 must equal the state action a5
comes from, which we know is equal to the state a4 ended. Also notice that the fact the fist three
actions are equal to T, SS∗, SS or T, SS∗, SC∗, in each respective case, is again true because the
sequence is an action sequence.
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Chapter 3

Extremal General Polyomino Chains

Based on the results of our work Extremal degree-based indices of general polyomino chains via
dynamic programming [21], which is already submitted in a peer reviewed journal, in this chapter
we focus on the general problem of finding extremal chains for any degree-based topological index in
the complete setting of general polyomino chains. In order to do so, we will study the generalization
of actions and the generalization of the dynamic programming approach, which were key elements
in the study of extremal chains in the restricted polyomino chain setting. However, in dealing
with general polyomino chains there is an important new complication which comes from the fact
encodings need not be realizable and that general sequences of actions could have many distinct
interpretations, not necessarily representing a unique graph. As a consequence, general sequences
of actions are not by themselves enough to produce extremal chains efficiently.

To overcome the aforementioned difficulty, in this chapter we develop a series of algorithms that
allow us to transform a general sequence of actions into another general sequence of actions which
corresponds to a general polyomino chain and has the same TIf value. With this transformation
process, we then continue to truly generalize the dynamic programming approach from which we
are able to obtain, for any fixed number of squares n, a general polyomino chain that maximizes
or minimizes the given topological index in linear time with respect to n.

Furthermore, by means of the generalized dynamic programming design we prove, similarly as
in the restricted case, that it is possible to obtain all extremal general action sequences in linear
time with respect to their amount and that it is possible to obtain all extremal general polyomino
chains (possibly isomorphic) through an exhaustive search over their interpretations. Also, to make
the problem of interpretations more manageable, we give an important result concerning the in-
terpretations of a special family of general action sequences and as an application we characterize
all maximum general polyomino chains of the generalized Randić index with parameter −1, which
was until now an open problem.

Finally, because of the additional complexity of working with general polyomino chains, we give
sufficient conditions so that the extremal chains of a given degree-based topological index can all
be found by studying action sequences and sufficient conditions so that the use of general action
sequences is necessary.
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3.1. General Polyomino Chains and General Actions

3.1.1. General Actions and the Problem of Realizability

Motivated by the effectiveness of the encoding of polyomino chains through sequences of actions,
we wonder if the encoding can be generalized to general polyomino chains. Taking advantage once
again of the concept of neighborhoods of impact (Definition 2.1.1), we can observe that due to the
use of instructions {R,L,D,U} it is now possible, differently as in the restricted case, that the
subgraph corresponding to the neighborhood of impact produced by the last square takes vertices
out of the last five. Nevertheless, exhaustively checking the neighborhoods of impact produced by
the last squares of all possible general polyomino chains with five squares, it turns out there exists
only one new neighborhood of impact (see Figure 3.1) in addition to those shown in Figure 2.2.

Figure 3.1: The new neighborhood of impact in general polyomino chains.

Notice that in accordance to the notion of change of direction, in this case it is also true that the
new neighborhood of impact, which ends up changing the direction of the chain, is isomorphic to
the neighborhoods of impact of actions SC and CC, which were also transitions based on change.
Thus the new action naturally enters in one of our previous categories based on states. However,
observe that although the new action has E1 = S and E2 = C, it isn’t equal to SC and therefore
we’ll choose to name it TT in reference to the shape similar to a tight turn of its neighborhood.

Below we calculate the modification in the value of the topological index produced by the use
of action TT .

TT :− f(3, 4)− f(3, 3)− f(2, 3)− f(2, 2)

+ f(4, 4) + f(3, 4) + f(4, 3) + f(2, 3)

+ f(2, 4) + f(2, 3) + f(2, 2)

=f(2, 3) + f(2, 4) + f(4, 3) + f(4, 4)− f(3, 3).

Finally, because the neighborhoods of impact for n ≥ 4 are given by actions SS,CS, SC,CC
and TT , and since the neighborhoods of impact for n ≤ 3 remain given by the special actions
T, SS∗ and SC∗, we can generalize the encoding of sequences of actions to general polyomino
chains.
Definition 3.1.1. Let I ∈ {R,L,D,U} be an instruction, we then refer to the instruction with
the same direction as I but different orientation, as I’s inverse instruction and we denote it by I.

R←→ L

D ←→ U

Definition 3.1.2. We will refer to the set {SS, SC,CS,CC, TT} as the set of general actions of
general polyomino chains and to the the set {T, SS∗, SC∗} as the set of special actions of general
polyomino chains; where in particular, we will refer to the elements of any of the two sets as general
actions and specifically to those in the set of special actions as special actions.
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Let PCn be a general polyomino chain with n squares and instruction sequence
(R,R, I3, · · · , In); Ik ∈ {R,L,D,U}. We will define the general action sequence of the general
polyomino chain PCn to be a sequence (a1, a2, a3, · · · , an) where ak is a general action and satis-
fies the following:

a1 = T, a2 = SS∗.

if k = 3 and I3 = D or I3 = U , then a3 = SC∗.

Otherwise:
If n ≥ 4, Ik−2 differs in direction from Ik−3, Ik−1 = Ik−2 and Ik = Ik−3, then ak = TT

Else:

If Ik−2 = Ik−1 and Ik−1 = Ik; ak = SS

if Ik−2 = Ik−1 and Ik−1 differs in direction from Ik; ak = SC

if Ik−2 differs in direction from Ik−1 and Ik−1 = Ik; ak = CS

if Ik−2 differs in direction from Ik−1 and Ik = Ik−2; ak = CC

Also, if (a1, a2, a3, · · · , an) is the general action sequence associated to PCn, we can refer to
PCn as PC(a1, a2, a3, · · · , an).
Remark 3.1.3. Notice that in Definition 3.1.2 the patterns displayed for the translation of blocks of
three consecutive instructions do not cover the 43 possible arrangements. However, since we know
for a fact the sequence of instructions corresponds to a general polyomino chain, some arrangements
of instructions are automatically impossible to find. In particular, if Im, Im+1 and Im+2 are three
consecutive instructions, it is immediate to see it can’t be Im+1 = Im or that Im+1 differs in
direction from Im and Im+2 = Im. Thus Definition 3.1.2 covers all possible cases.

For example, the general action sequence corresponding to the instruction sequence
(R,R,D,D,L,D,L, L, L, L, U, U, U,R,R,D) is:

(T, SS∗, SC∗, CS, TT,CC,CC,CS, SS, SS, SC,CS, SS, SC,CS, TT )

where it is important to emphasize that the instruction sequence corresponded to a general polyo-
mino chain.

Now, in the same way we established a recursive construction for polyomino chains, we can
similarly obtain the generalization of Lemma 2.1.7 for general polyomino chains.
Lemma 3.1.4. Let TIf be a degree-based index and let (T, SS∗, a3, · · · , an) be the general action
sequence of the general polyomino chain PCn. Then

TIf
(
PC(T, SS∗, a3, . . . , an)

)
= TIf

(
PC(T, SS∗, a3, . . . , an−1)

)
+ gf (an) (3.1)

where
gf (TT ) = f(2, 3) + f(2, 4) + f(4, 3) + f(4, 4)− f(3, 3)

gf (T ) = 4f(2, 2) gf (SC
∗) = 2f(2, 4) + 2f(3, 4)− f(3, 3)

gf (SS
∗) = f(3, 3) + 4f(2, 3)− 2f(2, 2) gf (SC) = 3f(3, 4) + f(2, 4) + f(2, 3)− 2f(3, 3)

gf (SS) = 3f(3, 3) gf (CC) = f(4, 4) + 2f(2, 4)

gf (CS) = f(3, 4)− f(2, 4) + f(2, 3) + 2f(3, 3).

Remark 3.1.5. Notice we can write the effect of the general action TT in terms of the others as

gf (TT ) = gf (CS) + gf (CC)− gf (SS).
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Continuing with our generalization, recall in the case of polyomino chains what was important
of Lemma 3.1.4 wasn’t its use over polyomino chains but over action sequences as independent
objects. Thus, we must now define a sense of general action sequence independent of previously
having a general polyomino chain, so that we can then establish a dynamic programming framework
that optimizes the TIf value over the set of all general action sequences.
Definition 3.1.6. We will say a sequence of the form (a1, a2, a3, · · · , an) is a general action
sequence with n squares if ak is a general action and the sequence satisfies:

a1 = T, a2 = SS∗ and a3 ∈ {SS, SC∗}

For k ≥ 4, ak ∈ {SS, SC,CS,CC, TT} and if ak = Ek
1E

k
2 , then Ek−1

2 = Ek
1 .

Also, if ak = TT , then
ak−2 = SC and ak−1 = CS

or
ak−2 = CC and ak−1 = CS.

Remark 3.1.7. Notice in Definition 3.1.6 we ask actions TT must be preceded either by actions SC
and CS or by actions CC and CS because although action TT comes from state S, the sequences
(SS, TT ) and (TT,CS, TT ) cannot occur, either because it would not make sense or because it
would automatically make the sequence not correspond to a general polyomino chain.

Taking into account the limitation present in the use of action TT , discussed in Remark 3.1.7,
we now give an alternative encoding of general actions which will homogenize that every general
action that comes from a certain state, can follow any other that ends in it.
Definition 3.1.8. Let ST ∗, ST and CT represent the triads of actions (SC∗, CS, TT ),
(SC,CS, TT ) and (CC,CS, TT ) respectively; where the states they start and end at are defi-
ned naturally. We will refer to the set {SS, SC,CS,CC, ST,CT} as the set of compressed actions
of general polyomino chains and to the the set {T, SS∗, SC∗, ST ∗} as the set of compressed special
actions of general polyomino chains; where in particular, we will refer to the elements of any of
the two sets as compressed actions.

We will say a sequence of the form (b1, b2, b3, · · · , bm) is a compressed action sequence if bk is
a compressed action and the sequence satisfies:

b1 = T, b2 = SS∗ and b3 ∈ {SS, SC∗, ST ∗}

For k ≥ 4, bk ∈ {SS, SC,CS,CC, ST,CT} and if bk = Ek
1E

k
2 , then Ek−1

2 = Ek
1 .

Also, we say a compressed action sequence has n squares if the general action sequence obtained
by substituting the compressed actions ST ∗, ST and CT for the triads they represent, has n general
actions.
Remark 3.1.9. Observe Lemma 3.1.4 can be also applied to compressed action sequences corres-
ponding to general polyomino chains by simply stating:

gf (ST
∗) = gf (SC

∗) + gf (CS) + gf (TT )

gf (ST ) = gf (SC) + gf (CS) + gf (TT )

gf (CT ) = gf (CC) + gf (CS) + gf (TT ).

It would now only remain to show, in the same way as it happened with action sequences,
that general action sequences correspond to general polyomino chains. But as it turns out, just
as sequences of instructions over the set {R,L,D,U) are not necessarily realizable, so do general
action sequences not necessarily correspond to a general polyomino chain. Moreover, general action
sequences need not necessarily represent a unique sequence of instructions.
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Definition 3.1.10. Let (a1, a2, · · · , an) be a general action sequence and (R,R, I3, · · · , In)
an instruction sequence. If the general action sequence corresponding to (R,R, I3, · · · , In) is
(a1, a2, · · · , an), we will say the instruction sequence is an interpretation of the general action
sequence.

In particular, if for a general action sequence there exists an interpretation which corresponds
to a general polyomino chain, we will say the sequence is realizable. Otherwise, we say the sequence
is non-realizable.

Remark 3.1.11. In contrast to action sequences which had a one to one correspondence with
polyomino chains, there exist general action sequences that are non-realizable, as is the case
of (T, SS∗, SS, SC,CS, SS, SS, SC,CS, TT,CS, SC,CS, SS, SC,CS, TT,CS, SS, SS) and general
action sequences with multiple interpretations corresponding to general polyomino chains, as is
the case of (T, SS∗, SS, SS, SS, SS, SC,CS, SS, SS, SS, SC,CS, SS, SS, SC,CS, SS, SC,CS, TT )
for which we show two interpretations in Figure 3.2.

Figure 3.2: a) the general polyomino chain corresponding to the instruction sequence
(R,R,R,R,R,R,D,D,D,D,D,L, L, L, L, U, U, U,R,R,D). b) the general polyomino chain corres-
ponding to the instruction sequence (R,R,R,R,R,R,D,D,D,D,D,R,R,R,R,D,D,D,R,R,U).

Nevertheless, even though by the existence of non-realizable general action sequences we are not
allowed to say the computation of TIf

(
(a1, a2, · · · , an)

)
equals the value of the topological index,

at least we know if the sequence was realizable it would coincide with the topological index value of
any of the general polyomino chains the sequence represents. Thus, generalizing the computation
of the topological index to general action sequences, we will proceed to generalize the dynamic
programming framework despite the fact sequences could be non-realizable and focus on Section
3.2.1 in transforming a general action sequence into another that is realizable and has the same
TIf value.

3.1.2. Connection of General Actions with Links

Before continuing with our study of finding extremal general polyomino chains, it is worth
noticing that our current encoding through general action sequences, unlike action sequences, is
no longer close to geometric-based representations, such as encodings using links.

In order to make the comparison more explicit, although links have been used in the literature
only for polyomino chains, it is straightforward to generalize them to encode general polyomino
chains.
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Definition 3.1.12. Let PCn be a general polyomino chain and (R,R, I3, · · · , In) its instruction
sequence; Ik ∈ {R,L,D,U}. We define its sequence of links as a sequence of the form

(1, 1, L3, · · · , Ln); Lk ∈ {1, 2, 3}

which satisfies for k ≥ 3:

1. Lk = 1 if Ik = Ik−1.

2. Otherwise, let j = max{ 1 < ℓ < k − 1 : direction of Iℓ ̸= direction of Ik }, whenever this
maximum exists.

If this maximum does not exist, then Lk = 2.
If the maximum exists and the orientation of Ik matches that of Ij , then Lk = 2.
Otherwise, Lk = 3.

Also, if (1, 1, L3, · · · , Ln) is the sequence of links associated to PCn, we can refer to PCn as
PC(1, 1, L3, · · · , Ln).

From Definition 3.1.12 it is clear sequences of links for general polyomino chains, as well as
any other geometric-based representation, can only yield one instruction sequence by performing
the translation process in reverse. On the other hand, general action sequences can now represent
possibly many general chains, which is a result of them capturing only local geometric information
and thus not being able to uniquely determine how each of the pieces glue together.

Moreover, results such as Lemma 3.1.4 are not as immediate to write in terms of links, where
we must now use triads of links (instead of pairs as it happened for Lemma 2.1.7) in order to try
to capture the way the TIf changes. The reason for this is that many structures of links, although
geometrically distinct, locally behave the same.
Lemma 3.1.13. Let TIf be a degree-based index, and let (1, 1, L3, . . . , Ln) be the sequence of links
of a general polyomino chain PCn with n ≥ 4. Then

TIf
(
PC(1, 1, L3, . . . , Ln)

)
= TIf

(
PC(1, 1, L3, . . . , Ln−1)

)
+ gf (Ln−2, Ln−1, Ln),

where
gf (Ln−2, Ln−1, Ln) =

3 f(3, 3), (Ln−2, Ln−1, Ln) = (i, 1, 1),

3f(3, 4) + f(2, 4) + f(2, 3)− 2f(3, 3), (Ln−2, Ln−1, Ln) = (i, 1, 2) or (1, 1, 3),

f(3, 4)− f(2, 4) + f(2, 3) + 2f(3, 3), (Ln−2, Ln−1, Ln) = (i, 2, 1) or (1, 3, 1),

f(4, 4) + 2f(2, 4), (Ln−2, Ln−1, Ln) = (i, 2, 2) or (1, 3, 2),

f(2, 3) + f(2, 4) + f(3, 4) + f(4, 4)− f(3, 3), (Ln−2, Ln−1, Ln) = (2, 1, 3) or (3, 1, 3),

with i ∈ {1, 2, 3}.

Therefore, we can conclude that locally geometric-based encodings of general polyomino chains
present an inherent advantage in studying the value of degree-based indices, which will be further
emphasized by the compact dynamic programming approach achieved in Section 3.2.2.

3.2. Generating One Extremal General Polyomino Chain

3.2.1. Making a General Action Sequence Realizable

Based on Section 3.1.1, optimizing degree-based indices over general polyomino chains could be
achieved by working with general action sequences, as they encapsulate the essential information
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required for computing such indices. However, in order to do so we must first solve the main
challenge of this approach which lies in guaranteeing that we can obtain realizable general action
sequences.

Notation. Let (a1, a2, . . . , aN ) be a sequence of compressed actions. We define the cumulative
number of direction changes up to and including ai by

m0 = 0, mi = mi−1 + I{ai∈{SC,CC,SC∗}} + 2I{ai∈{ST,CT,ST∗}}, i ≥ 1.

Each action ai, where i ≥ 2, consists of two letters; we denote by Fi ∈ {S,C} its first letter and
by Si ∈ {S,C, T} its second letter. These variables will be used in the construction and validation
steps below.

Algorithm 1: Parity correction for tight turns (compressed actions)
Input: Compressed action sequence (a1, . . . , aN )
Output: Modified compressed action sequence (a1, . . . , aN )

1 m← 0
2 for i = 2 to N do
3 if ai ∈ {SC,CC, SC∗} then
4 m← m+ 1

5 if ai ∈ {ST,CT, ST ∗} then
6 m← m+ 2

7 if Si = T and m is odd then
8 j ← max{1, . . . , i− 1 : Sj = C}
9 aj ← FjT ; ai ← FiC

Lemma 3.2.1. Let (a1, . . . , aN ) be a sequence of compressed actions. For every i ∈ {2, . . . , N},
after completing iteration i of Algorithm 1, the following invariants hold:

a) For every 2 ≤ j ≤ i with Sj = T , mj is even.

b) The new sequence is indeed a sequence of compressed actions.

c) The value of TIf and the ending state of aN are unchanged.

Proof. We argue by induction on i.

a) For i = 2, if S2 = T then by definition m2 = 2, hence even. Assume the claim holds up to
i, and consider iteration i + 1. If Si+1 ̸= T or mi+1 is even, Algorithm 1 does nothing and the
inductive hypothesis applies.

Suppose Si+1 = T and mi+1 is odd. Set

ℓ = max{j ∈ {1, . . . , i} : Sj = C},

which exists because by the definition of mi+1, we have that mi must also be odd. By maximality
of ℓ there is no index j ∈ {ℓ+1, . . . , i} with Sj = C.

Algorithm 1 updates aℓ : FℓC 7→ FℓT and ai+1 : Fi+1T 7→ Fi+1C. Since mk changes parity only
when passing a C (increments by +1) and not when passing a T (increments by +2), we have:

Before the update, the parity of mℓ equals that of mi+1, hence mℓ is odd.
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After the update, the only prefix up to ℓ whose number of C-endings changes is ℓ itself,
decreasing by 1; thus mℓ flips to be even.

All other mj with j ≤ ℓ− 1 are unchanged (which are even by the inductive hypothesis when
Sj = T ), and there is no j ∈ {ℓ + 1, . . . , i} with Sj = T ; indeed, if such j existed, the parity of
mj would coincide with that of mℓ (no C between ℓ and j) prior to the update, contradicting the
inductive hypothesis (mj even). Finally, Si+1 becomes C, so there is nothing to check at j = i+1.
Hence, after iteration i+ 1, every mj with Sj = T and 2 ≤ j ≤ i+ 1 is even.

b) Notice first that, since (a1, . . . , aN ) is a sequence of compressed actions, it follows that
a1 = T, a2 = SS∗ and a3 ∈ {SS, SC∗, ST ∗}. Hence, regardless of the modifications performed by
the algorithm, a1 and a2 remain unchanged and if a3 is equal to ST ∗ or SS, it is also never changed.
If a3 = SC∗, it may be changed to ST ∗, so in all cases the first three actions of the new compressed
sequence still satisfy their required conditions. Moreover, since in the compressed notation we
move actions TT together with preceding actions SC,CS or CC,CS, in the new sequence when
uncompressed it holds these precede any action TT . It remains to show that consecutive actions
are still compatible, that is, the state one compressed action ends at equals the state the next
comes from. But for this it is sufficient to prove inductively that when a change is performed, the
action following FlT starts with C and that the one, if it exists, following Fi+1C starts with C;
but this is immediate from the fact before the change the sequence was a sequence of compressed
actions and we had FlC and Fi+1T .

c) By the local recurrence of Equation (3.1), TIf is the sum of local contributions gf (·). Only
positions ℓ and i+ 1 change, so it suffices to verify

gf (FℓC) + gf (Fi+1T ) = gf (FℓT ) + gf (Fi+1C),

which follows from the identity gf (F T ) = gf (F C) + gf (CS) + gf (TT) and additivity in Equation
(3.1). Therefore, the value of TIf is unchanged.

Also, since it can only be compressed actions of the form FiT change to compressed actions
of the form FiC, it follows that no matter the case, the ending state of ai remains unchanged for
every i ∈ {1, · · · , N}. In particular, the ending state of aN remains unchanged.

Before proceeding, note that part a) of Lemma 3.2.1 implicitly guarantees that Algorithm 1 is
well defined. To reach our main goal in this section, which is ensuring realizability, we now need
a bridge from the sequence of compressed actions produced by Algorithm 1 to a corresponding
sequence of instructions. Algorithm 2 provides this translation.

Algorithm 2: General Actions → Instructions
Input: General action sequence (T, SS∗, a3, · · · , an)
Output: Instruction sequence (I1, I2, · · · , In)

1 j ← max{ t ∈ {1, . . . , n} : a1, · · · , at /∈ {SC∗, SC} }
2 for k = 1 to j do Ik ← R
3 if j + 1 < n then
4 Ij+1 ← D

5 for i = j + 2 to n do
6 ℓ← max{ 3 ≤ λ ≤ i− 1 : aλ /∈ {SS,CS} }
7 if ai ∈ {SS,CS} then Ii ← Ii−1

8 else if ai ∈ {SC,CC} then Ii ← Iℓ−1

9 else Ii ← Iℓ−1
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Since the variable mi was central for Algorithm 1, it is natural to introduce its analogue
for general action sequences. Given the general action sequence (a1, a2, · · · , an), define for i ∈
{1, . . . , n}

M0 := 0, Mi := Mi−1 + 1{ai∈{SC,CC,SC∗,TT}}.

Thus Mi counts the number of direction changes up to the ith square.

Because we do not work with an arbitrary general action sequence, it is useful to record the
specific properties that Algorithm 1 enforces on the instructions (I1, I2, · · · , In) produced by Al-
gorithm 2.
Corollary 3.2.2. Let (b1, b2, · · · , bN ) be a compressed action sequence, (a1, a2, · · · , an) be its un-
compressed version after applying Algorithm 1 and (I1, I2, · · · , In) the sequence of instructions
generated by Algorithm 2. Then, for every i ≥ 1:

a) If Mi is even, the ith square is horizontal. Moreover, if ai = TT then Mi and Mi−3 are even.

b) If Mi is odd, the ith square is vertical.

c) (I1, I2, · · · , In) is an interpretation of (a1, a2, · · · , an).

Lemma 3.2.3. Let (a1, a2, · · · , an) be the uncompression of the compressed action sequence pro-
duced by Algorithm 1, and let (I1, . . . , In) be the instruction sequence obtained via Algorithm 2.
Then:

a) For every i ∈ {1, . . . , n} one has Ii ∈ {R,L,D}; in particular, U never occurs.

b) None of the following contiguous patterns appears in (I1, . . . , In): LR, RL, LDR, RDL.

Proof. a) We argue by induction on i. By Algorithm 2, I1 = R ∈ {R,L,D}, so the base case holds.
Assume Ik ∈ {R,L,D} for all k ≤ i and consider Ii+1. There are three possibilities:

1. If ai+1 ∈ {SS,CS, SS∗}, then Ii+1 = Ii ∈ {R,L,D} by the induction hypothesis.

2. If ai+1 ∈ {SC,CC, SC∗}, Algorithm 2 sets Ii+1 = D or Ii+1 = Iℓ−1 where ℓ = max{ 3 ≤
λ ≤ i : aλ /∈ {SS,CS} }. Hence Ii+1 is one of the previously constructed instructions and
belongs to {R,L,D}.

3. If ai+1 = TT , because (a1, a2, · · · , an) is a general action sequence, it follows (ai−1, ai, ai+1)
equals (SC,CS, TT ), (CC,CS, TT ) or (SC∗, CS, TT ), so in every case ℓ = max{ 3 ≤ λ ≤
i : aλ /∈ {SS,CS} } = i − 1 and Algorithm 2 gives Ii+1 = Iℓ−1 = Ii−2. By Corollary 3.2.2
a) applied to i + 1, both Mi+1 and Mi−2 are even; hence the (i − 2)th square is horizontal
and therefore Ii−2 ∈ {R,L}. Since the inverse of a horizontal instruction is again horizontal,
Ii+1 ∈ {R,L}.

In all cases Ii+1 ∈ {R,L,D}, completing the induction and part a).

Before b) we record the following mapping fact, immediate from Algorithm 2, Corollary 3.2.2
and part a) of this lemma: for every i ≥ 1,

Mi even and ai+1 ∈ {SS,CS, SS∗} =⇒ Ii+1 ∈ {R,L},
Mi even and ai+1 ∈ {SC,CC, SC∗} =⇒ Ii+1 = D,

Mi odd and ai+1 ∈ {SS,CS} =⇒ Ii+1 = D,

Mi odd and ai+1 ∈ {SC,CC, TT} =⇒ Ii+1 ∈ {R,L}.

(3.2)
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b) First, the pairs (L,R) and (R,L) cannot occur. Indeed, suppose Ii ∈ {R,L}. Then either
Mi−1 is even with ai ∈ {SS,CS, SS∗}, or Mi−1 is odd with ai ∈ {SC,CC, TT}; in both situations
Mi is even. By Corollary 3.2.2 a), it can’t be ai+1 = TT . If ai+1 ∈ {SS,CS}, Algorithm 2 gives
Ii+1 = Ii; if ai+1 ∈ {SC,CC}, then by Equation (3.2) we have Ii+1 = D. Thus Ii+1 is never the
inverse of Ii, ruling out LR and RL.

Next, the triples (L,D,R) and (R,D,L) cannot occur. Assume Ii ∈ {R,L} and Ii+1 = D. By
Equation (3.2), this forces ai+1 ∈ {SC,CC, SC∗} and hence Mi+1 is odd. If ai+2 ∈ {SS,CS},
Algorithm 2 copies the previous instruction and Ii+2 = D; if ai+2 ∈ {SC,CC}, then the reference
index in Algorithm 2 is ℓ = i + 1, so Ii+2 = Iℓ−1 = Ii. In neither subcase does Ii+2 become the
inverse of Ii, so LDR and RDL are excluded.

We are now ready to prove the main theorem of this section. To this end, we introduce the
following safety zones (see Figure 3.3).

Right-zone(i): This zone consists of all squares that are either above or to the left of the ith

square, as well as any square that is located at least two squares above and to the right of the ith

square. The ith square itself is also included in this zone.

Down-zone(i): This zone consists of all squares that are above the ith square. The ith square
itself is also included in this zone.

Left-zone(i): This zone consists of all squares that are either above or to the right of the ith

square, as well as any square that is located at least two squares above and to the left of the ith

square. The ith square itself is also included in this zone.

i

Right-zone(i)

i

Down-zone(i)

i

Left-zone(i)

Figure 3.3: Graphical representation of the three different safety zones.

Theorem 3.2.4. Let (I1, I2, · · · , In) be the instruction sequence obtained by applying Algorithm
1 followed by Algorithm 2. Then (I1, I2, · · · , In) is realizable and the degree-based index of the
general polyomino chain it represents equals that of the compressed action sequence used to initialize
Algorithm 1.

Proof. We prove its realizability by induction on i ≥ 2. In view of Lemma 1.2.5, it suffices to show
that when the (i+1)th square is appended via Ii+1, the two ending vertices have degree 2. In fact,
we will maintain the invariant that the first i squares lie entirely inside one of the three safety zones
Right-zone(i), Left-zone(i), or Down-zone(i) introduced in Figure 3.3, according to the instruction
Ii provided by Algorithm 2.

Base case i = 2. The two initial squares are horizontal; hence they lie in Right-zone(2) and the
ending vertices of the second square have degree 2.
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Inductive step. Assume the claim holds for some i ≥ 2: the first i squares lie in the safety zone
prescribed by Ii, and the ending vertices of the ith square have degree 2. We prove the statement
for i+ 1. By Lemma 3.2.3 a) , Ii ∈ {D,R,L}, and we split into cases.

Case Ii = D. By the induction hypothesis the first i squares lie at or above the row of the
ith square. Appending the (i + 1)th square below the ith one places it strictly below all previous
squares; hence no previously placed square can meet the two lower (ending) vertices of the new
square, and these vertices have degree 2. Moreover, the first i+ 1 squares lie in Down-zone(i+ 1).

Case Ii = R. By Lemma 3.2.3 b), the pair (L,R) is forbidden; hence Ii−1 ∈ {R,D}. In either
subcase the induction hypothesis localizes the first i squares in the corresponding safety zone.

Subcase Ii−1 = R. All first i squares lie in Right-zone(i): as there are no squares among the
first i located below the ith square or to its right and less than two squares up, it follows that the
ending vertices of the (i + 1)th square must have degree two. Moreover, the first i + 1 squares lie
in Right-zone(i + 1). Otherwise, if there were a square outside this zone, it would contradict the
assumption that the first i squares lie entirely in Right-zone(i).

Subcase Ii−1 = D. Here the first i squares lie in Down-zone(i), and the new square is appended
to the right. Thus, there are no earlier squares strictly to the right of the (i + 1)th square, nor
directly below it. To force one of the two right (ending) vertices to have degree > 2 one would
need an earlier square either immediately above the (i + 1)th square or one unit above and one
unit to the right. But Lemma 3.2.3 b) excludes the short zig-zag patterns (L,D,R) and (R,D,L),
and combining this with the induction hypothesis (location of the first i squares) rules out those
two possibilities. Hence, the ending vertices have degree 2, and again all i+1 squares lie in Right-
zone(i+ 1).

Case Ii = L. This is symmetric to the case Ii = R, using Left-zone and the forbidden patterns
in Lemma 3.2.3 b).

This completes the induction and by Lemma 1.2.5 the instruction sequence is realizable. For
the index identity, Corollary 3.2.2 c) shows that the instruction sequence is an interpretation
corresponding to the compressed action sequence obtained through Algorithm 1, and Lemma 3.2.1
c) shows that Algorithm 1 preserves TIf on compressed actions; chaining both equalities yields
the second claim.

3.2.2. Dynamic Programming Approach to Build an Extremal General
Polyomino Chain

After overcoming the main challenge of optimizing degree-based indices over general polyomino
chains through the use of general actions, this section focuses on the generalization of the dyna-
mic programming framework which we’ll define over the set of compressed action sequences due
to the fact these can break into pieces and built on top of each other without further considerations.

Let TIf be a degree-based index, we define Mf (n,E) for E = S,C and n ≥ 1 as the maximum
value of this index among all compressed action sequences with n squares and ending at state E. We
shall refer to the values Mf (n,E) as problems and to the compressed action sequences that produce
them as maximal compressed action sequences. Based on the recursive nature stemming from
Equation (3.1), the following result provides a dynamic programming formulation for computing
Mf (n,E) for all n ≥ 1 and E ∈ {S,C}.
Remark 3.2.5. If there does not exist a compressed action sequence with n squares ending at state
E, we will define Mf (n,E) = −∞, which notice happens only for problems Mf (1, C) and Mf (2, C).
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Theorem 3.2.6. Let TIf be a degree-based index. Then for n ≤ 5,

M(1, S) = gf (T ) M(1, C) = −∞
M(2, S) = M(1, S) + gf (SS

∗) M(2, C) = −∞
M(3, S) = M(2, S) + gf (SS) M(3, C) = M(2, S) + gf (SC

∗)

Mf (4, S) = max
{
Mf (3, S) + gf (SS),Mf (3, C) + gf (CS)

}
,

Mf (4, C) = max
{
Mf (3, S) + gf (SC),Mf (3, C) + gf (CC)

}
,

Mf (5, S) = max
{
Mf (4, S) + gf (SS),Mf (4, C) + gf (CS)

}
,

Mf (5, C) = max
{
Mf (4, S) + gf (SC),Mf (4, C) + gf (CC),Mf (2, S) + gf (ST

∗)
}
,

And for n ≥ 6,

Mf (n, S) = max
{
Mf (n− 1, S) + gf (SS),Mf (n− 1, C) + gf (CS)

}
,

and

Mf (n,C) = max
{
Mf (n− 1, S) + gf (SC),Mf (n− 1, C) + gf (CC),

Mf (n− 3, S) + gf (ST ),Mf (n− 3, C) + gf (CT )
}
.

Proof. The expressions for n ≤ 5 are straightforward to check exhaustively, so we’ll only prove the
expression for problem Mf (n,C); n ≥ 6. The proof for the expression of Mf (n, S) is completely
analogous.

By definition of Mf (·, ·), there exist compressed action sequences

(a11, . . . , a
1
k1
), (a21, . . . , a

2
k2
), (a31, . . . , a

3
k3
), (a41, . . . , a

4
k4
)

with (n− 1), (n− 1), (n− 3) and (n− 3) squares, respectively, such that

Ek1
2 = S, Mf (n− 1, S) = TIf

(
(a11, . . . , a

1
k1
)
)
,

Ek2
2 = C, Mf (n− 1, C) = TIf

(
(a21, . . . , a

2
k2
)
)
,

Ek3
2 = S, Mf (n− 3, S) = TIf

(
(a31, . . . , a

3
k3
)
)
,

Ek4
2 = C, Mf (n− 3, C) = TIf

(
(a41, . . . , a

4
k4
)
)
.

By Equation (3.1), appending an admissible last compressed action yields

Mf (n− 1, S) + gf (SC) = TIf
(
(a11, . . . , a

1
k1
, SC)

)
,

Mf (n− 1, C) + gf (CC) = TIf
(
(a21, . . . , a

2
k2
, CC)

)
,

Mf (n− 3, S) + gf (ST ) = TIf
(
(a31, . . . , a

3
k3
, ST )

)
,

Mf (n− 3, C) + gf (CT ) = TIf
(
(a41, . . . , a

4
k4
, CT )

)
.

and each of the four right-hand sides corresponds to a compressed action sequence with n squares
and ending at state C. Since Mf (n,C) is the maximum TIf among such sequences, we obtain

Mf (n,C) ≥ max
{
Mf (n− 1, S) + gf (SC), Mf (n− 1, C) + gf (CC),

Mf (n− 3, S) + gf (ST ),Mf (n− 3, C) + gf (CT )
}
.

For the reverse inequality, let (a1, . . . , ak) be a compressed action sequence with n squares,
Ek

2 = C, and Mf (n,C) = TIf ((a1, . . . , ak)). There are two cases.
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Case Sk = C. Then ak ∈ {SC,CC} and by Equation (3.1)

Mf (n,C) = TIf
(
(a1, . . . , ak−1)

)
+gf (ak) ≤ max{Mf (n−1, S)+gf (SC),Mf (n−1, C)+gf (CC)}.

Case Sk = T . Then ak ∈ {ST,CT}, which represents the compression of a three-step block;
hence, the compressed action sequence (a1, . . . , ak−1) has (n− 3) squares. Using Equation (3.1),

Mf (n,C) = TIf
(
(a1, . . . , ak−1)

)
+gf (ak) ≤ max{Mf (n−3, S)+gf (ST ),Mf (n−3, C)+gf (CT )}.

Combining both cases yields the desired upper bound and proves the recurrence for Mf (n,C).

Now observe that, exactly as it happened with action sequences, as a direct application of
Theorem 3.2.6, we obtain a method for computing the minimum value of any degree-based index
among all compressed action sequences with n squares and ending at state E, denoted by mf (n,E),
with n ≥ 1 and E ∈ {S,C}.
Corollary 3.2.7. Let TIf be a degree-based index. Then, for n ≥ 1 and E ∈ {S,C}

mf (n,E) = −M−f (n,E).

Remark 3.2.8. Notice that Corollary 3.2.7 would be valid no matter the representation used to
establish the dynamic programming approach, since it only depends on the fact degree-based
indices are linear.

According to Corollary 3.2.7, we may also restrict our attention in the general polyomino
chain setting to the maximization problem. Moreover, it is important to notice that the method
introduced in Theorem 3.2.6 not only allows us to determine the maximum value of a fixed degree-
based index over all compressed action sequences with n squares and ending at state E, but also
provides a constructive way to generate at least one maximal compressed action sequence for
problem Mf (n,E) by using the underlying directed graph implicit in the dynamic programming
framework. This construction can be performed recursively by selecting a compressed action a,
according to the following hierarchy:

ST,CT, ST ∗, SS,CS,CC, SC, SS∗

where this means if for example we are at some problem Mf (n,E) and both expressions Mf (n−
j1, H1) + gf (b1) and Mf (n− j2, H2) + gf (b2) with H1, H2 ∈ {S,C}, b1, b2 compressed actions and
j1, j2 dependent of b1, b2, in its max argument are equal to Mf (n,E), then we assign a = b1 if and
only if b1 is to the left of b2 in our hierarchy and we move to problem Mf (n− j1, H1).

Finally, if we are at problem Mf (1, S) we take a = T . Joining all compressed actions a for
each step we obtain a maximal compressed action sequence corresponding to problem Mf (n,E).
Hereafter, we refer to this procedure as the constructive method induced by the problem Mf (n,E);
where it shall be always clear whether we refer to the dynamic programming using only actions or
compressed actions.

As an example, in Figure 3.4 we display a possible graph induced by applying Theo-
rem 3.2.6, where each cell denotes a problem Mf (n,E) and each arrow depicts the sub-
problem it was built from in the recursive process. For instance, performing the constructi-
ve method for problem Mf (11, S) we would obtain the maximal compressed action sequence
(T, SS∗, SS, ST,CC,CT,CS). However, it is important to highlight maximal compressed action
sequences need not be realizable, as is the case in this example. By applying Algorithm 1 to
the given maximal compressed action sequence we obtain the new compressed action sequence
(T, SS∗, SS, ST,CT,CC,CS) which we are guaranteed by Theorem 3.2.4 is realizable (which we
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Figure 3.4: An example of a graph induced by performing Theorem 3.2.6.

can concretely verify by obtaining its associated instruction sequence through Algorithm 2) and in
this case also corresponds to problem Mf (11, S) since we are guaranteed it preserves the TIf and
ending state.

At this point, it is worth emphasizing that our main objective is to determine the maximum
value of a degree–based index among all general polyomino chains with a fixed number of squares,
say n. But since any general polyomino chain can be encoded by a compressed action sequence
and we can always find maximal compressed action sequences which are realizable, it follows that
the quantity of real interest is

Mf (n) := max{Mf (n, S),Mf (n,C)}

In any case, the problem reduces to analyzing Mf (n,E) and applying , and thus all the previous
discussion remains fully applicable.

Remark 3.2.9. Analyzing the computational cost of our proposed method, notice by applying
Theorem 3.2.6 and the constructive method, we can find a maximal compressed action sequence
with n squares and ending at state S or C in linear time with respect to n. Consequently, we can
also find an extremal compressed action sequence with n squares by taking the maximal compressed
action sequence of either Mf (n, S) or Mf (n,C) depending on which has a higher value. Finally,
the extremal compressed action sequence can be turned into a general polyomino chain having the
same TIf value by applying Algorithms 1 and 2, which run in linear time with respect to n.

Thus, altogether, our method finds an extremal general polyomino chain in linear time with
respect to n.
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3.3. Counting and Generating All Extremal General Polyo-
mino Chains

3.3.1. Counting and Generating All Extremal General Action Sequences

Continuing with our generalization, we will now proceed to generalize the concept of number
of ties to the new dynamic programming approach by compressed action sequences.

For a fixed integer n ≥ 1 and E ∈ {S,C}, we denote by nt(n,E) the number of ties that occur
during the recursive computation of Mf (n,E); where these ties represent situations where more
than one argument of the max expression have the save value, resulting in multiple equally optimal
configurations. We define the base cases as: nt(i, E) = 0 for all i ∈ {1, 2, 3} and E ∈ {S,C}, while
for n ≥ 4, nt(n,E) is defined recursively as follows:

a) If only one expression in the max argument of Mf (n,E) is the maximum, say Mf (n−j, E∗)+
gf (b) with E∗ ∈ {S,C}, b a compressed action and j dependent of b, we define nt(n,E) as

nt(n,E) = nt(n− j, E∗)

b) Else let W be equal to the sum of all values nt(n− j, E∗) such that the expression Mf (n−
j, E∗) + gf (b) is part of the max argument of Mf (n,E) and is equal to the maximum. We
then define nt(n,E) as

nt(n,E) = 1 +W

Remark 3.3.1. Notice by the way the values nt(n,E) are defined, we have established a new
dynamic programming framework and along it a new directed graph which we shall call the index
tie graph; where it shall always be clear whether we are using only actions or compressed actions.
Furthermore, notice that differently as in the case of actions, here a problem can have up to four
edges.

As it turns out, the proofs of the generalizations of Lemma 2.3.2 and Theorem 2.3.3 on compres-
sed action sequences are completely analogous since they did not depend on the actual actions used
but on their additivity through Lemma 2.1.7 and the maximality of problems Mf (n,E). However,
one must be more careful in dealing with indices, since compressed action sequences differently
from action sequences, do not coincide in indexation with their number of squares. Also, the proof
complicates in notation because of the many ways problem nt(n,E) can break down. Thus, for
completeness, we at least give the generalized statements, where if (T, SS∗, a3, · · · , aN ) is a com-
pressed action sequence with n squares, we denote by nK the number of squares of its subsequence
up to the compressed action aK (in particular we write n instead of nN ).
Lemma 3.3.2. Let n ≥ 3, E ∈ {S,C} and (T, SS∗, a3, · · · , aN ) be a maximal compressed action
sequence corresponding to problem Mf (n,E). Then the following statements hold:

a) For all K ∈ {1, . . . , N}, it follows

Mf (nK , EK
2 ) = TIf

(
(T, SS∗, a3, · · · , aK)

)
.

b) There exists at least one distinct maximal compressed action sequence (T, SS∗, b3, · · · , bL)
for problem Mf (n,E) if and only if

nt(n(K+1), E
K+1
2 ) ̸= nt(nK , EK

2 ),

for some K ∈ {3, . . . , N − 1}.
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c) Given K ∈ {3, . . . , N}. The maximum number of consecutive compressed actions, counting
backward from the last one, that are shared by all maximal compressed action sequences of the
problem Mf (n,E) is n −K and these compressed actions are precisely aK+1, · · · , aN−1, aN
if and only if

nt(n,E) = nt(n(N−1), E
N−1
2 ) = · · · = nt(nK , EK

2 ) ̸= nt(n(K−1), E
K−1
2 ).

Theorem 3.3.3. Let n ≥ 1 and E ∈ {S,C}. Then nt(n,E) + 1 equals the number of distinct
maximal compressed action sequences for the problem Mf (n,E), among all compressed action
sequences with n squares and ending at state E.

Based on Theorem 3.3.3 and using the tie graph generated by the dynamic programming
framework over problems nt(n,E), we can now determine all maximal compressed action sequences
corresponding to problem Mf (n,E). In order to do this, we similarly define a construction method
for nt(n,E) by recursively selecting a compressed action a, according to the following rules:

If we are at problem nt(k,E) with n ≥ 3, and it satisfies case a) of its definition, then we
take a = b and move to problem nt(n− j, E∗).

Otherwise, if nt(k,E) with n ≥ 3, satisfies case b) of its definition, we can take a equal
to any action b, used in an expression Mf (n − j, E∗) + gf (b) for W , and move to problem
nt(n− j, E∗).

Finally, if we are at problems nt(2, S), nt(3, S) or nt(3, C) we can take the compressed action
sequences of their unique maximal sequences.

Notice, that by performing every possible assignment in the constructive method associated
to problem nt(n,E), we obtain all maximal compressed action sequences for problem Mf (n,E).
Moreover, by computing all maximal compressed action sequences for problems Mf (n, S) and
Mf (n,C), as appropriate, we can obtain all of the extremal compressed action sequences with n
squares.

Remark 3.3.4. For the same reasons stated in Remark 2.3.5, the time complexity of obtaining all
maximal compressed action sequences of problem Mf (n,E) is linear with respect to their amount,
but possibly exponential with respect to n. However, in contrast to Remark 2.3.5, although we
are able to generate all extremal compressed action sequences, we cannot guarantee that all such
sequences are realizable and thus we could be possibly retrieving a lot of irrelevant information.
Consequently, the combination of Algorithms 1 and 2 remains the only efficient approach for
directly constructing at least an extremal general polyomino chain.

Furthermore, observe that applying Algorithm 1 to the entire collection of extremal compressed
action sequences would indeed transform them into realizable but this process would only retain a
subset of all realizable extremal compressed action sequences.

Helping with the problem of retrieving non-realizable extremal compressed action sequences,
we now give the generalization of Corollary 2.3.4, which in this case provides criteria to guarantee
we can obtain all extremal general polyomino chains efficiently.
Corollary 3.3.5. If for n ≥ 1, nt(n,E) = 0 for some E ∈ {S,C}, then the sequence retrieved by
the constructive method of Mf (n,E) is the unique maximal compressed action sequence for problem
Mf (n,E) and is realizable. Moreover, if there exists a unique extremal compressed action sequence,
then it is realizable.

Proof. Suppose for n ≥ 1, nt(n,E) = 0 for some E ∈ {S,C} and that (a1, a2, · · · , aN ) was a maxi-
mal compressed action sequence corresponding to problem Mf (n,E). Then, because nt(n,E) = 0,
by Theorem 3.3.3 it follows (a1, a2, · · · , aN ) is the unique maximal sequence for that problem.
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But, since applying Algorithm 1 to the sequence yields a maximal compressed action sequence
corresponding to problem Mf (n,E) which is realizable, it must be (a1, a2, · · · , aN ) is realizable.

The second part follows from the exact same argument.

To address the problem raised in Remark 3.3.4, it is necessary to identify criteria and algorithms
capable of distinguishing realizable compressed action sequences. To this end, Algorithm 3 describes
how to generate, from a given general action sequence, all corresponding interpretations; where the
translation between general actions and instructions is established by performing the reverse process
to the one introduced in Definition 3.1.2. Then, by combining Algorithm 3 with a subsequent
analysis of each resulting instruction sequence, carried out by applying Lemma 1.2.5, we obtain
a systematic procedure to determine whether a given general action sequence is realizable (which
observe is sustained on Proposition 1.2.7). We refer to this procedure as the exhaustive analysis of
the general action sequence.

Algorithm 3: A general action sequence → all of its interpretations
Input: General action sequence (a1, . . . , an)
Output: Instruction sequence (I1, . . . , In)

1 I1 = R; flag ← 0;
2 for i = 2 to n do
3 if ai ∈ {SS,CS, SS∗} then Ii ← Ii−1

4 else if ai = CC then Ii ← Ii−2

5 else if ai = TT then Ii ← Ii−3

6 else if flag = 0 and ai ∈ {SC, SC∗} then Ii ← D and flag ← 1
7 else if ai = SC and ai−2 ∈ {SC,CC, TT} then Ii ← Ii−3

8 else Ii ∈ {R,L,D,U} \ {Ii−1, Ii−1}

Remark 3.3.6. Observe that in Algorithm 3, the generation of multiple instructions can occur
only through general actions of type SC. This is because SC is the unique action which appears
in more than one scenario involving Ik−1 and Ik, to which we asked in Definition 3.1.2 only to
differ in direction. Consequently, in a general action sequence (a1 . . . , an), the occurrences of SC
are precisely the positions at which one may possibly choose between two distinct corresponding
instructions. We therefore refer to the SC general actions as the pivots of the general action
sequence.

Also, in Algorithm 3 we decide to fix the instruction corresponding to the first pivot found
in the sequence because the graphs given by the sequences (R,R, · · · , R,D) and (R,R, · · · , R, U)
are isomorphic. And we fix as well the instruction corresponding to every pivot with ai−2 ∈
{SC,CC, TT} because choosing it to be equal to Ii−3 would turn it into a TT general action,
which does not correspond to the effect it should have on the TIf .

Now, with Algorithm 3, it is possible not only to obtain all extremal compressed action sequences
but also all extremal general polyomino chains, for which we obtain their instruction sequences
as a byproduct of the algorithm. Analyzing the computational complexity of this procedure, in
light of Remark 3.3.6, it is straightforward to determine that the complexity of Algorithm 3 is
O(2number of pivots). Moreover, since the number of pivots in a given general action sequence can
be typically comparable to n/2 (because each use of an action SC needs at least an intermediate
action different from SC), it follows that the exhaustive analysis of a general action sequence has
exponential time complexity in n/2. Consequently, the complexity of finding all extremal general
polyomino chains, which needs the application of Lemma 1.2.5 to every obtained interpretation, is
O(2n/2Nn); N is the number of extremal general action sequences.
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However, because of this possible branching of a general action sequence into an exponential
amount of corresponding instruction sequences that will most likely be in their majority non-
realizable or isomorphic, it still remains as an open problem to develop an efficient algorithm, or to
identify purely necessary or sufficient conditions that enable the discrimination of realizable general
action sequences and their set of realizable interpretations (preferentially avoiding isomorphisms).
Working in this direction, we provide a lemma that for certain patterns will stop the branching
and which will play a crucial role in the characterization of all extremal general polyomino chains
of R−1.
Lemma 3.3.7. Let (a1, · · · , an) be a general action sequence and ℓ the index of the sequence’s
second pivot. Suppose ai with i ≥ ℓ is a pivot and (I1, · · · , Ii−1) is a sequence of instructions
obtained by applying Algorithm 3 up to action ai−1, then

a) If ai−2 ∈ {SC,CC, TT}, then the instruction assigned to the pivot ai is fixed and equals Ii−3.

b) If i − 7 > 1, Ii−7 = Ii−6, ai−5 = SC, ai−4 = CS, ai−3 = TT, ai−2 = CS and ai−1 =
SS, then the instruction assigned to the pivot ai is fixed and equals Ii−5, provided that
(Ii−8, Ii−7, Ii−6, Ii−5, Ii−4, Ii−3, Ii−2, Ii−1, Ii) is realizable.

c) If i − 8 > 1 Ii−8 = Ii−7, ai−6 = SC, ai−5 = CS, ai−4 = TT, ai−3 = CS, ai−2 = ai−1 =
SS, ai+1 = CS and ai+2 = TT , then the instruction assigned to the pivot ai is fixed and equals
Ii−5, provided that (Ii−8, Ii−7, Ii−6, Ii−5, Ii−4, Ii−3, Ii−2, Ii−1, Ii, Ii+1, Ii+2) is realizable.

d) If Ii−5 = Ii−4, ai−3 = SC, ai−2 = CS, ai−1 = SS, ai+1 = CS, ai+2 = TT and ai+3 =
CS, then the instruction assigned to the pivot ai is fixed and equals Ii−4, provided that
(Ii−5, Ii−4, Ii−3, Ii−2, Ii−1, Ii, Ii+1,
Ii+2, Ii+3) is realizable.

e) If i − 9 > 1, Ii−9 = Ii−8, ai−7 = SC, ai−6 = CS, ai−5 = TT, ai−4 =
CS, ai−3 = ai−2 = ai−1 = SS, ai+1 = CS, ai+2 = TT and ai+3 = CS,
then the instruction assigned to the pivot ai is fixed and equals Ii−6, provided that
(Ii−9, Ii−8, Ii−7, Ii−6, Ii−5, Ii−4, Ii−3, Ii−2, Ii−1, Ii, Ii+1, Ii+2, Ii+3) is realizable.

Proof. Case a) is true directly by Algorithm 3. For the next cases we shall only prove b), as all
others follow a similar argument.

So suppose i − 7 > 1, Ii−7 = Ii−6, ai−5 = SC, ai−4 = CS, ai−3 = TT, ai−2 = CS, ai−1 = SS
and that the sequence of instructions (Ii−8, Ii−7, Ii−6, Ii−5, Ii−4, Ii−3, Ii−2, Ii−1, Ii) (which exists
because the instruction Ii−7 is not the first) is realizable. Since the general action ai is a pivot and
it’s not the first nor does it satisfy ai−2 ∈ {SC,CC, TT}, it follows Algorithm 3 possibly assigns
it instructions {R,L,D,U} \ {Ii−1, Ii−1} = {Ii−5, Ii−5}.

Assume by way of contradiction it assigned it the instruction Ii−5. Then, assuming without
loss of generality that the first three squares corresponding to the instructions Ii−8, Ii−7 and Ii−6

laid horizontally, which we can do because Ii−7 = Ii−6, we would have the sequence of instructions
(Ii−8, Ii−7, Ii−6, Ii−5, Ii−4, Ii−3, Ii−2, Ii−1, Ii) represents the graph shown in Figure 3.5, which is
not a general polyomino chain. Thus, it must be ai is assigned the instruction Ii−5.

Proposition 3.3.8. Let (a1, · · · , an) be a general action sequence and (I1, · · · , In) one of its inter-
pretations such that every pivot of the general action sequence after the first satisfies a condition
of Lemma 3.3.7, then its only possibly realizable interpretation is given by the unique sequence
obtained through Algorithm 3 together with the fixed assignments of Lemma 3.3.7 to every such
pivot.
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Figure 3.5: The graph corresponding to the sequence of instructions
(Ii−8, Ii−7, Ii−6, Ii−5, Ii−4, Ii−3, Ii−2, Ii−1, Ii) with Ii = Ii−5.

3.3.2. Cyclic Behavior of Extremal General Polyomino Chains

Now, before trying to characterize the extremal general polyomino chains of degree-based in-
dices, it is necessary to generalize the conditions for cyclic behaviors to appear. Here, differently
as it happened in the case of polyomino chains (see Section 2.2.3), it is not sufficient to spot the
reappearance of a pair of advantages, but of three consecutive pairs. In other words, if we know the
advantages of three consecutive problems, we will show it is possible to know which expression in
the max argument is maximum. In what follows we carry out the not so immediate generalization
in order to establish patterns in the decisions behind the construction of the values of problems
Mf (n,E).
Lemma 3.3.9. Let n ≥ 3 and suppose for some 3 ≤ j < n

V (n− 2, S) = V (j − 2, S), V (n− 2, C) = V (j − 2, C)

V (n− 1, S) = V (j − 1, S), V (n− 1, C) = V (j − 1, C)

V (n, S) = V (j, S), V (n,C) = V (j, C),

and problems Mf (n, S),Mf (n− 1, S), Mf (j, S) and Mf (j − 1, S) are of the form

max{Mf (i− 1, S) + gf (SS),Mf (i− 1, C) + gf (CS)},

where i ∈ {n, n− 1, j, j − 1}.
If problems Mf (n+ 1, C) and Mf (j + 1, C) are of the form

max{Mf (i−1, S)+gf (SC),Mf (i−1, C)+gf (CC),Mf (i−3, S)+gf (ST ),Mf (i−3, C)+gf (CT )},

where i ∈ {n+ 1, j + 1}, and we have Mf (j + 1, C) = Mf (j + 1− k,E) + gf (b); where k ∈ {1, 3},
E ∈ {S,C} and b ∈ {SC,CC, ST,CT}, then Mf (n+ 1, C) = Mf (n+ 1− k,E) + gf (b).

Proof. First of all, notice if problems Mf (n+ 1, C) and Mf (j + 1, C) are of the form

max{Mf (i−1, S)+gf (SC),Mf (i−1, C)+gf (CC),Mf (i−3, S)+gf (ST ),Mf (i−3, C)+gf (CT )}

then they can be rewritten as

max{max{Mf (i− 1, S) + gf (SC),Mf (i− 1, C) + gf (CC)},
max{Mf (i− 3, S) + gf (ST ),Mf (i− 3, C) + gf (CT )}}

Now, let

max{Mf (j − 2, S) + gf (ST ),Mf (j − 2, C) + gf (CT )} = Mf (j − 2,H1) + gf (b1)
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and
max{Mf (j, S) + gf (SC),Mf (j, C) + gf (CC)} = Mf (j,H2) + gf (b2)

where H1, H2 ∈ {S,C}, b1 ∈ {ST,CT} and b2 ∈ {SC,CC}. Then, because by hypothesis

V (n, S) = V (j, S) V (n,C) = V (j, C)

V (n− 2, S) = V (j − 2, S) V (n− 2, C) = V (j − 2, C)

by Lemma 2.2.6 it follows

max{Mf (n− 2, S) + gf (ST ),Mf (n− 2, C) + gf (CT )} = Mf (n− 2, H1) + gf (b1)

and
max{Mf (n, S) + gf (SC),Mf (n,C) + gf (CC)} = Mf (n,H2) + gf (b2).

Suppose without loss of generality, that Mf (j − 2, H1) + gf (b1) ≥Mf (j,H2) + gf (b2). Then, since
we can always write the problems by means of their advantages and their base values, for x∗

1, x
∗
2 ∈ R

we have:

x∗
1 + V (j − 2, H1) + gf (b1) ≥ x∗

2 + V (j,H2) + gf (b2)

⇒ x∗
1 − x∗

2 ≥ V (j,H2)− V (j − 2, H1) + gf (b2)− gf (b1).

On the other hand, in order to show Mf (n − 2, H1) + gf (b1) ≥ Mf (n,H2) + gf (b2), writing it in
terms of their advantages and base values x1, x2 ∈ R, we would have to show:

x1 + V (n− 2, H1) + gf (b1) ≥ x2 + V (n,H2) + gf (b2),

which is equivalent by our hypothesis to showing

x1 − x2 ≥ V (j,H2)− V (j − 2, H1) + gf (b2)− gf (b1).

Thus, it only remains to prove x1 − x2 ≥ x∗
1 − x∗

2. For this, we will now use the hypothesis made
on problems Mf (n, S),Mf (n− 1, S), Mf (j, S),Mf (j − 1, S) and relate the values x∗

1,x∗
2 with x1, x2

respectively.

So first of all, by the form of problem Mf (j−1, S), we have Mf (j−1, S) = Mf (j−2, Z1)+gf (a1);
where Z1 ∈ {S,C} and a1 ∈ {SS,CS}. Then, writing it in terms of its advantage and base value,
we have:

Mf (j − 1, S) = x∗
1 + V (j − 2, Z1) + gf (a1).

Also, by the form of problem Mf (j, S), we have Mf (j, S) = Mf (j − 1, Z2) + gf (a2); where Z2 ∈
{S,C} and a2 ∈ {SS,CS}. To relate x∗

1 with x∗
2 we now divide into cases:

1) If Z2 = S, then it follows:

Mf (j, S) = x∗
1 + V (j − 2, Z1) + gf (a1) + gf (a2)

⇒ x∗
2 + V (j, S) = x∗

1 + V (j − 2, Z1) + gf (a1) + gf (a2)

⇒ x∗
1 − x∗

2 = V (j, S)− V (j − 2, Z1)− gf (a1)− gf (a2)

2) If Z2 = C, then it follows:

Mf (j, S) = Mf (j − 1, S)− V (j − 1, S) + V (j − 1, C) + gf (a2)

⇒Mf (j, S) = x∗
1 + V (j − 2, Z1) + gf (a1)− V (j − 1, S) + V (j − 1, C) + gf (a2)

⇒ x∗
2 + V (j, S) = x∗

1 + V (j − 2, Z1) + gf (a1)− V (j − 1, S) + V (j − 1, C) + gf (a2)

⇒ x∗
1 − x∗

2 = V (j, S)− V (j − 2, Z1)− gf (a1) + V (j − 1, S)− V (j − 1, C)− gf (a2)
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Now, for problems Mf (n− 1, S) and Mf (n, S), by Lemma 2.2.7 we have they behave exactly the
same as their j indexed counterparts, therefore:

Mf (n− 1, S) = Mf (n− 2, Z1) + gf (a1)

and
Mf (n, S) = Mf (n− 1, Z2) + gf (a2).

Working out the same process as the one done with problems Mf (j − 1, S) and Mf (j, S) but now
with the advantage and base value representation of problems Mf (n − 1, S), Mf (n, S) we arrive
at similar expressions for the difference x1 − x2.

1) If Z2 = S, then:

x1 − x2 = V (n, S)− V (n− 2, Z1)− gf (a1)− gf (a2).

2) If Z2 = C, then:

x1 − x2 = V (n, S)− V (n− 2, Z1)− gf (a1) + V (n− 1, S)− V (n− 1, C)− gf (a2).

However, since by hypothesis the advantages V (n, S), V (n−2, Z1), V (n−1, S) and V (n−1, C) are
equal to V (j, S), V (j − 2, Z1), V (j − 1, S) and V (j − 1, C) respectively, we can conclude in either
case x1 − x2 = x∗

1 − x∗
2 and hence Mf (n− 2, H1) + gf (b1) ≥Mf (n,H2) + gf (b2).

Therefore, the conclusion of the statement follows.

Lemma 3.3.10. Let n ≥ 3 and suppose for some 3 ≤ j < n

V (n− 2, S) = V (j − 2, S), V (n− 2, C) = V (j − 2, C)

V (n− 1, S) = V (j − 1, S), V (n− 1, C) = V (j − 1, C)

V (n, S) = V (j, S), V (n,C) = V (j, C)

and that problems Mf (n, S),Mf (n− 1, S), Mf (j, S), Mf (j − 1, S) are of the form

max{Mf (i− 1, S) + gf (SS),Mf (i− 1, C) + gf (CS)},

where i ∈ {n, n− 1, j, j − 1}.
If problems Mf (n+ 1, S), Mf (j + 1, S) are of the form

max{Mf (i− 1, S) + gf (SS),Mf (i− 1, C) + gf (CS)},

and problems Mf (n+ 1, C), Mf (j + 1, C) are of the form

max{Mf (i−1, S)+gf (SC),Mf (i−1, C)+gf (CC),Mf (i−3, S)+gf (ST ),Mf (i−3, C)+gf (CT )},

where i ∈ {n+ 1, j + 1}, then V (n+ 1, S) = V (j + 1, S) and V (n+ 1, C) = V (j + 1, C).

Proof. Because problems Mf (j + 1, S) and Mf (j + 1, C) have the forms

max{Mf (i− 1, S) + gf (SS),Mf (i− 1, C) + gf (CS)}

and

max{Mf (i−1, S)+gf (SC),Mf (i−1, C)+gf (CC),Mf (i−3, S)+gf (ST ),Mf (i−3, C)+gf (CT )}

71



Extremal General Polyomino Chains
3.3 Counting and Generating All Extremal General Polyomino Chains

respectively, it follows we can write them as

Mf (j + 1, S) = Mf (j,H1) + gf (b1)

= x∗
1 + V (j,H1) + gf (b1)

and

Mf (j + 1, C) = Mf (j + 1− k,H2) + gf (b2)

= x∗
2 + V (j + 1− k,H2) + gf (b2),

where H1, H2 ∈ {S,C}, k ∈ {1, 3}, b1 ∈ {SS,CS} and b2 ∈ {SC,CC, ST,CT}. Then, by our
hypothesis, Lemma 2.2.7 and Lemma 3.3.9, we have problems Mf (n + 1, S) and Mf (n + 1, C)
behave exactly the same:

Mf (n+ 1, S) = Mf (n,H1) + gf (b1)

= x1 + V (n,H1) + gf (b1)

Mf (n+ 1, C) = Mf (n+ 1− k,H2) + gf (b2)

= x2 + V (n+ 1− k,H2) + gf (b2).

Assume without loss of generality Mf (j+1, S) ≥Mf (j+1, C). We now divide into cases depending
on the value of k in order to determine the advantages.

If k = 1, then it follows x∗
1 = x∗

2 and x1 = x2. Thus

Mf (j + 1, S)−Mf (j + 1, C) = V (j,H1)− V (j,H2) + gf (b1)− gf (b2)

and since V (n,H1) = V (j,H1), V (n,H2) = V (j,H2), we have Mf (n+1, S)−Mf (n+1, C) =
Mf (j + 1, S)−Mf (j + 1, C).

If k = 3, then by the proof of Lemma 3.3.9 we have x∗
1−x∗

2 = x1−x2 and therefore, similarly
as in the previous case, it follows Mf (n+1, S)−Mf (n+1, C) = Mf (j+1, S)−Mf (j+1, C).

Finally, because in either case Mf (n+1, S)−Mf (n+1, C) = Mf (j +1, S)−Mf (j +1, C), we
can conclude V (n+ 1, S) = V (j + 1, S) and V (n+ 1, C) = V (j + 1, C).

Corollary 3.3.11. Let n ≥ 3 and suppose for some 3 ≤ j < n

V (n− 2, S) = V (j − 2, S), V (n− 2, C) = V (j − 2, C)

V (n− 1, S) = V (j − 1, S), V (n− 1, C) = V (j − 1, C)

V (n, S) = V (j, S), V (n,C) = V (j, C)

and that problems Mf (n, S),Mf (n− 1, S), Mf (j, S), Mf (j − 1, S) are of the form

max{Mf (i− 1, S) + gf (SS),Mf (i− 1, C) + gf (CS)}

where i ∈ {n, n− 1, j, j − 1}.
If problems Mf (n+ 1, S), Mf (j + 1, S) are of the form

max{Mf (i− 1, S) + gf (SS),Mf (i− 1, C) + gf (CS)}

problems Mf (n+ 1, C), Mf (j + 1, C) are of the form

max{Mf (i−1, S)+gf (SC),Mf (i−1, C)+gf (CC),Mf (i−3, S)+gf (ST ),Mf (i−3, C)+gf (CT )}

where i ∈ {n+1, j+1} and Mf (j+1) = Mf (j+1, E), then Mf (n+1) = Mf (n+1, E); E ∈ {S,C}.
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Finally, as a consequence of all the results in this section, we give conditions such that the
computations of problems Mf (n,E) and the general actions chosen in the constructive method
enter into a cyclic pattern.
Theorem 3.3.12. Let n ≥ 3 be the first integer such that there exists 3 ≤ j < n

V (n− 2, S) = V (j − 2, S), V (n− 2, C) = V (j − 2, C)

V (n− 1, S) = V (j − 1, S), V (n− 1, C) = V (j − 1, C)

V (n, S) = V (j, S), V (n,C) = V (j, C)

problems Mf (i, S) are of the form

max{Mf (i− 1, S) + gf (SS),Mf (i− 1, C) + gf (CS)}

for i ≥ j − 1 and problems Mf (i, C) are of the form

max{Mf (i−1, S)+gf (SC),Mf (i−1, C)+gf (CC),Mf (i−3, S)+gf (ST ),Mf (i−3, C)+gf (CT )}

for i ≥ j + 1.

Then, for i ≥ n+1 let k = j+[i−n mod(n− j)] if i−n mod(n− j) ̸= 0 and k = n otherwise.
If we have Mf (k,E) = Mf (k − ℓ,H) + gf (b) with H ∈ {S,C}, ℓ ∈ {1, 3} and b a general action,
then Mf (i, E) = Mf (i − ℓ,H) + gf (b) and V (i, E) = V (k,E). Also, if Mf (k) = Mf (k,E), then
Mf (i) = Mf (i, E).

Remark 3.3.13. Notice, in the same way as happened for the results in Section 2.2.3, since every
result in this section preserved equalities, Theorem 3.3.12 can also be applied to problems nt(n, S)
and nt(n,C), meaning ties are preserved throughout cyclic patterns.

3.3.3. All General Polyomino Chains for R−1

In this section, by making use of Theorems 3.2.6, 3.3.3, 3.3.12, Algorithms 1, 2, 3, the construc-
tive method of problems nt(n,E) and Proposition 3.3.8, we show as an application of our theory in
the context of general polyomino chains, the characterization of all maximum general polyomino
chains for the generalized Randić index with parameter equal to −1, which was until now an open
problem.

The Randić index was originally introduced by the chemist Milan Randić in 1975 [25] as

R(G) =
∑

uv∈E(G)

1√
dudv

,

which was later generalized by Bollobás and Erdös in 1998 [5] for any r ∈ R as

Rr(G) =
∑

uv∈E(G)

(dudv)
r.

Nowadays, the generalized Randić index has become one of the most extensively studied, widely
applied, and well-recognized topological indices [20]. Its importance coming from its strong corre-
lation with various chemical properties, including the boiling points, surface area, and solubility in
water of alkanes [26]. In particular, R−1, known as the second modified Zagreb index, is of special
interest due to its connection with the eigenvalues of the normalized Laplacian matrix of the graph
[7].

Regarding extremal general polyomino chains with n squares under the generalized Randić
index (Rr), the following facts are known (see Theorems 2.1, 2.2 and 3.9 in [23]):
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a) If r > 0, then Lin minimizes and Zn maximizes Rr.

b) If −0.84313 < r < 0, then Zn minimizes and Lin maximizes Rr.

c) If −1.23853 < r < −1, then Zn minimizes and Z3
n (defined below) maximizes Rr.

d) If −1 ≤ r ≤ −0.84313, then Zn minimizes Rr.

However, there are still many gaps concerning the extremal chains for the parameter’s values.
In what follows we shall solve this problem for r = −1, hoping that the proposed procedure serves
as a guideline for the study of the remaining values.

Before stating the main result for R−1, we fix a compact notation for the canonical families of
general polyomino chains that will appear in the extremal configurations.
Notation 3.3.14. Let m ≥ 0.

We denote by C
α1,...,αq

ℓ1,...,ℓq
the family of general polyomino chains in which all vertical segments

have length three, and the total of
∑q

i=1 αi horizontal segments, consists of αj segments of
length ℓj , for j = 1, . . . , q; where the change of vertical to horizontal is always given by a
general action TT and the change of horizontal to vertical is always given by a general action
SC. In particular:

• Cm+1
3 : exactly m+1 horizontal segments of length 3. See Figure 3.6 a).

• Cm,1
3,4 : m horizontal segments of length 3 and one horizontal segment of length 4. See

Figure 3.6 b).

• Cm,1
3,5 : m horizontal segments of length 3 and one horizontal segment of length 5.

• Cm,1
3,6 : m horizontal segments of length 3 and one horizontal segment of length 6.

• Cm−1,2
3,4 : m−1 horizontal segments of length 3 and two horizontal segments of length 4.

• Cm−2,3
3,4 : m−2 horizontal segments of length 3 and three horizontal segments of length

4.

• Cm−1,1,1
3,4,5 : m−1 horizontal segments of length 3, one horizontal segment of length 4, one

horizontal segment of length 5.

We denote by C̄m+1
3 (i); 1 ≤ i ≤ m + 1, the general polyomino chain with m + 1 horizontal

segments and m + 1 vertical segments, where all segments have length three and where we
have up to the ith vertical segment the change of horizontal to vertical is given by the general
action SC and the change of vertical to horizontal is given by a general action TT , while
from the ith vertical segment onward, the changes work the other way around. As an example
see Figure 3.6 c), which corresponds to C̄ 3

3 (2).

We denote by C̄m+1
3 the family of general polyomino chains consisting of all C̄m+1

3 (i).

We denote by C̄m,1
3,4 (i, j); 1 ≤ i ≤ m+1 and 1 ≤ j ≤ i, the general polyomino chain consisting

of m+1 horizontal segments and m+1 vertical segments, where we have up to the ith vertical
segment the change of horizontal to vertical is given by the general action SC and the change
of vertical to horizontal is given by a general action TT , while from the ith vertical segment
onward, the changes work the other way around. Also, all segments have length three, except
for the jth horizontal segment which has length four. As an example see Figure 3.6 b), which
corresponds to C̄ 2,1

3,4 (3, 3).

We denote by C̄m,1
3,4 the family of general polyomino chains consisting of all C̄m,1

3,4 (i, j).
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We denote by
¯
Cm,1

3,4 (i, j); 1 ≤ i ≤ m + 1 and i ≤ j ≤ m + 1, the general polyomino chain
consisting of m + 1 horizontal segments and m + 1 vertical segments, where we have up to
the ith vertical segment the change of horizontal to vertical is given by the general action
SC and the change of vertical to horizontal is given by a general action TT , while from the
ith vertical segment onward, the changes work the other way around. Also, all segments have
length three, except for the jth vertical segment which has length four. As an example see
Figure 3.6 d), which corresponds to

¯
C 2,1

3,4 (1, 1).

We denote by
¯
Cm,1

3,4 the family of general polyomino chains consisting of all
¯
Cm,1

3,4 (i, j).

We use Z3
n to denote a general polyomino chain with n squares, in which all changes of

horizontal to vertical are given by the general action SC and the changes of vertical to
horizontal are given by a general action TT . Also, every segment has length three (except
when n is even, in which case the last segment has length four).

In particular, Z3
n = Cm+1

3 for n = 3 + 4m, 5 + 4m, while Z3
n ⊂ Cm,1

3,4 for n = 4 + 4m. Note that,
when n = 6 + 4m, the final segment of Z3

n is vertical. Moreover, the following inclusions hold:
Cm+1

3 ⊂ C̄m+1
3 for n = 3 + 4m, 5 + 4m,Cm,1

3,4 ⊂ C̄m,1
3,4 for n = 4 + 4m, 6 + 4m and Z3

n ⊂ ¯
Cm,1

3,4 for
n = 6 + 4m. Furthermore, each element of C̄m,1

3,4 is isomorphic to a unique element of
¯
Cm,1

3,4 , see
Figure 3.6 b) and d).

Figure 3.6: According to Notation 3.3.14, the graphs shown in a), b), c) and d) correspond, respec-
tively, to Z3

11 = C3
3 , C̄ 2,1

3,4 (3, 3), C̄
3
3 (2) and

¯
C 2,1

3,4 (1, 1)

For simplicity, in this section, we will use the notation g, M(n, S), M(n,C), and M(n) instead
of gf , Mf (n, S),Mf (n,C), and Mf (n), respectively. Also, by carrying out base computations, we
obtain g(T ) = 1, g(SS∗) ≈ 0.277, g(SC∗) ≈ 0.305, g(ST ∗) ≈ 0.979, g(SS) ≈ 0.333, g(SC) ≈ 0.319,
g(CS) ≈ 0.347, g(CC) ≈ 0.312 , g(ST ) ≈ 0.993, g(CT ) ≈ 0.986; which can serve the reader as
a useful reference although the computations for the following proof need the use of the exact
expressions.
Theorem 3.3.15. Let n ≥ 3 and write n = k + 4m with k ∈ {3, 4, 5, 6} and m ∈ Z≥0. Then the
general polyomino chains with n squares that maximize R−1 are as follows:

a) When n = 3 + 4m, the general polyomino chain Cm+1
3 .

b) When n = 4 + 4m, the maximizing family is Cm,1
3,4 , with cardinality m+ 1.

c) When n = 5 + 4m, the maximizing families are C̄m+1
3 , Cm,1

3,5 , and Cm−1,2
3,4 , yielding a total

of (m+1)(m+4)
2 maximum general polyomino chains.
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d) When n = 6 + 4m, the maximizing families are Cm,1
3,6 , C̄m,1

3,4 ,
¯
Cm,1

3,4 , Cm−1,1,1
3,4,5 , and Cm−2,3

3,4 ,
yielding a total of (m+1)(m+2)(2m+18)

12 maximal general polyomino chains.

Specifically, for k ∈ {3, 4, 5, 6},

M(k + 4m) =
11

18
+

1

3
k +

143

144
m.

Proof. For this proof we can begin by following an exact same reasoning as the one displayed on
the proof of Theorem 2.2.14, with the only difference now problems M(n,E) are given by Theorem
3.2.6.

We can continue that process up to n = 10, where we summarize the key information in Figure
3.7, which depicts the underlying tie graph of the dynamic programming approach. In it, we have
included the values for the advantages V (n, S) and V (n,C), where notice we did not write function
g in the expressions for the advantages in order to make the table more compact, although every
action should be inside a g() expression. Also, for visual simplicity, we have highlighted in red the
cells corresponding to the problem with the highest index value, that is, the problem corresponding
to M(n).

According to the key information summarized in Figure 3.7, it is evident that for n = 10 and
j = 6 we arrive at the conditions for Theorem 3.3.12, which together with Remark 3.3.13, will
force problems for n ≥ 11 to behave the same as those for n = 7, 8, 9, 10. This indicates the onset
of a cyclic pattern in the decision process, with a period of four. Therefore, based on the previous
information and applying the constructive method for problem nt(n, S), we obtain the following:

When n = 3 + 4m with m ≥ 0, the extremal compressed action sequence is given by

(SS, ST,CS︸ ︷︷ ︸
m times

).

and by applying Proposition 3.3.8 to its uncompressed general action sequence, we have its
only realizable interpretation is given by the general polyomino chain Cm+1

3 .

When n = 4 + 4m with m ≥ 0, the extremal compressed action sequences are given by

(SS, ST,CS︸ ︷︷ ︸
m−i times

, SS, ST,CS︸ ︷︷ ︸
i times

)

with 0 ≤ i ≤ m. Then, by applying Proposition 3.3.8 to their uncompressed general action
sequences, we have their only realizable interpretations correspond to the family of general
polyomino chains Cm,1

3,4 .

When n = 5 + 4m with m ≥ 0, the extremal compressed action sequences are given by

(SS, ST,CS︸ ︷︷ ︸
m−i times

, SC,CS, ST,CS︸ ︷︷ ︸
i times

)

and
(SS, ST,CS︸ ︷︷ ︸

m−i−j times

, SS, ST,CS︸ ︷︷ ︸
j times

, SS, ST,CS︸ ︷︷ ︸
i times

)

with 0 ≤ i ≤ m and 0 ≤ j ≤ m−i. Then, by applying Proposition 3.3.8 to their uncompressed
general action sequences, we have their only realizable interpretations correspond to the
families of general polyomino chains C̄m+1

3 , Cm,1
3,5 and Cm−1,2

3,4 .
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When n = 6 + 4m with m ≥ 0, the extremal compressed action sequences are given by

(SS, ST,CS︸ ︷︷ ︸
m−i−j times

, SC,CS, ST,CS︸ ︷︷ ︸
j times

, SS, ST,CS︸ ︷︷ ︸
i times

),

(SS, ST,CS︸ ︷︷ ︸
m−i−j times

, SS, ST,CS︸ ︷︷ ︸
j times

, SC,CS, ST,CS︸ ︷︷ ︸
i times

)

and
(SS, ST,CS︸ ︷︷ ︸

m−i−j−k times

, SS, ST,CS︸ ︷︷ ︸
k times

, SS, ST,CS︸ ︷︷ ︸
j times

, SS, ST,CS︸ ︷︷ ︸
i times

)

with 0 ≤ i ≤ m, 0 ≤ j ≤ m− i, and 0 ≤ k ≤ m− i− j. Then, by applying Proposition 3.3.8
to their uncompressed general action sequences, we have their only realizable interpretations
correspond to the families of general polyomino chains Cm,1

3,6 , C̄m,1
3,4 ,

¯
Cm,1

3,4 , Cm−1,1,1
3,4,5 and

Cm−2,3
3,4 .

Finally, the concrete computations of M(n) follow directly from Equation (3.1).

Figure 3.7: The tie graph for the maximum R−1 value.

Remark 3.3.16. In the proof of the previous result, once the form of all extremal compressed action
sequences are determined for each case, the application of Algorithms 1 and 2 would immediately
yield the following. The maximum of R−1 over general polyomino chains with n squares is attained
by the following families:
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a) n = 3 + 4m: the family Cm+1
3 .

b) n = 4 + 4m: the family Cm,1
3,4 .

c) n = 5 + 4m: the families Cm+1
3 , Cm,1

3,5 , and Cm−1,2
3,4 .

d) n = 6 + 4m: the families Cm,1
3,6 , Cm,1

3,4 , Z3
n, Cm−1,1,1

3,4,5 , and Cm−2,3
3,4 .

This highlights the usefulness of Algorithms 1 and 2 as crucial tools which, once the dynamic
programming analysis is completed, allow one to efficiently obtain at least one maximum structure.
Even more, for n = 3+4m, 4+4m the above resulting families coincide with all maximum families.
In particular, in this case, after completing the dynamic programming analysis, the application
of the exhaustive analysis to all extremal action sequences aimed at determining all maximum
structures becomes manageable thanks to the information provided by Proposition 3.3.8, which
effectively fixed all pivots in the obtained extremal general action sequences and left for each only
one instruction sequence to check for realizability.

3.4. Polyomino Chains vs General Polyomino Chains

3.4.1. Conditions such that All Extremal General Action Sequences are
Action Sequences

At this point we have studied how to find the extremal chains corresponding to a given degree-
based topological index in either the restricted polyomino chain or in the general polyomino chain
setting. However, the added complexity in the general polyomino chain setting coming from its
bigger dynamic programming frameworks and the harder task to distinguish isomorphisms, make
us wonder whether we can limit ourselves to the study of actions instead of general actions and
still be able to find all extremal sequences. In this section we provide conditions in order for this
to happen and we elaborate on some advantages of this simplification, which ultimately turn the
theory developed for restricted polyomino chains not only useful for their generalization but by
their direct application over the general polyomino chain setting.
Definition 3.4.1. Let TIf be a topological degree-based index and n ≥ 1, we denote by M1

f (n)

the set of all extremal action sequences with n squares and we denote by M2
f (n) the set of all

extremal general action sequences with n squares.
Proposition 3.4.2. Let TIf be a topological degree-based index and n ≥ 1, then either M1

f (n) ⊆
M2

f (n) or M1
f (n)∩M2

f (n) = ∅, where every general action sequence in M2
f (n)\M1

f (n) uses general
actions TT .

Proof. Suppose there exists an extremal general action sequence A that used general actions TT
and let B be an extremal action sequence. If TIf (B) < TIf (A), then it follows since all extremal
action sequences have the same TIf value, that A has a greater TIf value than any action sequence.
But then, since the set of all action sequences is equal to the set of all general action sequences
that do not use the general action TT , it follows all extremal general action sequences must use
action TT . Thus M1

f (n) ∩M2
f (n) = ∅ and every general action sequence in M2

f (n) \M1
f (n) uses

general actions TT .

Now, if TIf (B) = TIf (A), it follows in particular all extremal action sequences are extremal
general action sequences and hence M1

f (n) ⊂M2
f (n).

Finally, if there does not exist an extremal general action sequence that uses general actions TT ,
then it follows all extremal general action sequences are extremal action sequences and therefore
we can conclude M1

f (n) = M2
f (n).

78



Extremal General Polyomino Chains
3.4 Polyomino Chains vs General Polyomino Chains

Based on Proposition 3.4.2, in order to have the set of all extremal general action sequences
equal to the set of all extremal action sequences, we must focus on giving conditions such that
no maximal general action sequence uses the general action TT . However, since our optimization
occurs over the set of compressed action sequences, this goal turns into giving conditions such that
maximal compressed action sequences do not use general actions ST,CT or ST ∗.

So to begin with, we will give conditions such that there is a choice of actions with greater
TIf value than choosing the general action ST ∗ for problem Mf (5, C). To do this, we will ask
exhaustively that some path of decisions using only actions outperforms the use of ST ∗, in Figure
3.8 we show graphically all such paths. Also, for the algebraic simplification of the inequalities
in Equation (C1) notice we use the uncompression of ST ∗ as well as Remark 2.1.12 and Remark
3.1.5. To the expression of Equation (C1) we name Condition 1.

gf (SS) + gf (SS) + gf (SC) > gf (ST
∗) 2gf (SS) > gf (CS) + gf (CC)

∨ gf (SS) + gf (SC) + gf (CC) > gf (ST
∗) ⇔ ∨ gf (SS) > gf (CS)

∨ gf (SC
∗) + gf (CC) + gf (CC) > gf (ST

∗) ∨ gf (SS) + gf (CC) > 2gf (CS)

∨ gf (SC
∗) + gf (CS) + gf (SC) > gf (ST

∗) ∨ gf (SC
∗) > gf (CC)

(C1)

Figure 3.8: All action paths building problem Mf (5, C) from problem Mf (2, S).

Lemma 3.4.3. Condition 1 is true if and only if no maximal compressed action sequence for
problems Mf (n, S) and Mf (n,C) has the compressed action ST ∗ for all n ≥ 1.

Proof. Let us prove the forward implication. So suppose Condition 1 was true, then it is clear for
n < 5 there cannot exist maximal compressed action sequences corresponding to the problems
Mf (n, S) or Mf (n,C) that use the compressed action ST ∗, since this action isn’t even a possibility
for such problems.

Now, for n = 5, due to the fact Condition 1 is true, we have there exists at least one compressed
action sequence with 5 squares and without compressed actions ST ∗ such that its TIf is strictly
greater than the one corresponding to the unique compressed action sequence with 5 squares which
uses the compressed action ST ∗. Thus, it follows no maximal compressed action sequence for the
problem Mf (5, C) has the compressed action ST ∗. Also, it is clear no maximal compressed action
sequence for problem Mf (5, S) uses the compressed action ST ∗.

For n > 5 suppose there existed a maximal compressed action sequence (a1, a2, · · · , aN ) co-
rresponding to problem Mf (n,E) where E ∈ {S,C} and such that it used the compressed action
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ST ∗. Then, because the compressed action ST ∗ can only appear in the first 5 squares, we have

(a1, a2, a3, · · · , aN ) = (T, SS∗, ST ∗, · · · , aN )

But then, by part a) of Lemma 3.3.2 it follows (T, SS∗, ST ∗) is a maximal compressed action
sequence corresponding to problem Mf (5, C) which is a contradiction.

Now for the reverse implication of the statement, since for all n ≥ 1 no maximal compressed
action sequence for problems Mf (n, S) or Mf (n,C) have the compressed action ST ∗, it follows in
particular this will be true for Mf (5, C). But then, this means there exists a compressed action
sequence ending at state C with 5 squares and without the compressed action ST ∗ such that it has
a greater TIf value than the sequence (T, SS∗, ST ∗). Therefore, because Condition 1 compares
the TIf of every compressed action sequence with 5 squares ending at state C exhaustively with
the one of (T, SS∗, ST ∗), it must be some expression in Equation (C1) evaluates true.

Motivated by the success of Condition 1, we now give conditions such that there are choices
of actions with greater TIf value than choosing the general actions ST or CT respectively, for
problem Mf (6, C). To do this, we again exhaustively ask that some path of decisions using only
actions outperforms the use of ST or CT , where we graphically show these paths in Figure 3.9.
Also, for the algebraic simplification of the inequalities in Equations (C2) and (C3) notice we use
the uncompression of the general actions ST and CT as well as Remark 2.1.12 and Remark 3.1.5.
To the expressions of Equations (C2) and (C3) we name Condition 2 and Condition 3 respectively.

gf (SS) + gf (SS) + gf (SC) > gf (ST ) 3gf (SS) > 2gf (CS) + gf (CC)

∨ gf (SS) + gf (SC) + gf (CC) > gf (ST ) ⇔ ∨ gf (SS) > gf (CS)

∨ gf (SC) + gf (CC) + gf (CC) > gf (ST ) ∨ gf (SS) + gf (CC) > 2gf (CS)

∨ gf (SC) + gf (CS) + gf (SC) > gf (ST ) ∨ gf (SC
∗) > gf (CC)

(C2)

gf (CC) + gf (CC) + gf (CC) > gf (CT ) gf (CC) + gf (SS) > 2gf (CS)

∨ gf (CC) + gf (CS) + gf (SC) > gf (CT ) ⇔ ∨ gf (SC
∗) > gf (CC)

∨ gf (CS) + gf (SS) + gf (SC) > gf (CT ) ∨ gf (SS) + gf (SC
∗) > 2gf (CC)

∨ gf (CS) + gf (SC) + gf (CC) > gf (CT )

(C3)

Figure 3.9: All action paths building problem Mf (6, C) from problem Mf (3, S) and problem
Mf (3, C) respectively.
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Lemma 3.4.4. If Condition 2 and Condition 3 are true, then no maximal compressed action
sequence for problems Mf (n, S) and Mf (n,C) has the compressed actions ST or CT for all n ≥ 1.

Proof. Suppose Condition 2 and Condition 3 are true. Then it is clear for Mf (6, S), Mf (n, S) and
Mf (n,C) with n ≤ 5, there exist no maximal compressed action sequences that use the compressed
actions ST or CT .

Now, for Mf (6, C) let (a1, a2, a3, ST ) be a compressed action sequence with 6 squares. Since in
particular Condition 2 is true, it follows there exist compressed actions {b1, b2, b3} from which none
are ST or CT , such that b1 comes from state S and b3 ends at state C, where gf (b1) + gf (b2) +
gf (b3) > gf (ST ). Therefore we obtain:

TIf
(
(a1, a2, a3, b1, b2, b3)

)
> TIf

(
(a1, a2, a3, ST )

)
Thus no compressed action sequence using the compressed action ST can be maximal for Mf (6, C).

Similarly, because Condition 3 is true we can also conclude no compressed action sequence
using the compressed action CT can be maximal for Mf (6, C). Therefore, no maximal compressed
action sequence for the problem Mf (6, C) uses compressed actions ST or CT . We’ll now proceed
by induction.

So suppose for m ≤ n, with n ≥ 6, there exist no maximal compressed action sequences for
problems Mf (m,S) and Mf (m,C) that use the compressed actions ST or CT . Let (a1, a2, · · · , aK)
be a maximal compressed action sequence corresponding to problem Mf (n+1, S), then by part a) of
Lemma 3.3.2 it follows (a1, a2, · · · , aK−1) is a maximal compressed action sequence for the problem
Mf (n(K−1), E

K−1
2 ); where n(K−1) ≤ n. But then, by the induction hypothesis no compressed action

in (a1, a2, · · · , aK−1) can be ST or CT and because aK must end at state S, it follows it can’t be
ST or CT either. Hence no maximal compressed action sequence for problem Mf (n + 1, S) uses
the compressed actions ST or CT .

Now, let (a1, a2, · · · , aK) be a maximal compressed action sequence corresponding to pro-
blem Mf (n + 1, C). By the same argument as before, we have the compressed action sequence
(a1, a2, · · · , aK−1) does not have compressed actions ST or CT . Assume by way of contradiction
aK was without loss of generality the compressed action ST . Then, because Condition 2 is true
we can in the same way as before obtain the compressed actions {b1, b2, b3}, none of which is ST
or CT and satisfy

TIf
(
(a1, a2, · · · , aK−1, b1, b2, b3)

)
> TIf

(
(a1, a2, · · · , aK−1, ST )

)
,

where observe both sequences have n + 1 squares and hence contradict the initial sequence was
maximal for Mf (n + 1, C). Analogously, we can work out the case aK = CT by using the fact
Condition 3 is true.

Thus we can conclude the statement holds for n+ 1.

Finally, as a consequence of Lemmas 3.4.3 and 3.4.4, we can establish sufficient conditions
such that searching for all extremal general action sequences reduces to finding all extremal action
sequences.
Theorem 3.4.5. If Condition 1, Condition 2 and Condition 3 are true, then no maximal compres-
sed action sequence for problems Mf (n, S) and Mf (n,C) has the compressed actions {ST,CT, ST ∗}
for all n ≥ 1.
Corollary 3.4.6. If Condition 1, Condition 2 and Condition 3 are true, then M1

f (n) = M2
f (n)

for all n ≥ 1.
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Notice as a result of Theorem 3.4.5, if for a given degree-based topological index we have
Conditions 1, 2 and 3 are satisfied, then we can now solve the problems Mf (n, S),Mf (n,C), nt(n, S)
and nt(n,C) by their more simpler constructions given by Theorem 2.2.2 and the definition of
nt(n,E) given in Section 2.3 even though we were in the general polyomino chain setting. Moreover,
since every result from Sections 2.2.3, 2.3, 2.4 and 2.5.1 depended only on the dynamic programming
frameworks and the fact we dealt with action sequences, automatically if Conditions 1,2 and 3 are
true, these results can be also applied to the general setting; being the most important acquisitions
the simpler conditions to arrive to cyclic behaviors (Theorem 2.2.11), the conditions for linear and
zig-zag chains to be extremal (Theorems 2.4.2, 2.4.5), the results concerning isomorphisms and the
characterization of linear and zig-zag chains as the only possible unique extremal chains which are
extremal at every previous step (Theorem 2.5.20).

Remark 3.4.7. At this point it is relevant to mention, that although we are guaranteed by Corollary
3.4.6 that the set of all extremal general action sequences is equal to the set of all extremal action
sequences, to obtain all general polyomino chains we still need to perform the exhaustive analysis
to each action sequence by means of Algorithm 3, which notice is necessary because differently as
in the case of polyomino chains, in the general setting we have the set of instructions {R,L,D,U}
and thus, pivots could still take on possible two values. Nevertheless, by the more simple structure
of action sequences, it may be we can establish more results similar to Lemma 3.3.7 which help
us fix the interpretations of the sequence. Also, helping ourselves by the results of isomorphisms
in action sequences, we can at least get rid of about half the extremal action sequences, which in
practice saves a lot of computational work since the application of Algorithm 3 is in the worst case
exponential with respect to n. Notice however, in the case of linear and zig-zag chains, we can still
assure they are unique and no further analysis is required since these sequences have either zero
or only one pivot, meaning their interpretations are the same as in the restricted polyomino chain
setting.

Taking Remark 3.4.7 into consideration and observing that the First Zagreb, Second Zagreb,
Harmonic, Randić, Geometric Arithmetic, Sum Connectivity and Atom Bond Connectivity indices
satisfy Conditions 1, 2 and 3 for both the maximization and minimization problems; while the
Augmented Zagreb Index satisfies them just for the minimization problem, we can now extend
Corollary 2.4.6 to general polyomino chains.
Corollary 3.4.8. Let PCn denote any general polyomino chain with n squares:

Mi(Lin) ≤Mi(PCn) ≤Mi(Zn) GA(Zn) ≤ GA(PCn) ≤ GA(Lin)

H(Zn) ≤H(PCn) ≤ H(Lin) χ(Zn) ≤ χ(PCn) ≤ χ(Lin)

R(Zn) ≤R(PCn) ≤ R(Lin) ABC(PCn) ≤ ABC(Zn).

Moreover, among all general polyomino chains with n squares, the linear chain Lin attains the
minimum AZI when n ≥ 6, while the zigzag chain Zn achieves the minimum AZI for n = 3, 4, 5.

3.4.2. Conditions such that there are Extremal General Action Sequen-
ces Which are not Action Sequences

In contrast with the previous section, there are cases where the search of all extremal general
action sequences cannot be simplified and requires the use of the complete theory developed for
general polyomio chains. In this section we proceed to give conditions such that the cases M1

f (n) ⊂
M2

f (n) and M1
f (n) ∩M2

f (n) = ∅ happen, which notice based on Proposition 3.4.2 and the fact
we optimize over the set of compressed action sequences, reduces to give conditions such that the
compressed actions ST,CT or ST ∗ are used in maximal compressed action sequences.
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Lemma 3.4.9. Let n ≥ 6. If for both problems Mf (n, S) and Mf (n,C) there exist maximal
compressed action sequences that use the compressed actions ST,CT or ST ∗, then for all m ≥ n
there exist maximal compressed action sequences that use the compressed actions ST,CT or ST ∗

for both problems Mf (m,S) and Mf (m,C).

Also, if for problems Mf (n, S) and Mf (n,C) all of their corresponding maximal compressed
action sequences use compressed actions ST,CT or ST ∗, then for all m ≥ n all of the maximal
compressed action sequences for problems Mf (m,S) and Mf (m,C) will use compressed actions
ST,CT or ST ∗.

Proof. Let n ≥ 6 and suppose for both problems Mf (n, S) and Mf (n,C) there exist maximal
compressed action sequences that use the compressed actions ST,CT or ST ∗. Assume for n ≤
m′ < m we have there exist maximal compressed action sequences for problems Mf (m

′, S) and
Mf (m

′, C) that use the compressed actions ST,CT or ST ∗.

Let (a1, a2, · · · , aK) be a maximal compressed action sequence corresponding to problem
Mf (m,S). Then, by part a) of Lemma 3.3.2 we know (a1, a2, · · · , aK−1) is a maximal compressed
action sequence for problem Mf (n(K−1), E

K−1
2 ); where n(K−1) < m. Now, because aK cannot be

ST , CT or ST ∗ it follows n(K−1) = m−1 ≥ n. Thus, by the induction hypothesis (a1, a2, · · · , aK−1)
uses compressed actions ST,CT or ST ∗, which implies so does (a1, a2, · · · , aK).

Now, let (a1, a2, · · · , aK) be a maximal compressed action sequence corresponding to problem
Mf (m,C). Then, by part a) of Lemma 3.3.2 we know (a1, a2, · · · , aK−1) is a maximal compressed
action sequence for problem Mf (n(K−1), E

K−1
2 ); where n(K−1) < m. If aK isn’t equal to ST or

CT , then the argument for the previous case works. Else, if aK is equal to ST or CT , then it is
clear (a1, a2, · · · , aK) uses compressed actions ST,CT or ST ∗. Thus in either way the statement
holds.

The proof for the second part of the statement is analogous.

Corollary 3.4.10. Let n ≥ 6. If for both problems Mf (n, S) and Mf (n,C) there exist maximal
compressed action sequences that use the compressed actions ST,CT or ST ∗, then for all m ≥ n
M1

f (m) ⊂M2
f (m).

Also, if for problems Mf (n, S) and Mf (n,C) all of their corresponding maximal compressed
action sequences use compressed actions ST,CT or ST ∗, then for all m ≥ n M1

f (m)∩M2
f (m) = ∅.

Theorem 3.4.11. If Condition 2 and Condition 3 are false, then for n ≥ 6 there exist maximal
compressed action sequences for problem Mf (n,C) that use compressed actions ST,CT or ST ∗.
Moreover if (a1, a2, · · · , aN ) is one of these sequences, then at least one from aN , aN−1, aN−2 must
be ST,CT or ST ∗.

Also, if in Condition 2 and Condition 3 we make all inequalities include the equality and they
are still false, then for n ≥ 6 all maximal compressed action sequences for problem Mf (n,C) use
compressed actions ST,CT or ST ∗. Moreover if (a1, a2, · · · , aN ) is one of these sequences, then at
least one from aN , aN−1, aN−2 must be ST,CT or ST ∗.

Proof. We will begin by proving the second part of the statement.

So suppose in Condition 2 and Condition 3 we made all inequalities include the equality and that
both Condition 2 and Condition 3 were false. Let (a1, a2, · · · , aN ) be a compressed action sequence
such that no compressed action is equal to ST,CT or ST ∗. Then, take its last three compressed
actions aN−2, aN−1, aN (which exist because n ≥ 6), if EN−2

1 = S we have the compressed actions
{aN−2, aN−1, aN} were compared with ST in Condition 2 and since this condition is false, it follows

gf (aN−2) + gf (aN−1) + gf (aN ) < gf (ST )
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which implies

TIf
(
(a1, a2, · · · , aN−3, aN−2, aN−1, aN )

)
< TIf

(
(a1, a2, · · · , aN−3, ST )

)
.

Thus the sequence (a1, a2, · · · , aN ) cannot be maximal for problem Mf (n,C). Similarly, if EN−2
1 =

C we can also conclude (a1, a2, · · · , aN ) cannot be maximal for problem Mf (n,C) and therefore
all maximal compressed action sequences for Mf (n,C) must use the compressed actions ST,CT
or ST ∗. Moreover, by the argument used for the proof, it is clear at least one from aN , aN−1, aN−2

must be ST,CT or ST ∗.

The first part of the statement follows an analogous argument.

Remark 3.4.12. Notice in this section we did not establish conditions in terms of Conditions 1,
2 or 3 so that the maximal compressed action sequences corresponding to problem Mf (n, S) use
compressed actions ST,CT or ST ∗. However, based on Theorem 3.4.11 we at least have a notion
of where to start looking for this to happen from which, by Lemma 3.4.9, we know it’s sufficient
to find at least on value m so that compressed actions ST,CT or ST ∗ are used and inherit from
there onward.

Also, it is important to highlight Theorem 3.4.11 is stronger than just stating at some point
there will always be maximal compressed action sequences with compressed actions ST,CT or
ST ∗, since it guarantees the continuous appearance of these actions in arbitrary large indices in
the maximal compressed action sequences, thus giving us a sense of indetachability from the general
approach.

As an application of the results of this section, it can be verified for the maximization problem
on the Augmented Zagreb Index, that Condition 2 and Condition 3, where they are made to
include the equality, are false. Thus for n ≥ 6 we have all maximal compressed action sequences
for problems Mf (n,C) use the compressed actions ST,CT or ST ∗. Also, it can be verified there
exists a maximal compressed action sequence for problem Mf (7, S) that uses compressed actions
ST,CT or ST ∗ and has a greater TIf value than the value of Mf (7, S) when computed in the
restricted polyomino chain setting. Hence, all maximal compressed action sequences for Mf (7, S)
use compressed actions ST,CT or ST ∗ and by Corollary 3.4.10 for all m ≥ 6 M1

f (m)∩M2
f (m) = ∅.

As a consequence, the characterization of the extremal action sequences for the AZI shown in
Theorem 2.3.6, remains only applicable in the restricted polyomino chain setting and a further
analysis over compressed action sequences is needed in order to characterize all of its extremal
general polyomino chains.
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Conclusion

In this work, we have introduced a general framework for identifying extremal polyomino chains
with respect to any degree-based topological index, based on a dynamic programming approach
and an encoding of polyomino chains by means of a local geometric representation using the new
concept of actions. As a consequence, throughout the work we’ve come to study and give solutions
to the majority of the most important problems concerning extremal polyomino chains, retrieving
in the way many of the results found in the literature and solving two concrete open problems
concerning specific indices.

In particular, we have established methods to find, in the case of the restricted polyomino chain
setting, one extremal polyomino chain in linear time with respect to its number of squares and
to find all extremal polyomino chains in linear time with respect to their amount, being possible
in this case to even find all non-isomorphic extremal polyomino chains with a time complexity of
O(nN2); where N is the amount of extremal polyomino chains and n their number of squares.
On the other hand, in the general polyomino chain setting we were also able to find one extremal
general polyomino chain in linear time with respect to its number of squares, while being able
to find all extremal general polyomino chains with a computational complexity of O(2n/2nN);
where N is the number of extremal compressed action sequences and n the number of squares. As
applications of these methods, we characterized all extremal restricted polyomino chains for the
Augmented Zagreb Index and all extremal general polyomino chains for the generalized Randić
Index with parameter equal to −1, both of which were open problems in the literature.

Moreover, we have also established conditions for the onset of cyclic behaviors on extremal
chains, findings concerning the appearance of linear and zig-zag chains, as well as their characteri-
zation as the only unique extremal chains which can also be unique and extremal for all previous
sub-problems, and conditions in order to tell if solving the extremal polyomino chain problem can
be done within the restricted setting, or if the general setting is necessary.

Taking into account the previous results, our dynamic programming framework by means of
actions becomes relevant for the study of extremal polyomino chains, proving not only to be a useful
tool for concrete computations but also for a more generalized approach to theoretical results on
extremal problems in chemical graph theory. However, despite the success of the technique, there
are still many problems in need of further study, such as the problem of dealing with parametrized
indices as whole and not just for fixed values, the characterization of more special long-term
dynamics similar to the way we established conditions for linear and zig-zag chains to appear,
the design of more efficient algorithms or additional results similar to Lemma 3.3.7 for identifying
realizable general action sequences, and the extension of the extremal problem to other graph
families. In particular, the effort for solving the extremal problem for all values of a parametrized
index is currently underway and we believe that the proposed methodology of this work provides
a valuable foundation for tackling these and other related challenges in the analysis of extremal
molecular structures under degree–based and topological indices.

Finally, we provide access to our implementations of all of the methods obtained from our work,
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such as the constructive methods for problems Mf (n, S), nt(n,E), the identification of linear and
zig-zag chains as extremal, Algorithms 1, 2 and 3, the identification of non-isomorphic polyomino
chains and the analysis of whether the extremal problem can be solved on the restricted polyomino
chain setting or not. The code is available at: Link to the Code.

https://colab.research.google.com/drive/1d3OlbcWlrvT22xqRiNCg4E6gcGPV9aMK?usp=sharing
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Appendix

Proof of Proposition 1.2.7

In this section we prove Proposition 1.2.7, which was introduced in Section 1.2.1 and was only
proved halfway through Lemma 1.2.5. In what follows we first introduce some new definitions
concerning Jordan curves, which will be necessary for our approach, since the main challenge will
be to show at some step of the constructive process an interior face is made.
Definition C.0.13. Let C be the unit circle {(x, y)|x2 + y2 = 1}, a Jordan curve Γ is the image
of C under an injective continuous mapping γ into R2; that is, a simple closed curve on the plane.
Let t(θ) = (cosθ, sinθ), θ ∈ [0, 2π] be the natural parametrization of C, then a Jordan curve Γ is
said to be a Jordan polygon if there is a partition Θ = {θ1, θ2, · · · , θn} of the interval [0, 2π] such
that

γ
(
(cosθ, sinθ)

)
= (aiθ + bi, ciθ + di)

for θ ∈ [θi, θi+1], i ∈ {1, 2, · · · , n} and ai, bi, ci, di real constants. We call the pair (γ,Θ) a realization
of the polygon Γ.

In particular, if (γ,Θ) is a realization of a polygon Γ, we can associate to it a simple graph by
naturally defining edges and vertices, and we write Γ := v1E1v2 · · · vnEn; where the endpoints of
Ei are vi and vi+1 when i < n and vn and v1 when i = n. Also, we define the notion of previous
and next vertex of vi as vi−1 and vi+1 respectively, where the previous vertex to v1 is vn and the
next vertex of vn is v1. Similarly, if G is a simple graph which is a cycle, we can embed it in R2

and obtain one of its realizations (γ,Θ).
Definition C.0.14. Let Γ := v1E1v2 · · · vnEn be a Jordan polygon, p a point in R2 not in Γ and
ℓp be a ray starting from p. If vi ∈ ℓp, then we define its type on ℓp as follows:

If its previous vertex is also in ℓp, we say vertex vi is of type 3 (see Figure C.10 b), c))).

Else, let v be the first vertex in ℓp intersected after it intersected vi or vi itself, such that its
next vertex v′ isn’t in ℓp.

• If the previous vertex of vi and v′ lie on different sides of the line obtained by extending
the ray ℓp, we say vertex vi is of type 1 (see Figure C.10 a), f)).

• Else, we say vertex vi is of type 2 (see Figure C.10 d), e)).

Also, to the edge having as endpoints vi−1 and vi, and the edge having as endpoints v and
v′, we name the arms of vertex vi.

Remark C.0.15. Notice in Definition C.0.14 we are guaranteed to find the vertex v because we are
dealing with a closed polygon curve and if from a point onward all next vertices were collinear,
then the curve would never close.
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Figure C.10: Types of vertices.

Definition C.0.16. Let Γ := v1E1v2 · · · vnEn be a Jordan polygon, p a point in R2 \ Γ and ℓp a
ray starting from p. We define the intersection index of p given by ℓp and denoted by I(p) as:

I(p) :=
∑

q∈Γ∩ℓp

f(q) mod 2

where f is defined as f(q) = 0 if q is a vertex of type 3, type 2 or q is not a vertex and the endpoints
of the edge it belongs to lie on ℓp. Else f(q) = 1.

We now enunciate the Jordan Curve Theorem for Jordan polygons, which will be the main
tool for our proof of Proposition 1.2.7 and whose proof is shown in the following section for the
interested reader.
Theorem C.0.17. Let Γ := v1E1v2 · · · vnEn be a Jordan polygon, then the set R2 \ Γ consists of
two connected components, namely the interior and exterior of Γ.

Also, if p is a point in R2 \ Γ and ℓp is a ray starting from p. We have if I(p) is even then p
lies in the outside of Γ and if I(p) is odd, then p lies in the inside of Γ.
Proposition C.0.18. Let (I1, I2, I3, · · · , In) be a sequence of instructions. The sequence is reali-
zable iff at every step of its constructive process the last square has its ending vertices with degree
exactly two.

Proof. Since by Lemma 1.2.5 we have already shown if at every step of the graph’s constructi-
ve process the last square has its ending vertices with degree exactly two then the sequence of
instructions is realizable, it only remains to prove if at some point of the constructive process of
the graph, the ending vertices have not both degree exactly two, then the graph described by the
sequence of instructions is not a polyomino chain.

So because at some point of the constructive process of the graph its ending vertices have not
both degree exactly two, there must exist a first square Si, placed by the instruction Ii, such that
when we attach it to the graph described by the sequence (I1, · · · , Ii−1), its ending vertices have
not both degree exactly two.

Denote the center of the square Sz, given by instruction Iz, as cz. Suppose without loss of
generality Ii = R and that the coordinates of ci, when the graph is embedded in R2, were (x, y).
Then, if its ending vertices have not both degree exactly two, it must be there exists j ∈ {1, · · · , i−
1} such that the coordinates of the center of square Sj , cj , are (x, y+1), (x+1, y+1), (x+1, y), (x+
1, y − 1) or (x, y − 1) (see Figure C.11).

We now divide the proof into cases.

a) If cj has coordinates (x, y + 1), (x + 1, y) or (x, y − 1), then it follows in the dual graph of
(I1, · · · , In), ci would have an edge with cj and thus the dual graph would contain a cycle,
given by (cj , cj+1, · · · , ci). But then this means the dual graph is not a path and hence the
graph represented by (I1, · · · , In) is not a polyomino chain.



Figure C.11: Possible values for cj .

b) Else, suppose without loss of generality the coordinates of the center cj were (x+ 1, y + 1),
we will now define a Jordan polygon by Γ := cjEjcj+1 · · · ciEi; where the edges Ez are the
natural line segments joining vertices cz and cz+1 when z < i and Ei is the line segment
joining vertices ci and cj .

Denoting p := (x, y+1) and q := (x, y−1), which we know are not vertices of Γ by case a), it
follows I(p) ̸= I(q); where we choose ℓp and ℓq to be vertical rays. In order to see this, notice
ℓq intersects Γ at the same points as ℓp with the exception ℓq also intersects ci, which is of
type 1 (see Figure C.12). Hence, we can conclude by Theorem C.0.17 one of either p or q lies
within the interior of Γ and therefore we have one of either p or q must be inside an interior
face of the graph described by (I1, · · · , In), because points in R2 can only belong to an edge
of the graph, an interior face, the exterior face or be a vertex of the graph and it is clear
neither p nor q can be in the edges or be a vertex of the graph described by (I1, · · · , In).

Figure C.12: Deducing I(p) ̸= I(q).

Assume without loss of generality p was in one interior face of the graph described by
(I1, · · · , In). Then, if we denote by S the unit square in R2 to which p is center, we ha-
ve since all points in S are path connected, that by Theorem C.0.17, they all belong to an
interior face of the graph, again also arguing they cannot be vertices or belong to edges in
the graph.

So if S was equal to the whole interior face to which p belongs, then it would follow in the
dual graph, (cj , cj+1 · · · , ci, p) forms a cycle. Else, if S was properly contained in the interior
face to which p belongs, it would follow the interior face is not equal to a unit square and in
either case the sequence (I1, · · · , In) would not be realizable.



Jordan Polygon Theorem

In this section we realize the proof of Theorem C.0.17, which we divide into three main lemmas,
based on the proof made in [33].
Lemma C.0.19. Let Γ := v1E1v2 · · · vnEn be a Jordan polygon, then R2 \ Γ has at most two
connected components.

Proof. Let δ := min{d(Ei, Ej)|Ei and Ej are not adjacent} and let Ai := {q ∈ R2|d(q, Ei) < δ}. It
is clear, by definition, that no points of Ai belong to Ej ; where j ̸= i− 1, i, i+1. Also, notice since
in particular the distance of Ei to its endpoints is an upper bound for δ, Ai∩Γ ⊂ Ei−1∪Ei∪Ei+1.

Now, notice Ai \ Γ has two connected components, which is immediate to see by analytically
describing the sets on one side of the polygonal path Ai ∩ Γ and on the other, which are open and
disjoint. We name these components A′

i and A′′
i respectively.

Suppose this partition was in particular done for Ai, then for Ai+1 we can similarly partition
it into two connected components and because Ai contains an open ball with center at vi+1, it
follows A′

i and A′′
i both intersect different components of Ai+1 \ Γ. Hence, we can denote the

components of Ai+1 \ Γ as A′
i+1 and A′′

i+1 depending on which they intersected. Continuing the
same process for all edges, we end up with the sets A′

1, · · · , A′
n and A′′

1 , · · · , A′′
n where A′

i∩A′
i+1 ̸= ∅

and A′′
i ∩ A′′

i+1 ̸= ∅. Thus, since all sets A′
i and A′′

i are connected, it follows A′
1 ∪ · · · ∪ A′

n and
A′′

1 ∪ · · · ∪A′′
n are connected as well.

Now, let p ∈ R2 \ Γ, we can obtain q a closest point in Γ to p (which exists because p and Γ
are compact) and since q is a closest point to p, it follows the line segment from p to q doesn’t
intersect Γ elsewhere. Also, because q must belong to some Ai, it follows p is path connected to
an element in A′

i or A′′
i (which can be obtained by taking a point of the line segment from p to q

inside a small open ball with center at q and such that the ball is contained in Ai).

Therefore, since every element p ∈ R2 \ Γ is path connected to A′
1 ∪ · · · ∪A′

n or A′′
1 ∪ · · · ∪A′′

n,
it follows R2 \ Γ has at most two connected components.

Lemma C.0.20. Let Γ := v1E1v2 · · · vnEn be a Jordan polygon, then R2 \ Γ has at least two
connected components.

Proof. Let p be any point in R2 \ Γ and m ∈ R. If for every p we fix the slope of ℓp to be m, it is
clear we partitioned R2 \ Γ into points with odd and even intersection indices. We will now show
there is no continuous path between a point with even intersection index and a point with odd
intersection index. In order to do so, we prove for any point p ∈ R2 \ Γ there is a neighborhood
around it such that any other point in it has the same intersection index value, where the slopes
of the rays considered are equal to m.

So let p ∈ R2 \Γ, I(p) be its intersection index under ℓp with slope equal to m and ℓi denote the
line passing through the vertex vi with slope m. Define Γ1 := Γ

⋃n
i=1 ℓi, and take q ∈ B(p, ϵ) \ Γ,

where ϵ = d(p,Γ1). We divide the proof I(q) = I(p) into cases depending on the intersection points,
z, ℓp has with Γ, which we illustrate in Figure C.13:

a) If z is a point on an edge Ei which isn’t a vertex, then if Ei is parallel to ℓp, it follows ℓq
wont intersect it so we have in this case ℓq doesn’t count any crossing and ℓp adds f(z) = 0.

If on the contrary Ei is not parallel to ℓp, then it follows ℓq must also intersect it because ℓq has
the same slope as ℓp, q is on the same side of Ei that p (since ϵ = d(p,Γ1) < d(p,Γ) < d(p,Ei))
and since the endpoints of Ei must be on different sides of ℓp, the one in the same side as



q must go past ℓq, otherwise it would contradict q ∈ B(p, ϵ) \ Γ. Hence ℓq adds 1 to its
intersection index as well as ℓp.

b) If z is a vertex of type 1, it follows only one of z’s arms endpoints is on the same side of ℓp
that q, and by the same argument as in a), ℓq will intersect the edge corresponding to the
arm. Thus ℓq adds 1 to its intersection index in the same way as ℓp.

c) If z is a vertex of type 2, it follows both z’s arms lie on the same side of ℓp. If this side is
not the same the one q is in, then ℓq intersects none. Otherwise ℓq intersects both and in any
case adds 0 to its intersection index in the same way as ℓp.

d) If z is a vertex of type 3 and both of the edges that have it as endpoints are parallel to ℓp,
then it is the same argument as the first part of case a). Else, if one of the edges that have
it as endpoint is not parallel to ℓp, then no matter whether this edge is on the same side of
ℓp as q or not, it follows a previously intersected vertex by ℓp is of type 1 or 2 and in either
case ℓq by cases b) and c) adds the same amount as ℓp to the intersection index.

Figure C.13: Cases depending on the intersection points ℓp has with Γ.

Finally, we can similarly argue the edges ℓq intersects must correspond to equivalent cases on
ℓp. Therefore we can conclude I(q) = I(p).

So now, let p, q ∈ R2 \Γ such that I(p) is even and I(q) is odd. Suppose by way of contradiction
that g : [0, 1]→ R2 \ Γ was a continuous path from p to q (that is, g(0) = p and g(1) = q). Then,
because we have g(1) is a point with odd intersection index, we can take:

t′ = inf{t ∈ [0, 1]|g(t) is a point with odd intersection index}.

However, since the intersection index is preserved on small neighborhoods, we have there exists
α > 0 such that the intersection index of g(t) has the same parity as g(t′) whenever t ∈ (t′−α, t′+α)
but this contradicts values in (t′−α, t′) have even intersection indices and that there is at least one
value in [t′, t′ + α) with odd intersection index. Thus continuous paths can only be made between
points with intersection indices of the same parity.

It only remains to show there exist points with even intersection index and points with odd. To
see this, let p ∈ R2 \ Γ such that ℓp crosses an edge of Γ first and not through an endpoint. Then,
it is clear we can find another point q ∈ ℓp immediately after the first crossing such that q ∈ R2 \Γ
and ℓq has the same crossings as ℓp from there onward. Therefore, since crossing an edge adds 1
to the intersection index, it follows I(q) ̸= I(p) and hence one must be even and the other odd.



Finally, due to the fact points with even and odd intersection index cannot be in the same path
connected component, we have R2 \ Γ must have at least two path connected components, which
in turn implies it must at least have two connected components.

Lemma C.0.21. Let Γ := v1E1v2 · · · vnEn be a Jordan polygon and p ∈ R2\Γ, I(p) is well-defined.
That is, for any ray chosen for p, I(p) has the same value.

Proof. Let p ∈ R2 \ Γ and ℓp some ray starting at p. Since the number of vertices is finite in Γ, we
can find an angle range [−θ, θ]; θ ∈ (0, π) such that the ray ℓp rotated by β ∈ [−θ, θ], which we’ll
denote by ℓp(β), doesn’t intersect any vertices of Γ. Then, by applying the exact same arguments
as in the proof of Lemma C.0.20, we can show the intersection index of p under the ray ℓp(β)
equals that of p under the ray ℓp.

Now, since we can clearly make a continuous path g : [0, 1] → [0, 2π], where the intersection
index for p under ℓp(0) is I(p), we have for all β ∈ [0, 2π] the intersection index for p under ℓp(β)
is I(p). Otherwise, if this wasn’t true for some β ∈ (0, 2π], we could obtain:

t′ = inf{t ∈ [0, 1]| the intersection index for p with ℓp(g(t)) ̸= I(p)}.

But then, because for ℓp(g(t′)) we can find a neighborhood [−θ, θ] such that ℓp(g(t′)+α) gives the
same intersection index as ℓp(g(t

′)); α ∈ [−θ, θ], we can conclude t′ is not the infimum and thus it
must be for all β ∈ [0, 2π] p has with ℓp(β) intersection index equal to I(p).

Theorem C.0.22. Let Γ := v1E1v2 · · · vnEn be a Jordan polygon, then the set R2 \ Γ consists of
two connected components, namely the interior and exterior of Γ.

Also, if p is a point in R2 \ Γ and ℓp is a ray starting from p. We have if I(p) is even then p
lies in the outside of Γ and if I(p) is odd, then p lies in the inside of Γ.

Proof. By Lemmas C.0.19 and C.0.20 it is immediate R2\Γ has exactly two connected components
and since by Lemma C.0.21 we are allowed to speak of I(p) freely, we have one component corres-
ponds of all points with even intersection index and the other of all points with odd intersection
index. Moreover, since for vi a vertex of Γ we can find a radius r such that Γ ⊂ B(vi, r), by taking
p /∈ B(vi, r) and ℓp as a ray starting from p and going in the same direction as ⃗vip , we have ℓp
doesn’t intersect Γ and hence I(p) = 0. Thus we can conclude points with even intersection index
lie outside Γ and points with odd intersection index lie inside.
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