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Resumen

En este trabajo se realiza el análisis Hamiltoniano de la modificación de Chern-Simons

a Relatividad General en cuatro dimensiones. Se tomarán dos caminos: el formalismo

Hamiltoniano de Gitman-Lyakhovich-Tyutin y la teoŕıa de Hamilton-Jacobi. Se reporta la

estructura completa de las restricciones del modelo. Se construye el Hamiltoniano canónico

correspondiente, debido a que la teoŕıa es de alto orden, se investigó si tal Hamiltoniano es

estable en el sentido de la inestabilidad Ostrogradsky. Se presenta un conjunto completo

de paréntesis generalizados fundamentales no triviales. Se identifican las transformaciones

de norma de la teoŕıa y se realiza un conteo de grados de libertad f́ısicos. Además se aplicó

la teoŕıa de Hamilton-Jacobi al invariante de Chern-Simons tridimensional.



Abstract

In this work the Hamiltonian analysis of the Chern-Simons modification of General Rela-

tivity in four dimensions is performed. Two approaches are taken: the Gitman-Lyakhovich-

Tyutin Hamiltonian formalism and the Hamilton-Jacobi theory. The complete structure

of constraints of the model is reported. The corresponding canonical Hamiltonian is con-

structed and, since the theory is of higher-order it is investigated if such Hamiltonian is

stable in Ostrogradsky’s sense. A full set of non-trivial fundamental generalized brackets is

presented. The gauge transformations of the theory are identified and the counting of phys-

ical degrees of freedom is carried out. In addition, the Hamilton-Jacobi theory is applied to

the 3D Chern-Simons invariant.
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Chapter 1

Introduction

It is well-known that General Relativity (GR) is a successful framework for describing

the classical behavior of the gravitational field and its relation with the geometry of space-

time [1,6]. From the canonical point of view, GR is a background independent gauge theory

with diffeomorphism invariance and the Hamiltonian is a linear combination of first-class

constraints and propagates two physical degrees of freedom [7]. From the quantum point of

view, the quantization program of gravity remains as a difficult task; in the non-perturbative

scheme, the non-linearity of the gravitational field manifested in the constraints obscures

the quantization so, making a complete description of a non-perturbative quantum theory

of gravity is an open problem [8, 9]. On the other hand, the perturbative point of view

of the path integral method leads to the non-renormalizability problem [10, 11] and all

tools that have been developed in quantum field theory have not worked successfully. It

is common to study modified theories of gravity in order to obtain insights in the classical

or quantum regime with the expectation that they will provide new ideas or tools to carry

out the quantization program, an example of this being the so-called higher-order theories

[12–15]. In fact, higher-order theories are good candidates for fixing the infinities that

appear in the renormalization problem of quantum gravity. It is claimed that adding higher-

order terms (squared in the curvature) to gravity could help to avoid this problem; since

these terms have a dimensionless coupling constant which ensures that the final theory is

divergence-free [16, 17]. The study of higher-order theories is a modern topic in physics,

these theories are relevant in dark energy physics [18], generalized electrodynamics [19–

21] and string theory [22, 23]. A very interesting model in four dimensions can be found

in the literature in which the Einstein-Hilbert (EH) action is extended by the addition

1



2 Chapter 1: Introduction

of a Chern-Simons (CS) 4-current coupled with an auxiliary field, by taking a particular

choice of the auxiliary field then the resulting action is a close model to GR [24]. At a

Lagrangian level, the extended theory describes the propagation of two degrees of freedom

corresponding to the gravitational waves traveling with velocity c, but these waves propagate

with different polarization intensities violating spatial reflection symmetry. Moreover, the

Schwarzchild metric is a solution of the equations of motion, thus the modified theory and

the EH action share the same classical tests. On the other hand, at the Hamiltonian level,

the model is a higher-order gauge theory whose Hamiltonian analysis is known not to be

easy to perform. The analysis of constrained higher-order systems is usually developed by

following the Ostrogradsky-Dirac (OD) [25–27] or the Gitman-Lyakhovich-Tyutin (GLT)

[28,29] methods. The OD scheme is based on the extension of the phase space by considering

the fields and their velocities as canonical coordinates and then introducing an extension to

the canonical momenta, however, the identification of the constraints is not easy to develop;

in some cases, the constraints are fixed by hand in order to obtain a consistent algebra [30]

and this yields the opportunity to work with alternative methods. The GLT framework

is based on the introduction of extra variables, which transform a problem with higher

time derivatives to one with only first-order ones, then one can follow the usual Dirac’s

Hamiltonian formalism for constrained systems. There is an alternative framework for

analyzing higher-order theories: the so-called Hamilton-Jacobi method. The HJ formalism

for regular field theories [31,32] was developed by Güller and later for singular systems [33,

34]. It is based on the identification of the constraints as Hamiltonians of the theory and on

the enforcement of integrability conditions for a collection of partial differential equations for

the Hamiltonians (Hamilton-Jacobi equations). The Hamiltonians can be either involutive

or non-involutive and they are used for constructing a fundamental differential that codifies

all the physical information of the system.

With all of above, the main purpose of this work is to develop a detailed analysis of the CS

modification of GR [24] under a particular choice of the auxiliary field in the perturbative

approximation and to study its closeness with the canonical Hamiltonian structure of GR.

In Chapter 2 and Chapter 3 we have a review of the canonical formalism and of the HJ

formalism for constrained systems, respectively. In Chapter 4 we present the main aspects

of CS modified gravity. In Chapter 5 we develop a canonical analysis and the HJ analysis

of the extended model. Chapter 6 is devoted to conclusions, prospects and remarks.



Chapter 2

Canonical formalism for singular

systems

The study of the classical singular systems began its development since the work of Dirac

[35, 36]. In his generalization of the Hamiltonian formulation he demonstrated how to

identify all the functions f(q, p) = 0 constraining the phase-space, this identification can

be achieved if one imposes certain consistency conditions. In addition, Dirac’s formalism

provides other relevant aspects of a singular system such as; counting of degrees of freedom,

identification of the gauge symmetries, elimination of non-physical degrees of freedom, etc.

Here will be presented the basic aspects of the Dirac Hamiltonian formalism.

2.1 Primary constraints

Let’s start with a classical system described by N generalized coordinates through the

following action principle

S =

∫
L(q̇i, qi, t)dt (2.1.1)

where i = 1, ..., N and L is a singular Lagrangian, we say that a Lagrangian is a singular

one if the determinant of the Hessian matrix H ij vanishes

det
(
H ij
)
= det

(
∂2L

∂q̇i∂q̇j

)
= 0. (2.1.2)

In order to go to the Hamiltonian formalism we introduce the canonical momenta

pi =
∂L

∂q̇i
, (2.1.3)

3



4 2.2 Consistency conditions

since det(H ij) = 0 only R = rank(H ij) of the velocities can be expressed in terms of the q′s

and p′s, on the other hand, we have N = null(H ij) non-invertible velocities so we expect

N functions φn, n = 1, ...,N such that

φn(qi, p
i) ≈ 0, (2.1.4)

which we are going to call primary constraints, the symbol ≈ stands for weakly zero and

it means that the equation (2.1.4) holds only in the subspace Pφ ⊂ P (P the phase-space)

defined by the constraints. Once we introduced the canonical momenta we can define the

Hamiltonian in the usual way

H0 = q̇ip
i − L. (2.1.5)

The Einstein summation convention
∑N

i=1 aib
i → aib

i has been taken into account, from now

and until said otherwise it will be used in all indicated sums. The Hamiltonian depends only

of (qi, p
i) but these variables are not independent because of (2.1.4) then the Hamiltonian

is well defined only in Pφ. Now we define the primary Hamiltonian as follows

H1 = H0 + unφ
n, (2.1.6)

where un are Lagrange multipliers enforcing the primary constraints. Variation of H1 lead

us to the Hamilton’s equations of motion

q̇i =
∂H0

∂pi
+ un

∂φn

∂pi
, (2.1.7)

−ṗi =
∂H0

∂qi
+ un

∂φn
∂qi

, (2.1.8)

in principle un are arbitrary functions of (qi, p
i) so the equations of motion are not deter-

mined in a unique way until all multipliers are specified, but this is not always the case, if

all multipliers cannot be found then the system has a certain freedom, we will see later that

the undetermined multipliers are directly related to the gauge symmetries of the theory.

2.2 Consistency conditions

One expects some consistency of the constraints when the system evolves in time i.e. they

should not change in time, in other words

φ̇n ≈ 0, (2.2.1)
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we can express these conditions in terms of the Poisson Brackets (PB) by noticing that the

time derivative of any function F = F (qi, p
i) is

Ḟ = {F,H1}, (2.2.2)

it is straightfoward to deduce the equations of motion (2.1.7) and (2.1.8) from (2.2.2). The

consistency conditions becomes

{φn, H0}+ um{φn, φm} ≈ 0, (2.2.3)

after developing the equation (2.2.3) for some constraint φn one end up with one of the

following scenarios:

1. The final equation involves some of the multipliers un.

2. A relation between q′s and p′s emerge, thus we get expressions of the form

φN+1(qi, p
i) ≈ 0. (2.2.4)

3. It reduces to 0 ≈ 0.

From the first possibility one may solve for some of the multipliers and then substitute them

back in H1. If the second possibility occurs and if φN+1 is independent of any φn then we

have a new constraint (secondary constraint) and it lead us to a new consistency condition

φ̇N+1 ≈ 0, (2.2.5)

we are now in the same situation as before and if the second scenario occurs again then

we need to go further and repeat the process until no more constraints appear. In the

end we have a collection of secondary, tertiary, etc. constraints that sometimes are called

generically as secondary constraints. After repeating this process for all φn we end up with

a total number of A constraints φa, a = 1, ..., A.

2.3 First and second-class constraints

It will be worth if we classify all the constraints of the theory in a proper way, let us define

a first-class function. Let be a phase-space valued function F , we say that F is first-class

function if its Poisson bracket with all the constraints are weakly zero

{F,φa} ≈ 0, (2.3.1)
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otherwise F is called a second-class function. Once we had all the constraints φa at hand

we can identify all the Af independent first-class constraints Γaf of the theory as

Γaf = ω
af
a φ

a (2.3.2)

where af = 1, ..., Af and ω
af
a are the null vectors of the matrix of PB between all constraints

φa

W ab = {φa, φb}. (2.3.3)

On the other hand, the As remaining constraints whose PB does not vanish are identified

as second-class constraints and we denote them as χas , as = 1, ..., As.

2.4 Total Hamiltonian and Dirac’s brackets

We can define the total Hamiltonian in a similar way as we did with the primary Hamiltonian

but now we take into account all the constraints

HT = H0 + uaφ
a, (2.4.1)

moreover, assuming that we are able to successfully classify all the constraints and to find

explicit expressions of the multipliers uas(qi, p
i) associated with the second-class constraints

we can make the distinction between first-class and second-class constraints in the total

Hamiltonian (2.4.1) renaming it as extended Hamiltonian

HE = H0 + uasχ
as + uafΓ

af , (2.4.2)

the dynamical evolution of the system is dictated by HE

Ḟ = {F,HE}. (2.4.3)

Another benefit of the constraint classification is that we can convert the second-class

constraints into pure identities, this is χas(qi, p
i) ≈ 0 −→ χas(qi, p

i) = 0 thus removing the

non-physical degrees of freedom. We can achieve this by defining a new bracket, for such

purpose we take the matrix W ab and rearrange it in the following way

W ab =


Γbf χbs

Γaf 0 0

χas 0 Casbs

, (2.4.4)
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where Casbs stands for the matrix of PB between all the second-class constraints. Casbs is

an antisymmetric and invertible matrix. We can define the new bracket (Dirac’s bracket)

as follows

{F,G}D = {F,G}D − {F, χas}C−1
asbs

{χbs , G}, (2.4.5)

the new bracket satisfies all the good properties of the Poisson bracket and because of this

we can use it to describe the dynamics of the system

Ḟ = {F,HE}D (2.4.6)

now that the PB served its purpose of classifying the constraints we can make the sub-

stitution { , } −→ { , }D in all calculations, for example, in the derivation of the gauge

transformations.

2.5 Gauge transformations

In (2.4.2) is evident that some multipliers remains unknown (those associated with the first-

class constraints) then the equations of motion that HE generates still allows a free choice

of uaf , this is because the Γaf and uaf are related with transformations that do not affect

the physical state of the system, in other words, the gauge transformations. Let us consider

two states with the same initial conditions at a time t0 and then let’s take its dynamical

evolution at time t in a Taylor expansion at first order

X(t) = X(t0) + Ẋδt (2.5.1)

= X(t0) + ({X,H}D + uaf {X,Γ
af }D)δt, (2.5.2)

if we do this but for a different multiplier u′af related to the same constraint Γaf we have

X(t) = X(t0) + Ẋ ′δt (2.5.3)

= X(t0) + ({X,H}+ u′af {X,Γ
af })δt, (2.5.4)

the difference is

δX(t) = X ′(t)−X(t) (2.5.5)

= (u′af − uaf ){X,Γ
af }δt (2.5.6)

= {X,Γaf }δuaf , (2.5.7)
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where δuaf ≡ (u′af − uaf )δt. If we define εaf ≡ δuaf we establish that: the change X ′ −→
X + δX is a transformation with generator εafΓ

af that does not change the physical state

of the system. This transformation leaves intact the extended action given by

SE(q, p, v) =

∫
(q̇ip

i −HE)dt, (2.5.8)

such action have all the information of the system; it considers the separation of first-class

and second-class constraints, it does not have redundant degrees of freedom because of

χas = 0, it makes manifest the gauge symmetries of the system and it gives the equations

of motion:

Ḟ = {F,HE}D, (2.5.9)

Γaf ≈ 0. (2.5.10)

2.6 Degrees of freedom

The number of degrees of freedom is the number of physical independent variables nedeed

to describe the dynamics of a system. The total number of degrees of freedom is

DoF =
1

2

[( Total number of

canonical coordinates

)
−
( Number of second-class

constraints

)

− 2×
( Number of first-class

constraints

)]
(2.6.1)

the 1
2 factor compensates the transition from the configuration space Q to the phase-space

P and the 2 factor that appears in the third term is due to the double role of the first-class

constraints: as restrictions on the q′s and p′s and as a generators of gauge transformations.

2.7 Higher-order lagrangians

If a Lagrangian contains terms involving derivatives of a coordinate higher than 1, then we

are dealing with a higher-order lagrangian or higher-order theory. These kind of theories can

be problematic from a physical point of view, in the subsequent section we will delve into

this. The presence of higher-order derivatives complicates the procedure of Hamiltonization
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and/or quantization of a singular theory, in the literature one can find appropiate develop-

ments in order to achieve this goal, for example, one can cite to the Gitman-Lyakhovich-

Tyutin (GLT) approach [28,29]. In the GLT method one looks for a reduction of the order

of the Lagrangian by means of auxiliary fields and Lagrange multipliers associated to them.

The equations of motion for some auxiliary fields lead to the primary constraints of the

theory.

Let us consider a higher-order lagrangian L∗, i.e., the coordinate dependence of L∗ is

L∗ = L∗
(
x1, ..., xN ,

dx1
dt

, ...,
dxN
dt

, · · ·d
Ox1
dtO

, ...
dOxN
dtO

, t

)
= L∗

(
x
(l)
i , t

)
, (2.7.1)

where i = 1, ..., N , l = 0, 1, ...,O is the order of the time derivative and O is the highest

order. Now we define a new set of coordinates in the following way

qsi = x
(s−1)
i , (2.7.2)

vi = x
(O)
i , (2.7.3)

where s = 1, ...,O. The superscript s in qsi does not denote a derivative of qi, it only serves

to associate the qsi to the correspondent x
(s−1)
i . The definition (2.7.2)-(2.7.3) “extends” the

configuration space and the dependence of the Lagrangian becomes

L∗ = L∗ (qsi , vi, t) = L∗
(
x
(s−1)
i = qsi , x

(O)
i = vi, t

)
, (2.7.4)

moreover, from (2.7.2)-(2.7.3) we can infer some restrictions on the v′s and the q′s and their

derivatives

q̇s
′
i − qs

′+1
i = 0, (2.7.5)

q̇Li − vi = 0, (2.7.6)

where s′ = 1, ...,O − 1. These restrictions are not the primary constraints of the theory,

such constraints will arise from the equations of motions for vi. We need to include the

restrictions (2.7.5)-(2.7.6) into the theory, thus we redefine the Lagrangian

L = L∗ + λis′(q̇
s′
i − qs

′+1
i ) + λiO(q̇

O
i − vi). (2.7.7)

The Lagrangian L is of order one because L∗ has no derivative terms and the presence of

q̇s
′
i and q̇Li in the second and fourth terms. Now we are ready to define the phase-space, the
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canonical momenta are:

pis =
∂L

∂q̇si
= λis, (2.7.8)

πi =
∂L

∂v̇i
= 0, (2.7.9)

Λsi =
∂L

∂λ̇is
= 0, (2.7.10)

ΛO
i =

∂L

∂λ̇iO
= 0. (2.7.11)

The corresponding Hamiltonian is

H = (q̇si p
i
s + v̇iπ

i + λ̇isΛ
s
i + λ̇iOΛ

O
i )− L∗ − λis′(q̇

s′
i − qs

′+1
i )− λiL(q̇

L
i − vi)

= q̇si p
i
s − L∗ + λis′q

s′+1
i + λiOvi − (q̇s

′
i λ

i
s′ + q̇Oi λ

i
O)

= q̇si p
i
s − L∗ + λis′q

s′+1
i + λiOvi − q̇si λ

i
s,

therefore

H = pis′q
s′+1
i + piOvi − L∗. (2.7.12)

In this derivation we use the definition of the momenta, the multipliers λis correspond

directly to the momenta pis, on the other hand, we can express λiO in terms of the coordinates

qsi by looking in the equations of motion for vi, this is

d

dt

(
∂L∗

∂v̇i

)
− ∂L∗

∂vi
= 0, (2.7.13)

⇒ λiO − ∂L∗

∂vi
= 0, (2.7.14)

thus we have

piO − ∂L∗

∂vi
= 0. (2.7.15)

In the regular case this equation can be used to express all the vi in terms of the remaining

phase-space coordinates. In the singular case, i.e., when det(H ij) = 0 not all vi can be

determined, if we denote the non-invertible sector1 as vn we can write the following relations

pnO − f(qi, p
j) = 0, (2.7.16)

where f ≡ ∂L∗

∂vi
. The dependence f = f(qi, p

i) comes from the fact that we can express R
of the v′s in terms of the q′s and p′s and then substitute them back in (2.7.15). Finally, we

1n = 1, ...,N where N is the nullity.
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have

φn(qi, p
i) ≈ 0, (2.7.17)

these are the primary constraints of the theory. At this point we can follow Dirac’s canonical

formalism described in the previous sections.

2.8 Ostrogradsky’s instability

In the previous section we reviewed a method that allows us to deal with a higher-order

Lagrangian. We showed that is possible define a Hamiltonian function and to successfully

identify the primary constraints of the theory, but, what physical consequences arise from

the presence of higher-order derivatives of a coordinate, in particular, time derivatives? Let

us recall a related theorem.

Theorem (of Ostrogradsky’s instability): Let a higher-order Lagrangian that involves the

O-th order time derivative of the coordinates. If O > 2 and if the Lagrangian is non-

degenerate (non-degeneracy means ∂2L
∂q(O) ̸= 0) with respect to the highest order derivatives,

the Hamiltonian of this system depends linearly on the canonical momentum.

In other words, this theorem implies that if there are higher-order terms in the Lagrangian L

then the energy of the system is unbounded. Let us consider a simple model that illustrates

the Ostrogradsky instability. Let be a point particle system whose dynamical variable ϕ(t)

is governed by the action

S(ϕ) =
1

2

∫
(ϕ̈2 + αϕ̇2 + βϕ2)dt, (2.8.1)

where α and β are constants. We can write down a classically equivalent action if we take

ψ = ϕ̇;

S(ϕ, ψ) =
1

2

∫
[ψ̇2 + αψ2 + βϕ2 + 2λ(ϕ̇− ψ)]dt, (2.8.2)

by defining the (pψ, pϕ) = (∂L
∂ψ̇
, ∂L
∂ϕ̇

) we can construct the Hamiltonian function

H =
1

2
(p2ψ − αψ2 − βϕ2) + pϕψ, (2.8.3)

as we can see, the Hamiltonian depends linearly on the momentum pϕ thus the Hamiltonian

is unbounded. In some sense, the theorem of Ostrogradsky “rules out” all Lagrangians of the

form L(q, q̇, q̈, ..., t) if we want a bounded energy, the only assumption is non-degeneracy,
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but, what happens if one considers a higher-order Lagrangian but one relaxes the non-

degeneracy requeriment? This is precisely the case if one considers a constrained system.

In the development of the analysis in Chapter 5 we will show how the constraints of a theory

can heal the Ostrogradsky instability.

2.9 Unfree gauge symmetries

It is known from the literature that if the implementation of consistency conditions (2.2.3)

does not end at secondary constraints, then the parameters of the gauge transformations

are restricted by differential equations [37]. Let be a collection of N primary constraints

φn1 , the primary Hamiltonian is given by

H1 = H0 + un1

(1)
φ n1 . (2.9.1)

We adopted the notation n1 = 1, ...,N1 = N and we are explicitly remarking the primary

constraints with a label (1). In the general case the consistency conditions may give the

following structure
d

dt

(1)
φ n1

=
(1)

V m1
n1

(1)
φm1

+
(1)

Om2
n1

(2)
φm2

≈ 0, (2.9.2)

where m2 runs from 1 to the total number M2 of secondary constraints. The coefficients V

and O are differential operators. We can see that the evolution of some primary constraint
(1)
φ n1 is a linear combination of primary constraints themselves and the new secondary

constraints
(2)
φm2

. For constraints of the gth generation we have

d

dt

(g)
φ ng

=

g∑
g=1

(1)

V
mg
n1

(g)
φmg

+
(g)

O
mg+1
ng

(g+1)
φ mg+1

≈ 0, (2.9.3)

where we indicate the explicit summation of all constraints mg per generation g, this is, the

evolution of the
(g)
φ ng

constraint gives a linear combination of all the mg constraints φmg of

each generation g = 1, ..., g, in addition, the (g+1)th generation of mg+1 constraints φmg+1

emerges. For the last generation G we have

d

dt

(G)
φ nG =

G∑
g=1

(G)
V
mg
nG

(g)
φmg

≈ 0, (2.9.4)

no new constraints appear, the evolution of
(G)
φ nG is only a combination of the already

known constraints. If there are at least tertiary constraints then the gauge parameters ε
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are constrained [37](
δ
ng
mg

d

dt
+

(g)

V
ng
mg

)
εmg +

G∑
g=g+1

(g)

V
ng
mgε

mg +
(g−1)

O
ng
mg−1ε

mg−1 = 0, (2.9.5)

where g = 2, ...,G − 1, for the G generation we have(
δnG
mG

d

dt
+

(G)
V nG
mG

)
εmG +

(G−1)

O nG
mG−1

εmG−1 = 0. (2.9.6)

We must not forget that the distinction here is between primary
(1)
φ n1

, secondary
(2)
φ n2

,

tertiary
(3)
φ n3

, etc. and not between first-class φaf and second-class φas constraints. In fact,

if we consider the particular case where there is only one first-class constraint per generation

the evolution of the constraints are reduced to

{
(1)

Γ , H0} =
(1)

O
(2)

Γ , (2.9.7)

{
(g)

Γ , H0} =
(g)

O
(g+1)

Γ , (2.9.8)

{
(G)
Γ , H0} = 0, (2.9.9)

{Γaf ,Γbf } = 0, (2.9.10)

where g = 2, ...,G − 1 and af = 1, ..., A. In this particular case A = Af . The corresponding

equations for the gauge parameters are

ε̇g
′+1 +

(g′)

O εg
′
= 0 (2.9.11)

where g′ = 1, ...,G−1. In chapter 5 we will see what happens if not one but several first-class

constraints per generation are at stake.

2.10 Canonical quantization

From the classical point of view, an observable is a phase-space valued function O(q, p)

that is gauge invariant, in other words, its Poisson or Dirac bracket with the first-class

constraints Γaf vanishes

{O,Γaf }D ≈ 0. (2.10.1)

In the simple case of a free particle, the most fundamental observables are the position X

and momentum P .
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The canonical quantization seeks for a representation |Ψ⟩ = oq|ψq⟩ of the observables and

of its algebra on a Hilbert space HDirac. One associates each important function (classical

observables) on the phase-space to quantum observables that are self-adjoint operators

on HDirac, in the same manner, the fundamental brackets are promoted to commutators

between those operators

O −→ Ô, (2.10.2)

{O1,O2}D −→ 1

iℏ
[Ô1, Ô2]. (2.10.3)

For the free particle we have that

X −→ X̂, (2.10.4)

P −→ P̂ = −iℏ d

dX
, (2.10.5)

{X,P} = 1 −→ 1

iℏ
[X̂, P̂ ] = 1. (2.10.6)

Now, let’s assume a constrained theory whose dynamics is governed by the extended Hamil-

tonian HE such that all constraints φ are first-class constraints2 φa = Γaf , a = af , thus we

have

{Γaf ,Γbf }D ≈ 0 (2.10.7)

{Γaf , HE}D ≈ 0. (2.10.8)

The canonical quantization procedure produces a space of states that is too large, in the

sense that its quantum states are not gauge invariant, but physical states should be. Hence,

the space of physical states Hphys ⊂ HDirac must be chosen such that

Γ̂af |Ψ⟩ = 0 (2.10.9)

for all |Ψ⟩ ∈ Hphys so that the finite gauge transformations act as

expiεaf Γ̂
af |Ψ⟩ = |Ψ⟩ (2.10.10)

i.e. the physical states are precisely the gauge invariant states. Thus, the space of physical

states is the intersection of all kernels of the constraints operators, which is the quantum

analogue of the classical constraint surface. It is worth noticing that we did not choose a

gauge of any kind here.
2This always can be achieved in principle if one eliminates the second-class constraints by introducing

the Dirac brackets.



Chapter 3

The Hamilton-Jacobi formalism

The Hamilton-Jacobi’s (HJ) formalism for singular systems was developed by Güller [33,34]

as a generalization of Carathéodory’s method for regular systems [38]. Caratheodory’s

method is focused on the equivalent Lagrangians concept which is a consequence of the

invariance of the Euler-Lagrange equations under the transformation

L −→ L′ = L− dΛ(qi, t)

dt
(3.0.1)

where Λ is an arbitrary function. The physics of the Lagrangians L and L′ is the same and

they also have simultaneous extremal values as functions of q̇i, this is, when the Lagrangian

L reach its minimum value L |q̇i=gi for some functions gi thus the Lagrangian L′ also reach

its minimum L′ |q̇i=gi but both values are not necessarily the same, by exploiting this idea

it will be possible to establish a set of partial differential equations for the Λ function.

3.1 Hamilton-Jacobi’s partial differential equations

Let us consider consider a singular Lagrangian1 L(q̇i, qi, t), that is, the determinant of the

Hessian is equal to zero

det
(
H ij
)
=

(
∂2L

∂q̇i∂q̇j

)
= 0. (3.1.1)

The matrix H ij have rank R and nullity N . The rank indicate that R functions ϕr exist

such that we may express a sector of velocities q̇r in terms of the remaining variables

q̇r = ϕr(qs, qn,
∂L

∂q̇s
, t) (3.1.2)

1i = 1, ..., N and N is the number of generalized coordinates.

15
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where r, s = 1, ...,R and n = 1, ...,N . In (3.1.2) we make an explicit distinction between

the invertible qr and non-invertible qn sector. Now we will define an equivalent Lagrangian

L′ = L− dΛ
dt such that it satisfies the following requeriments:

1. The Lagrangian L′ as a function of q̇i will have a minimum value equal to 0 when in

the invertible sector it occurs that q̇r = ϕr, in other words

L′(qi, ϕr, q̇n, t) = 0, (3.1.3)

L′ > 0, in a neighborhood of q̇r = ϕr. (3.1.4)

2. When L′ reaches its minimum then the non-invertible sector qn will satisfy N relations

of the form
∂L

∂q̇n
+Hn(qr, qm,

∂L

∂q̇r
, t) = 0, (3.1.5)

where Hn ≡ −
[
∂L
∂q̇n

]
q̇r=ϕr

.

It is worth mentioning that when we refer to the minimum of L′ we are seeing L′ as a

functional of q̇i and not as a function of t explicitly, time evolution of L′ (and of L as a

consequence) is allowed but, under the requeriments 1 and 2. In fact, because L′ and L

share the same physics, this is, the action principles S =
∫
L and S =

∫
L′ are equivalent

therefore the existence of the functions Λ, ϕr and Hn that defines L′ corresponds to the

minimun value of the action S

S(q̇i, qi, t) =

∫
Ldt, (3.1.6)

this is, the dynamical evolution corresponding to L. Let’s see that it is possible to express

the equations (3.1.5) in terms of Λ and of the coordinates qi by working with equation

(3.1.3). We have that

L′ = 0 ⇒ L− ∂Λ

∂qi
q̇i −

∂Λ

∂t
= 0, (3.1.7)

by taking the derivative with respect to q̇i we obtain the following equation

∂Λ

∂qi
=

∂L

∂q̇i
, (3.1.8)

thus, the equations (3.1.5) takes the form

Hn(qr, qm,
∂Λ

∂qr
, t) +

∂Λ

∂qn
= 0. (3.1.9)
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In (3.1.9) we have N partial differential equations for the function Λ. We can add another

equation to the initial set (3.1.9) by introducing the canonical Hamiltonian

H0 = q̇ip
i − L, (3.1.10)

where pi are the respective canonical momenta of qi

pi =
∂L

∂q̇i
, (3.1.11)

by substituting (3.1.7), (3.1.8) and (3.1.11) into H0 we get

H0(qr, qn,
∂Λ

∂qr
, t) +

∂Λ

∂t
= 0. (3.1.12)

One can obtain this equation by taking an alternative path, that is, by looking for a canonical

transformation that changes the coordinates (q, p) into its initial values, the function Λ takes

the role of the generating function of such transformation. Now, if we relabel (t, q1, ..., qN )

as (t0, t1, ..., tN ) we can unify (3.1.9) and (3.1.12) as follows

Hn(qr,
∂Λ

∂qr
, tm) +

∂Λ

∂tn
= 0, (3.1.13)

where now n = 0, 1, ...,N and p0 ≡ ∂Λ
∂t . We have a set of N + 1 equations, these equations

are known as the Hamilton-Jacobi’s partial differential equations (HJPDE), from now we

will call the functionsHn as Hamiltonians. In brief we will see that the variables tn+1 ≡ qn+1

really have the same status as t0 ≡ t, i.e., they are evolution parameters.

3.2 Characteristic equations

Once we established the system of equations (3.1.13) we can proceed to try to find their

characteristic curves, this is, the set of total differential equations such that

dqi = Ani dtn, (3.2.1)

dpn = Bi
ndt

n, (3.2.2)

dΛ = Cndtn. (3.2.3)

Now the goal is to find the coefficients Ani , B
i
n and Cn, then we will set up certain conditions

that ensures the integrability of (3.1.13) and that also guarantees the existence of unique
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solutions for the characteristics given some initial data. Let’s rewrite the HJPDE in terms

of the phase-space variables

H ′
n(qr, p

r, tn, p
n) ≡ pn +Hn(qr, p

r, tn) = 0, (3.2.4)

in the case when n = 0 the function H ′
0 can be viewed as the canonical Hamiltonian that

emerges from a Legendre transformation that includes t0 as a coordinate

H ′
0 ≡ ṫ0p

0 + q̇ip
i − L = 0, (3.2.5)

this is just the definition of H0, we will keep referring to H ′
n as Hamiltonians. Now let’s try

to derive the coefficients Ani first by taking the partial derivative of H ′
0 with respect to pr

∂H ′
0

∂pr
=

∂

∂pr

[
p0 + q̇ip

i − L(qi, q̇s, ṫn+1)
]

(3.2.6)

= 0 +
∂

∂pr
[
q̇sp

s + ṫn+1p
n+1 − L(qi, q̇s, ṫn+1)

]
(3.2.7)

=
∂

∂pi
[
ϕrp

r − ṫn+1H
n+1 − L(qi, ϕs, ṫn+1)

]
, (3.2.8)

from the first line to the second line we split up the coordinates qi → (qr, tn+1), the n + 1

labeling comes from the fact that the definition of H0 does not include t0 in the Legendre

transformation; in the last line we used the equation (3.2.4) and the fact that the velocities

q̇r can be expressed as q̇r = ϕr(qs, tn+1, p
s, t), hence by using the differentiation product

rule we get

∂H ′
0

∂pr
= q̇r +

∂q̇s
∂pr

ps − ṫn+1
∂Hn+1

∂pr
− ∂L

∂q̇s

∂q̇s
∂pr

(3.2.9)

= q̇r −
∂Hn+1

∂pr
ṫn+1, (3.2.10)

therefore
dqr
dt

=
∂H ′

0

∂pr
+
∂Hn+1

∂pr
dtn+1

dt
, (3.2.11)

we now multiply both sides of the equation by dt and by recalling the fact that
∂H′

n+1

∂pr =
∂Hn+1

∂pr we obtain a preliminary expression for the curves dqr

dqr =
∂H ′

0

∂pr
dt+

∂Hn+1

∂pr
dtn+1 (3.2.12)

=
∂H ′

n

∂pr
dtn, (3.2.13)
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we can incorporate to this expression the terms associated to tn by taking advantage of the

following identity

dtn = δmn dtm =
∂pm

∂pn
dtm =

∂H ′
m

∂pn
dtm, (3.2.14)

in this manner we obtain the desired expansion of dqi in terms of the variables tn

dqi =
∂H ′

n

∂pi
dtn. (3.2.15)

In a similar way, we can find the curves dpi but this time by starting from the substitution

of (3.1.8) in the definition of the momenta (3.1.11)

pi =
∂Λ

∂qi
, (3.2.16)

if we take its differential version we have

dpi =
∂

∂qi

(
∂Λ

∂qj

)
dqj (3.2.17)

=
∂2Λ

∂qn∂qi
dqr +

∂2Λ

∂tn∂qi
dtn, (3.2.18)

here we can substitute eq. (3.2.15)

dpi =
∂2Λ

∂qr∂qi

∂H ′
n

∂pr
dtn +

∂2Λ

∂tn∂qi
dtn (3.2.19)

=

(
∂2Λ

∂qr∂qi

∂H ′
n

∂pr
+

∂2Λ

∂tn∂qi

)
dtn (3.2.20)

we are going to leave this result at the moment. On the other hand, by taking the variation

of H ′
n(qi,

∂Λ
∂qi

) with respect to qi we have

∂H ′
n

∂qi
+
∂H ′

n

∂pi
∂2Λ

∂q2i
= 0 (3.2.21)

⇒ ∂H ′
n

∂qi
+
∂H ′

n

∂pr
∂2Λ

∂qi∂qr
+ 1 · ∂2Λ

∂qi∂tn
= 0, (3.2.22)

by permuting second-order derivatives and by rearranging terms we have

∂2Λ

∂qr∂qi

∂H ′
n

∂pr
+

∂2Λ

∂tn∂qi
= −∂H

′
n

∂qi
, (3.2.23)

the left side of this equation is just the coefficients of eq. (3.2.20), a direct substitution

yields

dpi = −∂H
′
n

∂qi
dtn. (3.2.24)
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Finally, for the function Λ we have the following expansion

dΛ =
∂Λ

∂qr
dqr +

∂Λ

∂tn
dtn (3.2.25)

= pr
∂H ′

n

∂pr
dtn −Hndtn (3.2.26)

=

(
−Hn + pr

∂H ′
n

∂pr

)
dtn. (3.2.27)

With this last result we have just identified all the correspondent coefficients of eqs. (3.2.1)-

(3.2.3). The characteristic equations of the system (3.2.4) are:

dqi =
∂H ′

n

∂pi
dtn, (3.2.28)

dpi = −∂H
′
n

∂qi
dtn, (3.2.29)

dΛ =

(
−Hn + pr

∂H ′
n

∂pr

)
dtn, (3.2.30)

if equations (3.2.28) and (3.2.29) form an integrable set then its solutions automatically

determine the function Λ in a unique way. The next thing to do is to explore what are the

conditions that guarantee the integrability of dqi and dp
i.

3.3 Integrability conditions

In order to specify under which conditions (3.2.29) and (3.2.28) are integrable let us first

consider a general system of N total differential equations (TDE)

dxi = Gin(xr, xm)dx
n, (3.3.1)

such system will have attached a set of partial differential equations (PDE) for a potential

function F

XnF = Gin
∂F

∂xi
= 0, (3.3.2)

where Xn are linear operators. The integrability conditions of (3.3.1) will be posed in terms

of the function F : if the solution F exist then the system (3.3.1) will be integrable if and

only if

[Xn, Xm]F = 0, (3.3.3)
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where [Xn, Xm] = XnXm −XmXn.

Example:

Let’s take the following equation

P (x, y)dx+Q(x, y)dy = 0, (3.3.4)

if we suppose that exist a potential function F such that

∂F

∂x
= P, (3.3.5)

∂F

∂y
= Q, (3.3.6)

this pair of equations are no other than the equations (3.3.2) with coefficients Gin;

Gxx = 1, Gxy = −Q
P
, Gyx = −P

Q
, Gyy = 1, (3.3.7)

this is

∂F

∂x
− P

Q

∂F

∂y
= 0. (3.3.8)

The corresponding integrability condition is

[Xm, Xn]F = (XmXn −XnXm)F (3.3.9)

=

(
Gin

∂

∂xi

)(
Gjm

∂F

∂xj

)
−
(
Gim

∂

∂xi

)(
Gjn

∂F

∂xj

)
(3.3.10)

= −Q
P

∂P

∂x
+

∂2F

∂x∂y
+
Q

P

∂P

∂x
− ∂P

∂y
+
∂Q

∂x
− Q

P

∂Q

∂y
(3.3.11)

− ∂2F

∂x∂y
+
Q

P

∂Q

∂y
(3.3.12)

= −∂P
∂y

+
∂Q

∂x
= 0, (3.3.13)

so, the equation (3.3.4) is integrable if it happens that

∂P

∂y
=
∂Q

∂x
=

∂2F

∂x∂y
. (3.3.14)

Now, back to the general case, if (3.3.3) is satisfied there exists some functions Mmn
n′

such

that

[Xn, Xm]F =Mnm
n′
Xn′F, (3.3.15)
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if (3.3.15) holds then we say that the system is in involution, any commutator that is not in

the form (3.3.15) will be taken as a new operator XN+1 and it will be added to the original

set. This process will be repeated until all the operators satisfy the involution relation

(3.3.15), when this is achieved we will say that the system is complete. We rephrase: the

system of equations (3.3.1) is integrable if and only if the system (3.3.2) is complete.

Now let’s see what happens if we impose such conditions on the characteristics dqi and dp
i.

An operator Xn acts on a phase-space valued function F in the following way

XnF = Gin
∂F

∂xi
(3.3.16)

=
∂F

∂qi

∂H ′
n

∂pi
− ∂F

∂pi
∂H ′

n

∂qi
(3.3.17)

= {F,H ′
n}, (3.3.18)

where { , } ≡ ∂
∂qi

∂
∂pi

− ∂
∂pi

∂
∂qi

is the PB. We passed from the first line to the second line

just by setting x = q, p and by identifying the coefficients Gin as (3.2.28) and (3.2.29). The

commutator [Xn, Xm] also has a PB structure

[Xn, Xm]F = (XnXm −XmXn)F (3.3.19)

= Xn{F,H ′
m} −Xm{F,H ′

n} (3.3.20)

= {{F,H ′
n}, H ′

m} − {{F,H ′
n}, H ′

m} (3.3.21)

= {F, {H ′
n, H

′
m}}. (3.3.22)

To get the last line the Jacobi’s identity has been invoked. The integrability conditions (IC)

are reformulated as

{H ′
m, H

′
n} = 0, (3.3.23)

moreover, the integrability of the system can be expressed in a more condensed way if we

define what we will call as fundamental differential. The differential of any phase-space

valued function is

df =
∂f

∂qi
dqi +

∂f

∂pi
dpi =

∂f

∂qr
dqr +

∂f

∂tn
dtn +

∂f

∂pi
dpi (3.3.24)
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by bringing back eqs. (3.2.28) and (3.2.29) we get that

df =

(
∂f

∂qr
∂H ′

n

∂pr
+
∂f

∂tn
− ∂f

∂pi
∂H ′

n

∂qi

)
dtn (3.3.25)

=

(
∂f

∂qr
∂H ′

n

∂pr
+

∂f

∂tm

∂H ′
n

∂pm
− ∂f

∂pi
∂H ′

n

∂qi

)
dtn (3.3.26)

=

(
∂f

∂qi
∂H ′

n

∂pi
− ∂f

∂pi
∂H ′

n

∂qi

)
dtn (3.3.27)

thus

df = {f,H ′
n}dtn. (3.3.28)

As mentioned before, the fundamental diferential reveals that the Hamiltonians Hn+1 along

with their respective parameters tn+1, dictate the dynamics of the theory in the same way

that the canonical Hamiltonian H0 tell us how the system described by (q, p) evolves in

time. IC are reduced to

dH ′
n = 0, (3.3.29)

if (3.3.29) are not satisfied identically then one, but just one of the following scenarios can

happen:

1. A new Hamiltonian H ′
N+1 = 0 will emerge which must also satisfy (3.3.29).

2. Relations between the evolution parameters will appear and may be used in the rest

of the analysis.

3.4 Hamilton-Jacobi’s generalized bracket

At the end we have a number of A Hamiltonians H ′
a. It may happen that not all the

Hamiltonians are in involution, we will refeer to a Hamiltonian of this type as non-involutive

and we will denote them asHani , ani = 1, ..., Ani. The remaining Hamiltonians will be called

involutive Hai , ai = 1, ..., Ai. Now we are going to redefine the PB in such a manner that

the involution relations (3.3.15) are satisfied and that at the same time the non-involutive

Hamiltonians are removed. Let’s take the IC for a non-involutive Hamiltonian

dH ′
ani

= {H ′
ani
, H ′

0}dt+ Canibni
dtbni = 0 (3.4.1)

where Canibni
≡ {H ′

ani
, H ′

bni
}, if we resolve for dtbni we have

dtbni = −C−1
anibni

{H ′
ani
, H ′

0}dt, (3.4.2)
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now let’s substitute this into the fundamental differential

df = [{f,H ′
0} − {f,H ′

ani
}C−1

anibni
{H ′

bni
, H ′

0}]dt+ ...+ {f,H ′
A}dtA. (3.4.3)

Definifiton: We define the Hamilton-Jacobi’s generalized bracket { , }∗ as

{f, g}∗ ≡ {f, g} − {f,H ′
ani

}C−1
anibni

{H ′
bni
, g}, (3.4.4)

under this definition the new bracket satisfy the following properties:

{f, g}∗ = −{g, f}∗, (3.4.5)

{f, gh}∗ = {f, g}∗h+ h{f, h}∗, (3.4.6)

{{f, g}∗, h}∗ + {{h, f}∗, g}∗ + {{g, h}∗, f}∗ = 0, (3.4.7)

{H ′
ani
, f}∗ = 0 ∀f, (3.4.8)

{f,H ′
ai}

∗ = {f,H ′
ai}. (3.4.9)

Equation (3.4.3) and property (3.4.9) allows us to rewrite the fundamental differential

df = {f,H ′
a−ani

}∗dta−ani

= {f,H ′
0}∗dt+ {f,H ′

ai}
∗dtai . (3.4.10)

3.5 Gauge transformations and degrees of freedom

The dynamical evolution described by the parameters tai attached to involutive Hamilto-

nians can be understood as a canonical transformation. Let be a dynamical variable X, its

evolution will be

dX = {X,H ′
0}∗dt+ {X,H ′

ai}
∗dtai (3.5.1)

now, if we suppose that the t parameter does not change then the variation of X is

δX = {X,Hai}∗δtai . (3.5.2)

Because there is no time variation we can infer a transformation that connects states that

are physically equivalent with H ′
aiδq

ai being its generator, such transformation is

X −→ X + δX. (3.5.3)

Last but not least, the number of degrees of freedom will depend on the number of involutive

Hamiltonians and on the number of dynamical variables of the system, that is, the variables
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that have an equation of motion that does not lead to relations between the phase-space

coordinates and the parameters ta

DoF =
1

2

[( Total number of

dynamical variables

)
−
( Total number of

involutive Hamiltonians

)]
.



Chapter 4

Chern-Simons modified gravity

4.1 Chern-Simons gravity in three dimensions

Originally, the three-dimensional Chern-Simons invariant was first introduced by Deser et.

al. [39] as a deformation of the Einstein-Hilbert action in three dimensions,

S[gµν ] =

∫
M
R
√
−gd3x+

∫
M
εµνα

(
1

2
Γβµγ∂νΓ

γ
αβ +

1

3
ΓβµγΓ

m
νδΓ

δ
αβ

)
d3x, (4.1.1)

where gµν is the 3-metric tensor, M is the space-time manifold, εµνα is the Levi-Civita

tensor and Γαµν are the Christoffel symbols. The second term is recognized as the Chern-

Simons term. Such deformation produces a gravitational theory (a higher-order theory in

the sense of section 2.7) endowed with mass and spin 2. Later it was demonstrated that

the resulting theory known as Topologically massive gravity (TMG) is renormalizable [40].

A canonical quantization approach was developed in [41], this is, by following the canonical

Hamiltonian method described in Chapter 1.

The three-dimensional Chern-Simons invariant on its own can be very helpful as a laboratory

in order to gain some insight in the application of the techniques developed in Chapters 1

and 2, in particular, the HJ theory (see Appendix A for details).

4.2 Chern-Simons invariant as an anomaly

Although in [39] the CS invariant is defined in three dimensions, some Chern-Simons-type

terms in four or more dimensions appeared before in other physical scenarios. For example,

it appeared in the fundamental particles physics context as an anomaly, that is, a correction

26
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A to the divergence of a current Jµ that makes such current a non-conserved quantity:

∂µJ
µ = A ̸= 0. Some gauge theories with fermions exhibits inherent anomalies as is the

case of the electromagnetic field Aµ coupled to a Dirac fermion of mass m [42,43]. To clarify

this point let’s consider a massless spinorial electrodynamics theory that is described by the

following action

S[ψ,Aµ] =

∫
(ψ̄iγµ∂µψ − 1

4
FµνF

µν − ieψ̄γµAµψ)d
4x (4.2.1)

where ψ is the Dirac fermion, γµ are the Dirac matrices, Fµν = ∂µAν−∂νAµ is the strength

tensor and Aµ is the gauge field. This theory is invariant under the following transformation

ψ −→ eiλγ
5
ψ = ψ + iλγ5ψ + ... (4.2.2)

where λ is a parameter and γ5 = iγ0γ1γ2γ3 is the chiral matrix. Noether’s theorem indicates

that with this chiral symmetry it comes along a conserved quantity, a conserved current

given by

Jµ = ψ̄γµγ5ψ, (4.2.3)

by calculating the divergence of Jµ one finds that

∂µJ
µ = − 1

8π2
εµναβFµνFαβ, (4.2.4)

details of this result can be found in [44]. We recognize the Chern-Simons-type invariant

in the r.h.s. of equation (4.2.4) in the gauge field language. Similarly, another example of

anomalous behaviour can be found in the coupling between a spinor particle of mass m and

the gravitational field with metric gµν [45, 46], the corresponding discrepancy is

∇µ(
√
−gJµ) = 1

384π2
εµναβRγδαβR

γδ
µν (4.2.5)

where Rαβµν is the Riemann curvature tensor. There are more scenarios where Chern-

Simons-type terms are considered such as: loop quantum gravity (LQG) [8, 47, 48], string

theory [49], supergravity [50,51], etc [52–56].

4.3 Chern-Simons gravity in four dimensions

For the four-dimensional case we start with a general coupling between the Einstein-Hilbert

action and the Chern-Simons-type term

S =
1

16πG

∫
M
R
√
−gd4x+

A
4

∫
M
θ∗RR

√
−gd4x, (4.3.1)
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G is the gravitational constant, M is the space-time manifold, R is the scalar curvature, g

is the determinant of the metric, A is a constant, ∗RR is the Pontryagin invariant and θ

is known as the coupling field which in general is a function of the space-time. Put in this

fashion, the action (4.3.1) describes a non-dynamical theory in the sense that there is no

kinetic term of θ, of course one can add the corresponding action that involves these kinetic

terms

Sθ = B
∫
M
[
1

2
gµν(∇µθ)(∇νθ) + V (θ)] (4.3.2)

where B is a constant, ∇µ is the covariant derivative and V is the potential. When the

action Sθ is considered in (4.3.1) the resulting theory is called a dynamical one. In the

following we will consider B = 0 and A = (16πG)−1, for further insight on the dynamical

case one can see [57].

4.4 Non-dynamical CS gravity in four dimensions

By taking A = (16πG)−1 and B = 0 action takes the form

S[gµν ] =
1

16πG

∫
M

(
R
√
−g + 1

4
θ∗Rστ

µνRτ σµν

)
d4x (4.4.1)

where

∗RR ≡ ∗Rστ
µνRτ σµν =

1

2
εµναβRσταβR

τ
σµν , (4.4.2)

εµναβ is the Levi-Civita tensor and the Riemann tensor Rαβµν is given by

Rαβµν = ∂Γαµα − ∂µΓ
α
νβ + ΓανγΓ

γ
µβ − ΓαµγΓ

γ
νβ . (4.4.3)

Γαµν are the same as in (4.1.1) but now the metric tensor gµν and all objects that are made

of it are four-dimensional entities. The action (4.4.1) was first proposed by Jackiw in [24].

One can rewrite the action by noticing that

1

2
∗Rστ

µνRτ σµν = 2εµαβν∂µ

(
1

2
Γσατ∂βΓ

τ
νσ +

1

3
ΓσατΓ

τ
βηΓ

η
νσ

)
, (4.4.4)

then, up to a boundary term the action takes the form

S[gµν ] =

∫ (
R
√
−g − 1

2
vµJ

µ

)
d4x. (4.4.5)

where vµ ≡ ∂µθ and J
µ ≡ 2εµαβν

(
1
2Γ

σ
ατ∂βΓ

τ
νσ +

1
3Γ

σ
ατΓ

τ
βηΓ

η
νσ

)
. The similarity of the second

term with the three-dimensional Chern-Simons theory is more clear now, in fact, there is a
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direct relation between the Chern-Simons invariant and the Pontryagin class, namely, the

exterior derivative of the former is equal to the latter [58]. Variation of the action (4.4.5)

with respect to the metric tensor gµν produces the equations of motions (EoM) of the theory

Gµν + Cµν = 0, (4.4.6)

where Gµν is the Einstein tensor

Gµν = Rµν −
1

2
gµνR (4.4.7)

and Cµν is a Cotton-type tensor

Cµν = − 1

2
√
−g

[vσ(ϵ
σµαβ∇αR

ν
β + ϵσναβ∇αR

µ
β) + vστ (

∗Rτµσν + ∗Rτνσµ)], (4.4.8)

where vµν ≡ ∂µ∂νθ. The tensor
√
−gCµν is a conformal invariant tensor in the infinitesimal

sense (see Appendix B for details), Cµν its also symmetric and has zero trace. It is known

that the covariant derivative of the Einstein tensor vanishes due to the Bianchi identity

∇µG
µν = 0, on the other hand, if matter is present then its energy-momentum tensor Tµν

will appear in the r.h.s. of equation (4.4.6), its divergence is zero ∇µT
µν = 0 so, what

happens if we calcualte the derivative of Cµν? The result is

∇µCµν =
1

8
√
−g

vν × ∗RR, (4.4.9)

therefore, if we want consistency between the l.h.s. and the r.h.s. from the EoM its solutions

must satisfy the following requirement

∗RR = 0. (4.4.10)

Despite this condition one can connect the extended theory with pure GR by choosing a

particular form of θ

θ =
t

Ω
−→ vµ = (1/Ω, 0, 0, 0), (4.4.11)

with this election the Schwarzchild metric remains as a solution of the extended EoM (4.4.6),

in this manner, the classical tests of GR are considered. In addition, the Schwarzchild metric

also satisfies the requirement (4.4.10). The Schwarzchild metric is not the only solution of

the extended theory, the Reissner-Nordstrom and the Friedmann-Robertson-Walker metrics

are also solutions of the extended theory [59], in contrast, the Kerr, Kerr-Newman and Kerr-

NUT line elements does not satisfy ∗RR = 0 [60].



Chapter 5

Analysis of a Chern-Simons

modification of general relativity

The content of this chapter is original and it can be found in doi.org/10.1016/j.aop.2023.169246

and in doi.org/10.1016/j.cjph.2023.05.001.

5.1 Canonical analysis

We start with the action composed by the EH action plus the Chern-Simons term

S[gµν ] =

∫ (
R
√
−g − 1

2
vµJ

µ

)
d4x, (5.1.1)

we are interested in finding any contribution of the CS term to the well-known canonical

Hamiltonian structure of GR, thus, we will make the choice (4.4.11) of the field θ and we

will write down a linearized action by considering a perturbation hµν around the Minkowski

background ηµν

gµν = ηµν − hµν(x), (5.1.2)

hence, by substituting (4.4.11) and (5.1.2) into (5.1.1) and by performing integration by

parts we get

S[hµν ] =

∫ (√
−gR− 1

2
vµJ

µ

)
d4x

=

∫ [(
1

4
∂λhµν∂

λhµν − 1

4
∂λh

µ
µ∂

λhνν +
1

2
∂λh

λ
µ∂

µhνν −
1

2
∂λh

λ
µ∂νh

νµ

)
− 1

4Ω
ϵ0λµν

(
∂σhλ

ρ∂ρ∂µhν
σ − ∂σhλ

ρ∂σ∂µhρν

)]
d4x, (5.1.3)

30
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in the second line we also neglect O(h3) terms of hµν and the signature ηµν = (−1, 1, 1, 1)

is adopted. Variation of (5.1.3) yields

Glinµν + Clinµν = 0, (5.1.4)

where Glinµν and Clinµν are the linearized versions of the Einstein and Cotton tensors respectively

Glinµν =
1

2
[□hµν + ∂µ∂νh

λ
λ − ∂µ∂λh

λ
ν − ∂ν∂λh

λ
µ − ηµν(□h

λ
λ − ∂λ∂γh

λγ ]],

Clinµν = − 1

4Ω
[ϵ0µλγ∂

λ(□hγν − ∂ν∂αh
αγ) + ϵ0νλγ∂

λ(□hγµ − ∂µ∂αh
αγ)], (5.1.5)

□ = ∂µ∂
µ = ∇2 − ∂20 is the D’alembertian operator. Furthermore, its quite easy to show

that the action is proportional to the sum of the Einstein and Cotton tensors if we rearrange

it in a proper way, this is

S[hµν ] = −1

2

∫
hµν(Glinµν + Clinµν )d4x. (5.1.6)

The action (5.1.6) will be our starting point. The task now is to identify whether or not

the action is a higher-order one. We will remove an overall factor of −1
2 which of course

does not change the dynamics. By performing a 3 + 1 decomposition of the action we get

S =

∫ [
1

2
ḣij ḣ

ij − ∂jh0i∂
jh0i − 1

2
∂khij∂

khij − 1

2
ḣiiḣ

j
j + ∂jh00∂jh

i
i +

1

2
∂kh

i
i∂
khjj

−2∂ih0iḣ
j
j − ∂ih

0
0∂jh

ij − ∂ih
ij∂jh

k
k + 2∂jh

0
iḣ
ij + ∂ih

i
0∂jh

0j + ∂kh
k
i∂jh

ij

+
1

µ
ϵ0ijk(−ḧli∂jhlk + 2ḣli∂j∂lh

0
k + ∂lh

m
i∂m∂jh

l
k +∇2h0i∂jh0k +∇2hmi∂jhmk)

]
d4x,

(5.1.7)

where we have defined µ ≡ 2Ω. The action is a higher-order theory as we can see in the

third line of (5.1.7). One could be tempted to integrate by parts in the higher-order term

ḧi
l∂jhkl → −ḣil∂j ḣkl, this is conceptually correct if there is no boundary. Indeed, by doing

such integration one effectively reduce the order of the Lagrangian but, by trying to identify

the primary constraints φ(q, p) from the definition of the momenta one eventually encounter

some issues. Let’s write down the canonical momenta πµν = ∂L
∂ḣµν

for such alternative action

π00 = 0, (5.1.8)

π0i = 0, (5.1.9)

πij = ḣij − (ḣkk − 2∂kh0k)η
ij − (∂ih0

j + ∂jh0
i)− 1

µ
(ϵikl∂j + ϵjkl∂i)∂kh0l

+
1

µ
(ϵiklηjm + ϵjklηim)∂kḣlm. (5.1.10)
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From the expression for πij we can conclude that some velocities ḣlm cannot be solved

in terms of the phase-space coordinates, on the other hand, equations (5.1.8)-(5.1.10) are

usually taken as the primary constraints of the theory, nevertheless, this is incorrect for

(5.1.10) because this is a relation that also involves the velocities of the perturbation in

contrast with (2.1.4). In the end, it is not clear how to identify all the primary constraints

of the theory. As mentioned before, there are approaches where one extends the definition

of the conjugate momenta itself, here we will follow the GLT approach described in Sec.

2.7. Let’s begin with the introduction of the following coordinates

Gµν ≡ ḣµν , (5.1.11)

vµν ≡ ḧµν , (5.1.12)

these new coordinates extend the configuration space and the action is redefined

S′ =

∫
L′dx4 =

∫
Ldx4 +

∫
[λµν1 (ḣµν −Gµν) + λµν2 (Ġµν − vµν)]d

4x, (5.1.13)

where L is the following Lagrangian

L =

∫ [
1

2
GijG

ij − ∂jh0i∂
jh0i − 1

2
∂khij∂

khij − 1

2
GiiG

j
j + ∂jh00∂jh

i
i +

1

2
∂kh

i
i∂
khjj

−2∂ih0iG
j
j − ∂ih

0
0∂jh

ij − ∂ih
ij∂jh

k
k + 2∂jh

0
iG

ij + ∂ih
i
0∂jh

0j + ∂kh
k
i∂jh

ij

+
1

µ
ϵ0ijk(−vli∂jhlk + 2Gli∂j∂lh

0
k + ∂lh

m
i∂m∂jh

l
k +∇2h0i∂jh0k +∇2hmi∂jhmk)

]
d3x.

(5.1.14)

Now is time to introduce the canonical momenta (πµν , pµν , v̂µν ,Λ1
µν ,Λ

2
µν) canonically con-

jugate to (hµν , Gµν , vµν , λ
µν
1 , λµν2 ), these are

πµν ≡ ∂L′

∂ḣµν
= λµν1 , (5.1.15)

pµν ≡ ∂L′

∂Ġµν
= λµν2 , (5.1.16)

v̂µν ≡ ∂L′

∂v̇µν
= 0, (5.1.17)

Λ1
µν ≡ ∂L′

∂λ̇µν1
= 0, (5.1.18)

Λ2
µν ≡ ∂L′

∂λ̇µν2
= 0. (5.1.19)
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We can observe that eqs. (5.1.15)-(5.1.16) allows us to identify the Lagrange multipliers

(λµν1 , λµν2 ) as canonical variables through the momenta (πµν , pµν) respectively. Additionally,

the primary constraints will be given by (2.7.15), this is,

φµν ≡ pµν − ∂L′

vµν
≈ 0, (5.1.20)

thus we have

φ00 ≡ p00 ≈ 0,

φ0i ≡ p0i ≈ 0,

φij ≡ pij +
1

2µ
(ϵiklηjm + ϵjklηim)∂khlm ≈ 0. (5.1.21)

The fundamental PB of the theory are

{hµν , παβ} =
1

2
(δαµδ

β
ν + δβµδ

α
ν )δ

3(x− y), (5.1.22)

{Gµν , pαβ} =
1

2
(δαµδ

β
ν + δβµδ

α
ν )δ

3(x− y). (5.1.23)

With all momenta identified we can build the canonical Hamiltonian as follows

Hcan =

∫
[πµνGµν + pµνvµν ]d

3x−
∫
[
1

2
GijG

ij − ∂jh0i∂
jh0i − 1

2
∂khij∂

khij − 1

2
GiiG

j
j

−∂jh00∂jhii +
1

2
∂kh

i
i∂
khjj + 2∂ih0iG

j
j + ∂ih00∂jh

ij − ∂ih
ij∂jh

k
k − 2∂jh0iG

ij

−∂ih0i∂jh0j + ∂kh
k
i∂jh

ij +
1

µ
ϵijk(−vli∂jhlk − 2Gli∂j∂lh0k + ∂lh

m
i∂m∂jh

l
k

−∇2h0i∂jh0k +∇2hmi∂jhmk)]d
3x, (5.1.24)

it is worth mentioning that the canonical Hamiltonian presents linear terms in the momenta,

this fact could be associated to Ostrogradski’s instabilites, however, we will see later that

this apparently instability can be healed by introducing the Dirac brackets. Now, in order

to identify constraints of second generation (secondary constraints) we need to calculate

the consistency conditions of the primary constraints. For this purpose we introduce the

primary Hamiltonian as in (2.1.6)

H1 = Hcan +

∫
∆µνφ

µνd3x, (5.1.25)

where ∆µν are Lagrange multipliers enforcing the primary constraints. From consistency
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conditions we obtain the following secondary constraints

φ̇00 = {φ00,H1} ≈ 0,

⇒ Φ00 ≡ π00 ≈ 0, (5.1.26)

φ̇0i = {φ0i,H1} ≈ 0,

⇒ Φ0i ≡ π0i ≈ 0, (5.1.27)

φ̇ij = {φij ,H1} ≈ 0,

⇒ Φij ≡ πij +
1

µ
(ϵikl∂j + ϵjkl∂i)∂kh0l −

1

2µ
(ϵiklηjm + ϵjklηim)∂kGlm

−Gij + (Gkk − 2∂kh0k)η
ij + (∂ih0

j + ∂jh0
i) ≈ 0. (5.1.28)

From consistency of the secondary constraints we have

Φ̇00 = {Φ00,H1} ≈ 0,

⇒ ∇2hii − ∂i∂jh
ij ≈ 0, (5.1.29)

Φ̇0i = {Φ0i,H1} ≈ 0,

⇒ 1

µ
ϵijk(∂j∂

lGkl −∇2∂jh0k)−∇2h0
i − ∂iGjj + ∂jG

ij + ∂i∂jh0j ≈ 0, (5.1.30)

Φ̇ij = {Φij ,H1} ≈ 0,

⇒ 1

µ
[(ϵikl∂j + ϵjkl∂i)∂kG0l + (ϵiklηjm + ϵjklηim)∇2∂khlm − (ϵikl∂j + ϵjkl∂i)∂m∂khlm

− (ϵiklηjm + ϵjklηim)∂kvlm] +
1

2µ
(ϵikmηjl + ϵjkmηil + ϵilmηjk + ϵjlmηik)∂m∆kl

+∇2hij − ∂i∂jh00 + ∂i∂jhkk − (∂i∂kh
jk + ∂j∂kh

ik) + (∇2h00 −∇2hkk + ∂k∂lh
kl)ηij

+ (∂iG0
j + ∂jG0

i)− 2∂kG0kη
ij − vij + vkkη

ij −
[1
2
(ηikηjl + ηjkηil)− ηijηkl

]
∆kl ≈ 0,

(5.1.31)

then, we identify the following tertiary constraints

Ψ00 ≡ ∇2hii − ∂i∂jh
ij , (5.1.32)

Ψ0i ≡ 1

µ
ϵijk(∂j∂

lGkl −∇2∂jh0k)−∇2h0
i + ∂i∂jh0j − ∂iGjj + ∂jG

ij (5.1.33)
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and some relations for the multipliers ∆ij

1

µ
[(ϵikl∂j + ϵjkl∂i)∂kG0l + (ϵiklηjm + ϵjklηim)∇2∂khlm − (ϵikl∂j + ϵjkl∂i)∂m∂khlm

− (ϵiklηjm + ϵjklηim)∂kvlm] +
1

2µ
(ϵikmηjl + ϵjkmηil + ϵilmηjk + ϵjlmηik)∂m∆kl

+∇2hij − ∂i∂jh00 + ∂i∂jhkk − (∂i∂kh
jk + ∂j∂kh

ik) + (∇2h00 −∇2hkk + ∂k∂lh
kl)ηij

+ (∂iG0
j + ∂jG0

i)− 2∂kG0kη
ij − vij + vkkη

ij −
[
1

2
(ηikηjl + ηjkηil)− ηijηkl

]
∆kl = 0.

(5.1.34)

If we go further and calculate consistency of the tertiary constraints we find that

Ψ̇00 = {Ψ00,H1} ≈ 0,

⇒ ∇2Gii − ∂i∂jGij = ∂iΨ
0i = 0, (5.1.35)

Ψ̇0i = {Ψ0i,H1} ≈ 0,

⇒ 1

µ
ϵijk(∂j∂

lvkl −∇2∂jG0k) +
1

µ
ϵijk∂j∂

l∆kl −∇2G0
i + ∂i∂jG0j

− ∂ivjj + ∂jv
ij + [ηkl∂i − 1

2
(ηik∂l + ηil∂k)]∆kl ≈ 0, (5.1.36)

therefore no new constraints arise from consistency conditions of tertiary constraints because

(5.1.35) is a consequence of (5.1.33) and (5.1.36) are relations between the multipliers ∆ij

that also can be obtained from ∂i(5.1.34). The process of identifying further constraints is

finished. The full set of constraints is

φ00 ≡ p00, (5.1.37)

φ0i ≡ p0i, (5.1.38)

φij ≡ pij +
1

2µ
(ϵiklηjm + ϵjklηim)∂khlm, (5.1.39)

Φ00 ≡ π00, (5.1.40)

Φ0i ≡ π0i, (5.1.41)

Φij ≡ πij +
1

µ
(ϵikl∂j + ϵjkl∂i)∂kh0l −

1

2µ
(ϵiklηjm + ϵjklηim)∂kGlm

−Gij + (Gkk − 2∂kh0k)η
ij + (∂ih0

j + ∂jh0
i), (5.1.42)

Ψ00 ≡ ∇2hii − ∂i∂jh
ij , (5.1.43)

Ψ0i ≡ 1

µ
ϵijk(∂j∂

lGkl −∇2∂jh0k)−∇2h0
i + ∂i∂jh0j − ∂iGjj + ∂jG

ij . (5.1.44)

Now that we have all the constraints of the theory we can classify them into first and second

class. For this aim we construct the 24×24 matrix W IJ whose entries are the PB between



36 5.1 Canonical analysis

all constraints, this is

W IJ =



φ00 φ0k φkl Φ00 Φ0k Φkl Ψ00 Ψ0k

φ00 0 0 0 0 0 0 0 0

φ0i 0 0 0 0 0 0 0 0

φij 0 0 0 0 0 {φij ,Φkl} 0 {φij ,Ψ0k}
Φ00 0 0 0 0 0 0 0 0

Φ0i 0 0 0 0 0 {Φ0i,Φkl} 0 {Φ0i,Ψ0k}
Φij 0 0 {Φij , φkl} 0 {Φij ,Φ0k} 0 {Φij ,Ψ00} 0

Ψ00 0 0 0 0 0 {Ψ00,Φkl} 0 0

Ψ0i 0 0 {Ψ0i, φkl} 0 {Ψ0i,Φ0k} 0 0 0


(5.1.45)

The non-zero PB in W IJ are given by

{φij ,Φkl} =

[
1

2µ
(ϵikmηjl + ϵjkmηil + ϵilmηjk + ϵjlmηik)∂m +

1

2
(ηikηjl + ηjkηil)− ηijηkl

]
δ3(x− y),

{Φ0i,Φkl} =

[
− 1

2µ
(ϵikm∂l + ϵilm∂k)∂m + ηkl∂i − 1

2
(ηik∂l + ηil∂k)

]
δ3(x− y),

{φij ,Ψ0k} =

[
− 1

2µ
(ϵikl∂j + ϵjkl∂i)∂l + ηij∂k − 1

2
(ηik∂j + ηjk∂i)

]
δ3(x− y),

{Φ0i,Ψ0k} =

[
1

2µ
ϵikl∂l∇2 +

1

2
ηik∇2 − 1

2
∂i∂k

]
δ3(x− y),

{Φij ,Ψ00} = −ηij∇2δ3(x− y) + ∂i∂jδ3(x− y). (5.1.46)

Hence, after some algebraic work we find that the matrix W IJ has 12 null vectors, this

implies that we can identify 12 independent first-class constraints, such constraints are

given by:

Γ1 ≡ p00 ≈ 0, (5.1.47)

Γ2 ≡ π00 ≈ 0, (5.1.48)

Γi3 ≡ π0i − ∂jp
ij − 1

2µ
ϵijk∂j∂

lhkl ≈ 0, (5.1.49)

Γi4 ≡ ∂jπ
ij +

1

2µ
ϵijk∂j∂

lGkl ≈ 0, (5.1.50)

Γi5 ≡ p0i ≈ 0, (5.1.51)

Γ6 ≡ ∇2hii − ∂i∂jh
ij + ∂i∂jp

ij ≈ 0, (5.1.52)

on the other hand, since the matrix W IJ has rank 12 therefore we can identify 12 second-
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class constraints

χij1 ≡ pij +
1

2µ
(ϵiklηjm + ϵjklηim)∂khlm ≈ 0, (5.1.53)

χij2 ≡ πij +
1

µ
(ϵikl∂j + ϵjkl∂i)∂kh0l −

1

2µ
(ϵiklηjm + ϵjklηim)∂kGlm

−Gij + (Gkk − 2∂kh0k)η
ij + (∂ih0

j + ∂jh0
i) ≈ 0. (5.1.54)

The PB between all constraints are:

{Γa,Γb} = 0,

{χij1 , χ
kl
1 } = 0,

{χij1 , χ
kl
2 } =

[
1

2µ
(ϵikmηjl + ϵjkmηil + ϵilmηjk + ϵjlmηik)∂m +

1

2
(ηikηjl + ηjkηil)− ηijηkl

]
δ3(x− y),

{χij2 , χ
kl
2 } = 0. (5.1.55)

With all constraints classified into first and second class we can perform the counting of

physical degrees of freedom as follows: there are 40 canonical variables (hµν , Gµν), the

number of first-class constraints Γa is 12 and there are 12 second-class constraints χa,

therefore, the number of physical degrees of freedom is DoF = 1
2 [(40)−2(12)−12] = 2, just

like the EH action. These 2 degrees of freedom are associated to two linearly independent

polarizations of gravitational waves [24]. We can remove all the second-class constraints

by introducing the Dirac brackets as in (2.4.5)

{F (x), G(y)}D = {F (x), G(y)} −
∫
{F (x), χa(u)}(Cab)−1{χb(v), G(y)}dudv, (5.1.56)

where (Cab)
−1 is the inverse of the 12 × 12 matrix Cab whose entries are the PB between

the second-class constraints, this is

Cab =


χkl1 χkl2

χij1 0 {χij1 , χkl2 }

χij2 {χij2 , χkl1 } 0

, (5.1.57)
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where {χij1 , χkl2 } is given in (5.1.55). The explicit form of Cab is

1

µ



χ11
1 χ12

1 χ13
1 χ22

1 χ23
1 χ33

1 χ11
2 χ12

2 χ13
2 χ22

2 χ23
2 χ33

2

χ11
1 0 0 0 0 0 0 0 ∂3 −∂2 −µ 0 −µ
χ12
1 0 0 0 0 0 0 −∂3 µ

2
1
2∂1 ∂3 −1

2∂2 0

χ13
1 0 0 0 0 0 0 ∂2 −1

2∂1
µ
2 0 1

2∂3 −∂2
χ22
1 0 0 0 0 0 0 −µ −∂3 0 0 ∂1 −µ
χ23
1 0 0 0 0 0 0 0 1

2∂2 −1
2∂3 −∂1 µ

2 ∂1

χ33
1 0 0 0 0 0 0 −µ 0 ∂2 −µ −∂1 0

χ11
2 0 −∂3 ∂2 µ 0 µ 0 0 0 0 0 0

χ12
2 ∂3 −µ

2 −1
2∂1 −∂3 1

2∂2 0 0 0 0 0 0 0

χ13
2 −∂2 1

2∂1 −µ
2 0 −1

2∂3 ∂2 0 0 0 0 0 0

χ22
2 µ ∂3 0 0 −∂1 µ 0 0 0 0 0 0

χ23
2 0 −1

2∂2
1
2∂3 ∂1 −µ

2 −∂1 0 0 0 0 0 0

χ33
2 µ 0 −∂2 µ ∂1 0 0 0 0 0 0 0



δ3(x−y).

(5.1.58)

The matrix Cab is regular, if we write it as

Cab =
1

µ


0 A

−A 0

 δ3(x− y) (5.1.59)

then, its inverse has the form

C−1
ab =

µ

Ξ


0 −A−1

A−1 0

 δ3(x− y), (5.1.60)

where the submatrix A−1 is built of an arrangement of six 1× 6 columns;

A−1
a1 =



−µ
2∂

4
1 + µ∂21∂

2
2 + µ∂21∂

2
3 −

5µ3

8 ∂21 −
µ3

8 ∂
2
2 −

µ3

8 ∂
2
3 −

µ5

8

−2µ∂31∂2 + µ∂1∂
3
2 + µ∂1∂2∂

2
3 − 2µ2∂21∂3 −

µ2

2 ∂
2
2∂3 −

µ2

2 ∂
3
3 −

µ3

2 ∂1∂2 −
µ4

2 ∂3

−2µ∂31∂3 + µ∂1∂
2
2∂3 + µ∂1∂

3
3 + 2µ2∂21∂2 +

µ2

2 ∂
3
2 +

µ2

2 ∂2∂
2
3 −

µ3

2 ∂1∂3 +
µ4

2 ∂2
µ
2∂

4
1 −

µ
2∂

2
1∂

2
2 +

µ
2∂

4
2 +

µ
2∂

2
1∂

2
3 +

µ
2∂

2
2∂

2
3 −

3µ2

2 ∂1∂2∂3 +
5µ3

8 ∂21 +
5µ3

8 ∂22 +
µ3

8 ∂
2
3 +

µ5

8

−2µ∂21∂2∂3 + µ∂32∂3 + µ∂2∂
3
3 +

3µ2

2 ∂1∂
2
2 −

3µ2

2 ∂1∂
2
3 + µ3∂2∂3

µ
2∂

4
1 +

µ
2∂

2
1∂

2
2 −

µ
2∂

2
1∂

2
3 +

µ
2∂

2
2∂

2
3 +

µ
2∂

4
3 +

3µ2

2 ∂1∂2∂3 +
5µ3

8 ∂21 +
µ3

8 ∂
2
2 +

5µ3

8 ∂23 +
µ5

8


,



5.1 Canonical analysis 39

A−1
a2 =



−2µ∂31∂2 + µ∂1∂
3
2 + µ∂1∂2∂

2
3 + 2µ2∂21∂3 +

µ2

2 ∂
2
2∂3 +

µ2

2 ∂
3
3 −

µ3

2 ∂1∂2 +
µ4

2 ∂3

−6µ∂21∂
2
2 − 2µ3∂21 − 2µ3∂22 −

µ3

2 ∂
2
3 −

µ5

2

−6µ∂21∂2∂3 − 2µ2∂31 + µ2∂1∂
2
2 + µ2∂1∂

2
3 −

3µ3

2 ∂2∂3 − µ4

2 ∂1

µ∂31∂2 − 2µ∂1∂
3
2 + µ∂1∂2∂

2
3 −

µ2

2 ∂
2
1∂3 − 2µ2∂22∂3 −

µ2

2 ∂
3
3 −

µ3

2 ∂1∂2 −
µ4

2 ∂3

−6µ∂1∂
2
2∂3 − µ2∂21∂2 + 2µ2∂32 − µ2∂2∂

2
3 −

3µ3

2 ∂1∂3 +
µ4

2 ∂2

µ∂31∂2 + µ∂1∂
3
2 − 2µ∂1∂2∂

2
3 −

3µ2

2 ∂21∂3 +
3µ2

2 ∂22∂3 + µ3∂1∂2


,

A−1
a3 =



−2µ∂31∂3 + µ∂1∂
2
2∂3 + µ∂1∂

3
3 − 2µ2∂21∂2 −

µ2

2 ∂
3
2 −

µ2

2 ∂2∂
2
3 −

µ3

2 ∂1∂3 −
µ4

2 ∂2

−6µ∂21∂2∂3 + 2µ2∂31 − µ2∂1∂
2
2 − µ2∂1∂

2
3 −

3µ3

2 ∂2∂3 +
µ4

2 ∂1

−6µ∂21∂
2
3 − 2µ3∂21 −

µ3

2 ∂
2
2 − 2µ3∂23 −

µ5

2

µ∂31∂3 − 2µ∂1∂
2
2∂3 + µ∂1∂

3
3 +

3µ2

2 ∂21∂2 −
3µ2

2 ∂2∂
2
3 + µ3∂1∂3

−6µ∂1∂2∂
2
3 + µ2∂21∂3 + µ2∂22∂3 − 2µ2∂33 −

3µ3

2 ∂1∂2 − µ4

2 ∂3

µ∂31∂3 + µ∂1∂
2
2∂3 − 2µ∂1∂

3
3 +

µ2

2 ∂
2
1∂2 +

µ2

2 ∂
3
2 + 2µ2∂2∂

2
3 −

µ3

2 ∂1∂3 +
µ4

2 ∂2


,

A−1
a4 =



µ
2∂

4
1 −

µ
2∂

2
1∂

2
2 +

µ
2∂

4
2 +

µ
2∂

2
1∂

2
3 +

µ
2∂

2
2∂

2
3 +

3µ2

2 ∂1∂2∂3 +
5µ3

8 ∂21 +
5µ3

8 ∂22 +
µ3

8 ∂
2
3 +

µ5

8

µ∂31∂2 − 2µ∂1∂
3
2 + µ∂1∂2∂

2
3 +

µ2

2 ∂
2
1∂3 + 2µ2∂22∂3 +

µ2

2 ∂
3
3 −

µ3

2 ∂1∂2 +
µ4

2 ∂3

µ∂31∂3 − 2µ∂1∂
2
2∂3 + µ∂1∂

3
3 −

3µ2

2 ∂21∂2 +
3µ2

2 ∂2∂
2
3 + µ3∂1∂3

µ∂21∂
2
2 −

µ
2∂

4
2 + µ∂22∂

2
3 −

µ3

8 ∂
2
1 −

5µ3

8 ∂22 −
µ3

8 ∂
2
3 −

µ5

8

µ∂21∂2∂3 − 2µ∂32∂3 + µ∂2∂
3
3 −

µ2

2 ∂
3
1 − 2µ2∂1∂

2
2 −

µ2

2 ∂1∂
2
3 −

µ3

2 ∂2∂3 −
µ4

2 ∂1
µ
2∂

2
1∂

2
2 +

µ
2∂

4
2 +

µ
2∂

2
1∂

2
3 −

µ
2∂

2
2∂

2
3 +

µ
2∂

4
3 −

3µ2

2 ∂1∂2∂3 +
µ3

8 ∂
2
1 +

5µ3

8 ∂22 +
5µ3

8 ∂23 +
µ5

8


,

A−1
a5 =



−2µ∂21∂2∂3 + µ∂32∂3 + µ∂2∂
3
3 −

3µ2

2 ∂1∂
2
2 +

3µ2

2 ∂1∂
2
3 + µ3∂2∂3

−6µ∂1∂
2
2∂3 + µ2∂21∂2 − 2µ2∂32 + µ2∂2∂

2
3 −

3µ3

2 ∂1∂3 − µ4

2 ∂2

−6µ∂1∂2∂
2
3 − µ2∂21∂3 − µ2∂22∂3 + 2µ2∂33 −

3µ3

2 ∂1∂2 +
µ4

2 ∂3

µ∂21∂2∂3 − 2µ∂32∂3 + µ∂2∂
3
3 +

µ2

2 ∂
3
1 + 2µ2∂1∂

2
2 +

µ2

2 ∂1∂
2
3 −

µ3

2 ∂2∂3 +
µ4

2 ∂1

−6µ∂22∂
2
3 −

µ3

2 ∂
2
1 − 2µ3∂22 − 2µ3∂23 −

µ5

2

µ∂21∂2∂3 + µ∂32∂3 − 2µ∂2∂
3
3 −

µ2

2 ∂
3
1 −

µ2

2 ∂1∂
2
2 − 2µ2∂1∂

2
3 −

µ3

2 ∂2∂3 −
µ4

2 ∂1


,
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A−1
a6 =



µ
2∂

4
1 +

µ
2∂

2
1∂

2
2 −

µ
2∂

2
1∂

2
3 +

µ
2∂

2
2∂

2
3 +

µ
2∂

4
3 −

3µ2

2 ∂1∂2∂3 +
5µ3

8 ∂21 +
µ3

8 ∂
2
2 +

5µ3

8 ∂23 +
µ5

8

µ∂31∂2 + µ∂1∂
3
2 − 2µ∂1∂2∂

2
3 +

3µ2

2 ∂21∂3 −
3µ2

2 ∂22∂3 + µ3∂1∂2

µ∂31∂3 + µ∂1∂
2
2∂3 − 2µ∂1∂

3
3 −

µ2

2 ∂
2
1∂2 −

µ2

2 ∂
3
2 − 2µ2∂2∂

2
3 −

µ3

2 ∂1∂3 −
µ4

2 ∂2
µ
2∂

2
1∂

2
2 +

µ
2∂

4
2 +

µ
2∂

2
1∂

2
3 −

µ
2∂

2
2∂

2
3 +

µ
2∂

4
3 +

3µ2

2 ∂1∂2∂3 +
µ3

8 ∂
2
1 +

5µ3

8 ∂22 +
5µ3

8 ∂23 +
µ5

8

µ∂21∂2∂3 + µ∂32∂3 − 2µ∂2∂
3
3 +

µ2

2 ∂
3
1 +

µ2

2 ∂1∂
2
2 + 2µ2∂1∂

2
3 −

µ3

2 ∂2∂3 +
µ4

2 ∂1

µ∂21∂
2
3 + µ∂22∂

2
3 −

µ
2∂

4
3 −

µ3

8 ∂
2
1 −

µ3

8 ∂
2
2 −

5µ3

8 ∂23 −
µ5

8


,

where Ξ ≡ −µ2(∇2 + µ2)(∇2 + µ2

4 ) and a = 1, ..., 6. It is not immediate, albeit straight-

forward to show that (C × C−1)ab = I. Let’s take for example, the product A4aA−1
a4 which

correspond to the entries (C × C−1)44 and (C × C−1)1010

A4aA−1
a4 = −µ[µ

2
∂41 −

µ

2
∂21∂

2
2 +

µ

2
∂42 +

µ

2
∂21∂

2
3 +

µ

2
∂22∂

2
3 +

3µ2

2
∂1∂2∂3 +

5µ3

8
∂21 +

5µ3

8
∂22

+
µ3

8
∂23 +

µ5

8
]− ∂3[µ∂

3
1∂2 − 2µ∂1∂

3
2 + µ∂1∂2∂

2
3 +

µ2

2
∂21∂3 + 2µ2∂22∂3 +

µ2

2
∂33

−µ
3

2
∂1∂2 +

µ4

2
∂3] + ∂1[µ∂

2
1∂2∂3 − 2µ∂32∂3 + µ∂2∂

3
3 −

µ2

2
∂31 − 2µ2∂1∂

2
2

−µ
2

2
∂1∂

2
3 −

µ3

2
∂2∂3 −

µ4

2
∂1]− µ[

µ

2
∂21∂

2
2 +

µ

2
∂42 +

µ

2
∂21∂

2
3 −

µ

2
∂22∂

2
3 +

µ

2
∂43

−3µ2

2
∂1∂2∂3 +

µ3

8
∂21 +

5µ3

8
∂22 +

5µ3

8
∂23 +

µ5

8
]

= −5µ4

4
∇2 − µ2(∂41 + ∂42 + ∂43)− 2µ2(∂21∂

2
2 + ∂21∂

2
3 + ∂22∂

3
3)−

µ6

4

= Ξ,

thus we have that

(C × C−1)44 = (
1

µ
A4a)× (

µ

Ξ
A−1

a4 ) =
1

µ

µ

Ξ
Ξδ3(x− y) = δ3(x− y). (5.1.61)

With the inverse (Cab)
−1 calculated we can compute (5.1.56) for the canonical variables,
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for the pair {h11, π11}D for example, we have

{h11, π11}D = {h11, π11} −
∫

({h11, χ11
2 }C−1

72 {χ12
1 , π

11}+ {h11, χ11
2 }C−1

73 {χ13
1 , π

11})dudv

= δ3(x− y)− 1

2µ

∫
[δ3(x− u)C−1

72 ∂
v
3δ

3(v − y)− δ3(x− u)C−1
73 ∂

v
2δ

3(v − y)]dudv

= δ3(x− y)− 1

2Ξ

∫
[δ3(x− u)(−2µ∂31∂2 + µ∂1∂

3
2 + µ∂1∂2∂

2
3 + 2µ2∂21∂3 +

µ2

2
∂22∂3

+
µ2

2
∂33 −

µ3

2
∂1∂2 +

µ4

2
∂3)

vδ3(u− v)∂v3δ
3(v − y)− δ3(x− u)(−2µ∂31∂3 + µ∂1∂

2
2∂3 + µ∂1∂

3
3

−2µ2∂21∂2 −
µ2

2
∂32 −

µ2

2
∂2∂

2
3 −

µ3

2
∂1∂3 −

µ4

2
∂2)

vδ3(u− v)∂v2δ
3(v − y)]dudv

= δ3(x− y)− 1

2Ξ

∫
[(−2µ∂31∂2 + µ∂1∂

3
2 + µ∂1∂2∂

2
3 + 2µ2∂21∂3 +

µ2

2
∂22∂3

+
µ2

2
∂33 −

µ3

2
∂1∂2 +

µ4

2
∂3)

vδ3(x− v)∂v3δ
3(v − y)− (−2µ∂31∂3 + µ∂1∂

2
2∂3 + µ∂1∂

3
3

−2µ2∂21∂2 −
µ2

2
∂32 −

µ2

2
∂2∂

2
3 −

µ3

2
∂1∂3 −

µ4

2
∂2)

vδ3(x− v)∂v2δ
3(v − y)]dv

= δ3(x− y) +
1

2Ξ

∫
[(−2µ∂31∂2 + µ∂1∂

3
2 + µ∂1∂2∂

2
3 + 2µ2∂21∂3 +

µ2

2
∂22∂3

+
µ2

2
∂33 −

µ3

2
∂1∂2 +

µ4

2
∂3)

v∂v3δ
3(x− v)δ3(v − y)− (−2µ∂31∂3 + µ∂1∂

2
2∂3 + µ∂1∂

3
3

−2µ2∂21∂2 −
µ2

2
∂32 −

µ2

2
∂2∂

2
3 −

µ3

2
∂1∂3 −

µ4

2
∂2)

v∂v2δ
3(x− v)δ3(v − y)]dv

= δ3(x− y) +
1

2Ξ
[(−2µ∂31∂2 + µ∂1∂

3
2 + µ∂1∂2∂

2
3 + 2µ2∂21∂3 +

µ2

2
∂22∂3

+
µ2

2
∂33 −

µ3

2
∂1∂2 +

µ4

2
∂3)∂3 − (−2µ∂31∂3 + µ∂1∂

2
2∂3 + µ∂1∂

3
3

−2µ2∂21∂2 −
µ2

2
∂32 −

µ2

2
∂2∂

2
3 −

µ3

2
∂1∂3 −

µ4

2
∂2)∂2]δ

3(x− y)

= δ3(x− y) +
µ2

2Ξ
[
µ2

2
(∂22 + ∂23) + 2(∂21∂

2
2 + ∂21∂

2
3 +

1

2
∂22∂

2
3) +

1

2
(∂42 + ∂43)]δ

3(x− y),

after doing this calculation for all possible combinations of {hij , πkl}D and by writing the

results with appropriate space indices we obtain the following Dirac brackets between the
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perturbation field and its canonical momenta

{hij , πkl}D =
1

2
(δki δ

l
j + δliδ

k
j )δ

3(x− y) +
µ2

4Ξ

[
[(δki δ

l
j + δliδ

k
j − ηijη

kl)∇2 + (ηij∂
k∂l + ηkl∂i∂j)](∇2 + µ2)

−3∂i∂j∂
k∂l − 3µ2

4
(δki ∂j∂

l + δli∂j∂
k + δkj ∂i∂

l + δlj∂i∂
k) +

µ

4

[
(ϵi

kmδlj + ϵj
kmδli

+ϵi
lmδkj + ϵj

lmδki )(∇2 + µ2) + 3(ϵi
km∂j∂

l + ϵj
km∂i∂

l + ϵi
lm∂j∂

k + ϵj
lm∂i∂

k)]∂m

]
δ3(x− y).

(5.1.62)

The remaining non-trivial brackets are:

{Gij , pkl}D = −µ2

4Ξ

[
[(δki δ

l
j + δliδ

k
j − ηijη

kl)∇2 + (ηij∂
k∂l + ηkl∂i∂j)](∇2 + µ2)− 3∂i∂j∂

k∂l

−3µ2

4
(δki ∂j∂

l + δli∂j∂
k + δkj ∂i∂

l + δlj∂i∂
k) +

µ

4
[(ϵi

kmδlj + ϵj
kmδli + ϵi

lmδkj + ϵj
lmδki )(∇2 + µ2)

+3(ϵi
km∂j∂

l + ϵj
km∂i∂

l + ϵi
lm∂j∂

k + ϵj
lm∂i∂

k)]∂m

]
δ3(x− y), (5.1.63)

{πij , pkl}D =
1

8µ
(ϵikmηjl + ϵjkmηil + ϵilmηjk + ϵjlmηik)∂mδ

3(x− y)− µ2

8Ξ

[
[(ηikηjl + ηilηjk − ηijηkl)∇2

+(ηij∂k∂l + ηkl∂i∂j)
]
(∇2 + µ2)− 3∂i∂j∂k∂l − 3µ2

4
(ηik∂j∂l + ηil∂j∂k + ηjk∂i∂l + ηjl∂i∂k)

+
µ

4
[(ϵikmηjl + ϵjkmηil + ϵilmηjk + ϵjlmηik)(∇2 + µ2) + 3(ϵikm∂j∂l + ϵjkm∂i∂l

+ϵilm∂j∂k + ϵjlm∂i∂k)]∂m

]
δ3(x− y), (5.1.64)

{hij , Gkl}D =
1

2
(ηikηjl + ηilηjk − ηijηkl)δ

3(x− y) +
µ2

2Ξ

[
[(ηikηjl + ηilηjk − ηijηkl)∇2 + (ηij∂k∂l

+ηkl∂i∂j)] (∇2 + µ2)− 3∂i∂j∂k∂l −
3µ2

4
(ηik∂j∂l + ηil∂j∂k + ηjk∂i∂l + ηjl∂i∂k)

+
µ

4
[(ϵik

mηjl + ϵjk
mηil + ϵil

mηjk + ϵjl
mηik)(∇2 + µ2) + 3(ϵik

m∂j∂l + ϵjk
m∂i∂l

+ϵil
m∂j∂k + ϵjl

m∂i∂k)]∂m] δ
3(x− y), (5.1.65)

{Gij , π0k}D = −1

2
(δki ∂j + δkj ∂i)δ

3(x− y), (5.1.66)

{πij , π0k}D =
1

4µ
(ϵikl∂j + ϵjkl∂i)∂lδ

3(x− y). (5.1.67)

We can see a direct contribution due to the CS term which could be important in the

quantization analysis of the theory. The new algebra between the first and second-class
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constraints is

{Γa,Γb}D = 0, (5.1.68)

{Γa, χb}D = 0. (5.1.69)

Now, in our analysis the canonical Hamiltonian dependes linearly on πµν and pµν , this

means that it has no local minimum and its energy will be unbounded from below apparently,

however, it is known that this instability can be removed if there are constraints present [61].

Having the Dirac brackets, then the second-class constraints can be considered strongly zero

χa = 0 and can be used to rewrite the canonical Hamiltonian, the final result is

H ′
can =

∫
[
1

2
πijπij −

1

4
πiiπ

j
j + 2∂ih0i∂

jh0j − 2∂ih0
j∂ih0j + 2∂ih0jG

ij − 2∂ih0iG
j
j

+
1

2
∂khij∂khij −

1

2
∂kh

i
i∂
khjj + ∂ih

ij∂jh
k
k − ∂kh

k
i∂jh

ij − 1

µ
ϵijk[∂lhim∂

m∂jhkl

−3∇2h0i∂jh0k +∇2hi
l∂jhkl + 3∂ih0j∂

lGkl] +
1

µ2
[(∂i∂jh0j −∇2h0

i)∇2h0i

−(∂i∂jh0j −∇2h0
i)∂kGik] +

1

4µ2
[2∂iGij∂

jGkk − ∂kGik∂
jGij − ∂kG

i
i∂
kGjj ]]d

3x.

(5.1.70)

Now there are no linear terms on the momenta anymore, in this manner, we got rid of any

Ostrogradsky’s instability by using the constraints of the theory. Moreover, it is straight-

foward to show that (5.1.70) reproduces the correct equations of motion, for example

π̇0i = {π0i, H ′
can}D

= ∇2h0i − ∂i∂
jh0j + ∂iG

j
j − ∂jGij −

1

µ
ϵi
jk(∂j∂

lGkl −∇2∂jh0k)

= {π0i, Hcan}. (5.1.71)

Thus the EoM are in agreement with the evolution of the Dirac and/or Poisson brackets.

On the other hand, we can proceed to identify the symmetries of the theory, i.e., the gauge

transformations. The local gauge transformations are given by

δX(x) =

∫
{X(x), ωaΓ

a(y)}Dd3y, (5.1.72)

where ωa are the gauge parameters. Calculation for the perturbation hµν and its velocity
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Gµν throws the following infinitesimal variations:

δh00 = ω2, (5.1.73)

δh0i =
1

2
ω3i, (5.1.74)

δhij = −1

2
(∂iω4j + ∂jω4i) (5.1.75)

δG00 = ω1 (5.1.76)

δG0i =
1

2
ω5i (5.1.77)

δGij =
1

2
(∂iω3j + ∂jω3i) + ∂i∂jω6. (5.1.78)

Now, since there are third generation constraints the gauge parameters ωa are restricted.

As it is mentioned in Sec. 2.8, the involution relations of all first-class constraints provide

equations for unfree gauge transformations, say, the gauge parameters obey the system of

partial differential equations (2.9.5) and (2.9.6) or (2.9.11) in the case of one first-class per

generation. In this case the situation goes as follows: we have 4 first-class constraints of

first generation Γ1 and Γi5, their time derivative essentially generates 4 more constraints: Γ2

and Γi3, in the same manner the latter generate the last generation of constraints: Γ6 and

Γi4, all this can be directly verified by looking at the involution relations. The involution

relations between the constraints and the Hamiltonian reads:

{Γ1, Hcan}D = −π00 = −Γ2, (5.1.79)

{Γi5, Hcan}D = −π0i = ∂jχ
ij
1 − Γi3 = −Γi3, (5.1.80)

{Γ2, Hcan}D = ∇2hii − ∂i∂jh
ij = Γ6 − ∂i∂jχ

ij
1 = Γ6, (5.1.81)

{Γi3, Hcan}D = ∂jπ
ij +

1

2µ
ϵijk∂j∂

lGkl = Γi4, (5.1.82)

{Γi4, Hcan}D = 0, (5.1.83)

{Γ6, Hcan}D = −∂i∂jπij = −∂iΓi4, (5.1.84)

{χij1 , Hcan}D = 0, (5.1.85)

{χij2 , Hcan}D = 0, (5.1.86)

these brackets are no other than the equations (2.9.7)-(2.9.10) but with more constraints
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per generation, in other words:

{
(1)

Γa, H0} =
(1)

O b
a

(2)

Γ b, (5.1.87)

{
(g)

Γ a, H0} =
(g)

O b
a

(g+1)

Γ b, (5.1.88)

{
(G)
Γ a, H0} = 0, (5.1.89)

{Γa,Γb} = 0, (5.1.90)

where

OΓ2
Γ1

= −1, (5.1.91)

O
Γi
3

Γi
5
= −1, (5.1.92)

OΓ6
Γ2

= +1, (5.1.93)

O
Γi
4

Γi
3
= +1, (5.1.94)

O
Γi
4

Γ6
= −∂i. (5.1.95)

On the other hand, the restrictions on the gauge parameters are

ε̇a+1 +Oab ε
b = 0, (5.1.96)

identification of the structure coefficients Oba allows us to calculate (5.1.96) for the ω′s

parameters

ε̇Γ2 +OΓ2
Γ1
ω1 = 0

⇒
∫
[∂0ω2δ

3(x− y)− δ3(x− y)ω1]d
3y = 0 (5.1.97)

ε̇Γ
i
3 +O

Γi
3

Γi
5
εΓ

i
5 = 0

⇒
∫
[∂0ω3iδ

3(x− y)− ω5iδ
3(x− y)]d3y = 0 (5.1.98)

ε̇Γ
6
+OΓ6

Γ2
εΓ2 = 0

⇒
∫
[∂0ω6δ

3(x− y) + ω2δ
3(x− y)]d3y = 0 (5.1.99)

ε̇Γ
i
4 +O

Γi
4

Γi
3
εΓ

i
3 +O

Γi
4

Γ6
εΓ6 = 0

⇒
∫
[∂0ω

4
i δ

3(x− y) + ω3iδ
3(x− y)− ∂iδ

3(x− y)ω6]d
3y = 0, (5.1.100)
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thus, we obtain an explicit set of relations between the gauge parameters:

∂0ω2 − ω1 = 0, (5.1.101)

∂0ω3i − ω5i = 0, (5.1.102)

∂0ω6 + ω2 = 0, (5.1.103)

∂0ω4i + ω3i + ∂iω6 = 0. (5.1.104)

Afterwards, by taking advantage of these relations we can rewrite the gauge transformations

for hµν and Gµν only in terms of the parameters ωi4 and ω6:

δh00 = −∂0ω6, (5.1.105)

δh0i = −1

2
(∂0ω4i + ∂iω6), (5.1.106)

δhij = −1

2
(∂iω4j + ∂jω4i), (5.1.107)

δG00 = −∂0∂0ω6, (5.1.108)

δG0i = −1

2
∂0(∂0ω4i + ∂iω6), (5.1.109)

δGij = −1

2
(∂i∂0ω4j + ∂j∂0ω4i), (5.1.110)

moreover, we can express the gauge transformations in a covariant way by introducing the

4-vector Λµ such that Λ0 ≡ −1
2ω6 and Λi ≡ −1

2ω4i, the gauge transformation reads

δhµν = ∂µΛν + ∂νΛµ, (5.1.111)

δGµν = ∂0(∂µΛν + ∂νΛµ). (5.1.112)

5.2 Hamilton-Jacobi analysis

The main goal here is to identify a complete set of HJPDE and to construct a fundamental

diferential df that codifies all the physical information of the system. For such purpose let

us start over again with the Lagrangian that defines the action (5.1.1), this is

L =

∫ [
1

2
ḣij ḣ

ij − ∂jh0i∂
jh0i − 1

2
∂khij∂

khij − 1

2
ḣiiḣ

j
j + ∂jh00∂jh

i
i +

1

2
∂kh

i
i∂
khjj

−2∂ih0iḣ
j
j − ∂ih

0
0∂jh

ij − ∂ih
ij∂jh

k
k + 2∂jh

0
iḣ
ij + ∂ih

i
0∂jh

0j + ∂kh
k
i∂jh

ij

+
1

µ
ϵijk(−ḧli∂jhlk + 2ḣli∂j∂lh

0
k + ∂lh

m
i∂m∂jh

l
k +∇2h0i∂jh0k +∇2hmi∂jhmk)

]
d3.

(5.2.1)
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We will reduce the order of the time derivatives of the Lagrangian by extending the con-

figuration space in a different way than we did in the previous section, this is done by

introducing the following change of variables

Kij =
1

2
(ḣij − ∂ih0j − ∂jh0i), (5.2.2)

Kij is related with the so-called extrinsic curvature. This change of variables redefine the

Lagrangian

L =

∫ [
2KijK

ij − 2Ki
iK

j
j − h00Rij

ij − hijR
ij +

1

2
hiiRij

ij +
1

µ
ϵijk(4Ki

l∂jKkl

+∂mhim∂j∂
lhkl +∇2hi

m∂jhkm) + ψij(ḣij − ∂ih0j − ∂jh0i − 2Kij)
]
d3x, (5.2.3)

where we have added the Lagrange multipliers ψij enforcing the relation (5.2.2) and the

expressions Rij
ij and Rij are defined in the following way

Rij
ij ≡ ∂i∂jhij −∇2hii, (5.2.4)

Rij ≡ 1

2
(∂i∂

khjk + ∂j∂
khik − ∂i∂jhkk −∇2hij). (5.2.5)

Now we calculate the canonical momenta associated with the canonical variables

π00 =
∂L
∂ḣ00

= 0, (5.2.6)

π0i =
∂L
∂ḣ0i

= 0, (5.2.7)

πij =
∂L
∂ḣij

= ψij , (5.2.8)

P ij =
∂L
∂K̇ij

= 0, (5.2.9)

Λij =
∂L
∂ψ̇ij

= 0, (5.2.10)
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from this definition we identify the Hamiltonians of the theory

H ′ ≡ H0 +Π = 0, (5.2.11)

H00
1 ≡ π00 = 0, (5.2.12)

H0i
2 ≡ π0i = 0, (5.2.13)

H ij
3 ≡ πij − ψij = 0, (5.2.14)

H ij
4 ≡ P ij = 0, (5.2.15)

H ij
5 ≡ Λij = 0, (5.2.16)

where H0 is the canonical Hamiltonian defined as usual H0 = ḣµνπ
µν + K̇ijP

ij + ψ̇ijΛ
ij −L

and Π = ∂0S. The corresponding PB between the canonical variables are given by

{hµν , παβ} =
1

2
(δαµδ

β
ν + δαν δ

β
µ)δ

3(x− y), (5.2.17)

{Kij , π
kl} =

1

2
(δki δ

l
j + δkj δ

l
i)δ

3(x− y), (5.2.18)

{ψij ,Λkl} =
1

2
(δikδ

j
l + δjkδ

i
l)δ

3(x− y). (5.2.19)

Once we have a preliminary set of Hamiltonians we can construct a preliminary differential

fundamental df = {f,Hn}dtn but, we can remove some of the non-involutive Hamiltonians

in favour of a preliminary generalized bracket

{f, g}∗ = {f, g} − {f,Ha′}(Ca′b′)−1{Hb′ , g}, (5.2.20)

where Ca′b′ is the matrix of PB between all non-involutive Hamiltonians. The non-involutive

Hamiltonians are H ij
3 and H ij

5 because its PB does not vanish

{H ij
3 , H

ij
5 } = −1

2
(ηikηjl + ηilηkj)δ3(x− y), (5.2.21)

therefore, the matrix Ca′b′ is given by

Ca′b′ =


Hkl

3 Hkl
5

H ij
3 0 −1

2(η
ikηjl + ηilηkj)

H ij
4

1
2(η

ikηjl + ηilηkj) 0

δ3(x− y). (5.2.22)

Its inverse is

C−1
a′b′ =

 0 1
2(η

ikηjl + ηilηkj)

−1
2(η

ikηjl + ηilηkj) 0

 δ3(x− y). (5.2.23)
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Its easy to calculate the new brackets between the canonical fields:

{hµν , παβ}∗ =
1

2
(δαµδ

β
ν + δβµδ

α
ν )δ

3(x− y), (5.2.24)

{Kij , P
kl}∗ =

1

2
(δki δ

l
j + δliδ

k
j )δ

3(x− y), (5.2.25)

{hµν , ψαβ}∗ =
1

2
(δαµδ

β
ν + δβµδ

α
ν )δ

3(x− y), (5.2.26)

{ψij ,Λkl}∗ = 0, (5.2.27)

we can observe from (5.2.27) that the variables ψij and Λij can be removed which implies

that we can perform the substitution ψij = πij and Λij = 0. The resulting canonical

Hamiltonian is

H0 =

∫
[2Ki

iK
j
j − 2KijK

ij + h00Rij
ij + hijR

ij − 1

2
hiiRij

ij − 1

µ
ϵijk(4Ki

l∂jKkl

+∂mhim∂j∂
lhkl +∇2hi

m∂jhkm)− 2h0j∂iπ
ij + 2Kijπ

ij ]d3x. (5.2.28)

The canonical Hamiltonian has linear terms in the momenta such as in the pure canonical

analysis, nevertheless, it is known that those instabilities could be healed by means of the

correct identification of the Hamiltonians. With the final generalized brackets and the

identification of all the Hamiltonians we can remove the linear canonical momenta terms.

The fundamental differential is

df =

∫
[{f,H ′}∗dt+ {f,H00

1 }∗dω1
00 + {f,H0i

2 }∗dω2
0i + {f,H ij

4 }∗dω4
ij ]d

3y,(5.2.29)

we will require integrability conditions on the Hamiltonians H00
1 , H0i

2 and H ij
4 , in other

words

dHai = 0. (5.2.30)

From (5.2.30) we obtain 10 new Hamiltonians:

H00
6 ≡ ∇2hii − ∂i∂jhij = 0, (5.2.31)

H0i
7 ≡ ∂jπ

ij = 0, (5.2.32)

H ij
8 ≡ πij − 2Kij + 2ηijKk

k −
2

µ
(ϵiklηjm + ϵjklηim)∂kKlm = 0. (5.2.33)

Now we have to incorporate these new Hamiltonians to the prevous set of Hamiltonians,
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this is:

H ′ ≡ H0 +Π = 0, (5.2.34)

H00
1 ≡ π00 = 0, (5.2.35)

H0i
2 ≡ π0i = 0, (5.2.36)

H ij
4 ≡ P ij = 0, (5.2.37)

H00
6 ≡ ∇2hii − ∂i∂jhij = 0, (5.2.38)

H0i
7 ≡ ∂jπ

ij = 0, (5.2.39)

H ij
8 ≡ πij − 2Kij + 2ηijKk

k −
2

µ
(ϵiklηjm + ϵjklηim)∂kKlm = 0, (5.2.40)

in addition, we need to recalculate the algebra between Hamiltomians. The 20× 20 matrix

made of the brackets { , }∗ between all the Hamiltonians is

W IJ =



H00
1 H0k

2 Hkl
4 H00

6 H0k
7 Hkl

8

H00
1 0 0 0 0 0 0

H0i
2 0 0 0 0 0 0

H ij
4 0 0 0 0 0 {H ij

4 , H
kl
8 }∗

H00
6 0 0 0 0 0 {H00

6 , H
kl
8 }∗

H0i
7 0 0 0 0 0 0

H ij
8 0 0 {H ij

8 , H
kl
4 }∗ {H ij

8 , H
00
6 }∗ 0 0


, (5.2.41)

where

{H ij
4 , H

ij
8 }∗ = 2[

1

2µ
(ϵikmηjl + ϵjkmηil + ϵilmηjk + ϵilmηik)∂m +

1

2
(ηikηjl + ηjkηil)− ηijηkl]δ3(x− y),

{H00
6 , H

ij
8 }∗ = [ηij∇2 − ∂i∂j ]δ3(x− y). (5.2.42)

The null vectors v = (12∂i∂j , δij , 0) immediatly indicate us that an independent Hamiltonian

can be infered

H9 = ∇2hii − ∂i∂jhij +
1

2
∂i∂jP

ij , (5.2.43)
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the matrix W IJ now has the form

W IJ =



H00
1 H0k

2 H0k
7 H9 Hkl

4 Hkl
8

H00
1 0 0 0 0 0 0

H0i
2 0 0 0 0 0 0

H0i
7 0 0 0 0 0 0

H9 0 0 0 0 0 0

H ij
4 0 0 0 0 0 {H ij

4 , H
kl
8 }∗

H ij
8 0 0 0 0 {H ij

8 , H
kl
4 }∗ 0


, (5.2.44)

where we arrange the matrix such that in its lower right corner it appears the submatrix

Canibni
necessary to calculate the generalized brackets {f, g}∗∗ = {f, g}−{f,Hani}C−1

anibni
{Hbni

, g},

Canibni
=


Hkl

4 Hkl
8

H ij
4 0 {H ij

4 , H
kl
8 }

H ij
8 {H ij

8 , H
kl
4 } 0

. (5.2.45)

In the end, the non-trivial HJ generalized brackets are given by

{hij , πkl}∗∗ =
1

2
(δki δ

l
j + δliδ

k
j )δ

3(x− y), (5.2.46)

{Kij , P
kl}∗∗ = 0, (5.2.47)

{hij ,Kkl}∗∗ =
1

4
(ηikηjl + ηilηjk − ηijηkl)δ

3(x− y) +
µ2

4Ξ
[[(ηikηjl + ηilηjk − ηijηkl)∇2 + (ηij∂k∂l

+ηkl∂i∂j)](∇2 + µ2)− 3∂i∂j∂k∂l −
3µ2

4
(ηik∂j∂l + ηil∂j∂k + ηjk∂i∂l + ηjl∂i∂k)

+
µ

4
[(ϵik

mηjl + ϵjk
mηil + ϵil

mηjk + ϵjl
mηik)(∇2 + µ2) + 3(ϵik

m∂j∂l + ϵjk
m∂i∂l

+ϵil
m∂j∂k + ϵjl

m∂i∂k)]∂m]δ
3(x− y), (5.2.48)

where Ξ = −µ(∇2 + µ2)(∇2 + µ2

4 ). The HJ generalized brackets allow us redefine the

fundamental differential once more time

df =

∫
[{f,H ′(y)}∗∗dt+ {f,H00

1 (y)}∗∗dω1
00 + {f,H0i

2 (y)}∗∗dω2
0i + {f,H0i

7 (y)}∗∗dω7
0i

+{f,H9(y)}∗∗dω9]d3y, (5.2.49)
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where

H00
1 = π00, (5.2.50)

H0i
2 = π0i, (5.2.51)

H0i
7 = ∂jπ

ij , (5.2.52)

H9 = ∇2hii − ∂i∂jhij , (5.2.53)

we can note that in (5.2.53) there is no P ij term, this is because now we can safely use

H ij
4 = 0 as an identity, in fact, if we use H ij

4 = 0 and H ij
8 = 0 in the canonical Hamiltonian

then the Ostrogradski’s instabilities can be healed in the same manner we did in the previous

section. The resulting Hamiltonian is

H′
0 =

∫
[
1

2
πijπij −

1

4
πiiπ

j
j + hijR

ij − 1

µ
ϵijk(4Ki

l∂jKkl + ∂mhim∂j∂
lhkl +∇2hi

l∂jhkl)

− 4

µ2
(2∂iKij∂

jKk
k + 2∂iKj

k∂iKj
k − 2∂jKi

k∂iKj
k − ∂jKi

k∂
kKij − ∂kK

i
i∂
kKj

j ]d
3x.

On the other hand, if we apply integrability conditions to the set (5.2.50)-(5.2.53) we obtain

redundant identities

dH0i
7 = 0, (5.2.54)

dH9 = −∂i∂jπij = −∂iH0i
7 = 0, (5.2.55)

thus the fundamental differential (5.2.49) is final. Now, what physical info can be extracted

from the fundamental differential? A direct calculation of the characteristic equations re-

veals the equations of motion and in consequence the physical degrees of freedom, the

characteristic equations are:

dh00 = dθ100, (5.2.56)

dh0i =
1

2
dθ20i, (5.2.57)

dhij = [2Kij + ∂ih0j + ∂jh0i]dt−
1

2
(δki ∂j + δkj ∂i)dθ

7
0k, (5.2.58)

dπ00 = −Rij ijdt, (5.2.59)

dπ0i =
1

2
∂jπ

ijdt, (5.2.60)

dπij = [ηij∇2h00 − ∂i∂jh00 − ηijRkl
kl − 2Rij − 1

µ
[(ϵikl∂j + ϵjkl∂i)∂k∂

mhlm

−(ϵiklηjm + ϵjklηim)∂k∇2hlm]]dt+ (∂i∂j − ηij∇2)dθ9, (5.2.61)

dKij = [−1

2
∂i∂jh00 −Rij +

1

4
ηijRkl

kl]dt+
1

2
∂i∂jdθ9, (5.2.62)

dP ij = [0]dt, (5.2.63)
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from the characteristic equations we can identify the fields h00 and h0i as Lagrange multipli-

ers, on the other hand, we can discard P ij as a degree of freedom because its time evolution

vanishes. Furthermore, by taking dω7
0k = 0 and dω9 = 0 we obtain the equations of motion

of the theory

ḣij = 2Kij + ∂ih0j + ∂jh0i, (5.2.64)

π̇ij = ηij∇2h00 − ∂i∂jh00 − ηijRkl
kl − 2Rij − 1

µ
[(ϵikl∂j + ϵjkl∂i)∂k∂

mhlm

−(ϵiklηjm + ϵjklηim)∂k∇2hlm], (5.2.65)

K̇ij = −1

2
∂i∂jh00 −Rij +

1

4
ηijRkl

kl. (5.2.66)

The equation (5.2.66) corresponds to the definition of Kij , thus, if we combine the time

derivative of equation (5.2.64) with the equation (5.2.66) we obtain a second order time

equation for hij as expected, thus we conclude that there are 6 physical degrees of free-

dom associated with the perturbation field. The total number of degrees of freedom is

DoF = 1
2 [(12) − (8)] = 2 because we have 12 dynamical variables and 8 involutive Hamil-

tonians. In addition to these results, the characteristics can also reveal a set of transforma-

tions that leave the physical states intact, let’s take dt = 0, in this manner the canonical

transformations δX are obtained:

δh00 = δω1
00, (5.2.67)

δh0i =
1

2
δω2

0i, (5.2.68)

δhij = −1

2
(δki ∂j + δkj ∂i)δω

7
0k. (5.2.69)

We can go even further, we can ensure that the transformations (5.2.67)-(5.2.69) are gauge

ones, this is acomplished by demanding that the action S is invariant under δhµν , in other

words, δS = 0 under (5.2.67)-(5.2.69). Now we will show that this requeriment imposes

restrictions on the parameters ω′s. Let’s take the variation of S

δS =

[
∂S

∂hµν
δhµν +

∂S

∂(∂αhµν)
δ(∂αhµν) +

∂S

∂(∂α∂βhµν)
δ(∂α∂βhµν)

]
(5.2.70)

=

∫
[(−□hµν +□hλλη

µν − ∂α∂λh
αληµν − ∂µ∂νhλλ + 2∂µ∂λh

νλ +
1

µ
ϵ0µλγ(∂ν∂α∂λh

α
γ

−∂λ□hνγ)) δhµν ] d4x, (5.2.71)
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thus, by substituting (5.2.67)-(5.2.69) we get

δS =

∫
[Rij

ijδω1
00 +

1

2
[2∇2h0

i + 2∂iḣjj − 2∂i∂jh0j − 2∂j ḣ
ij +

1

µ
ϵ0ijk(∂j∇2h0k − ∂j∂

lḣkl)]δω
2
0i

−1

2
[ḧij − ḧkkη

ij + 2∂kḣ0kη
ij − 2∂iḣ0

j + ∂i∂jh00 −∇2h00η
ij + 2Rij −Rkl

klηij

+
1

µ
ϵ0ikl(∂kḧ

j
l − ∂j∂kḣ0l + ∂j∂k∂

mhlm − ∂k∇2hj l)]δ(∂iω
7
0j + ∂jω

7
0i)]d

4x. (5.2.72)

Without loss of generality we can define ∂0ξ ≡ δω1
00 and after a long algebraic work and

some integration by parts we find that the variation of the action takes the form

δS =

∫
[−∂j ḣij + ∂ihjj +∇2h0

i − ∂i∂jh0j +
1

2µ
ϵ0ijk(∂j∇2h0k − ∂j∂

lḣkl)]

×(−∂iξ + δω2
0i + ∂0δω

7
0i)d

4x. (5.2.73)

Now we demand that δS = 0, this implies the following equation

δω2
0i = −∂0δω7

0i + ∂iξ. (5.2.74)

The expression (5.2.74) is a restriction on the gauge parameters in the same sense of

(5.1.104). Now, with the equation (5.2.74) and with a proper definition of a 4-vector we

can establish the variation of the perturbation in a covariant way. Let’s define the vector

ξµ such that

ξ0 =
1

2
ξ (5.2.75)

ξi = −1

2
δω7

0i, (5.2.76)

the equations (5.2.75) and (5.2.76) are not restrictions, they only redefine the parameters.

Hence, by combining equations (5.2.75), (5.2.76) and (5.2.74) we obtain

1

2
δω2

0i = ∂0ξi + ∂iξ0, (5.2.77)

finally, from this last equation and from the definition of ξµ itself we get the desired result

δhµν = ∂µξν + ∂νξµ. (5.2.78)
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Conclusions

In this work, a detailed Hamiltonian analysis of the higher-order modified gravity has been

performed. By making a 3+1 decomposition we explicitly show that the model is a higher-

order theory, the main procedures that we adopted (canonical formalism and HJ theory)

were applied successfully; it was possible to identify and classify the constraints (Hamil-

tonians) of the theory, the classification of the constraints (Hamiltonians) allowed us to

eliminate redundant degrees of freedom and to define a stable canonical Hamiltonian in the

sense of Ostrogradsky. At the end, the structure of the first-class constraints and of the

involutive Hamiltonians is very similar but we need to notice that they are not defined in

the same phase-space

Γ2 = π00, H00
1 = π00,

Γi3 = π0i − ∂jp
ij − 1

2µ
ϵijk∂j∂

lhkl, H0i
2 = π0i,

Γi4 = ∂jπ
ij +

1

2µ
ϵijk∂j∂

lGkl, H0i
7 = ∂jπ

ij ,

Γ6 = ∇2hii − ∂i∂jh
ij + ∂i∂jp

ij , H9 = ∇2hii − ∂i∂jhij .

Γ1 = p00,

Γi5 = p0i.

Moreover, now we can do a direct comparison of our results with the canonical structure

of GR, this by taking the limit µ −→ ∞ in the constraints and by making appropiate

55
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combinations of them. The resulting set is

Θ1 = π00, (6.0.1)

Θi
2 = π0i + ∂ihjj − ∂jh

ij , (6.0.2)

Θ3 = ∇2hii − ∂i∂jhij , (6.0.3)

Θi
4 = ∂jπ

ij − ∂i∂jh0j +∇2h0
i. (6.0.4)

These constraints are no more that the first-class constraints that arise in linearized grav-

ity [30, 62]. On the other hand, once the second-class constraints (non-involutive Hamil-

tonians) served its purpose for the classification of constraints, then we eliminate them by

the introduction of a generalized bracket: Dirac’s bracket (HJ bracket). We can do a sim-

ilar procedure by taking µ −→ ∞ in the new brackets in order to obtain the well-known

canonical brackets of linearized gravity

{hij , πkl}D = lim
µ→∞

[
1

2
(δki δ

l
j + δliδ

k
j )δ

3(x− y)− µ2

4µ2(∇2 + µ2)(∇2 + µ2

4 )

[
O(µ3)

]
δ3(x− y)

]
=

1

2
(δki δ

l
j + δliδ

k
j )δ

3(x− y). (6.0.5)

The remaining first-class constraints (involutive Hamiltonians) were the key feature to ex-

plore the gauge transformations, by taking two alternative paths we demonstrated that the

extended model and GR shares the same gauge symmetries; one by following a systematic

mechanism that takes advantage of the presence of third-generation constraints and other

by demanding the invariance of the action. Both procedures reveal us that the gauge pa-

rameters are related by partial differential equations.

Once we have developed a Hamiltonian analysis in the perturbation field approximation it

is worth to consider a full non-perturbative scenario of the Chern-Simons modified gravity,

i.e. to study a background independent modified theory and then compare it with the

canonical structure of GR. On the other hand, we built the essential ingredients to analyze

the modified theory in the quantum context at least in the perturbative context, we can use

our results together with the tools developed in the canonical quantization of field theories

to make progress in this program. Either way, these are just prospects for future work.



Appendix A

Hamilton-Jacobi analysis of

Chern-Simons gravity in three

dimensions.

The content of this appendix is original and it can be found in doi.org/10.1016/j.cjph.2022.07.014.

The action that describes a Chern-Simons theory in three dimensions is given by

SCS [gµν ] =

∫
M
εµνα

(
1

2
Γβµγ∂νΓ

γ
αβ +

1

3
ΓβµγΓ

m
νδΓ

δ
αβ

)
d3x, (A.0.1)

where gµν is the 3-metric tensor, M is the space-time manifold, εµνα is the Levi-Civita

tensor, Γαµν are the Christoffel symbols given by

Γαµν =
1

2
gαβ(∂µgνβ + ∂νgµα − ∂βgµν). (A.0.2)

We are going to work in the perturbation field approximation, this is, by taking a pertur-

bation hµν of the metric around the flat space-time geometry,

gµν = ηµν + hµν , (A.0.3)

the signature ηµν = (−1, 1, 1) is considered. The corresponding Lagrangian is

LCS =
1

2
ϵλµν (∂σh

ρ
λ∂ρ∂µh

σ
ν − ∂σh

ρ
λ∂

σ∂µhρν) , (A.0.4)
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by performing a 3 + 1 decomposition we get

LCS = ϵij
(
ḧik∂

kh0j + ḧik∂jh0
k − 1

2
ḧikḣj

k + ḣik∂j∂
kh00 + ḣ0k∂i∂

kh0j

+
1

2
ḣ0i∇2h0j −

1

2
ḣik∇2hj

k +
1

2
ḣi
k∂k∂lhj

l +∇2h00∂ih0j

−∂ihjk∇2h0
k − ∂i∂

lhj
k∂kh0l

)
. (A.0.5)

We can observe that the CS theory is a higher-order theory, we need to rewrite L by

introducing the following variables

ξµν = hµν (A.0.6)

vµν ≡ ḣµν (A.0.7)

thus we have

LCS = ϵij
(
v̇ik∂

kξ0j + v̇ik∂jξ0
k − 1

2
v̇ikvj

k + vik∂j∂
kξ00 + v0k∂i∂

kξ0j

+
1

2
v0i∇2ξ0j −

1

2
vik∇2ξj

k +
1

2
vik∂

k∂lξj
l +∇2ξ00∂iξ0j (A.0.8)

−∂iξjk∇2ξ0
k − ∂i∂

lhj
k∂kξ0l

)
+ ψµν

(
vµν − ξ̇µν

)
(A.0.9)

where ψµν are the Lagrange multipliers. Now that we reduced the order of the Lagrangian

we proceed to define the momenta

P =
∂L

∂Q̇
, (A.0.10)

where Q = (ε00, ξ0i, ξij , v00, v0i, vij , ψ
00, ψ0i, ψij) are the canonical variables and P =

(π00, π0i, πij , π̃00, π̃0i, π̃ij , p00, p0i, pij) their corresponding momenta, we find the following
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Hamiltonians:

H ≡ H0 +Π = 0, (A.0.11)

Ω00 ≡ π00 + ψ00 = 0, (A.0.12)

Ω0i ≡ π0i + ψ0i = 0, (A.0.13)

Ωij ≡ πij + ψij = 0, (A.0.14)

Ω̃00 ≡ π̃00 = 0, (A.0.15)

Ω̃0i ≡ π̃0i = 0, (A.0.16)

Ω̃ij ≡ π̃ij − 1

2
(ϵik∂j + ϵjk∂i)ξ0k −

1

2
(ϵikηjl + ϵjkηil)∂kξ0l (A.0.17)

+
1

4
(ϵikηlj + ϵjk)vkl (A.0.18)

Σ00 ≡ p00 = 0, (A.0.19)

Σ0i ≡ p0i = 0, (A.0.20)

Σij ≡ pij = 0, (A.0.21)

where Π ≡ ∂0S, S is the action and H0 is the canonical Hamiltonian given by

H0 ≡ ξ̇µνπ
µν + v̇µν π̃

µν + ψ̇pµν − LCS

= ϵij
(
−vik∂j∂kξ00 − v0k∂i∂

kξ0j −
1

2
v0i∇2ξ0j −

1

2
vik∇2ξj

k − 1

2
vi
k∂k∂lξj

l

−∂iξ0j∇2ξ00 + ∂iξjk∇2ξ0
k + ∂i∂

lξj
k∂kξ0l

)
− v00ψ

00

+v0i(π
0i − 2ψ0i)− vijψ

ij . (A.0.22)

With the Hamiltonians identified we can construct the differential that describes the evo-

lution on the phase-space

df =

∫ [
{f,H}dt+ {f,Ω00}dω1

00 + {f,Ω0i}dω1
0i + {f,Ωij}dω1

ij + {f, Ω̃00}dω2
00

+{f, Ω̃0i}dω2
0i + {f, Ω̃ij}dω2

ij + {f,Σ00}dω3
00 + {f,Σ0i}dω3

0i

+{f,Σij}dω3
ij

]
d2y, (A.0.23)

where the ω′s are parameters associated to the Hamiltonians. The non-zero Poisson algebra
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between all Hamiltonians is given by

{Ω00,Σ00} = δ2(x− y), (A.0.24)

{Ω0i,Σ0j} = δijδ
2(x− y), (A.0.25)

{Ωij ,Σkl} =
1

2
(δikδ

j
l + δilδ

j
k)δ

2(x− y), (A.0.26)

{Ω0i, Ω̃kl} =
1

4
(ϵikηlm + ϵilηkm + ϵkmηil + ϵlmηik)∂mδ

2(x− y), (A.0.27)

{Ω̃ij , Ω̃kl} =
1

4
(ϵikηjl + ϵilηjk + ϵjkηil + ϵjlηik)δ2(x− y). (A.0.28)

We can observe that the Hamiltonians Ω00, Ω0i, Ωij , Ω̃ij , Σ00, Σ0i and Σij are non-involutive.

This is expected because these Hamiltonians are related to the unphysical variales ψµν , these

Hamiltonians will be removed by introducing the generalized HJ brackets. The Hamiltoni-

ans Ω̃00 and Ω̃0i are involutive. Now, we need to remove all non-involutive Hamiltonians,

the corresponding matrix of PB between non-involutive Hamiltonians is

∆ab =



0 0 0 0 1 0 0

0 0 0 Γi,kl 0 ηij 0

0 0 0 0 0 0 1
2(δ

i
kδ
j
l + δilδ

j
k)

0 −Γkl,i 0 Λij,kl 0 0 0

−1 0 0 0 0 0 0

0 −ηij 0 0 0 0 0

0 0 1
2(δ

i
kδ
j
l + δilδ

j
k) 0 0 0 0


δ2(x− y), (A.0.29)

where we defined

Γi,kl ≡ 1

4
(ϵikηlm + ϵilηkm + ϵkmηil + ϵlmηik)∂m, (A.0.30)

Λij,kl ≡ 1

4
(ϵikηjl + ϵilηjk + ϵjkηil + ϵjlηik). (A.0.31)

The matrix ∆ab is not invertible, which means that the Hamiltonians are not independent.

In fact, there are null vectors given by v⃗ = (0, 0, 0, ϖηij , 0, 0, 0), ϖ is an arbitrary func-

tion. From the contraction of the null vectors with the Hamiltonians we identify a new

Hamiltonian

Ω̃ ≡ π̃ii = 0. (A.0.32)

Ω̃ is involutive, this imply a new algebra between all Hamilltonians, the new matrix ∆′
ab is
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given by

∆′
ab =



0 0 0 0 0 0 1 0 0 0

0 0 0 0 −1
2∂2

1
2∂1 0 1 0 0

0 0 0 0 −1
2∂1 −1

2∂2 0 0 1 0

0 0 0 0 0 0 0 0 0 1
2(δ

i
kδ
j
l + δilδ

j
k)

0 1
2∂2

1
2∂1 0 0 1

2 0 0 0 0

0 −1
2∂1

1
2∂2 0 −1

2 0 0 0 0 0

−1 0 0 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0 0 0

0 0 −1 0 0 0 0 0 0 0

0 0 0 −1
2(δ

i
kδ
j
l + δilδ

j
k) 0 0 0 0 0 0



,

(A.0.33)

its inverse (∆′
ab)

−1 is

(∆′
ab)

−1 =



0 0 0 0 0 0 1 0 0 0

0 0 0 0 −1
2∂2 −1

2∂1 0 1 0 0

0 0 0 0 −1
2∂1 −1

2∂2 0 0 1 0

0 0 0 0 0 0 0 0 0 1
2(δ

i
kδ
j
l + δilδ

j
k)

0 1
2∂2

1
2∂1 0 0 1

2 0 0 0 0

0 −1
2∂1

1
2∂2 0 −1

2 0 0 0 0 0

−1 0 0 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0 0 0

0 0 −1 0 0 0 0 0 0 0

0 0 0 −1
2(δ

i
kδ
j
l + δilδ

j
k) 0 0 0 0 0 0



δ2(x−y).

(A.0.34)

Once we have (∆′
ab)

−1 we can compute (3.4.4) for the phase-space coordinates

{ξ00, π00}∗ = δ2(x− y), (A.0.35)

{ξ0i, π0k}∗ =
1

2
δki δ

2(x− y), (A.0.36)

{ξij , πkl}∗ =
1

2
(δki δ

l
j + δliδ

k
j )δ

2(x− y), (A.0.37)

{π0i, π0k}∗ =
1

2
ϵik∇2δ2(x− y), (A.0.38)

{π0i, vkl}∗ = −1

2
[(δ1kδ

2
l + δ2l δ

1
k)(ϵ

1i∂1 + η1i∂2)− δ1l δ
1
m(ϵ

1i∂2 + ϵ2i∂1 (A.0.39)

+η2i∂2 − η1i∂1)]δ2(x− y). (A.0.40)
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With the introduction of the generalized brackets, the non-involutive Hamiltonians can be

removed, then, the fundamental differential will be

df =

∫ (
{f,H}∗dt+ {f, Ω̃00}∗dω2

00 + {f, Ω̃0i}∗dω2
0i + {f, Ω̃∗dω2

)
d2y. (A.0.41)

Once the generalized brackets are introduced, we could perform the substitution of the fields

ψ by the momenta π. The canonical Hamiltonian takes the form

H0 = ϵij
(
−vik∂j∂kξ00 − v0k∂i∂

kξ0j −
1

2
v0i∇2ξ0j −

1

2
vik∇2ξj

k − 1

2
vi
k∂k∂lξj

l

−∂iξ0j∇2ξ00 + ∂iξjk∇2ξ0
k + ∂i∂

lξj
k∂kξ0l

)
− v00π

00 + 2v0iπ
0i − vijπ

ij .

(A.0.42)

From integrability conditions, which ensure the integrability of the system, the following

Hamiltonians emerge

dΩ̃00 =

∫ (
{Ω̃00, H}∗dt+ {Ω̃00, Ω̃00}∗dω2

00 + {Ω̃00, Ω̃0i}∗dω2
0i + {Ω̃00, Ω̃∗dω2

)
d2y = 0

⇒ Ω̃00
2 ≡ π00 = 0, (A.0.43)

dΩ̃0i =

∫ (
{Ω̃0i, H}∗dt+ {Ω̃0i, Ω̃00}∗dω2

00 + {Ω̃0i, Ω̃0k}∗dω2
0k + {Ω̃0i, Ω̃∗dω2

)
d2y = 0

⇒ Ω̃0i
2 ≡ π0i

1

2
ϵjk∂i∂jξ0k −

1

4
ϵij∇2ξ0j = 0, (A.0.44)

dΩ̃ =

∫ (
{Ω̃, H}∗dt+ {Ω̃, Ω̃00}∗dω2

00 + {Ω̃, Ω̃0k}∗dω2
0k + {Ω̃, Ω̃∗dω2

)
d2y = 0

⇒ Ω̃2 ≡ πii −
1

2
ϵij∂i∂

kξjk. (A.0.45)

The Hamiltonians Ω̃00
2 , Ω̃0i

2 and Ω̃2 are involutive because the PB with Ω̃00, Ω̃0i, Ω̃ and with

themselves vanishes. Since the new Hamiltonians are involutive, we will add them to the
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fundamental differential, then its integrability will be calculated. Thus we obtain:

dΩ̃00
2 =

∫
({Ω̃00

2 , H}∗dt+ {Ω̃00
2 , Ω̃

00}∗dω2
00 + {Ω̃00

2 , Ω̃
0i}∗dω2

0i + {Ω̃00
2 , Ω̃}∗dω2

{Ω̃00
2 , Ω̃

00
2 }∗dω̃00 + {Ω̃00

2 , Ω̃
0i
2 }∗dω̃0i + {Ω̃00

2 , Ω̃2}∗dω̃)d2y

⇒ Ω̃00
3 ≡ ϵij∂j∂

kvik + ϵij∂i∇2ξ0j = 0, (A.0.46)

dΩ̃0i
2 =

∫
({Ω̃0i

2 , H}∗dt+ {Ω̃0i
2 , Ω̃

00}∗dω2
00 + {Ω̃0i

2 , Ω̃
0i}∗dω2

0i + {Ω̃0i
2 , Ω̃}∗dω2

{Ω̃0i
2 , Ω̃

00
2 }∗dω̃00 + {Ω̃0i

2 , Ω̃
0i
2 }∗dω̃0i + {Ω̃0i

2 , Ω̃2}∗dω̃)d2y

⇒ Ω̃0i
3 ≡ ∂jπ

ij − 1

4
ϵjk∂j∇2ξik −

1

4
ϵjk∂i∂j∂lξ

l
k, (A.0.47)

dΩ̃2 =

∫
({Ω̃2, H}∗dt+ {Ω̃2, Ω̃

00}∗dω2
00 + {Ω̃2, Ω̃

0i}∗dω2
0i + {Ω̃2, Ω̃}∗dω2

{Ω̃2, Ω̃
00
2 }∗dω̃00 + {Ω̃2, Ω̃

0i
2 }∗dω̃0i + {Ω̃2, Ω̃2}∗dω̃)d2y

⇒ Ω̃00
3 = 0, (A.0.48)

the new third generation of Hamiltonians Ω̃00
3 and Ω̃0i

3 are involutive ones and from their

integrability we find no further Hamiltonians. The final fundamental differential is given by

df =

∫
[{f,H}∗dt+ {f, Ω̃00}dω2

00 + {f, Ω̃0i}∗dω2
0i + {f, Ω̃}∗dω2 + {f, Ω̃00

2 }∗dω̃00

+{f, Ω̃0i
2 }∗dω̃0i + {f, Ω̃2}∗dω̃ + {f, Ω̃00

3 }∗dω̃00
3 + {f, Ω̃0i

3 }∗dω̃3
0i]d

2y (A.0.49)

where the involutive Hamiltonians are:

Ω̃00 ≡ π̃00 = 0, (A.0.50)

Ω̃0i ≡ π̃0i = 0, (A.0.51)

Ω̃ ≡ π̃ii = 0, (A.0.52)

Ω̃00
2 ≡ π00 = 0, (A.0.53)

Ω̃0i
2 ≡ π0i − 1

2
ϵjk∂i∂jξ0k −

1

4
ϵij∇2ξ0j = 0, (A.0.54)

Ω̃2 ≡ πii −
1

2
ϵij∂i∂

kξjk = 0, (A.0.55)

Ω̃00
3 ≡ ϵij∂j∂

kvik + ϵij∂i∇2ξ0j = 0, (A.0.56)

Ω̃0i
3 ≡ ∂jπ

ij − 1

4
ϵjk∂j∇2ξik −

1

4
ϵjk∂i∂j∂lξ

l
k. (A.0.57)

From the fundamental differential we can calculate the characteristics which will reveal the
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symmetries of the theory. The characteristic equations are:

dξ00 = −v00dt− dω̃00, (A.0.58)

dξ0i = v0idt+
1

2
dω̃0i, (A.0.59)

dξij = vijdt+ ηijdω̃ − 1

2
∂idω̃

3
0j −

1

2
∂jdω̃

3
0i. (A.0.60)

If we set dt = 0 we obtain a set of canonical transformations that can be related to the

gauge ones;

δξ00 = −δω̃00, (A.0.61)

δξ0i =
1

2
δω̃0i, (A.0.62)

δξij = ηijδω̃ − 1

2
∂iδω̃

3
0i −

1

2
∂jδω̃

3
0i. (A.0.63)

In order to identify the corresponding gauge symmetries its necessary to find the conditions

in which (A.0.61)-(A.0.63) acts into the Lagrangian, such conditions arise if the Lagrangian

is invariant under these transformations. The variation of the Lagrangian is

δLCS =

∫
dtd2xϵαµν [∂ρ∂ρ∂µξ

β
ν − ∂σ∂β∂µξσν ]δξαβ = 0, (A.0.64)

this will lead to the following relations between the ω′s parameters:

δω̃00 = −2∂0ζ0, (A.0.65)

δω̃0i = 2(∂0ζi + ∂iζ0), (A.0.66)

ηijδω̃ = 2(∂iζj + ∂jζi), (A.0.67)

δω̃3
0i = 2ζi, (A.0.68)

by substituting these relations in the canonical transformations we get

δξµν = ∂µζν + ∂νζµ. (A.0.69)
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Conformal invariance of
√
−gCab

Let be the tensor
√
−gCµν

√
−gCµν ≡ vσ(ϵ

σµαβDαR
ν
β + ϵσναβDαR

µ
β) + vστ (

∗Rτµσν + ∗Rτνσµ), (B.0.1)

in order to show that this tensor is conformal invariant in the infinitesimal sense is sufficient

to show that

δCµν = 0, (B.0.2)

under the change

gµν −→ g̃µν = (1 + ϵπ)gµν , ϵ≪ 1, (B.0.3)

where π is a function on the space-time manifold. The function π is directly related to the

conformal factor λ that defines the conformal transformation: g̃µν = λgµν = eϵπgµν .

Now, we need to specify the variation of the metric tensor and the variation of all objects

that are made of gµν , we have that

δgµν = g̃µν − gµν = ϵπgµν . (B.0.4)

The Christoffel symbol Γµν variate as follows

δΓτµν = δ

[
1

2
gτρ(∂µgρν + ∂νgρµ − ∂ρgµν)

]
=

1

2
(δgτρ)(∂µgρν + ∂νgρµ − ∂ρgµν) +

1

2
gτρδ(∂µgρν + ∂νgρµ − ∂ρgµν)

= − ϵ
2
πgτρ(∂µgρν + ∂νgρµ − ∂ρgµν) +

ϵ

2
gτρ[∂µ(πgρν) + ∂ν(πgρµ)− ∂ρ(πgµν)]

= −ϵπΓτµν + ϵπΓτµν +
ϵ

2
gτρ[(∂µπ)gρν + (∂νπ)gρµ − (∂ρπ)gµν ]

=
ϵ

2
gτρ[(∂µπ)gρν + (∂νπ)gρµ − (∂ρπ)gµν ]

65
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⇒ δΓτµν =
ϵ

2
gτρ[(∂µπ)gρν + (∂νπ)gρµ − (∂ρπ)gµν ]. (B.0.5)

In the same manner, the Riemann tensor changes an ammount δRτ µσν ,

δRτ µσν = ∂σδΓ
τ
νµ − ∂νδΓ

τ
σµ + (δΓτση)Γ

η
νµ + Γτση(δΓ

η
νµ)− (δΓτνη)Γ

η
σµ − Γτνη(δΓ

η
σµ) (B.0.6)

but

∂σδΓ
τ
νµ =

ϵ

2
[(∂σg

τρ)[(∂νπ)gρµ + (∂µπ)gρν − (∂ρπ)gνµ] + gτρ[(∂σ∂νπ)gρµ + (∂σ∂µπ)gρν − (∂σ∂ρπ)gνµ]

+gτρ[(∂νπ)(∂σgρµ) + (∂µπ)(∂σgρν)− (∂ρπ)(∂σgνµ)]

=
ϵ

2
gτρ[(∂σ∂νπ)gρµ + (∂σ∂µπ)gρν − (∂σ∂ρπ)gνµ]

⇒ ∂σδΓ
τ
νµ =

ϵ

2
gτρ[(∂σ∂νπ)gρµ + (∂σ∂µπ)gρν − (∂σ∂ρπ)gνµ − (∂ρπ)∂σ(gµνg

τρ)] (B.0.7)

and

∂νδΓ
τ
σµ =

ϵ

2
gτρ[(∂ν∂σπ)gρµ + (∂ν∂µπ)gρσ − (∂ν∂ρπ)gσµ − (∂ρπ)∂ν(gµσg

τρ)].

(B.0.8)

On the other hand

(δΓτση)Γ
η
νµ =

ϵ

2
gτρ[(∂σπ)gρη + (∂ηπ)gρσ − (∂ρπ)gση]Γ

η
νµ

=
ϵ

2
[(∂σπ)Γ

τ
νµ + (∂ηπ)Γ

η
νµδ

τ
σ − gτρgση(∂ρπ)Γ

η
νµ], (B.0.9)

Γτση(δΓ
η
νµ) =

ϵ

2
Γτσηg

ηρ[(∂νπ)gρµ + (∂µπ)gρν − (∂ρπ)gνµ]

=
ϵ

2
[(∂νπ)Γ

τ
σµ + (∂µπ)Γ

τ
σν − gηρgνµ(∂ρπ)Γ

τ
ση], (B.0.10)

(δΓτνη)Γ
η
σµ =

ϵ

2
[(∂νπ)Γ

τ
σµ + (∂ηπ)Γ

η
σµδ

τ
ν − gτρgνη(∂ρπ)Γ

η
σµ], (B.0.11)

Γτνη(δΓ
η
σµ) =

ϵ

2
[(∂σπ)Γ

τ
νµ + (∂µπ)Γ

τ
νσ − gηρgσµ(∂ρπ)Γ

τ
νη], (B.0.12)
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by substituting (B.0.7), (B.0.8) and (B.0.9)-(B.0.12) in the variation of the Riemann tensor

we get

δRτ µσν =
ϵ

2
{(∂σ∂µπ)δτν − gτρgνµ(∂σ∂ρπ)− (∂ν∂µπ)δ

τ
σ + gτρgσµ(∂ν∂ρπ)− (∂ρπ)[∂σ(gµνg

τρ)

−∂ν(gµσgτρ)] + (∂σπ)Γ
τ
νµ + (∂ηπ)Γ

η
νµδ

τ
σ − gτρgση(∂ρπ)Γ

η
νµ + (∂νπ)Γ

τ
σµ + (∂µπ)Γ

τ
σν

−gηρgνµ(∂ρπ)Γτση − (∂νπ)Γ
τ
σµ − (∂ηπ)Γ

η
σµδ

τ
ν + gτρgνη(∂ρπ)Γ

η
σµ − (∂σπ)Γ

τ
νµ − (∂µπ)Γ

τ
νσ

+gηρgσµ(∂ρπ)Γ
τ
νη}

=
ϵ

2
{(∂σ∂µπ − Γησµ∂ηπ)δ

τ
ν − (∂ν∂µπ − Γηνµ∂ηπ)δ

τ
σ − gµν [g

τρ(∂σ∂ρπ) + Γτσηg
ηρ(∂ρπ)]

+gµσ[g
τρ(∂ν∂ρπ) + Γτνηg

ηρ(∂ρπ)]− (∂ρπ)[∂σ(gµνg
τρ)− ∂ν(gµσg

τρ)]− gτρgση(∂ρπ)Γ
η
νµ

+gτρgνη(∂ρπ)Γ
η
σµ}

=
ϵ

2
{(∂σ∂µπ − Γησµ∂ηπ)δ

τ
ν − (∂ν∂µπ − Γηνµ∂ηπ)δ

τ
σ − gµν [∂σ(g

τρ∂ρπ)− (∂σg
τρ)(∂ρπ)

+Γτσηg
ηρ∂ρπ] + gµσ[∂ν(g

τρ∂ρπ)− (∂νg
τρ)(∂ρπ) + Γτνηg

ηρ∂ρπ]− (∂ρπ)[∂σ(gµνg
τρ)

−∂ν(gµσgτρ)]} − gτρgση(∂ρπ)Γ
η
νµ + gτρgνη(∂ρπ)Γ

η
σµ

=
ϵ

2
{(∂σ∂µπ − Γησµ∂ηπ)δ

τ
ν − (∂ν∂µπ − Γηνµ∂ηπ)δ

τ
σ − gµν [∂σ(g

τρ∂ρπ) + Γτση(g
ηρ∂ρπ)]

+gµν(∂σg
τρ)(∂ρπ) + gµσ[∂ν(g

τρ∂ρπ) + Γτνη(g
ηρ∂ρπ)]− gµσ(∂νg

τρ)(∂ρπ)

−(∂ρπ)[∂σ(gµνg
τρ)− ∂ν(gµσg

τρ)]} − gτρgση(∂ρπ)Γ
η
νµ + gτρgνη(∂ρπ)Γ

η
σµ

=
ϵ

2
[∇σ∂µπδ

τ
ν −∇ν∂µπδ

τ
σ − gµν∇σ(g

τρ∂ρπ) + gµσ∇ν(g
τρ∂ρπ) + gµν(∂σg

τρ)(∂ρπ)

−gµσ(∂νgτρ)(∂ρπ)− (∂ρπ)[∂σ(gµνg
τρ)− ∂ν(gµσg

τρ)]− gτρgση(∂ρπ)Γ
η
νµ + gτρgνη(∂ρπ)Γ

η
σµ]

=
ϵ

2
[∇σ(∂µπ)δ

τ
ν −∇ν(∂µπ)δ

τ
σ − gµνg

τρ∇σ(∂ρπ) + gµσg
τρ∇ν(∂ρπ)− (∂ρπ)[∂σ(gµνg

τρ)

−∂ν(gµσgτρ)] + gµν(∂σg
τρ)(∂ρπ)− gµσ(∂νg

τρ)(∂ρπ)− gτρ(∂ρπ)Γσνµ + gτρ(∂ρπ)Γνσµ]

=
ϵ

2
{∇σ(∂µπ)δ

τ
ν −∇ν(∂µπ)δ

τ
σ − gµνg

τρ∇σ(∂ρπ) + gµσg
τρ∇ν(∂ρπ)− (∂ρπ)[∂σ(gµνg

τρ)

−∂ν(gµσgτρ)] + (∂ρπ)[gµν(∂σg
τρ)− gµσ(∂νg

τρ)− gτρΓσνµ + gτρΓνσµ]}

=
ϵ

2
{∇σ(∂µπ)δ

τ
ν −∇ν(∂µπ)δ

τ
σ − gµνg

τρ∇σ(∂ρπ) + gµσg
τρ∇ν(∂ρπ)− (∂ρπ)[∂σ(gµνg

τρ)

−∂ν(gµσgτρ)] + (∂ρπ)[∂σ(gµνg
τρ)− ∂ν(gµσg

τρ)]}

=
ϵ

2
[∇σ(∂µπ)δ

τ
ν −∇ν(∂µπ)δ

τ
σ − gµνg

τρ∇σ(∂ρπ) + gµσg
τρ∇ν(∂ρπ)]

thus we have

δRτ µσν =
ϵ

2
[∇σ(∂µπ)δ

τ
ν −∇ν(∂µπ)δ

τ
σ − gµνg

τρ∇σ(∂ρπ) + gµσg
τρ∇ν(∂ρπ)]. (B.0.13)
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With equation (B.0.13) its straightforward to obtain the variaton of the Ricci Rµν = Rτ µτν

tensor and of the scalar curvature R = Rµµ;

δRµν =
ϵ

2
[∇τ (∂µπ)δ

τ
ν −∇ν(∂µπ)δ

τ
τ − gµνg

τρ∇τ (∂ρπ) + gµτg
τρ∇ν(∂ρπ)]

=
ϵ

2
[−∇ν(∂µπ)− gµν∇α(∂

απ)], (B.0.14)

δR = δ(gµνRµν)

= −ϵπgµνRµν + gµν
ϵ

2
[−∇ν(∂µπ)− gµν∇α(∂

απ)]

= −ϵπR− 2ϵ∇α(∂
απ). (B.0.15)

Finally, the variation of the tensor
√
−gCµν goes as follows

δ
√
−gCµν = − 1

2
√
−g

[vσ(ϵ
σµαβDαδR

ν
β + ϵσναβDαδR

µ
β) + vστ (

1

2
ϵσναβδRτµαβ +

1

2
ϵσµαβδRτναβ)]

= − ϵ

4
√
−g

[vσ[ϵ
σµαβDα(−Dβ(∂

νπ)− gνβDρ(∂
ρπ)) + ϵσναβDα(−Dβ(∂

µπ)− gµβDρ(∂
ρπ))]

+
1

2
vστ [ϵ

σναβ(Dα(∂
µπ)δτ β −Dβ(∂

µπ)δτ α − gµβg
τρDα(∂ρπ) + gµαg

τρDβ(∂ρπ))

+ϵσµαβ(Dα(∂
νπ)δτ β −Dβ(∂

νπ)δτ α − gνβg
τρDα(∂ρπ) + gναg

τρDβ(∂ρπ))]]

= − ϵ

4
√
−g

[vσ[−ϵσµαβgνβDαDρ(∂
ρπ)− ϵσναβgµβDαDρ(∂

ρπ)] +
1

2
vστ [ϵ

σναβ(−gµβgτρDα(∂ρπ)

+gµαg
τρDβ(∂ρπ)) + ϵσµαβ(−gνβgτρDα(∂ρπ) + gναg

τρDβ(∂ρπ))]]

=
ϵ

4
√
−g

[vσ[ϵ
σµανDαDρ(∂

ρπ) + ϵσναµDαDρ(∂
ρπ)] +

1

2
vστ [ϵ

σναµDα(∂
τπ)− ϵσνµβDβ(∂

τπ))

+ϵσµανDα(∂
τπ)− ϵσµνβDβ(∂

τπ)]]

=
ϵ

4
√
−g

[vσ[ϵ
σµανDαDρ(∂

ρπ)− ϵσµανDαDρ(∂
ρπ)] +

1

2
vστ [ϵ

σναµDα(∂
τπ) + ϵσναµDα(∂

τπ))

−ϵσναµDα(∂
τπ)− ϵσναµDα(∂

τπ)]]

= 0.

⇒ δ
√
−gCµν = 0. (B.0.16)

Therefore, the tensor
√
−gCµν is invariant under a local conformal transformation gµν −→

g̃µν = (1 + ϵπ)gµν .
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[58] M. Blagojević, Gravitation and gauge symmetries, IoP Publishing (2002).

[59] D. Guarrera and A. J. Hariton, Papapetrou energy-momentum tensor for Chern-

Simons modified gravity, Physical Review D, 76, 044011 (2007).

[60] D. Grumiller and N. Yunes, How do Black Holes Spin in Chern-Simons Modified

Gravity?, Physical Review D 77, 044015 (2008).

[61] A. Ganz and K. Noui, Reconsidering the Ostrogradsky theorem: higher-derivatives

Lagrangians, ghosts and degeneracy, Classical and Quantum Gravity 38, 075005

(2021).

[62] M. C. Bertin, B. M. Pimentel, C. E. Valcárcel and G. E. R. Zambrano, Hamilton-
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