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Resumen

En este trabajo se realiza el andlisis Hamiltoniano de la modificacién de Chern-Simons
a Relatividad General en cuatro dimensiones. Se tomaran dos caminos: el formalismo
Hamiltoniano de Gitman-Lyakhovich-Tyutin y la teoria de Hamilton-Jacobi. Se reporta la
estructura completa de las restricciones del modelo. Se construye el Hamiltoniano canénico
correspondiente, debido a que la teoria es de alto orden, se investigd si tal Hamiltoniano es
estable en el sentido de la inestabilidad Ostrogradsky. Se presenta un conjunto completo
de paréntesis generalizados fundamentales no triviales. Se identifican las transformaciones
de norma de la teoria y se realiza un conteo de grados de libertad fisicos. Ademas se aplico

la teoria de Hamilton-Jacobi al invariante de Chern-Simons tridimensional.



Abstract

In this work the Hamiltonian analysis of the Chern-Simons modification of General Rela-
tivity in four dimensions is performed. Two approaches are taken: the Gitman-Lyakhovich-
Tyutin Hamiltonian formalism and the Hamilton-Jacobi theory. The complete structure
of constraints of the model is reported. The corresponding canonical Hamiltonian is con-
structed and, since the theory is of higher-order it is investigated if such Hamiltonian is
stable in Ostrogradsky’s sense. A full set of non-trivial fundamental generalized brackets is
presented. The gauge transformations of the theory are identified and the counting of phys-
ical degrees of freedom is carried out. In addition, the Hamilton-Jacobi theory is applied to

the 3D Chern-Simons invariant.
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Chapter 1

Introduction

It is well-known that General Relativity (GR) is a successful framework for describing
the classical behavior of the gravitational field and its relation with the geometry of space-
time [1,6]. From the canonical point of view, GR is a background independent gauge theory
with diffeomorphism invariance and the Hamiltonian is a linear combination of first-class
constraints and propagates two physical degrees of freedom [7]. From the quantum point of
view, the quantization program of gravity remains as a difficult task; in the non-perturbative
scheme, the non-linearity of the gravitational field manifested in the constraints obscures
the quantization so, making a complete description of a non-perturbative quantum theory
of gravity is an open problem [8,9]. On the other hand, the perturbative point of view
of the path integral method leads to the non-renormalizability problem [10, 11] and all
tools that have been developed in quantum field theory have not worked successfully. It
is common to study modified theories of gravity in order to obtain insights in the classical
or quantum regime with the expectation that they will provide new ideas or tools to carry
out the quantization program, an example of this being the so-called higher-order theories
[12-15]. In fact, higher-order theories are good candidates for fixing the infinities that
appear in the renormalization problem of quantum gravity. It is claimed that adding higher-
order terms (squared in the curvature) to gravity could help to avoid this problem; since
these terms have a dimensionless coupling constant which ensures that the final theory is
divergence-free [16,17]. The study of higher-order theories is a modern topic in physics,
these theories are relevant in dark energy physics [18], generalized electrodynamics [19—
21] and string theory [22,23]. A very interesting model in four dimensions can be found

in the literature in which the Einstein-Hilbert (EH) action is extended by the addition
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of a Chern-Simons (CS) 4-current coupled with an auxiliary field, by taking a particular
choice of the auxiliary field then the resulting action is a close model to GR [24]. At a
Lagrangian level, the extended theory describes the propagation of two degrees of freedom
corresponding to the gravitational waves traveling with velocity ¢, but these waves propagate
with different polarization intensities violating spatial reflection symmetry. Moreover, the
Schwarzchild metric is a solution of the equations of motion, thus the modified theory and
the EH action share the same classical tests. On the other hand, at the Hamiltonian level,
the model is a higher-order gauge theory whose Hamiltonian analysis is known not to be
easy to perform. The analysis of constrained higher-order systems is usually developed by
following the Ostrogradsky-Dirac (OD) [25-27] or the Gitman-Lyakhovich-Tyutin (GLT)
[28,29] methods. The OD scheme is based on the extension of the phase space by considering
the fields and their velocities as canonical coordinates and then introducing an extension to
the canonical momenta, however, the identification of the constraints is not easy to develop;
in some cases, the constraints are fixed by hand in order to obtain a consistent algebra [30]
and this yields the opportunity to work with alternative methods. The GLT framework
is based on the introduction of extra variables, which transform a problem with higher
time derivatives to one with only first-order ones, then one can follow the usual Dirac’s
Hamiltonian formalism for constrained systems. There is an alternative framework for
analyzing higher-order theories: the so-called Hamilton-Jacobi method. The HJ formalism
for regular field theories [31,32] was developed by Giiller and later for singular systems [33,
34]. It is based on the identification of the constraints as Hamiltonians of the theory and on
the enforcement of integrability conditions for a collection of partial differential equations for
the Hamiltonians (Hamilton-Jacobi equations). The Hamiltonians can be either involutive
or non-involutive and they are used for constructing a fundamental differential that codifies
all the physical information of the system.

With all of above, the main purpose of this work is to develop a detailed analysis of the CS
modification of GR [24] under a particular choice of the auxiliary field in the perturbative
approximation and to study its closeness with the canonical Hamiltonian structure of GR.
In Chapter 2 and Chapter 3 we have a review of the canonical formalism and of the HJ
formalism for constrained systems, respectively. In Chapter 4 we present the main aspects
of CS modified gravity. In Chapter 5 we develop a canonical analysis and the HJ analysis

of the extended model. Chapter 6 is devoted to conclusions, prospects and remarks.



Chapter 2

Canonical formalism for singular

systems

The study of the classical singular systems began its development since the work of Dirac
[35,36]. In his generalization of the Hamiltonian formulation he demonstrated how to
identify all the functions f(gq,p) = 0 constraining the phase-space, this identification can
be achieved if one imposes certain consistency conditions. In addition, Dirac’s formalism
provides other relevant aspects of a singular system such as; counting of degrees of freedom,
identification of the gauge symmetries, elimination of non-physical degrees of freedom, etc.

Here will be presented the basic aspects of the Dirac Hamiltonian formalism.

2.1 Primary constraints

Let’s start with a classical system described by N generalized coordinates through the
following action principle

S = /L(q'i,qi,t)dt (2.1.1)
where ¢ = 1,..., N and L is a singular Lagrangian, we say that a Lagrangian is a singular

one if the determinant of the Hessian matrix H¥ vanishes

2
det (H") = det (8§i;jj) = 0. (2.1.2)

In order to go to the Hamiltonian formalism we introduce the canonical momenta

)

7

= 2.1.
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since det(H%) = 0 only R = rank(H®) of the velocities can be expressed in terms of the ¢'s
and p's, on the other hand, we have N' = null(H%) non-invertible velocities so we expect

N functions ¢", n =1, ..., N such that
¢"(gi,p") =0, (2.1.4)

which we are going to call primary constraints, the symbol ~ stands for weakly zero and
it means that the equation (2.1.4) holds only in the subspace P, C P (P the phase-space)
defined by the constraints. Once we introduced the canonical momenta we can define the
Hamiltonian in the usual way

Ho = gip' — L. (2.1.5)

The Einstein summation convention Zf\i 1 a;b" — a;b* has been taken into account, from now
and until said otherwise it will be used in all indicated sums. The Hamiltonian depends only
of (g;,p') but these variables are not independent because of (2.1.4) then the Hamiltonian

is well defined only in P,. Now we define the primary Hamiltonian as follows
H, :Ho—l—ungpn, (216)

where u, are Lagrange multipliers enforcing the primary constraints. Variation of H; lead

us to the Hamilton’s equations of motion

i . n——, 2.1.

g oo T U ap (2.1.7)

ot n , 2.1.
b 9q; T dq; (2:1.8)

in principle u,, are arbitrary functions of (g;,p’) so the equations of motion are not deter-
mined in a unique way until all multipliers are specified, but this is not always the case, if
all multipliers cannot be found then the system has a certain freedom, we will see later that

the undetermined multipliers are directly related to the gauge symmetries of the theory.

2.2 Consistency conditions

One expects some consistency of the constraints when the system evolves in time i.e. they

should not change in time, in other words

"~ 0, (2.2.1)



2.8 First and second-class constraints 5

we can express these conditions in terms of the Poisson Brackets (PB) by noticing that the

time derivative of any function F = F(g;,p') is
F={F H}, (2.2.2)

it is straightfoward to deduce the equations of motion (2.1.7) and (2.1.8) from (2.2.2). The

consistency conditions becomes

{¢", Ho} +um{e", 9™} =0, (2.2.3)

after developing the equation (2.2.3) for some constraint ¢™ one end up with one of the

following scenarios:
1. The final equation involves some of the multipliers u,,.
2. A relation between ¢'s and p's emerge, thus we get expressions of the form

Nt (g, p') =~ 0. (2.2.4)

3. It reduces to 0 ~ 0.

From the first possibility one may solve for some of the multipliers and then substitute them
back in H;i. If the second possibility occurs and if gpN *1 is independent of any ¢" then we

have a new constraint (secondary constraint) and it lead us to a new consistency condition
GV~ 0, (2.2.5)

we are now in the same situation as before and if the second scenario occurs again then
we need to go further and repeat the process until no more constraints appear. In the
end we have a collection of secondary, tertiary, etc. constraints that sometimes are called
generically as secondary constraints. After repeating this process for all ™ we end up with

a total number of A constraints ¢%, a =1, ..., A.

2.3 First and second-class constraints

It will be worth if we classify all the constraints of the theory in a proper way, let us define
a first-class function. Let be a phase-space valued function F', we say that F' is first-class

function if its Poisson bracket with all the constraints are weakly zero

{F,¢"} =0, (2.3.1)
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otherwise F' is called a second-class function. Once we had all the constraints ¢* at hand

we can identify all the A; independent first-class constraints I'*/ of the theory as
Y = we! p® (2.3.2)

where ay = 1,..., Ay and wa’ are the null vectors of the matrix of PB between all constraints

a

P
WP = {p%, *}. (2.3.3)

On the other hand, the A, remaining constraints whose PB does not vanish are identified

as second-class constraints and we denote them as x%, as = 1, ..., As.

2.4 Total Hamiltonian and Dirac’s brackets

We can define the total Hamiltonian in a similar way as we did with the primary Hamiltonian

but now we take into account all the constraints
Hr = Hy+ uagoa, (241)

moreover, assuming that we are able to successfully classify all the constraints and to find
explicit expressions of the multipliers u,, (¢;, p’) associated with the second-class constraints
we can make the distinction between first-class and second-class constraints in the total

Hamiltonian (2.4.1) renaming it as extended Hamiltonian
Hp = Hy + uq X" + ua, ', (2.4.2)

the dynamical evolution of the system is dictated by Hg
F={F Hg}. (2.4.3)

Another benefit of the constraint classification is that we can convert the second-class
constraints into pure identities, this is x® (g, p") = 0 — x*(gi, p) = 0 thus removing the
non-physical degrees of freedom. We can achieve this by defining a new bracket, for such

purpose we take the matrix W and rearrange it in the following way
be sz

Wb = , (2.4.4)
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where C%bs stands for the matrix of PB between all the second-class constraints. C'%bs ig
an antisymmetric and invertible matrix. We can define the new bracket (Dirac’s bracket)

as follows
{F,G}p = {F,G}p — {F,x*}C, {x",G}, (2.4.5)

the new bracket satisfies all the good properties of the Poisson bracket and because of this

we can use it to describe the dynamics of the system
F={F Hg}p (2.4.6)

now that the PB served its purpose of classifying the constraints we can make the sub-
stitution { , } — {, }p in all calculations, for example, in the derivation of the gauge

transformations.

2.5 Gauge transformations

In (2.4.2) is evident that some multipliers remains unknown (those associated with the first-
class constraints) then the equations of motion that Hg generates still allows a free choice
of ug,, this is because the I'"f and u,, are related with transformations that do not affect
the physical state of the system, in other words, the gauge transformations. Let us consider
two states with the same initial conditions at a time tg and then let’s take its dynamical

evolution at time ¢ in a Taylor expansion at first order

X(t) = Xl(to)+ Xt (2.5.1)
= X(to) + ({X, H}p + ua, {X,T% } p)bt, (2.5.2)

if we do this but for a different multiplier u/, ; related to the same constraint I'*f we have

X(t) = X(to)+ X'ot (2.5.3)
= X(to) + ({X, H} + ug {X, T })dt, (2.5.4)
the difference is
§X(t) = X'(t)—X(t) (2.5.5)
= (up, — ua,){X, 1% }ot (2.5.6)

= {X,T%}oug,, (2.5.7)
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where du,, = (ugf — U, )0t. If we define ,, = du,, we establish that: the change X —
X +0X s a transformation with generator €, that does not change the physical state

of the system. This transformation leaves intact the extended action given by

Selq,p,v) = /(q'ipi — Hp)dt, (2.5.8)

such action have all the information of the system; it considers the separation of first-class
and second-class constraints, it does not have redundant degrees of freedom because of
x% = 0, it makes manifest the gauge symmetries of the system and it gives the equations

of motion:

F = {FHg}p, (2.5.9)
Tas

Q

0. (2.5.10)

2.6 Degrees of freedom

The number of degrees of freedom is the number of physical independent variables nedeed
to describe the dynamics of a system. The total number of degrees of freedom is
Total number of ) ( Number of second-class )

por = 4

canonical coordinates constraints

oy ( Number of first-class )} (2.6.1)

constraints

the % factor compensates the transition from the configuration space QQ to the phase-space
P and the 2 factor that appears in the third term is due to the double role of the first-class

constraints: as restrictions on the ¢’s and p’'s and as a generators of gauge transformations.

2.7 Higher-order lagrangians

If a Lagrangian contains terms involving derivatives of a coordinate higher than 1, then we
are dealing with a higher-order lagrangian or higher-order theory. These kind of theories can
be problematic from a physical point of view, in the subsequent section we will delve into

this. The presence of higher-order derivatives complicates the procedure of Hamiltonization
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and/or quantization of a singular theory, in the literature one can find appropiate develop-
ments in order to achieve this goal, for example, one can cite to the Gitman-Lyakhovich-
Tyutin (GLT) approach [28,29]. In the GLT method one looks for a reduction of the order
of the Lagrangian by means of auxiliary fields and Lagrange multipliers associated to them.
The equations of motion for some auxiliary fields lead to the primary constraints of the

theory.

Let us consider a higher-order lagrangian L*, i.e., the coordinate dependence of L* is

d(L’l de do.’L'l deN 0
L =L (ay, oy, 2L N 4o t :L*( ( ,t), 2.7.1
(xl N gt dt a0 " qt0 i (27.1)

where 1 = 1,..., N, [ = 0,1,...,0 is the order of the time derivative and O is the highest

order. Now we define a new set of coordinates in the following way

¢ = oY, (2.7.2)
2\, (2.7.3)

vy =

where s = 1,...,0. The superscript s in ¢; does not denote a derivative of g;, it only serves
to associate the ¢} to the correspondent xgsfl). The definition (2.7.2)-(2.7.3) “extends” the

configuration space and the dependence of the Lagrangian becomes

%

L* =L*(¢j,vi,t) = L* (acl(s*l) = qf,x(o) = vi,t> , (2.7.4)

moreover, from (2.7.2)-(2.7.3) we can infer some restrictions on the v's and the ¢’s and their

derivatives

i =gt =0, (2.7.5)

@ —v; = 0, (2.7.6)
where ' = 1,...,0 — 1. These restrictions are not the primary constraints of the theory,

such constraints will arise from the equations of motions for v;. We need to include the

restrictions (2.7.5)-(2.7.6) into the theory, thus we redefine the Lagrangian
L=L"+ (@ — ;) + 2o(d — v (2.7.7)

The Lagrangian L is of order one because L* has no derivative terms and the presence of

qf/ and qZL in the second and fourth terms. Now we are ready to define the phase-space, the
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canonical momenta are:

) oL )
py = i =As (2.7.8)
; oL
= 2 =0 2.7.9
R (27.9)
oL
A = — =0, (2.7.10)
O
oL
A = = (2.7.11)
Oy
The corresponding Hamiltonian is
H = (@pl+ o + NAT + NoAP) — L = Mo (d — q)) = Ay (aF — vi)

= @ph — L+ AL T Aoy — (65 AL + 0N
= dipl— L7+ Aua !+ Novi — g7,
therefore

H = plgi ™ + plov; — L™ (2.7.12)

In this derivation we use the definition of the momenta, the multipliers A% correspond
directly to the momenta p’, on the other hand, we can express )\Zb in terms of the coordinates

¢; by looking in the equations of motion for v;, this is

d (OL* OL*
T (81)1-) — Jor 0, (2.7.13)
) oL*
Ay — —— =0 2.7.14
= O 6’[)1‘ ) ( )
thus we have
4 oL*
!y — =0. 2.7.15
y26) Av; ( )

In the regular case this equation can be used to express all the v; in terms of the remaining
phase-space coordinates. In the singular case, i.e., when det(H¥) = 0 not all v; can be

determined, if we denote the non-invertible sector! as v, we can write the following relations

o — flai,p’) =0, (2.7.16)

where [ = %- The dependence f = f(gi,p’) comes from the fact that we can express R

of the v's in terms of the ¢’s and p’s and then substitute them back in (2.7.15). Finally, we

p=1,...,N where N is the nullity.
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have
¢"(gi,p") =0, (2.7.17)

these are the primary constraints of the theory. At this point we can follow Dirac’s canonical

formalism described in the previous sections.

2.8 Ostrogradsky’s instability

In the previous section we reviewed a method that allows us to deal with a higher-order
Lagrangian. We showed that is possible define a Hamiltonian function and to successfully
identify the primary constraints of the theory, but, what physical consequences arise from
the presence of higher-order derivatives of a coordinate, in particular, time derivatives? Let
us recall a related theorem.

Theorem (of Ostrogradsky’s instability): Let a higher-order Lagrangian that involves the
O-th order time derivative of the coordinates. If O > 2 and if the Lagrangian is non-
degenerate (non-degeneracy means % # 0) with respect to the highest order derivatives,
the Hamiltonian of this system depends linearly on the canonical momentum.

In other words, this theorem implies that if there are higher-order terms in the Lagrangian L
then the energy of the system is unbounded. Let us consider a simple model that illustrates
the Ostrogradsky instability. Let be a point particle system whose dynamical variable ¢(t)

is governed by the action

S(¢) = % / (6 + ad® + B¢, (2.8.1)

where o and S are constants. We can write down a classically equivalent action if we take

P = ¢;

1 . .
S(¢6,¢) = 3 /W + a? + B? + 20(¢ — ¥)]dt, (2.8.2)
by defining the (py,py) = (%’ %) we can construct the Hamiltonian function
1
H= 5(1?5 — a® — Bo?) + pyib, (2.8.3)

as we can see, the Hamiltonian depends linearly on the momentum pg thus the Hamiltonian
is unbounded. In some sense, the theorem of Ostrogradsky “rules out” all Lagrangians of the

form L(q,q,q,...,t) if we want a bounded energy, the only assumption is non-degeneracy,
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but, what happens if one considers a higher-order Lagrangian but one relaxes the non-
degeneracy requeriment? This is precisely the case if one considers a constrained system.
In the development of the analysis in Chapter 5 we will show how the constraints of a theory

can heal the Ostrogradsky instability.

2.9 Unfree gauge symmetries

It is known from the literature that if the implementation of consistency conditions (2.2.3)
does not end at secondary constraints, then the parameters of the gauge transformations
are restricted by differential equations [37]. Let be a collection of N primary constraints

n,, the primary Hamiltonian is given by

1
Hl = HO + Un, ((P)nl (291)
We adopted the notation n; = 1,...,A7 = N and we are explicitly remarking the primary
constraints with a label (1). In the general case the consistency conditions may give the

following structure

da @) @) @

@ (pnl - ny gDml + ny @mg ~ 07 (292)

where my runs from 1 to the total number My of secondary constraints. The coefficients V'
and O are differential operators. We can see that the evolution of some primary constraint
1

©n, is a linear combination of primary constraints themselves and the new secondary

2
constraints (go)mQ. For constraints of the gth generation we have

(9),1 41 (941)
@ng ZVm som + 00 0 s, =0, (2.9.3)

where we indicate the explicit summation of all constraints m, per generation g, this is, the
evolution of the (ggo)ng constraint gives a linear combination of all the m, constraints ¢, of
each generation g = 1, ..., g, in addition, the (g+ 1)th generation of mgyy1 constraints ¢, ,

emerges. For the last generation G we have

9.9
L1/ > V;”;(é)mg ~ 0, (2.9.4)

g=1

g
no new constraints appear, the evolution of (go)n o is only a combination of the already

known constraints. If there are at least tertiary constraints then the gauge parameters ¢
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are constrained [37]

d Oy I
Oty 7+ Vndy | €™ + Z Vs cma 4 0 i el =0, (2.9.5)
g=g+1

where g = 2,...,G — 1, for the G generation we have

ng @ @ )ng me (gfl)ng o
5mg£+v e+ O o8 e =0. (2.9.6)

1 2
We must not forget that the distinction here is between primary (go)m, secondary (cp)m,
3
tertiary (cp)m, etc. and not between first-class ¢,, and second-class ¢, constraints. In fact,
if we consider the particular case where there is only one first-class constraint per generation

the evolution of the constraints are reduced to

(1) 1)(2)

(T Hy) = OT, (2.9.7)
(9) (g)(g+1)

{F,HO} = O T, (2.9.8)
9

(T, Hy) = o, (2.9.9)

{Fafarbf} = Oa (2910)

where g =2,...,G —1 and ay = 1,..., A. In this particular case A = Ay. The corresponding

equations for the gauge parameters are
1 @) ,
T+ 0¥ =0 (2.9.11)

where g’ = 1,...,G—1. In chapter 5 we will see what happens if not one but several first-class

constraints per generation are at stake.

2.10 Canonical quantization

From the classical point of view, an observable is a phase-space valued function O(q,p)
that is gauge invariant, in other words, its Poisson or Dirac bracket with the first-class
constraints I'*f vanishes

{0, T%}p ~ 0. (2.10.1)

In the simple case of a free particle, the most fundamental observables are the position X

and momentum P.
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The canonical quantization seeks for a representation |¥) = o4|1)4) of the observables and
of its algebra on a Hilbert space Hpjrqc. One associates each important function (classical
observables) on the phase-space to quantum observables that are self-adjoint operators
on Hpirae, in the same manner, the fundamental brackets are promoted to commutators

between those operators

o — O, (2.10.2)
(01,05}p —> %[01,02]. (2.10.3)
For the free particle we have that
X — X, (2.10.4)
P — szmdi, (2.10.5)
{(X,P}=1 — %[X,P]:l. (2.10.6)

Now, let’s assume a constrained theory whose dynamics is governed by the extended Hamil-
tonian Hg such that all constraints ¢ are first-class constraints? p* =T'%, a = a f, thus we

have

Q

{res, b} p 0 (2.10.7)

{Faf,HE}D ~ 0. (2108)

The canonical quantization procedure produces a space of states that is too large, in the
sense that its quantum states are not gauge invariant, but physical states should be. Hence,

the space of physical states Hpnys C Hpirac must be chosen such that
% |0) =0 (2.10.9)
for all |¥) € Hppys so that the finite gauge transformations act as
ieq  Lf
exp “f° T |¥) = |T) (2.10.10)

i.e. the physical states are precisely the gauge invariant states. Thus, the space of physical
states is the intersection of all kernels of the constraints operators, which is the quantum
analogue of the classical constraint surface. It is worth noticing that we did not choose a

gauge of any kind here.

2This always can be achieved in principle if one eliminates the second-class constraints by introducing
the Dirac brackets.



Chapter 3

The Hamilton-Jacobi formalism

The Hamilton-Jacobi’s (HJ) formalism for singular systems was developed by Giiller [33,34]
as a generalization of Carathéodory’s method for regular systems [38]. Caratheodory’s
method is focused on the equivalent Lagrangians concept which is a consequence of the
invariance of the Euler-Lagrange equations under the transformation

L= - At (3.0.1)
dt

where A is an arbitrary function. The physics of the Lagrangians L and L’ is the same and
they also have simultaneous extremal values as functions of ¢;, this is, when the Lagrangian
L reach its minimum value L |4,—,, for some functions g; thus the Lagrangian L’ also reach
its minimum L’ |4,—4, but both values are not necessarily the same, by exploiting this idea

it will be possible to establish a set of partial differential equations for the A function.

3.1 Hamilton-Jacobi’s partial differential equations

Let us consider consider a singular Lagrangian® L(g;, ¢;,t), that is, the determinant of the

Hessian is equal to zero

det (HY) = (82';%’) =0. (3.1.1)

The matrix HY have rank R and nullity N'. The rank indicate that R functions ¢, exist

such that we may express a sector of velocities ¢, in terms of the remaining variables

OL
Ir = ¢ ss4ny 57 1.2
Gr = ¢r(gs,q 9 t) (3.1.2)

s

1i=1,..,N and N is the number of generalized coordinates.

15
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where r,s = 1,...,R and n = 1,..., N. In (3.1.2) we make an explicit distinction between
the invertible ¢, and non-invertible ¢, sector. Now we will define an equivalent Lagrangian

L'=L- % such that it satisfies the following requeriments:

1. The Lagrangian L’ as a function of ¢; will have a minimum value equal to 0 when in

the invertible sector it occurs that ¢, = ¢,., in other words

Ll(Qhéhdmt) = 0, (3.1.3)
L > 0, in a neighborhood of ¢, = ¢,. (3.1.4)

2. When L' reaches its minimum then the non-invertible sector g, will satisfy N relations

of the form

oL oL

(97(]'71 + Hn(Qra dm, @,t) =0, (3-1'5)
r

where H,, = — [3—%} .
" 94 Gr=>or

It is worth mentioning that when we refer to the minimum of L’ we are seeing L' as a
functional of ¢; and not as a function of ¢ explicitly, time evolution of L’ (and of L as a
consequence) is allowed but, under the requeriments 1 and 2. In fact, because L' and L
share the same physics, this is, the action principles S = [ L and S = [ L’ are equivalent
therefore the existence of the functions A, ¢, and H, that defines L’ corresponds to the

minimun value of the action S

this is, the dynamical evolution corresponding to L. Let’s see that it is possible to express
the equations (3.1.5) in terms of A and of the coordinates ¢; by working with equation

(3.1.3). We have that

oA, oA _ (3.1.7)

L/:O = L—il—
g ot

by taking the derivative with respect to ¢; we obtain the following equation

oA oL
a = . 3.1.8
8%’ aqi’ ( )
thus, the equations (3.1.5) takes the form
OA OA
Hn(qr, Gms 5 —1) + - = 0. (3.1.9)

g, agn
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In (3.1.9) we have N partial differential equations for the function A. We can add another

equation to the initial set (3.1.9) by introducing the canonical Hamiltonian
Hy = ¢;p' — L, (3.1.10)

where p* are the respective canonical momenta of g;

oL

= 3.1.11
by substituting (3.1.7), (3.1.8) and (3.1.11) into Hy we get
OA OA
Ho(qr, Gy —— 1) + — = 0. 3.1.12
0(arsns 51 + 5 ( )

One can obtain this equation by taking an alternative path, that is, by looking for a canonical
transformation that changes the coordinates (g, p) into its initial values, the function A takes
the role of the generating function of such transformation. Now, if we relabel (¢, q1, ..., qx)

as (to,t1,...,tx) we can unify (3.1.9) and (3.1.12) as follows

oA oA
Hn Ty o stm A Y 11
(q 94 t )+8t" 0 (3.1.13)

T

where now n = 0,1, ..., N and pg = %—’2. We have a set of N+ 1 equations, these equations

are known as the Hamilton-Jacobi’s partial differential equations (HJPDE), from now we
will call the functions H,, as Hamiltonians. In brief we will see that the variables t,,+1 = gn+1

really have the same status as tg =t, i.e., they are evolution parameters.

3.2 Characteristic equations

Once we established the system of equations (3.1.13) we can proceed to try to find their

characteristic curves, this is, the set of total differential equations such that

dgg = Aldt,, (3.2.1)
dp" = Bldt", (3.2.2)
d\N = C"dt,. (3.2.3)

Now the goal is to find the coefficients A?, BY, and C™, then we will set up certain conditions

that ensures the integrability of (3.1.13) and that also guarantees the existence of unique
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solutions for the characteristics given some initial data. Let’s rewrite the HJPDE in terms

of the phase-space variables

Hy (0" s tn, ) = o+ Hu(gr, 0" tn) = 0, (3.2.4)

in the case when n = 0 the function H(’) can be viewed as the canonical Hamiltonian that

emerges from a Legendre transformation that includes ¢y as a coordinate
H) = top® + ¢ip' — L =0, (3.2.5)

this is just the definition of Hy, we will keep referring to H,, as Hamiltonians. Now let’s try

to derive the coefficients A} first by taking the partial derivative of H), with respect to p"

OH}

0 . g L.
= ip" — L(gis gs, tn 3.2.6
o op, [P° + @i — L(gis s, tns1)] (3.2.6)
o .. . . o
= 0+ o (450" + En10" " = Llai, G, Tnt)] (3.2.7)
0 . .
= 2 (600 — fnn H™Y — L(qi, s )] (3.2.8)

from the first line to the second line we split up the coordinates ¢; — (g, tn+1), the n + 1
labeling comes from the fact that the definition of Hy does not include ¢y in the Legendre
transformation; in the last line we used the equation (3.2.4) and the fact that the velocities

Gr can be expressed as ¢, = ¢r(qs,tn+1,p°,t), hence by using the differentiation product

rule we get
OH{ ) a4 . OH™' 9L 04
- NP (3.2.9)
op" op" op"  0Oqs Op"
o Hn—i—l .
= qr— oy tn+1, (3.2.10)
therefore
dg, _ OH,} N OH" 1 dty 14 (3.2.11)
dt  Op" opr dt ’ o
we now multiply both sides of the equation by di and by recalling the fact that % =
aggﬁ L we obtain a preliminary expression for the curves dg,
OH|) OH™ !
dq, apr dt + o dtnt1 (3.2.12)
H/
= 0 qt", (3.2.13)

op"
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we can incorporate to this expression the terms associated to ¢, by taking advantage of the

following identity

Op™ OH'
dt, = 6)'dt,, = Tpndtm = ap;j ™, (3.2.14)
in this manner we obtain the desired expansion of dg; in terms of the variables t"
OH!
dg; = 8pz’."”dt”. (3.2.15)

In a similar way, we can find the curves dp’ but this time by starting from the substitution

of (3.1.8) in the definition of the momenta (3.1.11)

. OA
= 3.2.16
P a(h" ( )
if we take its differential version we have
- 0 (0A
dp* = — | =— )dg; 3.2.17
p 8% <aqj > qJ ( )
92\ 92\
— dq, dt,,, 3.2.18
9n00 " T Bt (3.2.18)
here we can substitute eq. (3.2.15)
~ 0*N OH! 92N
dp' = DAt + ————dt, 3.2.19
V= agog o "t orog, (8.2.19)
9*A OH' 92N
— n dt" 3.2.20
(aqraqi o atnaq) (8.2.20)

we are going to leave this result at the moment. On the other hand, by taking the variation

of H/ (q;, %) with respect to ¢; we have

OH,  OH, A _
dqi  Opt d¢?
OH'  9H' 02A 92\

n n 1. — 2.22
dq;  Op" 0q;0qy * dgq; ot 0 (3 )

0 (3.2.21)

by permuting second-order derivatives and by rearranging terms we have

O°A OH, 9\ 0H,

dq,0q; Op" * ot,dq;i  0qi’

(3.2.23)

the left side of this equation is just the coefficients of eq. (3.2.20), a direct substitution

yields
, OH!
dp' = —a—;dt". (3.2.24)
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Finally, for the function A we have the following expansion

OA OA

dN = —dg, + —dt, 3.2.25
T ( )
O
= " ndt" — H"dt, 3.2.26
P 5 ( )
OH'
= —-H, - o) de. 3.2.27
( Tt apr) (3.2.27)

With this last result we have just identified all the correspondent coefficients of eqs. (3.2.1)-
(3.2.3). The characteristic equations of the system (3.2.4) are:

OH'
dg; = n g, 3.2.28
q o5 ( )
, OH!

dp' = ——dt" 3.2.29
OH!

P <—Hn—|—pr ")dt”, (3.2.30)
op”

if equations (3.2.28) and (3.2.29) form an integrable set then its solutions automatically
determine the function A in a unique way. The next thing to do is to explore what are the

conditions that guarantee the integrability of dg; and dp’.

3.3 Integrability conditions

In order to specify under which conditions (3.2.29) and (3.2.28) are integrable let us first

consider a general system of N total differential equations (TDE)
de' = G (zp,zm,)dz", (3.3.1)

such system will have attached a set of partial differential equations (PDE) for a potential

function F'

. OF
X, F = G5
G”axz

=0, (3.3.2)

where X, are linear operators. The integrability conditions of (3.3.1) will be posed in terms

of the function F: if the solution F' exist then the system (3.3.1) will be integrable if and
only if

[Xo, Xpn]F = 0, (3.3.3)
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where [X,,, X = Xpn X — X X,

Example:

Let’s take the following equation
P(z,y)dz + Q(z,y)dy =0,

if we suppose that exist a potential function F' such that

oF
w b
oOF
87@/ - Q7

this pair of equations are no other than the equations (3.3.2) with coefficients G%;

-1, -9 @-_L Gy =1,

x Y P7 Q )
this is
OF POF _
or Qoy

The corresponding integrability condition is

(X, X0]F = (XX — Xp X)) F

;0 . OF ;0 - OF

- (630) (oh) ~ (Gha) (e43)
_98j+ 0*F n QoP 0P n 0Q QoQ

Pox 0Ox0y PoOoxr 0y 0Ox POy

0’F N QoQ

oxdy P Oy

oP 0Q
_87y + E — ,

so, the equation (3.3.4) is integrable if it happens that

0P _ o _ oF
oy  Ox  Oxdy’

(3.3.4)

(3.3.5)

(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)
(3.3.10)

(3.3.11)

(3.3.12)

(3.3.13)

(3.3.14)

Now, back to the general case, if (3.3.3) is satisfied there exists some functions Mypn™ such

that
[Xnme]F = Mnmann’Fa

(3.3.15)
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if (3.3.15) holds then we say that the system is in involution, any commutator that is not in
the form (3.3.15) will be taken as a new operator X 41 and it will be added to the original
set. This process will be repeated until all the operators satisfy the involution relation
(3.3.15), when this is achieved we will say that the system is complete. We rephrase: the
system of equations (3.3.1) is integrable if and only if the system (3.3.2) is complete.

Now let’s see what happens if we impose such conditions on the characteristics dg; and dp.

An operator X, acts on a phase-space valued function F' in the following way

. OF

X, F = GY— .3.16
e (3:3.16)

[ OH! F OH'
= OF 0 n —8 .6 n (3.3.17)

dq; Op*  Op* Og;
= {F H,}, (3.3.18)
where { , } = % 821' — a?)i B%i is the PB. We passed from the first line to the second line

just by setting x = ¢, p and by identifying the coefficients G?, as (3.2.28) and (3.2.29). The

commutator [X,,, X,,] also has a PB structure

[Xo, X F = (XpXpm — Xpn X)) F 3.3.19

= X {F H}— Xn{F H} 3.3.20

= {{Fv H;L}vﬂln} - {{F’ H1/’L}7H;)’L} 3.3.21

(
(
(
= {FAH,, H,}}. (

)
)
)
3.3.22)

To get the last line the Jacobi’s identity has been invoked. The integrability conditions (IC)

are reformulated as
{H;n, H;L} =0, (3.3.23)

moreover, the integrability of the system can be expressed in a more condensed way if we
define what we will call as fundamental differential. The differential of any phase-space
valued function is

of of

dq" + =—=dt" _dp’ 3.3.24
e ( )

O i+ O s 01

af = oq’ opt P oq"
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by bringing back eqs. (3.2.28) and (3.2.29) we get that

of oH!, df  Of OH!

noy L Zon ) gn 3.2
<8qr opr T o op' g dt (3.3.25)
_ (Of om,,  Of oH, Of OHL\ .

-~ \9q" dp, Oty Op™ P’ g

_ (ofoH, Of 0HL\ .,
_ <aqi S~ B a(ﬁ)dt (3.3.27)

df

(3.3.26)

thus

df = {f, H }dt". (3.3.28)
As mentioned before, the fundamental diferential reveals that the Hamiltonians H, 11 along
with their respective parameters t"*!, dictate the dynamics of the theory in the same way

that the canonical Hamiltonian Hy tell us how the system described by (gq,p) evolves in

time. IC are reduced to
dH] =0, (3.3.29)

if (3.3.29) are not satisfied identically then one, but just one of the following scenarios can
happen:

1. A new Hamiltonian H), ; = 0 will emerge which must also satisfy (3.3.29).

2. Relations between the evolution parameters will appear and may be used in the rest

of the analysis.

3.4 Hamilton-Jacobi’s generalized bracket

At the end we have a number of A Hamiltonians H/. It may happen that not all the
Hamiltonians are in involution, we will refeer to a Hamiltonian of this type as non-involutive
and we will denote them as H,,;, ani = 1, ..., Ap;. The remaining Hamiltonians will be called
involutive Hy,, a; = 1,..., A;. Now we are going to redefine the PB in such a manner that
the involution relations (3.3.15) are satisfied and that at the same time the non-involutive

Hamiltonians are removed. Let’s take the IC for a non-involutive Hamiltonian
dH, = {H, ,Hj}dt+ Cy,p,.dt"" =0 (3.4.1)
where Cy, .b,, = {H,,,, H}, .}, if we resolve for dt’ri we have

dtri = —C ' {H! | H}dt, (3.4.2)

AniOng
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now let’s substitute this into the fundamental differential
df = [{f, Ho} = {f. Hy, YO by, AHG o HOYdE + .+ {f, Hy Yt (3.4.3)
Definifiton: We define the Hamilton-Jacobi’s generalized bracket { , }* as

{f.9y ={f9} —{r H, }C, ', {Hy .9} (3.4.4)

Anq

under this definition the new bracket satisfy the following properties:

{f.9}" —{g. f}", (3.4.5)
{f, gh}" {f,9}"h+h{f.h}", (3.4.6)
{5,970 + {{nf} 9" + {{g,n}", f} =0, (3.4.7)

(3.4.8)
(3.4.9)

{H,,. f}" 0 v/,
{f, 2y} {f, H,}-

Equation (3.4.3) and property (3.4.9) allows us to rewrite the fundamental differential

df = {f H,_, Yrdt*
= {f. Hy}*dt +{f, H, }*dt". (3.4.10)

3.5 Gauge transformations and degrees of freedom

The dynamical evolution described by the parameters ¢* attached to involutive Hamilto-
nians can be understood as a canonical transformation. Let be a dynamical variable X, its

evolution will be

dX = {X, Hy}*dt + {X, Hgi}*dt‘” (3.5.1)
now, if we suppose that the ¢t parameter does not change then the variation of X is
0X = {X, Hy, } ot". (3.5.2)

Because there is no time variation we can infer a transformation that connects states that

are physically equivalent with H (’zz d0q® being its generator, such transformation is
X — X +6X. (3.5.3)

Last but not least, the number of degrees of freedom will depend on the number of involutive

Hamiltonians and on the number of dynamical variables of the system, that is, the variables
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that have an equation of motion that does not lead to relations between the phase-space

coordinates and the parameters t*

DoF — %[( Total number of ) B ( Total number of )}

dynamical variables involutive Hamiltonians



Chapter 4

Chern-Simons modified gravity

4.1 Chern-Simons gravity in three dimensions

Originally, the three-dimensional Chern-Simons invariant was first introduced by Deser et.

al. [39] as a deformation of the Einstein-Hilbert action in three dimensions,

1 1
Slgw] = /M Ry/=gd*z + /M gt (2rﬁvayrgﬁ+3rﬁ,y ;’grgﬁ> &, (4.1.1)

where g, is the 3-metric tensor, M is the space-time manifold, ¢#*® is the Levi-Civita

tensor and I'j, are the Christoffel symbols. The second term is recognized as the Chern-

v
Simons term. Such deformation produces a gravitational theory (a higher-order theory in
the sense of section 2.7) endowed with mass and spin 2. Later it was demonstrated that
the resulting theory known as Topologically massive gravity (TMG) is renormalizable [40].
A canonical quantization approach was developed in [41], this is, by following the canonical
Hamiltonian method described in Chapter 1.

The three-dimensional Chern-Simons invariant on its own can be very helpful as a laboratory

in order to gain some insight in the application of the techniques developed in Chapters 1

and 2, in particular, the HJ theory (see Appendix A for details).

4.2 Chern-Simons invariant as an anomaly

Although in [39] the CS invariant is defined in three dimensions, some Chern-Simons-type
terms in four or more dimensions appeared before in other physical scenarios. For example,

it appeared in the fundamental particles physics context as an anomaly, that is, a correction

26
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A to the divergence of a current J* that makes such current a non-conserved quantity:
Oy J" = A # 0. Some gauge theories with fermions exhibits inherent anomalies as is the
case of the electromagnetic field A, coupled to a Dirac fermion of mass m [42,43]. To clarify
this point let’s consider a massless spinorial electrodynamics theory that is described by the

following action

Shp, A,] = / (Bir D) — iFWF*“’ eyt A ) da (4.2.1)

where 1) is the Dirac fermion, v* are the Dirac matrices, F},, = ,A, — 9, A, is the strength

tensor and A, is the gauge field. This theory is invariant under the following transformation

W — e h =+ iXY + . (4.2.2)

1.2,3

where \ is a parameter and 7° = i7%y'42~3 is the chiral matrix. Noether’s theorem indicates

that with this chiral symmetry it comes along a conserved quantity, a conserved current

given by
T = gy, (4.2.3)
by calculating the divergence of J* one finds that
1
It = —Ws“”aﬁFwFag, (4.2.4)

details of this result can be found in [44]. We recognize the Chern-Simons-type invariant
in the r.h.s. of equation (4.2.4) in the gauge field language. Similarly, another example of
anomalous behaviour can be found in the coupling between a spinor particle of mass m and

the gravitational field with metric g,, [45,46], the corresponding discrepancy is

1 vo
Vﬂ(\/jg‘]u) = mg“ ﬁR’y&xﬁR’y&uV (425)

where R,g,, is the Riemann curvature tensor. There are more scenarios where Chern-
Simons-type terms are considered such as: loop quantum gravity (LQG) [8,47, 48], string
theory [49], supergravity [50,51], etc [52-56].

4.3 Chern-Simons gravity in four dimensions

For the four-dimensional case we start with a general coupling between the Einstein-Hilbert

action and the Chern-Simons-type term

1 A
— V=gd'z + = | 0*RR—gd* 4.3.1
S 167TG/MR gd x + 4/M RR—gd x, (4.3.1)
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G is the gravitational constant, M is the space-time manifold, R is the scalar curvature, g
is the determinant of the metric, A is a constant, *R'R is the Pontryagin invariant and 6
is known as the coupling field which in general is a function of the space-time. Put in this
fashion, the action (4.3.1) describes a non-dynamical theory in the sense that there is no
kinetic term of @, of course one can add the corresponding action that involves these kinetic

terms
Sy =B /M[;gﬂy(vua)(vye) ) (4.3.2)

where B is a constant, V, is the covariant derivative and V' is the potential. When the
action Sy is considered in (4.3.1) the resulting theory is called a dynamical one. In the
following we will consider B = 0 and A = (167G)~!, for further insight on the dynamical

case one can see [57].

4.4 Non-dynamical CS gravity in four dimensions

By taking A = (167G)~! and B = 0 action takes the form

1 1
Slguw] = —— Ry/—g+ ~0*R°M*RT,,, | d* 4.4.1
(9] 167TG/M< 9t “> v (4.4.1)
where
1
*RR="R°MR 5 = 55ﬂ”aﬁRamﬁRzW, (4.4.2)

ghvof is the Levi-Civita tensor and the Riemann tensor R* Buv is given by

Reg, = 005, — 0,005 + 10T =T T, (4.4.3)

', are the same as in (4.1.1) but now the metric tensor g,,, and all objects that are made
of it are four-dimensional entities. The action (4.4.1) was first proposed by Jackiw in [24].

One can rewrite the action by noticing that

1
i*RUT“VRTJMV = 2E}Laﬁl/au (

1 1

ST 05T T, + ST T5, LY ) : (4.4.4)

3ot pntve

then, up to a boundary term the action takes the form
1
Slgw] = / <R\/jg— 20;“]”) d'z. (4.4.5)

where v, = 9,0 and J# = 21V (%FZTQBI‘ZU + 119 FEWI‘ZU). The similarity of the second

3~ ar

term with the three-dimensional Chern-Simons theory is more clear now, in fact, there is a
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direct relation between the Chern-Simons invariant and the Pontryagin class, namely, the
exterior derivative of the former is equal to the latter [58]. Variation of the action (4.4.5)

with respect to the metric tensor g, produces the equations of motions (EoM) of the theory

g,ul/ + C;u/ = 0, (446)
where G, is the Einstein tensor
1
g,w = R,LLI/ — §g#yR (447)
and C* is a Cotton-type tensor
1
CH = [UU(GU“Q'BVQRZ’[; + ea”o"BVaR“g) + 05 ("RTHTY 4+ *RTVH)], (4.4.8)

_ e
where v, = 0,0,,0. The tensor \/—gCH" is a conformal invariant tensor in the infinitesimal
sense (see Appendix B for details), C*” its also symmetric and has zero trace. It is known
that the covariant derivative of the Einstein tensor vanishes due to the Bianchi identity
V,G" =0, on the other hand, if matter is present then its energy-momentum tensor 7},
will appear in the r.h.s. of equation (4.4.6), its divergence is zero V,T"” = 0 so, what

happens if we calcualte the derivative of C,,,? The result is

1
V,.CH = v’ x *RR, (4.4.9)
8v—9g

therefore, if we want consistency between the 1.h.s. and the r.h.s. from the EoM its solutions

must satisfy the following requirement
*RR = 0. (4.4.10)

Despite this condition one can connect the extended theory with pure GR by choosing a
particular form of

t
6= g — o= (1/2,0,0,0), (4.4.11)

with this election the Schwarzchild metric remains as a solution of the extended EoM (4.4.6),
in this manner, the classical tests of GR are considered. In addition, the Schwarzchild metric
also satisfies the requirement (4.4.10). The Schwarzchild metric is not the only solution of
the extended theory, the Reissner-Nordstrom and the Friedmann-Robertson-Walker metrics
are also solutions of the extended theory [59], in contrast, the Kerr, Kerr-Newman and Kerr-

NUT line elements does not satisfy *RR = 0 [60].



Chapter 5

Analysis of a Chern-Simons

modification of general relativity

The content of this chapter is original and it can be found in doi.org/10.1016/j.a0p.2023.169246
and in doi.org/10.1016/j.cjph.2023.05.001.

5.1 Canonical analysis

We start with the action composed by the EH action plus the Chern-Simons term

Slgw] = / <R\/jg— ;uﬂﬂ> d*z, (5.1.1)

we are interested in finding any contribution of the CS term to the well-known canonical
Hamiltonian structure of GR, thus, we will make the choice (4.4.11) of the field 6 and we
will write down a linearized action by considering a perturbation h,, around the Minkowski
background 7,

gt =nt — hH (x), (5.1.2)
hence, by substituting (4.4.11) and (5.1.2) into (5.1.1) and by performing integration by

parts we get
1
Slhu] = / <FgR—20MJﬂ> diz
1 A7 pv 1 A v 1 A v 1 A v
= JON ORI — Z 0N LMKy + SONRR DMy — SONh O
1

—EEOW <agwapauhf - aUhAPaaauhpy)] d*z, (5.1.3)

30
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in the second line we also neglect O(h®) terms of hy, and the signature n,, = (-1,1,1,1)

is adopted. Variation of (5.1.3) yields
gl 4+l =0, (5.1.4)

where g/ljﬁ and Cﬁf are the linearized versions of the Einstein and Cotton tensors respectively

. 1
G = o [Ohy + 0u0uh*\ — 00Nk, — 8,0\, — 1y (OB — 020,01,
. 1
chy —E[GOWaA(DhVV — 9y 0ah™) + €0ury 0N (ORY, — 0,04h7)], (5.1.5)

0= 9,0" = V2 — 8(2) is the D’alembertian operator. Furthermore, its quite easy to show
that the action is proportional to the sum of the Einstein and Cotton tensors if we rearrange
it in a proper way, this is

1 ) )
Slhwl =~ / B (Glin 4 Clim) g, (5.1.6)

The action (5.1.6) will be our starting point. The task now is to identify whether or not
the action is a higher-order one. We will remove an overall factor of —% which of course

does not change the dynamics. By performing a 3 + 1 decomposition of the action we get
1. ... 1 R T . 1 .
S = / [thjhw — 9jhoi" hY — §akhija’fh” = i+ P hO00;ht; 4 5akhz-a’wj
—28ih0ihjj — &-hoo(‘?jh” - &'hijajhkk + 28jhoih"j + 8ihi08jh0j + 8khki8jhij
1 ny .
+;60”k(—hliaj‘hlk + 2h’iaj8lh°k + alhmiamajhlk + VQhOié?jhOk + Vthiajhmk) d4x,
(5.1.7)
where we have defined p = 2€). The action is a higher-order theory as we can see in the
third line of (5.1.7). One could be tempted to integrate by parts in the higher-order term
Hilajhkl — —fzilc?jhkl, this is conceptually correct if there is no boundary. Indeed, by doing

such integration one effectively reduce the order of the Lagrangian but, by trying to identify

the primary constraints ¢(q, p) from the definition of the momenta one eventually encounter

some issues. Let’s write down the canonical momenta 7" = a‘?h—ﬁ for such alternative action
nv

0 = 0, (5.1.8)

7% = 0, (5.1.9)

7 = B (iR — 20%hey ) — (0Phe! + BT hot) — (X107 + M) D) hy
n

1 .. o .
+;(6““’n]m + M) Ol (5.1.10)
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From the expression for 7% we can conclude that some velocities hlm cannot be solved
in terms of the phase-space coordinates, on the other hand, equations (5.1.8)-(5.1.10) are
usually taken as the primary constraints of the theory, nevertheless, this is incorrect for
(5.1.10) because this is a relation that also involves the velocities of the perturbation in
contrast with (2.1.4). In the end, it is not clear how to identify all the primary constraints
of the theory. As mentioned before, there are approaches where one extends the definition
of the conjugate momenta itself, here we will follow the GLT approach described in Sec.

2.7. Let’s begin with the introduction of the following coordinates

G = Iy, (5.1.11)
Vv = }.L,uua (5112)

these new coordinates extend the configuration space and the action is redefined
gz/mw=/&M+/NWW—%»%W@W—WWW, (5.1.13)
where L is the following Lagrangian

1 g UV | 1 . 1 .
L = / |:2GijG” — ajhol‘a]hm — §8khij8’“h” — §Glz‘ij + 8Jh008jh2 + ic’)khlia’“hjj
—28ih0iij — 8ih006jhij — Oihijé?jhkk + 28jhoiGZj + 8¢hi08jh0j + 6khki6jhij
1 .
—l—;eowk(—vliajhlk + 2Gli6jalh0k + alhmiﬁmajhlk + V2h°iajh0k + Vthiajhmk) .
(5.1.14)

Now is time to introduce the canonical momenta (7, pH" v* Allw, Afw) canonically con-

jugate to (huw, Guu, v, Ai7, A5"), these are

!/

T = aah£ =\, (5.1.15)
ny
/

P = ;G.E =\, (5.1.16)
nv
/

M = 8_£ =0, (5.1.17)
Oy
oL’

A, = —-=0, (5.1.18)
a O\
!/

o= 98 (5.1.19)

wv N
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We can observe that eqs. (5.1.15)-(5.1.16) allows us to identify the Lagrange multipliers
(A, ALY) as canonical variables through the momenta (7, p*”) respectively. Additionally,

the primary constraints will be given by (2.7.15), this is,

oL’
oM =p — — =0, (5.1.20)
Vyw
thus we have
Q0 = 00,
s00i = pOi ~ 07
i o pij 4 Lkl gm ki _im
o7 = pY+ 2—(6 "+ ") Oy, = 0. (5.1.21)
1
The fundamental PB of the theory are
1
{hy, 7%} = 5(5355 +0062)8%(x — ), (5.1.22)
1
{Gunp™}y = (5200 +8.00)5%(x — ). (5.1.23)

With all momenta identified we can build the canonical Hamiltonian as follows
uv uy 3 1 ij J 7,00 1 kp,ij 1 i J
H..,. = [7‘(’ GMV +p Uuy]d xr — [§GZ]G — 8jh0i6 h*" — §8kh”6 hY — §G iG j
. . 1
—8%01-6%0]' + 8kh’28jh” + *Ewk(—’l)liajhlk — 2Gli6jalh0k + 8lhmi6m8jhlk
1
—VQhOiajh()k + V2hmi8jhmk)]d3l‘, (5.1.24)
it is worth mentioning that the canonical Hamiltonian presents linear terms in the momenta,
this fact could be associated to Ostrogradski’s instabilites, however, we will see later that
this apparently instability can be healed by introducing the Dirac brackets. Now, in order
to identify constraints of second generation (secondary constraints) we need to calculate

the consistency conditions of the primary constraints. For this purpose we introduce the

primary Hamiltonian as in (2.1.6)
Hi = Hean + /Auy¢uyd3x7 (5125)

where A, are Lagrange multipliers enforcing the primary constraints. From consistency
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conditions we obtain the following secondary constraints

P = {¢" Hi} =0,

= 9% = 7% ~ 0, (5.1.26)
" = {p" i} =0,

= 9% = 7% ~ 0, (5.1.27)
P = Y Hi} =0,

.. .. 1 . . . ) 1 . . . .
— (I)z] = ﬂ_z] + ;(Ezkla] + ejklaz)akhm o ﬂ(elkln]m + ejklnzm)akGlm

— G+ (G*, = 20%hor)n" + (8°he” + & ') = 0. (5.1.28)
From consistency of the secondary constraints we have

@00 _ {@007?_[1} ~ 07
= V2h'; — 0;,0;,h" =0, (5.1.29)

% = {o% M} =0,

= ;e”k(aﬁlel — V26jh0k) - V2hoz - 8ZGJ]- + @-G” + 8’83h0j ~ 0, (5.1.30)

U = {99 M} ~0,
= ;[(ﬁzklaj + Ejklaz)akGOl + (ezk‘lnjm + Eyklnzm)v28khlm _ (Elk‘la_] + Ejklaz)amakhlm

(kg y hlpimy g 1y ;L(eikmnjl 4 ekmyil 4 gilmygk o itmpikyg A

+V2hY — 8 hoo + D'FREy — (9 0k + P ORR™) + (VPhoo — V2REy + Ok )

(G + GyT) — 205 GopnT — w17+ vF T — %(niknjl 4Ry — iR Ay & 0,
(5.1.31)

then, we identify the following tertiary constraints

‘IIOO

V2hi; — 0;0;h, (5.1.32)

gl = ﬁewk(ajalckl—v%jh%)—v2h0%+alaﬂhoj—alcﬂﬁaj(;” (5.1.33)
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and some relations for the multipliers A;;
;[(eiklaj + NGt + (R 4 H T2, b — (RO 4 H) O™ Db
. (eiklnjm + 6jklnim)akvlm] + ib(ﬁikmnjl + ejkmnil + Eilmnjk + ejlmnik)amAkl
+ V20 — 00 hog + 0° D hEy, — (0 9khI* + 7O 4+ (VPhoo — V2RF), + 0,0 A )0
+(0'Go? + ¥ Gy') = 20" Gopn™ — v + 0¥ — %(niknjl + Pty — | Ay = 0.
(5.1.34)

If we go further and calculate consistency of the tertiary constraints we find that
v = {99} ~0,
= VQGii — BiajGij = 81‘\I/0i = 0, (5.1.35)
\i/()i — {‘IIOZ',HI} ~ 0,
1 .. 1 .. . o
= *Ewk(ajalvkl — VQOjG()k) + ;e”k(‘)jélAkl - VQGOZ + 8183(}()]-
I
— 0 4 90 + (Mo — 5(77”“8[ + oM A ~ 0, (5.1.36)
therefore no new constraints arise from consistency conditions of tertiary constraints because
(5.1.35) is a consequence of (5.1.33) and (5.1.36) are relations between the multipliers A;;

that also can be obtained from 9;(5.1.34). The process of identifying further constraints is

finished. The full set of constraints is

e” = p”, (5.1.37)
o = p”, (5.1.38)
S = pz'j+zlﬂ(eikznjm+6jkznim)3khlm, (5.1.39)
"0 = 7% (5.1.40)
Y = g% (5.1.41)
P = g4 i(eiklﬁj + 5N Ohoy — 21Iu(6iklnjm + ™) 0L Gm

— G + (G — 20 hok)n" + (0°he? + &), (5.1.42)
v = V2R — 9,0,k (5.1.43)

OO = ZR(9;0'Gry — V20ihor) — V2ho! + 0'07hoj — 0'GI 4 9,GY . (5.1.44)
I J J ¥ J J

Now that we have all the constraints of the theory we can classify them into first and second

class. For this aim we construct the 24x24 matrix W!/ whose entries are the PB between
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all constraints, this is

()000 gOOk QDkl <I>00 <I>0k (I)kl \I/OO \IIOk

3000 0 0 0 0 0 0 0 0

Q%1 0 0 0 0 0 0 0 0

7 00 0 0 0 {0, o} 0 {0, 0%}
Wit — P00 0 0 0 0 0 0 0 0

%1 0 0 0 0 0 {@0 kY 0 {0 Ok

91 0 0 {PU M} 0 {0V O} 0 {®4 g0y 0

vol 0 0 0 0 0 {w00 oy 0 0

N0 0 {EY My 0 {U% 90} 0 0 0

(5.1.45)
The non-zero PB in W1/ are given by
{¢1J7 (I)k:l} — ﬂ(Emmnﬂ + 6]kmnzl + 6llmn]k: + GjlmT]Zk)am + §(nzknjl + T]jknzl) o nljnkl (53(1, o y)7
. . 1 . ) R ,
{‘I’OZ, (I)kl} _ _Z(ezkmal + Gzlmak)am + nklaz _ §(nzkal + nzlak):| 53(x o y),
g . 1 .. o g 1 . . .y
[P, W%} = | (M Mg+ 0 — (™ + nﬂkaﬂ 8~ y),
I
{(I)Oi \IJOk} — _ieiklalVQ + lnzkv2 . lazak 63(33 . y)
’ |20 2 2 ’

(@ 90 = V253 (x —y) + 0063 (x —y). (5.1.46)

Hence, after some algebraic work we find that the matrix W7 has 12 null vectors, this

implies that we can identify 12 independent first-class constraints, such constraints are

given by:
r = p=o, (5.1.47)
r, = 70=~o, (5.1.48)
ry = 7% - 9;pi — ;Meij’fajalhkl ~ 0, (5.1.49)
Y = o+ ;Meijkajalc:kl ~0, (5.1.50)
e = pY~o, (5.1.51)
e = V2h'; — 0;0;h" + 9;0;p" ~ 0, (5.1.52)

on the other hand, since the matrix W/ has rank 12 therefore we can identify 12 second-
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class constraints

X7 = p”+ﬂ(62kln3m+e]kln7’m)5khlm%0, (5.1.53)

ij

. 1 . . . . 1 . . . .
Xy = T4 ;(ezkla] + Ejklal)akhm _ Z(ezkln]m + Ejklnzm)gkalm

— G 4 (G*), = 20%hop)n" 4 (9'ho? + B ho') = 0. (5.1.54)

The PB between all constraints are:

{re,r’y = o,
O = o,
OF A = ;M(ei’“mnj“rej’“mni“r ek 4 ) oy, +;(nl’“n"l+n]kn”) It 6%z — y),
{X2’X2 = 0. (5.1.55)

With all constraints classified into first and second class we can perform the counting of
physical degrees of freedom as follows: there are 40 canonical variables (h,.,G.), the
number of first-class constraints I'® is 12 and there are 12 second-class constraints x?,
therefore, the number of physical degrees of freedom is DoF = 1[(40) —2(12) —12] = 2, just
like the EH action. These 2 degrees of freedom are associated to two linearly independent
polarizations of gravitational waves [24]. We can remove all the second-class constraints

by introducing the Dirac brackets as in (2.4.5)

(F(2).G()}p = {F(x),G(y)} - /{F 1} (Cup) M (0), G () Ydudo,  (5.1.56)

where (Cy,)~! is the inverse of the 12 x 12 matrix C,; whose entries are the PB between

the second-class constraints, this is

Xt x5!
X1] 0 {X1 aXQ }

Cap = , (5.1.57)

Xlzj {X2 aX1 } 0
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where {Xij , X501} is given in (5.1.55). The explicit form of C, is

xitoxt o oxat o a3 xR @
xitf o 0 0 0 0 0 0 d3 =0y —p 0  —p
x| 0 0 0 0 0 0 -85 & o0 95 —30, 0O
2l o 0 0 0 0 0 0 —300 & 0 305 -0
22 o 0 0 0 0 0 —p —03 0 0 o
Bl oo 0 0 0 0 0 0 30 —305 -0 L O
1x¥| 0 0 0 0 0 0 —-u O dy —pu =0 0
il o a5 8 4 0 u 0 0 o 0 0 0
2|l s -4 -1 05 30, 0 0 0 0 0 0 0
Bl -0 o -4 0 —-195 & 0 0 0 0 0 0
x3? D3 0 0 -0 p 0 0 0 0 0 0
Bl 0 30 305 o -4 -0 0 0 0 0 0 0
33\ w 0 —0y 01 0 0 0 0 0 0 0
(5.1.58)
The matrix Cg is regular, if we write it as
0 A
cob = L 8z —y) (5.1.59)
8 —A 0
then, its inverse has the form
0 —A!
cl=E Bz —y), (5.1.60)
“\at o

where the submatrix A~! is built of an arrangement of six 1 x 6 columns;

-1 _
Aal -

123
2

123
2

3 3 3 5
— B0} + 0?03 + o203 — M0 — 02 — 03 -
—2ud30y + o103 + pd10y02 — 220205 — L0205 — 03 — 29,0, — L0
HO702 + p01 0y + 010203 W 0103 — 50503 — 505 — 50102 — 503
— 2030 + p0L 0205 + D103 + 22020 + 203 + 0,02 — L9,05 + -0,
DY — L0203 + Lot + L0202 + L2032 — 20,0505 + 2207 4 U024 1002 4
2 2
—2“8%8283 + Magag + ,uagag + 3%318% — 3%81832) + M?’agag,
O} + L0202 — L0203 + LOZO2 + Lo + 20,0505 + 2202 4 102 + 052 4 12

3 (z—y).
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—2u830s + 1D + 11 Ds03 + 212005 + 15 9305 + 08 — L0105 + 10
5

3
—6p0203 — 21707 — 2303 — 0% — b
—611070205 — 20203 + 120,03 + 120105 — Y0505 — 50,

-1
e = D30y — 200108 + 010202 — 15 9205 — 220305 — 03 — 29,0, — L0y |
—6110,0205 — 12020, + 2203 — 120,02 — 220,05 + -0,
p0}0s + 10103 — 201010205 — %0%83 - %8%83 + 13010y
— 2D + 00205 + D103 — 202020, — 103 — L9502 — L9,05 — 10,
—61020505 + 2203 — 120,03 — 120,03 — ML 0,05 + L0y

10303 — 2010205 + pdh 03 + 020, — 30,02 + 130,05
—601 0502 + 2020 + 20205 — 2208 — H29,0, — L0,
pd70s + 1010305 — 200105 + %28%62 + “7265’ + 2020502 — %331@3 4 %452

501 — 50705 + 505 + 50705 + 50505 + 3%2313233 + %3% + %3% + %38:% + %5
O30y — 200103 + 1010203 + 15 0205 + 220305 + L8 — 120,05 + 05
Ac) = p030 — 21010305 + pdr 03 — 3%28%82 + %aiag + 1000y
poRo3 — BO§ + pd3o3 — 1 OR — P03 — L oF —
020505 — 200305 + pdad3 — 20 — 220,03 — 150,08 — 50,05 — 1.0,
LOR03 + Lod + L0203 — LO302 + LOd — 30,0505 + 1502 + P92 4 M2 4 1

— 2020505 + pO30s + D03 — 0,03 + H20,02 + 130,05
—610,0305 + 2020 — 20203 + 20,03 — 20,05 — L0,
Al = —6ud10y02 — p20205 — 523333 + 2208 — ;’%38132 +3“§63 .

020505 — 20305 + 0203 + 03 + 220,03 + 20102 — L 005 + L0y
60302 — 02 — 24302 — 2303 — 1
20505 + 0305 — 210503 — 1203 — 9,02 — 220,02 — 59,05 — .0y
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Bl + 50708 — 40703 + K030F + 50 — 01000y + U 0F + 03 + R + i
O30y + pdh O3 — 21010502 + 0205 — 20305 + 130105
O30 + 00205 — 201 03 — 20205 — 1203 — 220,08 — 59,05 — -0,
50703 + 50} + 50703 — 0305 + 04 + 5010005 + g 0F + 03 + 05 + k¢
020505 + pd303 — 200003 + 03 + 0102 + 220102 — L0y + L0y

3 3 5 3 5
pORR + 0305 — B0 — 10} — 0 g 1

where = = —p2(V2 + 12) (V2 + “72) and a = 1,...,6. It is not immediate, albeit straight-
forward to show that (C' x C~1),, = L. Let’s take for example, the product A4°‘ACT41 which

correspond to the entries (C'x C~1)44 and (C x C~1)1010

_ 3 5’ 5u3
Atgtl = —u[gajl - %a%ag + gag + ga%ag + gagag + %816283 + %a% + %ag
Koo Y o539, 200 58 2 M 2020, + 1 53
+ 3 83 + 3 ] 63[M8182 2#8182 + M313283 + 9 8163 + 2,LL 8283 + 9 83

? wt p?
— 5 010>+ 05 + 01 (1030203 — 2010303 + 10203 — Eaf — 2420,03

2 3 4
p p p p Boa W i u
— 0105 — 78283 - 731] - N[§3128§ + 533 + 58%% — 58%832 + 58?‘}

2
3p? w5t 5, P
———010203+ —0] + —05 + — 05 + —
g 10205+ L0+ =0 + =05 +
5t o 2( 94 4 4 209242 252 2a3y M
= —TV — U (81 +82 +83) —2,LL (8182 —1-8183 +3283) — Z
thus we have that
_ 1 _ Tp_
(€ €N = (LA™ x (S4,) = 250w —4) = 8 —v). (5.1.61)

With the inverse (Cg,) ™1 calculated we can compute (5.1.56) for the canonical variables,
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for the pair {h11,7!'}p for example, we have

{hy1, 7" p = {h11, 7'} — /({hn,X%l}Cnl{XPﬂTH} + {h11,x3' 3073 {x1®, 7'} dudv

1 —1av —1lAav
= Pz —y) - 2% /[53(37 —u)Cry' 38° (v — y) — 6% (& — w)Crg 856° (v — )] dudv
1 2
= Ba—-y) - 7= /[53(93 — u)(—2u030s + 10103 + 1010205 4 2u? 0203 + %agag

2 3 4
+%a§> - %alag + %83)U(53(u —0)AFB (v — y) — 83z — u)(—2ud305 + ud 028 + udh &

s s T wt
—212030 — ?83 - ?(928% - ?8183 - ?32)”53(11 —0)9583 (v — y)|dudv

2
= Ple—y)— -z / [(—2ud702 + 110105 + pd10905 + 2120705 + %agag

2 3 4
+%a§ - %alag n %83)%3(9@ — )RS (v — y) — (—2ud305 + 10 D20 + 1ud O3

12 12 13 "
—2,u28%82 — ?33 - ?3233% — ?8183 - 382)1)53(% - U>8§53(U —y)]dv

1 2
= 53(1' — y) + 2? /[(—2#8?@2 + p@lﬁg’ + M81828§ + 2,&2(9%83 + %8383
1 p? pt
+?a§’ — 500+ ?83)”85}63(93 — )83 (v — ) — (—2ud303 + 1010305 + udL 3

12 12 13 Lt
—24%0%0, — 783 — 78283 — 50105 — 762)”8353(@“ — )8 (v —y)]dv

1 2
= 6% —y) + = [(~21080; + 10105 + 10205 + 240705 + %a;ag
s I pt
+75 05 = 5 0002 + - 05)05 — (=210703 + 1010505 + 103

2 2 3 4
— 242528, — %83 - %8283 - %alag - %62)62]53(33 —y)

2 2 1 1
= e —y) + =[50 + 08) + 2(0008 + 9705 + 50308) + (03 + 9)16%( — ),

after doing this calculation for all possible combinations of {h;;, 7"} p and by writing the

results with appropriate space indices we obtain the following Dirac brackets between the
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perturbation field and its canonical momenta

1 2
{hig: 7™}p = (6705 + 0,0)0° (@ — y) + i‘? [(676% + 6107 — nign*™) V2 + (13;0"0" + 0 0,0)](V* + pi?)
3p? BT km m
—30,0,0%0 — 2= (50;0 + 810;0" + 5}0r0 + 80108 + & [(eFm8) + ¢ a]
_|_€Z,lm5§€ + ejlméf)(v2 + ,LLQ) + 3(eikm8j61 + ejkm(?i@l + Eilmajak + e]lmﬁlﬁk)]am] 53(1' - y)

(5.1.62)

The remaining non-trivial brackets are:

2
{Gij. P} = —f—: [[(55@ + 0Lk — i YV2 + (n;;0%0" + 0¥19,0))(V? + p?) — 38,0;0%8"
3 2
—%(558]-8[ +810;0" + 650;0' + 8L0;0%) + %[(eﬁmaj. + e 6t 4 ek ek (V2 4 )
+3(€;Fm0;0' 4 €,"m0,0" + ¢'m0;0" + ejlmaiak)]am} Bz —y), (5.1.63)

{sz,pkl}D — @(Ezkmn]l + 6jkmnzl + ezlmn]k + ejlmnzk)am(si%(l, _ y) _ g? [[(nzknjl + nzlnjk _ nz]nkl)VQ
+(n7 "0 + n’“a@aﬂ)} (V2 +p%) = 30"/ 0" — %(nl’wal + 000" + R0 + )
+%[(6ikm77jl + 6jlfmnil + 6ilmnjk + ejlmnik)(v2 + MQ) + S(Gikmajal + ijmaial
Feilmaigh 4 eﬂmaia’f)]am] Bz —y), (5.1.64)
1 3 pw 2

{higs Gutp = 5+ mange = nignin)8° (@ — y) + 5= [[(miwnje + mimge — migmi) V° + (025050

3 2
+m110:0;)] (V? + 1?) — 300,010, — %(Wikajal + 1100k + 1;10;01 + 1;10;0k)

+H[(5ikm77jl + €™ i + €™ njk + €1 i) (V2 + p?) + 3(€r™0;0, + €™ 0;0,

4
+ei™ 00k + €1 0i0k))0m] 6% (x — y), (5.1.65)
1
{Gij,n"}p = —5(5533‘ +670,)5%(z — y), (5.1.66)
» 1 .. .
{79 7% p = @(aklaﬂ + k919,63 (x — ). (5.1.67)

We can see a direct contribution due to the CS term which could be important in the

quantization analysis of the theory. The new algebra between the first and second-class
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constraints is

(rertyp = o, (5.1.68)
{r*.x*}p = o. (5.1.69)

Now, in our analysis the canonical Hamiltonian dependes linearly on 7 and p*", this
means that it has no local minimum and its energy will be unbounded from below apparently,
however, it is known that this instability can be removed if there are constraints present [61].
Having the Dirac brackets, then the second-class constraints can be considered strongly zero

x® = 0 and can be used to rewrite the canonical Hamiltonian, the final result is

1 . 1. . . o g . .
Héan = /[27T”7Tij — Zﬂ'l»ﬂrjj + 28Zh0i69h0j — 282}10](91'}1,0]' + 28z-h0jG” — 28’h0iG]j

1 . 1 A A . 1
+§a’“hwakhij - §akhza’fhﬂ j+ ORIy — Ophk0;h — ;e”’“[alhimamajhkl
1 .
—3V2h0iajhok + V2hilajhkl + 33¢h0j3lel] + ?[(828%0]- — V2h01)v2h0i
"% hoj — V2ho')O* G, L 200G, Gry — GGy — OpG0F G )P
—( 0j — 0") zk]"‘m[ ij k— k ij — OkU jlld’z.
(5.1.70)
Now there are no linear terms on the momenta anymore, in this manner, we got rid of any

Ostrogradsky’s instability by using the constraints of the theory. Moreover, it is straight-

foward to show that (5.1.70) reproduces the correct equations of motion, for example

7oi = {m0is Hegn}D
. . . 1 .
= V%ho — 0:hoj + ,G7; — PGy — ;eﬂk(ajalckl — V29;hor,)
= {moi, Hean}- (5.1.71)

Thus the EoM are in agreement with the evolution of the Dirac and/or Poisson brackets.
On the other hand, we can proceed to identify the symmetries of the theory, i.e., the gauge

transformations. The local gauge transformations are given by

3X(@) = [ (X(a)wl* W) pidy, (5.1.72)

where w, are the gauge parameters. Calculation for the perturbation h,, and its velocity
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G throws the following infinitesimal variations:

dhoo
dho;
(WLij
G
0Go;

3G

w2,

1
§w3i7
1
—5 (Oiwaj + Ojens)

w1

1
§w5i
1

5(&'(,03]‘ + 3j¢d3¢) + 8i8jw6.

(5.1.73)
(5.1.74)

(5.1.75)
(5.1.76)
(5.1.77)

(5.1.78)

Now, since there are third generation constraints the gauge parameters w, are restricted.

As it is mentioned in Sec. 2.8, the involution relations of all first-class constraints provide

equations for unfree gauge transformations, say, the gauge parameters obey the system of

partial differential equations (2.9.5) and (2.9.6) or (2.9.11) in the case of one first-class per

generation. In this case the situation goes as follows: we have 4 first-class constraints of

first generation I'; and T'¢, their time derivative essentially generates 4 more constraints: I'

and T'y, in the same manner the latter generate the last generation of constraints: I's and

¢, all this can be directly verified by looking at the involution relations. The involution

relations between the constraints and the Hamiltonian reads:

{T'1, Hean} D
{T%, Hean} D
{T2, Hean}D
{T%, Hean}p
{T%, Hean} D
{T6, Hean} D
(X7 Hean} D

{X;jv Hcan}D

these brackets are no other than the equations

-0 = Ty,

—r% = 9;x{ — Iy = —T},

V2hi; — 9;0;h7 =T — 8,9 = T,
8j7rij + guéijkajalel =T},

0,

—0;0;m = —9;T%,

0,

0,

(2.9.7)-(2.9.10) but with more constraints
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per generation, in other words:

(1) (1), )
(Lo, Hy} = 04T, (5.1.87)
(9) (g)b(9+1)
{Pa,Ho} = O, T 4, (5.1.88)
©)
{FaaHO} = Oa (5189)
{La, T} = 0, (5.1.90)
where
Op2 = —1, (5.1.91)
l-\i
Opf =-1, (5.1.92)
Opé = +1, (5.1.93)
F'L
Op = +1, (5.1.94)
Opi = —8;. (5.1.95)

On the other hand, the restrictions on the gauge parameters are
gt 4 0geb =0, (5.1.96)

identification of the structure coefficients O% allows us to calculate (5.1.96) for the w's

parameters

.T r
2+ 0p2w' =0

N / st (@ — 1) — (@ — an]dPy = 0 (5.1.97)
€T 4+ ORseTs —

5

= /[80w3i53($ — 1) — w0 (z —y)]d>y =0 (5.1.98)
.6 r
el + OF§5F2 =0

= /[80w663(x —y) +wd(x —y)]dPy =0 (5.1.99)
T IV Iy Te _
5 4—|—OFZE 8+ Ope ®=0

i

= /[30w453(:£ —y) + w30 (x — y) — 0;6%(x — y)we]d>y = 0, (5.1.100)
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thus, we obtain an explicit set of relations between the gauge parameters:

Bows — wy =0, (5.1.101)
Bowsi — wsi = 0, (5.1.102)
Oowe + wa = 0, (5.1.103)
Oow4; + ws; + Awe = 0. (5.1.104)

Afterwards, by taking advantage of these relations we can rewrite the gauge transformations

for h,, and G, only in terms of the parameters wi and ws:

ohoo = —0ows, (5.1.105)
1

Ohoi = _5(800041""81’&)6), (5.1.106)
1

Ohij = —5(3iw4j+3jw4i), (5.1.107)

6Goo = —doOows, (5.1.108)

0Go; = —%80(80w4i+6iw6), (5.1.109)
1

0Gij = —5(0i0waj + 9;00wai), (5.1.110)

moreover, we can express the gauge transformations in a covariant way by introducing the

4-vector A, such that Ag = —%UJG and A; = —%w% the gauge transformation reads
Ohuyy = Oy, +0O,A,, (5.1.111)
0Guw = 00(0uhy + 0,A,). (5.1.112)

5.2 Hamilton-Jacobi analysis

The main goal here is to identify a complete set of HJIPDE and to construct a fundamental
diferential df that codifies all the physical information of the system. For such purpose let

us start over again with the Lagrangian that defines the action (5.1.1), this is

L = / [;hijif'ﬂ' — Qjhoi 0 R — %akhija’fhij —~ %hiihﬂ'j + & h%0;h; + %8khii8khjj
—20°R0;17 ; — 9;h000;h Y — 9;h 1 9;hFy + 20;h0 1" + 0;hi00;hY + O h*0;h
+le“’f(—ﬁliajhlk + 2110008 + h™ 0,05k, + V2h0:05hok + V2R™i0; i) | d°.

I
(5.2.1)
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We will reduce the order of the time derivatives of the Lagrangian by extending the con-
figuration space in a different way than we did in the previous section, this is done by

introducing the following change of variables
1 .
Kij = 5(hij — dihoj — djhai), (5.2.2)

K;; is related with the so-called extrinsic curvature. This change of variables redefine the

Lagrangian

L = / [ZKinw = 2K K7 j = hooRij"! — hij RY + Sh'i Ry + ;ewk(mﬁajf{k,

+8mhim8j81hkz + Vzhimajhkm) + TZJU(hU — aihgj — 8jh0i — QKZ']') d3l‘, (5.2.3)

where we have added the Lagrange multipliers %/ enforcing the relation (5.2.2) and the

expressions R;;¥ and R;; are defined in the following wa
J J g way

Ry = 9'0hy; — V2, (5.2.4)
1 o
Rij = 5(aiakhjk + 9;0"hiy, — 0" Ry, — V2 hyy). (5.2.5)

Now we calculate the canonical momenta associated with the canonical variables

70 = B.—E:o, (5.2.6)
Ohoo

o= 9F =0, (5.2.7)
Ohoi

g oL g

ij — =Y, 5.2.8

™ o, G (5.2.8)

pi = & =0, (5.2.9)

A 0, (5.2.10)

oy
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from this definition we identify the Hamiltonians of the theory

H = Hy+I=0, (5.2.11)
HY = 7%=y, (5.2.12)
HY = 7% =0, (5.2.13)
HY = 79—yl =y, (5.2.14)
HP = Pi=q, (5.2.15)
HY = AU =0, (5.2.16)

where Hy is the canonical Hamiltonian defined as usual Hy = hmﬂr“” + KijPij + lel'inj - L

and II = 0yS. The corresponding PB between the canonical variables are given by

1
{hw, 77} = (0307 +030,)8% (@ — ), (5.2.17)
1
{Kijyn™'} = (6705 +076)0°(z — ), (5.2.18)
L 1 . . .
(W Au} = S(0u0] +6101)8% (@ — v). (5.2.19)

Once we have a preliminary set of Hamiltonians we can construct a preliminary differential
fundamental df = {f, H,}dt" but, we can remove some of the non-involutive Hamiltonians

in favour of a preliminary generalized bracket

{f7g}* = {f’g} - {f? Ha/}(ca/b’)_l{Hb’ag}7 (5220)

where C/y is the matrix of PB between all non-involutive Hamiltonians. The non-involutive

Hamiltonians are Héj and H éj because its PB does not vanish
{Hy HY} = =S (" 4 )0z — ), (5.2.21)

therefore, the matrix C,y is given by

Hj! HE
Carp Hé] 0 _%(niknﬂ * nﬂnkj) 53(x Y) (5.2.22)
aby = . ) . . . — . N
HAZLJ %(nzknﬂ 4 nzlnk]) 0
Its inverse is
_ 0 3 (nFnit 4 pilnhd)
Cob 2 83z —y). (5.2.23)
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Its easy to calculate the new brackets between the canonical fields:

(I, 70Y = %(535%5553)53(9;—@/), (5.2.24)
(K, Py = (ot + 860w — ), (5.2.25)
{ s, PP} %(5355 +6502)0% (@ — y), (5.2.26)
{vi, A} =0, (5.2.27)

we can observe from (5.2.27) that the variables 9% and A” can be removed which implies
that we can perform the substitution 1 = 7% and AY = 0. The resulting canonical

Hamiltonian is

Ho = /[QKZZ‘K]]‘ — QKZ']‘K” + hogRijU + hinU — §hZiRijU — ;6’3’“(4&’8]»}{“

+0"™ im0 hig + V2™ 0jhgm) — 2ho; 0,1 + 2K dPx. (5.2.28)

The canonical Hamiltonian has linear terms in the momenta such as in the pure canonical
analysis, nevertheless, it is known that those instabilities could be healed by means of the
correct identification of the Hamiltonians. With the final generalized brackets and the
identification of all the Hamiltonians we can remove the linear canonical momenta terms.

The fundamental differential is
df = / [{f, H'Y dt + {f, H{*}*dwgo + { f, HS'}*dwfy; + {f, H{ }*dwf]d®y, (5.2.29)

we will require integrability conditions on the Hamiltonians HY?, HY' and Hf , in other

words

dHg; = 0. (5.2.30)

From (5.2.30) we obtain 10 new Hamiltonians:

HY = V%, —0'97hy; =0, (5.2.31)
oY = 9;77 =0, (5.2.32)
HY = n9 2K 4 2mii Kk — p(e”ﬁlnﬂm + Ry oL K = 0. (5.2.33)

Now we have to incorporate these new Hamiltonians to the prevous set of Hamiltonians,
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this is:

H' = Ho+1I=0, (5.2.34)
HY = 7%=y, (5.2.35)
HY = 7% =0, (5.2.36)
HY = PV =0y, (5.2.37)
HY = V?h'; -39 hy; =0, (5.2.38)
HY = 9,79 =0, (5.2.39)
HY = 79— 2K o K*) — i(ei’flnjm + Ry L K = 0, (5.2.40)

in addition, we need to recalculate the algebra between Hamiltomians. The 20 x 20 matrix

made of the brackets {, }* between all the Hamiltonians is

HYO g HN HY H* HY
HP [ 0 0 0 0 0 0
HY [ 0 0 0 0 0 0
i H’| 0o 0 0 0 0 {H7 H¥\ (5.2.41)
HOl 0o o0 0 0 0 {HP HEY |
HY| 0 0 0 0 0 0
HZ\ 0 0 {HY HY (HY HEY 0 0
where
{Hzll]7 ng}* _ Q[Z(akmnﬂ + 6]I<:m771l + 6zlmn]k + 6zlmnzk)8m + 5(nzkn]l + n]knzl) o WZ]ﬁkl]53($ _ y)’
(H, Héj}* = V2 = 09153 (z — y). (5.2.42)

The null vectors v = (%Bﬁj, dij,0) immediatly indicate us that an independent Hamiltonian

can be infered

. o 1 g
Hy = V2hli — alﬁjhij + 581‘8]‘})2], (5.2.43)
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the matrix W!/ now has the form

HY® HY¥ HY H, Hy! HE
HY [ 0 0 0 0 0 0
HY| 0 0 0 0 0 0
Wi = HE 0000 ! ’ , (5.2.44)
Hy| 0 0 0 0 0 0
H’| 0o 0 0 0 0 (HY, HEY
H'\ 0 0 0 0 ({HY Hi} 0

where we arrange the matrix such that in its lower right corner it appears the submatrix

Ca,ibn; Decessary to calculate the generalized brackets { f, g}** = {f, g} —{f, Ha,, }C, 1bm- {Hs,; g},

ni

Hj! HE!
v\ gy o -

In the end, the non-trivial HJ generalized brackets are given by

%k 1
{hij, 7y = 5(555} +0L6%) 0% (z — y), (5.2.46)
{K;, Py = o, (5.2.47)

. 1 ?
{higs K} = 3 amn + mangse = mima)8(x = y) + = [t + mansse = migmea) V2 + (7060,

3 2
+0100;0;)](V? + %) — 30;0;0,0, — %(nikajal + 1100k + 1;1£0;0; + 1j,0;0%)
+%[(€ikm77jl + ek i+ €™ ik + €™ i) (V2 + 1) + 3(er™ 0500 + €™ 90,
+€i" 00 + Ejlmaiak)]am]53($ - 9), (5.2.48)

where = = —u(V2 + p2)(V? + %2) The HJ generalized brackets allow us redefine the

fundamental differential once more time

i = / U @)Y dt + {f, HO ()Y dwdy + (. HE (0)} " dwd, + (. HY ()},
+{f, Ho(y)}* dw’]d%y, (5.2.49)
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where
HY = 7% (5.2.50)
HY = 7% (5.2.51)
oY = 97, (5.2.52)
Hy = V?h';—0'dhy, (5.2.53)

we can note that in (5.2.53) there is no P¥ term, this is because now we can safely use
Hij = 0 as an identity, in fact, if we use Hij = 0 and ng = 0 in the canonical Hamiltonian
then the Ostrogradski’s instabilities can be healed in the same manner we did in the previous

section. The resulting Hamiltonian is

1 .. 1 . . 1
Hy = / [ miy = g'imd s+ by R — ;e”’f(leilaijl + 0™ him ;0 by + V2hi' 0y

4

—E(zaiKijajK’“k +20' K740, K * — 200 K10, K% — VK0 Ky — 0, K0 K7 ) d3 .

On the other hand, if we apply integrability conditions to the set (5.2.50)-(5.2.53) we obtain
redundant identities
dHY = 0, (5.2.54)
dHy = —0;0;79 = —0;HY" =0, (5.2.55)
thus the fundamental differential (5.2.49) is final. Now, what physical info can be extracted
from the fundamental differential? A direct calculation of the characteristic equations re-

veals the equations of motion and in consequence the physical degrees of freedom, the

characteristic equations are:

dhoo = dby, (5.2.56)
dho; = %degi, (5.2.57)
dhij = [2Kij + Oihoj + Ojhoildt — %(5faj+5§ai)degk, (5.2.58)
dr® = —R;"Ydt, (5.2.59)
dr¥ = %8jﬂ'ijdt, (5.2.60)
dr'l = [Vheg — ' oo — 1 R — 2RY —;[(eiklauejk’ai)akamh,m
—(e*p™ 4 ™) 92y |t + (907 — n'IV?)de°, (5.2.61)
dK;; = [—%&-ajhoo—Rij+%ijk,’“]dt+%a,-ajdeg, (5.2.62)

dPY = [0]dt, (5.2.63)
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from the characteristic equations we can identify the fields hgg and hg; as Lagrange multipli-
ers, on the other hand, we can discard P¥ as a degree of freedom because its time evolution
vanishes. Furthermore, by taking dwgk =0 and dw? = 0 we obtain the equations of motion

of the theory

hij = 2K;j+ dihoj + Ojho, (5.2.64)
7 = nV%hoo — 0'& hoo — 0 Ri™ — 2RV — ;[(e“ﬁlaﬂ' + M) 0k him

— (™ 1 IRy 5 2 (5.2.65)
Ki; = _%6iajh00 — Rij + inz’ijlkl- (5.2.66)

The equation (5.2.66) corresponds to the definition of Kjj;, thus, if we combine the time
derivative of equation (5.2.64) with the equation (5.2.66) we obtain a second order time
equation for h;; as expected, thus we conclude that there are 6 physical degrees of free-
dom associated with the perturbation field. The total number of degrees of freedom is
DoF = 1[(12) — (8)] = 2 because we have 12 dynamical variables and 8 involutive Hamil-
tonians. In addition to these results, the characteristics can also reveal a set of transforma-
tions that leave the physical states intact, let’s take dt = 0, in this manner the canonical

transformations 6 X are obtained:

Shoo = owlo, (5.2.67)
1

Shoi = iawgi, (5.2.68)
1

Ohij = —5(070; + 70;) 0w (5.2.69)

We can go even further, we can ensure that the transformations (5.2.67)-(5.2.69) are gauge
ones, this is acomplished by demanding that the action S is invariant under dh,,, in other
words, S = 0 under (5.2.67)-(5.2.69). Now we will show that this requeriment imposes

restrictions on the parameters w’s. Let’s take the variation of S

oS oS oS

58 = [
= / [(—OR™ + O — 9, 06h MY — 9ROV R\ + 201 O\h + ieow(a”aaam%

—0\Oh".,)) 6k, d*a, (5.2.71)
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thus, by substituting (5.2.67)-(5.2.69) we get
i 1 1 21 1 177 @ 0J 11 1 0ijk 2 li 2
08 = [Rij (5&)00 + 5[2V ho* + 20"k i 20'0 hoj - 28jh + ;6 (@V hor — 8]'8 hkl)]&ﬂ’o@'
—§[h” — hkkﬂ]” + 26kh0k77” —20"hg? + 00 hog — V2h0077” +2RY — Rklkln”
L ikl o 55 ia i Ja am 2, 7 71,74
+;€ (Okh? | — & Ophor + 07 0O hyy — OV = l)](S(ainj + 8jw0i)]d xT. (5.2.72)

Without loss of generality we can define 0y€ = 5w(1)0 and after a long algebraic work and

some integration by parts we find that the variation of the action takes the form
58 = /}aﬁ”+ﬁmﬁ+v%&-a®mw+;fwﬂ@v%%—aﬁ%m]
X (—0i& + dwi; + Dodwi;)d . (5.2.73)
Now we demand that 45 = 0, this implies the following equation
Swi; = —0odwe; + 0;:€. (5.2.74)

The expression (5.2.74) is a restriction on the gauge parameters in the same sense of
(5.1.104). Now, with the equation (5.2.74) and with a proper definition of a 4-vector we
can establish the variation of the perturbation in a covariant way. Let’s define the vector

&, such that

& = % (5.2.75)
&==—§%7 (5.2.76)

the equations (5.2.75) and (5.2.76) are not restrictions, they only redefine the parameters.
Hence, by combining equations (5.2.75), (5.2.76) and (5.2.74) we obtain

1
5‘5“31‘ = 0&i + Di&o, (5.2.77)
finally, from this last equation and from the definition of £, itself we get the desired result

0huy = 0u&y + 0,8, (5.2.78)
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Conclusions

In this work, a detailed Hamiltonian analysis of the higher-order modified gravity has been
performed. By making a 34+1 decomposition we explicitly show that the model is a higher-
order theory, the main procedures that we adopted (canonical formalism and HJ theory)
were applied successfully; it was possible to identify and classify the constraints (Hamil-
tonians) of the theory, the classification of the constraints (Hamiltonians) allowed us to
eliminate redundant degrees of freedom and to define a stable canonical Hamiltonian in the
sense of Ostrogradsky. At the end, the structure of the first-class constraints and of the
involutive Hamiltonians is very similar but we need to notice that they are not defined in

the same phase-space

00 00 00
F2:7T H1 =T,

)

Fé = 7TOZ — 8jp” - ﬂﬁwkajalhkl, HSZ = 7TOZ,

Fi = j7rij + ieijkajalel, HY = 8]-7#]',
T'g = Vthi — 61-6jhij + 8i8jpij, Hy = V2hii — 628%1]
Fl = p007

-

Moreover, now we can do a direct comparison of our results with the canonical structure

of GR, this by taking the limit 4 — oo in the constraints and by making appropiate
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combinations of them. The resulting set is

0, = %, (6.0.1)
Oh = 7%+ 9'nl; — 0, (6.0.2)
O3 = V2hi;— 0'dhy, (6.0.3)
0, = 0y — ' hoj + V2he'. (6.04)

These constraints are no more that the first-class constraints that arise in linearized grav-
ity [30,62]. On the other hand, once the second-class constraints (non-involutive Hamil-
tonians) served its purpose for the classification of constraints, then we eliminate them by
the introduction of a generalized bracket: Dirac’s bracket (HJ bracket). We can do a sim-
ilar procedure by taking g — oo in the new brackets in order to obtain the well-known

canonical brackets of linearized gravity

Kkl _ 1 k<l Lsk\S3/ o\ MQ 3\] 53¢,
{hij,7@™*"}p = #h_{r;o 2((2 5j+5i5j)5 (x —y) 4M2(v2+u2)(v2+%) [O(u )]6 (x —y)
1
= ;&%+$$w%x—w. (6.0.5)

The remaining first-class constraints (involutive Hamiltonians) were the key feature to ex-
plore the gauge transformations, by taking two alternative paths we demonstrated that the
extended model and GR shares the same gauge symmetries; one by following a systematic
mechanism that takes advantage of the presence of third-generation constraints and other
by demanding the invariance of the action. Both procedures reveal us that the gauge pa-
rameters are related by partial differential equations.

Once we have developed a Hamiltonian analysis in the perturbation field approximation it
is worth to consider a full non-perturbative scenario of the Chern-Simons modified gravity,
i.e. to study a background independent modified theory and then compare it with the
canonical structure of GR. On the other hand, we built the essential ingredients to analyze
the modified theory in the quantum context at least in the perturbative context, we can use
our results together with the tools developed in the canonical quantization of field theories

to make progress in this program. Either way, these are just prospects for future work.



Appendix A

Hamilton-Jacobi analysis of
Chern-Simons gravity in three

dimensions.

The content of this appendix is original and it can be found in doi.org/10.1016/j.cjph.2022.07.014.

The action that describes a Chern-Simons theory in three dimensions is given by
Soslgw] = | e Lrs gm0+ Lps pmps ) g8 (A.0.1)
CSl9uw| = Mg 9 MV ap T gty vt af Z, Ve

where g, is the 3-metric tensor, M is the space-time manifold, ¢#** is the Levi-Civita

tensor, I'jj,, are the Christoffel symbols given by

o 1,
F,uy = 59 B(auguﬁ + augua - aﬂg,uu)' (AOQ)

We are going to work in the perturbation field approximation, this is, by taking a pertur-

bation h,, of the metric around the flat space-time geometry,
G = M + Iy, (A.0.3)
the signature 7, = (—1,1,1) is considered. The corresponding Lagrangian is
Les = %e””’ (0P 20,007, — OghP y07 Dphpy) (A.0.4)
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by performing a 3 + 1 decomposition we get

Les = €9 (hikakhoj + higOjho™ — 5izikhj’f + 00" hoo + hord;0" ho,
1. 1. 1.
+§h0iv2h0j —~ §hikv2hj’“ + 5hﬁ‘f(akalhjl + V2hgo0iho;

—0h;V2hok — aialhj’fakhm) . (A.0.5)

We can observe that the CS theory is a higher-order theory, we need to rewrite L by

introducing the following variables

f,uz/ = h,ul/ (A.O.G)

thus we have

. . 1,
Les = €Y <vik8k£Oj + 0x0;&0" — ~0iv;F + vipd;0% €00 + v010;0% o,

2
1 1 1
+§U0iv2€oj — §vikv2§jk + §Uik8kalfjl + V2§008¢€0j (A.O.S)
—0:i V& — 3ialhjk3k§oz) + M (v,“, - S,u,) (A.0.9)

where 1), are the Lagrange multipliers. Now that we reduced the order of the Lagrangian

we proceed to define the momenta

OL
p=2 (A.0.10)
oQ
where Q = (00, £0is &ijs V00 Vois vig, YO0, 9%, 4¥) are the canonical variables and P =

(00, 708 7t ,ﬁoo,frOi,ﬁij,poo,pgi,pij) their corresponding momenta, we find the following
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Hamiltonians:

H = Hy+11=0, (A.0.11)
QU0 = 700 4 400 _ (A.0.12)
QY = g0y =0, (A.0.13)
O = 74y =0, (A.0.14)
Qv = 70—y, (A.0.15)
QU = 7=y, (A.0.16)
O = 79— %(eik@j + 50" o — %(Giknﬂ + ™) oo (A.0.17)

%(Eiknlj + Yoy (A.0.18)
»0 = 0=y, (A.0.19)
o= p¥ =y, (A.0.20)
Y o= p¥ =0, (A.0.21)

where IT = 0p.5, S is the action and Hy is the canonical Hamiltonian given by

Hy éuuﬂ'lw + '[),uz/ﬁ'uy + ¢p#l/ — Les

. 1 1 1
= €Y (_Uikaj8k€00 — vop0;0&o; — §UOiv2§0j - ivikv2§jk - ivikakalfjl

—0i€0; V%00 + 0,61,V *E" + 3ial€jk3k§0z) — vgop™
+vs (% — 200%%) — ;20" (A.0.22)

With the Hamiltonians identified we can construct the differential that describes the evo-

lution on the phase-space

df = / L, Yt + (£, Q% Yduy + 1, Q7 Yl + {f, 0}l + £, Q% pdeoy
+{f, 9%} duw; + {f, Q09 }dwf; + {f, S%%dwiy + {f, 2% }dwf
+{f, 9 }dw] d*y, (A.0.23)

where the w’s are parameters associated to the Hamiltonians. The non-zero Poisson algebra
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between all Hamiltonians is given by

{2%, S0} = (@ —w), (A.024)
{0 5} = 86z —y), (A.0.25)
(0,50} = 616 + )5 — ), (A.0.26)
QU QM) — i(a’knlm el g kmppil g dmyikyg, 62 — ), (A.0.27)
{Q7,0M) = i(ﬁ““nﬂ + et + Pyt + )% (@ — y). (A.0.28)

We can observe that the Hamiltonians Q%°, Q0 Q. QU 5, Zo; and ;; are non-involutive.
This is expected because these Hamiltonians are related to the unphysical variales ¥)*”, these
Hamiltonians will be removed by introducing the generalized HJ brackets. The Hamiltoni-
ans Q% and Q0 are involutive. Now, we need to remove all non-involutive Hamiltonians,

the corresponding matrix of PB between non-involutive Hamiltonians is

0 0 0 0 1 0 0
0 0 0 ekl o nii 0
0 0 0 0 0 0 (65 +0jsl)
Agp=| 0 _rki 0 AL g 0 63 (x —y), (A.0.29)
-1 0 0 0 0 0 0
0 —nY 0 0 0 0 0
0 0 Ll +oil) 0 0 0 0
where we defined
A 1 . A ) A
ik = Z(e““nlm + ellpkm g kmpit 4 mpity g, (A.0.30)
Azj’kl = 1(ezknjl + ezl,r/]k + Ejknzl + Ele]Zk). (A031)

The matrix A,y is not invertible, which means that the Hamiltonians are not independent.
In fact, there are null vectors given by ¢ = (0,0,0,wn;;,0,0,0), w is an arbitrary func-
tion. From the contraction of the null vectors with the Hamiltonians we identify a new

Hamiltonian

Q

7l =0. (A.0.32)

Q is involutive, this imply a new algebra between all Hamilltonians, the new matrix A/, is
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given by
0 0 0 0 0 0 1 00 0
0 0 0 0 —30, 301 0 1 0 0
0o 0 0 0 —101 —30 0 0 1 0
0 0 0 0 0 0 0 0 0 (567 +6i5)
, o 38 o 0 0 3 000 0
“T o —la la 0 L 0 000 0 ’
-1 0 0 0 0 0 0 00 0
0 -1 0 0 0 0 0 00 0
0 0 -1 0 0 0 0 00 0
0 0 0 —i@isj+ois]) 0 0 00 0 0
(A.0.33)
its inverse (A!,)7! is
0 0 0 0 0 0 1 00 0
0O 0 0 0 —30, 100 0 1 0 0
0 0 0 0 —301 —1% 0 0 1 0
0 0 0 0 0 0 0 0 0 (56 +0i5)
(Ap) ' = " %82 %31 ) ! % 0o ’ 6 (z—y).
0 —301 30 0 —3 0 000 0
-1 0 0 0 0 0 000 0
0 -1 0 0 0 0 000 0
0o o0 -1 0 0 0 00 0 0
0 0 0 -0 +ais) o 0 000 0
(A.0.34)
Once we have (A!,)~! we can compute (3.4.4) for the phase-space coordinates
{&o0, 7Y = & (z—y), (A.0.35)
{é0i, 7™} = %5552(1‘ —Y)s (A.0.36)
{e )y = 080+ a5 (@ — ), (A.0.57)
(70 7Ok = %Eikv252($ —y), (A.0.38)
{m% o}t = —%[(5,15?+5125,1)(6”81+n”82)—5}5}71(6”82“%31 (A.0.39)

+n2i82 o 7]1281)]52(:1; _ y)

(A.0.40)
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With the introduction of the generalized brackets, the non-involutive Hamiltonians can be

removed, then, the fundamental differential will be
df = / ({f, HYdt + {f, Q% dwiy + {f, Q" dwi; + { f, Q*doﬂ) d%y. (A.0.41)

Once the generalized brackets are introduced, we could perform the substitution of the fields

1 by the momenta 7. The canonical Hamiltonian takes the form

. 1 1 1
Hy = €Y <_Uikajak§00 — 0o 0;0 &0 — §UOiv2€0j - ivikv2€jk - ivikakalgjl

—0i0; V%00 + 0,61,V *&" + 5ialfjk3k€01> — vgom™ + 20,7 — vy
(A.0.42)

From integrability conditions, which ensure the integrability of the system, the following

Hamiltonians emerge

a0 = / ({QOO, HY*dt + {0, 0%V dw?, + {0, 0% dw?, + {Q, Q*cm) 2y =0
= O =7% =0, (A.0.43)
dO%  — /({QOi,H}*dtJr (0% Q001 g, + {Q%, Q%1 dw?, + {QOi7Q*dw2) 4%y =0
= )= wOi%eﬂ“aiajgo,c - ieiﬂ'v%oj =0, (A.0.44)
aQ = / ({Q,H}*dt +{Q, Q0  dw?y + {0, Q%) dwd, + {€, Q*de) d?y =0
= Q=7 — %ei‘jaﬁk&jk. (A.0.45)

The Hamiltonians Q3°, Q9" and €y are involutive because the PB with Q% Q% Q and with

themselves vanishes. Since the new Hamiltonians are involutive, we will add them to the
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fundamental differential, then its integrability will be calculated. Thus we obtain:

a0y’ = /({QSO,H}*dt + {990, Q% duwgy + {Q5°, Q%Y dwi; + {990, 0} duws
{09, 00} digo + {02, 09} dao; + {09, 0y} d)d2y
= O = €99;0%v;, + €90,V%¢0; = 0, (A.0.46)
a0y — / QY H Y dt + {O%, 0%} dusdy + {02, Q% dw, + {09, O dus
{98, QY dig + {5, Q9 Y dos + {QF, Qo }*dw)d?y
= =097 ieﬂ“ajv?gik — %eﬂfaiaja,glk, (A.0.47)
0, = / ({Qa, HY dt + {Q9, OOV d, + {Qa, OOV i, + {Qa, O dovs

{Q2, 050} dgo + {2, QY dio; + {0, Q) d@)d?y
= Q¥ =o, (A.0.48)

the new third generation of Hamiltonians ng and ng‘ are involutive ones and from their

integrability we find no further Hamiltonians. The final fundamental differential is given by

df = /[{f7 H}*dt + {f7 Q()O}Cl"‘)(z)O + {fv QOl}*dwgz + {fa Q}*dw2 + {f7 ng}*da)oo

+H{f, 9 dos + {f, Qo) do + {f, 090} dsd® + {f, Q'Y dig]d®y  (A.0.49)

where the involutive Hamiltonians are:

Q0 = 70—y, (A.0.50)
Q¥ = 7%=y, (A.0.51)

Q = 7, =0, (A.0.52)
QY = 70 =y, (A.0.53)
QY = g0 %ejkf)iaj&)k _ %6“V2€0j =0, (A.0.54)
Q = ' — %eij&-@kﬁjk =0, (A.0.55)
0P = 99,0 vy, + €70;V2%E0; = 0, (A.0.56)
0% = g — iejkajv%ik _ %jkaiajalglk. (A.0.57)

From the fundamental differential we can calculate the characteristics which will reveal the
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symmetries of the theory. The characteristic equations are:

dfoo = —uvoodt — dwp, (A.0.58)
1
dSoi = voidt + 5 dioi, (A.0.59)
1 1
d{ij = ’Uijdt + mjd@ — iazddjgj — iﬁjd&& (A.O.GO)

If we set dt = 0 we obtain a set of canonical transformations that can be related to the

gauge ones;
660 = —dwoo, (A.0.61)
0fo;i = %5@01‘, (A.0.62)
1 1
6 = nijdw—iaiaagi—iajdwgi. (A.0.63)

In order to identify the corresponding gauge symmetries its necessary to find the conditions
in which (A.0.61)-(A.0.63) acts into the Lagrangian, such conditions arise if the Lagrangian

is invariant under these transformations. The variation of the Lagrangian is
6Log = / dtd*ze®[9°0,0,8", — 8°9°0,65,]0605 = 0, (A.0.64)

this will lead to the following relations between the w’s parameters:

G0 = —200Co, (A.0.65)
dwoi = 2(00Gi + 9iCo), (A.0.66)
mijdw = 2(0:¢; + 0;G), (A.0.67)
0 = 26, (A.0.68)

by substituting these relations in the canonical transformations we get

6§,LLI/ - 6#(1/ + az/gu' (A069)
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Conformal invariance of \/—gC%

Let be the tensor /—gCH
V—gCH = va(e”“aﬁDaR”g + e””a'BDQR“B) + Vg ("RTHIY 4 *RTVIH), (B.0.1)

in order to show that this tensor is conformal invariant in the infinitesimal sense is sufficient
to show that
oCH =0, (B.0.2)
under the change
G — G = (1 +€m) g, ek 1, (B.0.3)

where 7 is a function on the space-time manifold. The function 7 is directly related to the
conformal factor X that defines the conformal transformation: g,, = Agu, = € gup.
Now, we need to specify the variation of the metric tensor and the variation of all objects

that are made of g,,, we have that

59;111 = g;w — 9uv = €TGuv- (B.0.4>

The Christoffel symbol I',,, variate as follows

T 1 T
oy, =9 29 P(0ugov + Ovgop — Opguv)

1 1
= 5(59Tp)(8u9p1/ + al/gpu - apg;w) + ing(s(augpu + 81/gpu - apg;w)

€ . € .

= 57 P(0ugov + Ovgop — Opguv) + 59 P0u(mgpn) + Ou(Tgpu) — Op(mgpu)]
€

= —enlj, +emlh, + 59" [(0um)gpv + (0um)gpu — (OpT)guv]

€
= 59”’[(@#)9101, + (Ovm)gpu — (9pT) Gpv]

65
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€
= 51—‘;1/ = §ng[(a#7r)gpu + (0vm)gop — (OpT) gu)- (B.0.5)

In the same manner, the Riemann tensor changes an ammount dR” .,
OR" o = 805FIT,M — 8,,61“;# + (51“;7)FZH + F;n(éfﬂu) - (5an)FZu - an(érgu) (B.0.6)

but

T € T T
6061“W = 9 [(609 p)[(auﬂ')gp,u + (auﬂ')gpu - (apﬂ')gu,u] +g p[(aga,ﬂr)gp# + (aoa;ﬂr)gpu - (aoapﬂ-)gl/,u}

+9Tp[(au7r)(aagpu) + (auﬂ-)(aagpu) - (apw)(aaguu)]
= %gm[(ﬁg&ﬂr)gpﬂ + (0o0uT)gpv — (050,™) gy

€
= 805FZH = 597’)[(8081/”)9;)/1 + (05 0um) gy — (05 0,m) gy — (0pm) 05 (9g™)]  (B.0.7)

and
€
8V5P;,u = §ng[(8,,807T)gpM + (000um)gpo — (Ou0pT) gop — (Op) 0y (Guag™)]-
(B.0.8)

On the other hand

€
(5an)rgu = §ng[(aa7T)gpn + (67777)9,00 - (8p77)gan]rgu
€
= 5[(007T)FZM + (anﬂ)F’,ZucS; — ngggn(apW)FZu], (B.0.9)
€
an(ﬁzu) = §F;ng7’p[(&,ﬂ')gpu + (auﬂ')gpl/ - (apﬂ')guu]
€
= 5[(81/77)1_‘;# + (8M7T)FZ—V - gnpguu(apW)F;nL (B.0.10)
€
OT7)T8, = S[OmTG, + (9gm)T8.07 = 97 gun(0,m)T, ], (B.0.11)

€
FZT]((SFZ,U,) = 5[(80'71-)1_‘17;/_1, + (a,uﬂ-)]'—‘;o - gnpgau(apﬂ-)r;n]? (B012)
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by substituting (B.0.7), (B.0.8) and (B.0.9)-(B.0.12) in the variation of the Riemann tensor

we get

OR” 6w

thus we have

€
5{(808u77)5; - ngguu(aaapﬂ) - (8118#77)5; =+ nggau(avapﬂ') - (8p7r)[8(,(gwg”’)

—0u(9uog™)] + (Oom)Ty,, + (Oym)L] 05 — 977 9on(0p,m)TY,, + (Om)TG, + (9,m)T,
9" guu(Opm)LGy, — (Oum)I'T,, — (Oym)TE,0, + 977 gun(0pm)T'E,, — (Oom)Ly, — (Oum)L,

ou“v “w vo

+9" gou(Opm)L], }

5 (@00 — T2,0,m)5 — (B,0,m — T, 0ym)85 — 9ulg™ (060y) + g™ (9m)]
+90lg™ (9 0ym) + T0,9" ()] = (0,)[ 04 (9109™") = 0u91rg™)] = 977 9orn(Dpm)T,
+97 90y (9pm)TG, }

5 {(@0dm — T, 0ym)57 — (B0 — T, 04m)5% — 910 (97 0y) — (909™)(9,)
+15,9"0p] + Guo(0u (977 Opm) — (90g™")(Op) + I'},,9"P O] — (9p7) 106 (g g™)
=00 (99 "N} = 97 9on(Opm)T), + 977 gun (0pm)I'G,,

5 {@adum —T2,0,m)5 — (8,0, — T, 0ym)55 — [0 (970,) + T (g7 9,m)]
90" (Om) + 94 [00(970,) + 17, (97 0)] = G110 (9ug™) (D)
—(0pm)[05 (9w 9™") — 00 (9o g ™)} — 977 9ou(Opm)LL, + 977 gun(0pm)LL,

5 [Vo0um0] — Vu0,m0% — 5 Vo (97°05m) + 90 V(g7 0p) + 90 (097 (9p)

—9uo(0vg™")(0p7) — (0pm) 05 (9w 9™") — 00 (9o g™ )l — 977 9oy (0oL, + 977 Gy (Opm)T

€

YOG = V0TI, =T ) + sy 0) — 0 0n ™)
=090 ™)) + 9 (Do g ™) (Oy) = G40 (Dug™) () = g7 () ey + 97 (O]
AV (0m)O] = Vo (0,m)0F = 9ug™ Vo (0) + 91097V (D) = (9,m) [0 (905™)
00909 + (0906 5™) = 910 (057™") = 5Ty + 6T}

AV ()5 = Vo(0um)5, = 919" Vo () + Gr g™V (8) = (9,m) [0 (919 ™)
~00(9u0g™)) + (Opm) 0 (91009™) = Oulgr9™)]}

S (Vo (0] = V03] = 9097 Vo (05) + 9o g™V (D)

€
R 1o = E[Va(ﬁuw)éz — Vo (0um)o; — 99 "V (0pm) + 9u0c9™’ V., (0,m)]. (B.0.13)

ou)
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With equation (B.0.13) its straightforward to obtain the variaton of the Ricci R, =R ,r

tensor and of the scalar curvature R = R¥;

6R;w = %[Vr(aﬂ)@? - vu(auﬂ-)(sg: - guungvT(apﬂ-) + gu‘rngvu(apﬂ-)]

€

= 5[—V,/(8H7T) — g Va(0%T)), (B.0.14)

R = 6(g,uuij)
= —eng" Ry, + 9" 5[~V (0,7) = g Va(9°T)
= —enR —2eV,(0%). (B.0.15)

Finally, the variation of the tensor \/—gC,, goes as follows

1 1 1
— wyo UuaﬁD v UVOcﬁD “w - _ovaB §pTR - _opaf s pTY
dv/—gC 2\/jg[vg(e WOR" 5+ € oO0RMg) —i—vm(ze OR™ 5+ 5¢ dR™ )]
€ ova
= DDy () = 5D (07 ) + € D (<Dl 7) = 500"
1

50 €7 (Da(07)57 5 — Da(07)5" o — 9 397" Da(Op) + g™ Di(Dy))
—l—e““aﬁ(Da(a"w)éTg — Dg(0"m)0" 0 — 9" 39" Da(0,m) 4+ 6" 09" Dp(0,m))]]

1
[00[—€72 ¢ Do Dy(07) — €058 4D D (077)] + 507 €% (¥ 59 Do)

€

4=y
+9"09™ D(0pm)) + €7 (=g 597" Do (8,m) + g”ag™" D5(8,m))]]

_ € opav 0 ovapu 0 1 ovapu T\ __ ovuB T
4\/Tg[vg[6 DD, (0°m) + €7 Do D, (0°)] + 27)07-[6 Do (07m) — €7 Dg(07))
+eTHY D (0T T) — eUWﬁD,g(aTW)H

— € ouavr 14 __ Jopav 14 1 ovop T ovoapu T
74\/_79[’00[6 DD, (0°T) — €M Do D, (0°)] + 2’007-[6 Do (07m) + €7 Dy (07 ))
—€7V M D (0T m) — €7V Dy (07 )]

= 0.

= 6/ =gCM = 0. (B.0.16)

Therefore, the tensor \/—gC*" is invariant under a local conformal transformation g,, —>
g 9u

G = (1 +€em)gu.
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