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Diseño espectral de metamateriales con orbitales
no ortogonales

Resumen
Considerando traslapes entre estados atómicos aislados que son vecinos más cercanos, se

logra una descripción de espectros deformados para sistemas que van desde una confi-

guración dimérica de pozos de potencial hasta configuraciones aperiódicas con espectros

espećıficos, pasando por arreglos traslacionalmente invariantes. Para el primer sistema, se

hace una comparación entre las predicciones de un modelo de amarre fuerte con orbitales

no ortogonales y el espectro experimental de un par de discos cerámicos, logrando des-

cribir correctamente el fenómeno de la separación asimétrica de los niveles de enerǵıa.

Las funciones de Wannier se investigan en este contexto y se calculan tanto para el caso

d́ımerico como para el periódico. La libertad de fase en el ajuste de la localización de estas

últimas funciones se ilustra con un par de ejemplos. Una ecuación secular para el espectro

deformado de un conjunto compacto de pozos de potencial permite el diseño de eigenvalores

de enerǵıa aproximadamente equiespaciados. Finalmente, se introduce un método numérico

para el estudio de propiedades de transporte de potenciales unidimensionales con punto de

referencia recorrido. Estas consideraciones pueden ser relevantes en la miniaturización de

cristales artificiales aśı como en la fabricación de un dispositivo electrónico isócrono, cuya

frecuencia de oscilación se estima mayor que la de los osciladores de cuarzo actuales.

vii



Spectral design of metamaterials with
non-orthogonal orbitals

Abstract
By considering overlaps between nearest-neighbor isolated atomic states, a description of

deformed spectra is achieved for systems that range from a dimeric configuration of poten-

tial wells up to aperiodic structures with specific spectra, passing through translationally

invariant arrays. For the first system, a comparison is made between predictions from a

tight-binding model with non-orthogonal orbitals and the experimental spectrum of a pair

of ceramic disks, succeeding in correctly describing the phenomenon of asymmetric splitting

of energy levels. Wannier functions are investigated in this context and are calculated for

both the dimeric and periodic cases. The freedom of phase for localization adjustment of the

latter functions is illustrated with a pair of examples. A secular equation for the deformed

spectrum of a compact set of potential wells enables the engineering of nearly equispaced

energy eigenvalues. Then, the concept of an all-electronic clock is briefly discussed and the

coherent evolution of wavepackets is presented for a particular aperiodic configuration. Fi-

nally, a numerical method for the study of transport properties of one-dimensional shifted

potentials is introduced. These considerations may be relevant in the miniaturization of

artificial crystals as well as in the fabrication of an isochronous electronic device which is

estimated to work at higher frequencies than current quartz oscillators.
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Chapter 1

Introduction

1.1 Metamaterials and spectral emulations

Metamaterials are physical systems that display properties which are artificially

produced. Important examples are found in [1–3]. One way of obtaining extraordinary

properties is through the modification of the energy or frequency spectrum for waves that

propagate within such class of media. A similar task is carried out in the field of mesoscopic

spectral emulations, which are a way of studying, in an experimental setting, fundamen-

tal models in analog systems that, otherwise, would be difficult to manipulate or control.

The aim of the emulations is to reproduce models of interest on analog platforms whose

dimensions (size) are on the mesoscopic scale, giving rise to the possibility of flexibly and

precisely adjusting the geometric control parameters. For example, the successful emulation

of a Dirac oscillator was reported in [4], while other relativistic and finite models such as

the Dirac gyroscope were studied in [5], making it possible to implement them with the

help of ceramic disks [6].

On the other hand, on microscopic scales, crystalline systems offer technical and

financial challenges regarding the geometric manipulation necessary to modulate their elec-

tronic and phononic transport properties; a relevant example on this scale was reported

in [7]. The study of graphene, both experimentally [8] and theoretically [9, 10], constitutes

a paradigmatic example in which lattice deformations play an important role. The wave

transmission properties, including the electronic case, suffer the effect of such deformations

in artificial realizations reported in [11–22]. Furthermore, some types of mechanical stress

of the material can be emulated in this type of implementation [23,24]. It is worth mention-
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2 1.3 Objectives and outline of this work

ing that the so-called Dirac points have been observed in artificial crystals as well, with or

without deformation [25]. Clearly, these investigations have led to a renewed interest in the

close study of tight-binding chains [26], where the non-orthogonality of localized orbitals

may play an important role.

1.2 Motivation to study tight-binding models with non-ortho-

gonal orbitals

In the nearest neighbor approximation of tight-binding models it is usually as-

sumed that the states located at the lattice sites are such that the inner product between

adjacent wavefunctions is zero. However, the predicted energy levels at the edges of the

bands show slight deviations between the model and the experiment [6,18], making clear the

need for non-orthogonal orbitals. In Refs. [17,27], it was shown that when the usual regime

of dilute arrays of potential wells is not fulfilled, the spectrum of a finite oscillator begins

to deform. Second neighbor contributions have been put forward as a possible explanation

of such a behavior. On the other hand, the experimental spectrum of a pair of ceramic

disks [18] constitutes an ideal setting where the second neighbor contribution idea can be

tested. In Ref. [18] the spectral asymmetry of such type of dimer is exposed. Such result

points to the introduction of overlapping localized states as responsible for the deformation.

All of these observations have given place to the present work, leading us to consider the

corresponding corrections, including the calculation of the Wannier functions for the sys-

tems under scrutiny. We call our engineered arrays of potential wells metamaterials because

their resulting energy spectra come from the designed lattice geometry. Furthermore, the

individual constituents of the diverse physical realizations of our tight-binding models, such

as quantum dots, microwave billiards, optical lattices, phononic and photonic crystals, do

not posses the energy or frequency spectrum of the system as a whole.

1.3 Objectives and outline of this work

1.3.1 General objective

• The general objective of this work is to develop tight-binding models with non-

orthogonal orbitals for geometrically deformed metamaterials.
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1.3.2 Particular objectives

Our particular objectives are:

• To emulate the asymmetric resonance of ceramic disks with two potential wells in one

dimension, with analytical solutions and with non-orthogonal bases and to verify the

phenomenon of resonance asymmetry or deformed spectrum.

• To find frequency bands with electron-hole asymmetry (deformed valence-conduction

band) in chains of potential wells and their electromagnetic counterpart made with

ceramics.

• To use non-orthogonal orbitals to correct the Wannier transform.

• To look for aperiodic and compact configurations of potential wells (e. g. finite

oscillator) that posses energy spectra corrected by non-orthogonal localized bases.

This thesis is structured as follows: In chapter two, the emulation of the deformed

spectrum of a pair of dielectric disks is presented. The asymmetric splitting of energy

levels in a dimeric quantum system is reviewed and a tight-binding Hamiltonian, written

in a non-orthogonal basis of localized states, is diagonalized with the help of the matrix

of inner products. The resulting analytical expressions for energy eigenvalues are then

adjusted to available experimental data by means of an effective Schrödinger equation for

electromagnetic waves in cavities. In the third chapter, our efforts are devoted to extend the

formalism, introduced for a dimer, to infinite chains of evenly spaced lattice sites. Results

from this task are compared with the exact Kronig-Penney solution in a regime of densely

placed potential wells, in which case deformed bands are found. Chapter four contains

some results regarding the estimation of Wannier functions when localized atomic orbitals

overlap. Continuing, chapter 5 presents the study of a generalized eigenvalue equation for

the asymmetric spectrum of compactly distributed lattice sites. Said study makes possible

the engineering of specific spectra, in particular, an equispaced one. The latter spectrum

gives place to the idea of an isocrhonous device working with electronic wavepackets, which

is briefly discussed in the same chapter. Lastly, the calculation of the resonance spectrum

of lifted finite chains of potential wells is introduced in chapter 6. Conclusions are given in

chapter 7.



Chapter 2

Emulating the deformed spectrum

of a dimer

In this chapter, the deformed spectrum of a pair of dielectric disks is emulated

using a non-orthogonal basis of localized states. We start this chapter by presenting a

result regarding energy level asymmetric splitting for a dimer and then we proceed to

explain in detail all the necessary considerations in the description. We do so progressively

by first reviewing the absence of symmetry in the separation of the two lowest energy levels

of dimeric quantum systems as a function of a parameter, e.g. the separation between

compartments or the intensity of a potential barrier. Then, we pose the problem of a

system of two wells with non-negligible nearest-neighbor overlap as a tight-binding model

with a non-orthogonal basis and solve for the spectrum. It is found that energy levels split

asymmetrically as a function of distance between wells, thus explaining the origin of the

deformation. Lastly, it is explained how analytical expressions were adjusted to available

experimental data. In all, a good agreement between theory and experiment has been found.

2.1 Experimental data and presentation of results

In the left panel of Fig. 2.1 the experimental transmission spectrum of a pair of

ceramic disks between two conductive plates [18] is shown. The intensity peaks correspond

to the system’s transmission understood as 1− |R|2, where |R|2 is the measured reflection

power. One can see that frequencies unfold asymmetrically from the mean, something that

cannot be described by a simple tight-binding model with orthogonal localized states of a

4



2.1 Experimental data and presentation of results 5

single potential well. By looking carefully at the region of distances between disks, which

have a diameter D = 8mm, close to 1mm, one can note the asymmetry between even states

(bright yellow points of frequency 6.58GHz) and odd states (purple points of frequency

6.81GHz) with respect to the degenerate isolated resonance at 6.66GHz. Each cylinder in

the right panel of Fig. 2.1 supports a bound state.

Figure 2.1: Left: Density plot of the transmission coefficient (yellow maximum, black min-

imum) of a pair of ceramic cylinders placed between two conductive plates [18]. The in-

dividual resonance, ω = 6.66 GHz, is recovered at large separation distances. The eigen-

frequencies split asymmetrically as the distance between disks diminishes. Right: In the

experiment, the reflection is measured by placing a transmitter antenna on a disk and de-

tecting with the same antenna, connected to a vector network analyzer (VNA).

The origin of the spectral deformation is identified as the outcome of non-negligible

overlaps between contiguous isolated states. To show that this is indeed the case, we have

calculated the energy levels of a dimer with a tight-binding model using a basis of non-

orthogonal atomic states. In microwave billiards [29], the aforementioned basis consists of

isolated bound states in each cylindrical resonator. The dot product of these vectors does

not vanish, although it is considered small indeed. In fact, the projection of one vector with

its neighbor is of the order of 1/10, when normalized to the total energy. For the relevant

field component Ez, we have∫
|Ez|2dV = Energy, Ez = E0ψ(x, y) cos(kz),

∫
|ψ|2 dA = 1, (2.1)

where dV is the volume element and dA is the area element of the plane perpendicular

to the field, in this case the xy-plane. Then, our statement about the overlap parameter
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translates into ∫
ψ1

∗ψ2 dA ∼ 10−1. (2.2)
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Figure 2.2: Spectral emulation with non-orthogonal orbitals. Comparison between the the-

oretical (solid lines) and experimental (black points with green uncertainty bars) spectrum.

An spectral asymmetry for a pair of ceramic disks in the microwave region is visible in ef-

fective energy variables, Eeff , Eq. (2.22). The inset shows a semi-log plot of the emulation.

Figure 2.2 depicts, with solid lines, the behavior of the resulting energy eigen-

values as a function of the distance between disks, which is measured from the edges of

the potential wells. The theoretical model, which is fully explained in section 2.3, is con-

trasted against the experimental data read from Fig 2.1. In making this comparison, ex-

perimental frequency variables have been mapped to effective energy variables by means

of an analogous Schrödinger equation obtained from the Helmholtz wave equation, i.e.

Energy = (Frequency/c)2, provided ℏ2/2m = 1. This last point is further explained in

the last section of this chapter. The theoretical values thus obtained coincide satisfactorily

with the experimental spectrum of a pair of dielectric disks, as can be seen from the ac-
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companying green bars which represent the uncertainty in the value of the measured power.

This shows that our starting assumption about overlaps between neighboring bound states

as responsible for the spectral asymmetry is true. In order to explain the physical con-

ditions that make this emulation possible, we first review the behavior of energy levels of

dimeric quantum systems in one dimension, looking for deformations. Then, the use of

a non-orthogonal basis is explained. Finally, the quantum-to-electromagnetic analogy is

established.

2.2 Review of asymmetrical splitting in dimers

The following problems illustrate the inherent spectral asymmetry of dimeric quan-

tum systems. The treatment presented here is original albeit based on standard techniques

of smooth matching across boundaries.

2.2.1 Two wells: graphical method

The quantum mechanical problem, in units where ℏ2/2m = 1, defined by the

specification of the following potential function

V (x) =


0, for a < |x| < a+ L,

V0, for |x| < a,

∞, for |x| > a+ L,

(2.3)

for the stationary Schrödinger equation,

−d
2ψ

dx2
+ V (x)ψ = Eψ, (2.4)

has odd and even solutions, see the left panel of Fig. 2.3.

Energies are determined from trascendental equations, whose mathematical ex-

pression depend on whether the wavefunction is even or odd. We have

−
tan

(√
ϵL̃

)
√
ϵ

=


coth

(√
(ϵ− 1)ã

)
√
(ϵ− 1)

even,

tanh
(√

(ϵ− 1)ã
)

√
(ϵ− 1)

odd.

(2.5)
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In the previous equation ϵ = E/V0, L̃ = L
√
V0 and ã = a

√
V0 are all dimensionless variables.

If one wishes to recover the original units, it is enough to substitute
√
V0 →

√
2mV0/ℏ2.

x

V0

a-a a+L-a-L

V (x)
∞∞

π2/4L2

π2/L2

a

E

Figure 2.3: Left panel: Double square well potential with the lowest energy eigenstates

superimposed. Right panel: Energies of the lowest states for the double square well as a

function of the distance between wells. V0 = 100× [ℏ2/2mL2].

The energies of the two lowest eigenstates of this system, called the symmetric

and antisymmetric states, with energies ES and EA, respectively, behave as depicted in the

right panel of Fig. 2.3, when the separation between wells is varied. This figure makes

evident the asymmetrical splitting of these energy levels.

2.2.2 Infinite well plus delta barrier

As another example of the family of quantum mechanical problems that displays

the phenomenon of asymmetric level splitting, let us consider

V (x) =

∞ for |x| ≥ l/2,

−γδ(x) for |x| < l/2.
(2.6)

i.e., the infinite square well with a delta obstacle at its center. Odd, or antisymmetric,

states have kodd = 2nπ/l, n ∈ N, and even, or symmetric states, can be studied by setting

E = −k2, as it turns out that they can have both negative (k ∈ R\{0}) or positive energies

(k → ik, k∈ R\{0})1. For E < 0, the corresponding wave functions are encoded in the

1The case k = 0 makes the wavefunction vanish trivially and thus it is dropped from our considerations.
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following expression:

ψ(x) = N (ekl/2e−k|x| − e−kl/2ek|x|), (2.7)

where N =
√
k/{2 [sinh(kl)− kl]}. To determine the allowed k values, the corresponding

trascendental equation found in Table 2.1, has to be solved graphically. If γ < 0, then

there are no bound states with negative energies and the only solution, which is k = 0, is

forbidden. All cases, including the remaining for E > 0, have been succinctly summarized

in Table 2.1.

Table 2.1: Classification of even eigenstates for the potential given by Eq. (2.6) accord-

ing to their energies and sign of γ (attractive or repulsive potential). The corresponding

trascendental equation is shown, k ∈ R\{0}, ℏ2/2m = 1, γ ̸= 0.

Classification of even eigenstates for potential and

the corresponding trascendental equation

ATTRACTIVE REPULSIVE

γ > 4/l γ < 0

E < 0
✓

k = |γ|
2 tanh(kl/2)

✗

−

γ > 0 γ < 0

E > 0
✓

k = |γ|
2 tan(kl/2)

✓

k = − |γ|
2 tan(kl/2)

In appendix A the details are given regarding the derivation of Eq. (2.7) as a

solution of the stationary Schrödinger equation for the potential given by Eq. (2.6) and

E = −k2. In Fig. 2.4, representative wavefunctions have been drawn inside the potential

well. Fig. 2.5 shows the asymmetric splitting of the lowest energy levels of this problem.

From these exactly solvable problems we can appreciate that energy levels unfold

asymmetrically for small values of the corresponding relevant parameter, thus finding the

spectral asymmetry to be an inherent phenomenon of a dimeric quantum system with

strong coupling. In the next section, we are going to obtain the explicit expressions for the

energies of a dimer from a tight-binding model with a non-orthogonal basis, giving place to

yet another deformed dimeric spectrum.



10 2.2 Review of asymmetrical splitting in dimers

Figure 2.4: Ground state probability distributions according to the sign of γ and the energy

of the wave. Left panel: attractive delta; both positive and negative bound state energies

are allowed. Right panel: repulsive potential inside the box. The green arrow represents

the sign of the potential.

4π2/l2

π2/l2

9π2/l2

ES

EA

γ

E

Figure 2.5: Lowest energy levels as a function of γ. Negative (positive) values correspond

to a repulsive (attractive) potential.
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2.3 Tight-binding model with non-neglible nearest-neighbor

overlaps

Here it is shown that, by considering a non-orthogonal basis of localized states, one

can describe the spectral deformation of a pair of potential wells. The proposed formalism

will enable us to explore other systems beyond the double square well problem.

In the tight-binding approximation we take localized states (atomic orbitals), de-

noted by |n⟩, as our Wannier functions, which obey ⟨n|m⟩ = δnm. Now, we will work under

the assumption of overlapping of atomic orbitals, namely

⟨n|m⟩ ≠ δnm, (2.8)

so that this time we do not know the Wannier functions of the system. For a dimer, we are

interested in the non-orthogonal basis {|1⟩ , |2⟩} such that

⟨1|1⟩ = ⟨2|2⟩ = 1, 1 > ⟨1|2⟩ = ⟨2|1⟩ = ϵ > 0. (2.9)

We want to find the spectrum and eigenstates of a tight-binding Hamiltonian which, in the

basis just introduced, is written as

H = E0(|1⟩⟨1|+ |2⟩⟨2|)−∆(|1⟩⟨2|+ |2⟩⟨1|). (2.10)

It is important to note that ∆ and E0 are tight-binding parameters, but they can be defined

in terms of overlap integrals of the Hamiltonian. In Eqs. (2.25) and (2.26) both ∆ and ϵ

are expressed as functions of the distance between wells. Given the nature of this basis,

we cannot use it to write the matrix representation of the Hamiltonian operator directly.

However, we can make a change of basis such that it diagonalizes the hermitian operator H,

leading automatically to orthogonality. To do this let us consider the inner product matrix

D :=

⟨1|1⟩ ⟨1|2⟩
⟨2|1⟩ ⟨2|2⟩

 =

1 ϵ

ϵ 1

 (2.11)

which is diagonalized to D̃, given by

D̃ =

1− ϵ 0

0 1 + ϵ

 =:

(1|1) (1|2)
(2|1) (2|2)

 (2.12)
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through a similarity transformation that employs the matrix

P =
1√
2

 1 1

−1 1

 (2.13)

with inverse P−1 = P T , such that D̃ = P−1DP . In Eq. (2.12), we have made use of

a round parenthesis to denote the resulting orthogonal vectors according to the following

expressions

|1) =
1√
2
(|1⟩ − |2⟩), (1|1) ̸= 1, (2.14)

|2) =
1√
2
(|1⟩+ |2⟩), (2|2) ̸= 1. (2.15)

Furthermore, the normalized basis will be denoted with round parenthesis and a tilde ac-

cording to

|̃1) =
1√
1− ϵ

|1) = 1√
2

1√
1− ϵ

(|1⟩ − |2⟩), (̃1|1̃) = 1, (2.16)

|̃2) =
1√
1 + ϵ

|2) = 1√
2

1√
1 + ϵ

(|1⟩+ |2⟩), (̃2|2̃) = 1. (2.17)

In this new basis, H = EA |̃1)(̃1|+ ES |̃2)(̃2| is already diagonal, with eigenvalues

EA ≡ E1 =
1 + 2ϵ

1 + ϵ
(E0 +∆) , ES ≡ E2 =

1− 2ϵ

1− ϵ
(E0 −∆) . (2.18)

It is important to note the state labeled by 1 corresponds to the antisymmetric state (higher

energy) whereas the state 2 is the symmetric one (lower energy). The splitting of these

energy levels as a function of couplings and distances is shown in Figs. 2.6 and 2.7. There,

one can appreciate that such levels separate asymmetrically from the degenerate bound

state energy value as the couplings and overlap parameter increase. It is important to point

out that this effect emerges without having to resort to the introduction of next-nearest-

neighbors, something that cannot be done in this problem.
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ϵmax
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Figure 2.6: Spectral asymmetry as a function of couplings with ϵ as an independent pa-

rameter, ϵmin = 0 and ϵmax = 0.305.
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(a) Energy levels as a function of couplings

between wells. We took ϵ proportional to ∆ and

ϵ < ∆/E0.

ϵ0=0.2

5 10 15 a

Δ0

E

ES

EA

(b) Energy levels as a function of separation

between wells, with ϵ proportional to ∆.

∆ = ∆(a) and ϵ = ϵ(a) are given in Eqs. (2.25)

and (2.26).

Figure 2.7: Double well energy splitting. In panel (a) we see that the lowest energy levels

open in an asymmetrical manner. Panel (b) shows that the spectral asymmetry is enhanced

as the distance between wells decreases.
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d

A(d)

Figure 2.8: Spectral asymmetry as a function of the distance between wells, as measured

from the edges.

To quantify how asymmetric or deformed the spectrum is with respect to the

isolated resonance, we can make use of the following function

A(d) =
||E1 − E0| − |E2 − E0||
|E1 − E0|+ |E2 − E0|

, (2.19)

a definition that has the attribute of being invariant under the interchange of Ei, i = 1, 2.

The dependence of A with separation between potential wells is hidden in the expressions

for the energy levels, given by Eq. (2.18), for which ∆ is given by Eq. (2.25). Figure 2.8

shows the behavior of A for the dimer. As the splitting between energies becomes equal,

in the regime of long distances, the asymmetry of the spectrum disappears. On the other

hand, when potential wells get close, A grows exponentially.

2.4 Quantum emulation with dielectric media

In the regime where one can approximate the dynamics of electromagnetic fields

in cavities by an effective Schrödinger equation, see Ref. [30], section II. A. 3, all of our

considerations so far can be tested. This is briefly discussed in the following lines.

2.4.1 Electromagnetic-to-quantum analogy in 1D

In this part we are going to approximate the dielectric cylinders involved in the

experiment, described in Fig. 2.1, by a pair of dielectric slabs, see Fig. 2.9. This approx-

imation constitutes a source of inaccuracy, nonetheless this simple treatment has shown

good agreement between theoretical predictions and experimental data as can be seen in
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Fig. 2.2. The corresponding problem with cylindrical symmetry can be worked out as well,

but we proceed with a 1D model for simplicity. We start by considering the Helmholtz wave

equation,

∇2E+
µε (r)ω2

c2
E+∇

[
1

ε(r)
E · ∇ε(r)

]
= 0, E ⊥ ∇ε(y) (2.20)

where ε and µ are the relative permittivity2 and permeability of the medium, respectively,

c is the speed of light and ω is the wave’s frequency. Due to the geometry, E · ∇ε = 0.

Then, assuming a TE mode of the form E = ϕ (y) eikzzx̂ and reading ε (r) from Fig. 2.9, it

can be shown that the differential equations describing ϕ (y) can be compactly written as[
− ∂2

∂y2
+ U0Θ(L/2− |y|)

]
ϕ(y) = Eϕ(y), (2.21)

where Θ is the Heaviside function, and

U0 ≡
(ε2 − ε1)ω

2

c2
< 0, E ≡ ε2ω

2

c2
− k2z = Eeff − k2z < 0. (2.22)

Eq. (2.21) constitutes an effective Schrödinger equation.

Figure 2.9: Slab with dielectric constant ε1 inside a medium of permittivity ε2. A TE mode

is assumed for this system. Bound states appear inside the ε1 region if ε1 > ε2.

In our emulation, the TE mode chosen is the fundamental one, for which kx =

0, as can be obtained from eikxx = 1 for an infinite slab, or from Neumann conditions,

cos(kxx) = 1, for a finite system bounded by conductive plates in the x direction. In the

z direction, a plane wave corresponds to free propagation along optical axis (e.g. optical

2ε, the relative permittivity of a medium, must not be confused with ϵ, the overlap parameter.
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fibers) for which kz > 0 strictly and E < 0. If, instead, bounding plates are present in z = 0

and z = Lz, we employ the fundamental mode sin(kzz) = 0 for which kz = π/Lz guarantees

the existence of the trapped wave E < 0. Finally, the expression for the effective energy

Eeff =
ε2ω

2

c2
, is used to change variables from frequency to effective energy so that we could

compare the experimental data with the theoretical model.

2.4.2 Effective laws for couplings and overlaps

To complete our analogy, let us consider bound state wavefunctions. We have

ϕ(y) = N cos qy, −L/2 < y < L/2, (2.23)

for the inner region of the slab, with q =
√
|U0| − |E|, and

ϕ (y) = Ñ ×


exp

(
−|y−L

2 |
λ

)
if y > L

2 ,

exp

(
−|y+L

2 |
λ

)
if y < −L

2 ,
(2.24)

for the outer region. N and Ñ are normalization constants. The penetration depth is given

by λ = 1/
√

|E|.

When considering a pair of parallel slabs, separated by a distance d, the evanescent

functions in the region between them give place to couplings

∆(d) = −⟨n|H|n± 1⟩ ≈
∫ L

2
+d

L
2

dyϕn
d2ϕn±1

dy2
≈ ∆0e

−d/λ (2.25)

and overlaps

ϵ(d) = ⟨n|n± 1⟩ ≈
∫ L

2
+d

L
2

dyϕnϕn±1 ≈ ϵ0e
−d/λ. (2.26)

Thus, by adjusting parameters, such as ∆0, which is proportional to ϵ0 (∆0 = ϵ0/λ
2),

and λ, we have succeeded in emulating the deformed spectrum of a pair of ceramic disks

with relative dielectric constant ε2 ≈ 36 [15], as shown in Fig. 2.2. In such a figure, the

agreement between the theoretical model, Eq. (2.18), and the experimental data is observed

to be good, even in this crude approximation. It is expected that if we had considered the

full geometry, i.e. proper cylindrical functions for bound states of a disk, namely Bessel

functions (J0) inside and modified Bessel functions outside (K0), then the accuracy would

improve but not dramatically, given the exponential tail of K0. Therefore, we find these
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considerations sufficient to illustrate the point that the overlapping nature of localized states

induce asymmetries in the frequency spectrum of dielectric arrays. It is important to stress

once more that the origin of the spectral deformation is due to ϵ and not by the asymmetry

induced by the quadratic (not linear) relation Eeff ∼ ω2, Eq. (2.22), as can be shown by

estimating the correction caused by the frequency dependence of energies, which results in

a small asymmetry due to the appearance of a 1/(ε2 − ε1)
3/2 ∼ 4.8× 10−3 factor3.

Having shown that it is possible to explain the experimentally-found spectral de-

formation of a dimer, in the next chapter we proceed to extend our treatment by considering

a periodic array of potential wells.

3This approximation would be valid for many other media of high dielectric constants, but the present
value was specified by a manufacturer and supplier of ceramic disks, and reported in [15].



Chapter 3

Band asymmetry in translationally

invariant systems

In the present chapter the formalism of tight-binding models with non-orthogonal

orbitals is applied to a periodic chain. An asymmetrical energy band emerges from these

considerations. The resulting dispersion relation is then compared with a deformed band

coming from a Kronig-Penney potential, which has an infinite number of them. The com-

parison is enriched by the further addition of the spectrum produced by a tight-binding

model with orthogonal localized states. The limitation of the latter model is discussed and

the advantages of the non-orthogonal orbitals approach are underlined. We find pertinent

to start our discussion by explaining the presence of a band index in tight-binding mod-

els. This is done through the exposition of the mapping of the spectrum produced by an

arbitrary periodic potential to a tight-binding chain of infinite neighbors.

3.1 Periodic potentials and tight-binding models

It is well known that periodic potentials lead to energy bands [35]. See Fig. 3.1.

States in each of these bands can be characterized by a wavenumber, i.e. quasimomentum

q, and a band index, i, namely |q, i). These vectors are orthogonal to each other, as they

diagonalize a hermitian energy operator:

(k, j|q, i) = δ(q − k)δij , (3.1)

18
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and constitute the Bloch basis. In this basis, the Hamiltonian, H, of a particle moving in

a periodic potential, has matrix elements

(k, j|H|q, i) = Ei(q)δ(q − k)δij , (3.2)

with k, q ∈ [−π, π] .

q

E

1-1 f

E

Figure 3.1: Left panel: Energy bands as obtained from Kronig-Penney model. The spectrum

corresponds to a potential that consists of a train of delta pulses. Right panel: The black

curve represents a simplified version of the right hand side of Eq. (3.24), while the red

vertical lines delimit the range of the cosine function, corresponding to the left hand side.

On the other hand, we have bases which are specified by discrete labels, indicating

the position in the lattice, n = 0,±1,±2,±3, . . . , and the corresponding band number,

i = 1, 2, 3, . . . . The latter is usually omitted when working in a one-band approximation.

We identify two sets of states with the same indices in this thesis: the angle-shaped basis,

{|n, i⟩}, will represent non-orthogonal localized states whereas the round bracket (or paren-

thesis) basis, {|n, i)}, will be used throughout this work to denote Wannier states, which

are orthogonal to each other; n is given by n = x/a, with a being the lattice parameter and
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x the continuous position along the chain.

The so-called Wannier states obey

(n, i|m, j) = δnmδij . (3.3)

Introducing Tj , the lattice-translation operator of the j-th band, such that

T h
j |n, j) = |n+ h, j), (3.4)

with h ∈ Z, we see that these states are not Tj eigenkets. Neither are energy eigenkets,

because H acting on |m, j) has the following effect

H|m, j) =
∞∑

n=−∞
∆j

n|m+ n, j), (3.5)

where ∆j
n stands for the coupling to the n-th neighbor in the j-th band. Due to transla-

tional symmetry, couplings do not depend on the position in the chain. However, couplings

connecting neighbors separated by a distinct number of sites, say n and n′, are indeed dif-

ferent, hence the subscript n for ∆ in the previous expression. We also wish to point out

that, in our notation,

∆j
0 = Ej

0 (3.6)

is the on-site energy for the j-th band. So, using this set of states, we have

(n, i|H|m, j) =
∞∑

l=−∞
∆j

l (n, i|m+ l, j) =
∞∑

l=−∞
∆j

l δn,m+lδij . (3.7)

i.e.

(m+ l, j|H|m, j) = ∆j
l . (3.8)

Another way of addressing the previous calculation is by making use of the closure

relation of the Bloch basis, namely

(n, i|H|m, j) = (n, i|H
∞∑
h=1

∫ π

−π
dq|q, h)(q, h|m, j)

=
∑
h

∫
dq(n, i|q, h)Eh(q)(q, h|m, j), (3.9)

where the coefficients (n, i|q, h) are Bloch waves1, which are given explicitly by

(n, i|q, h) = 1√
2π
eiqnδih, (3.10)

1It is easy to see that (n, i|T |q, h) = e−iq(n, i|q, h) = (n− 1, i|q, h) has as solution Eq. (3.10).
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where the lattice parameter has been set equal to one, i.e. a = 1, for simplicity. Thus, upon

substitution, we arrive at

(n, i|H|m, j) =
∑
h

∫
dq

1√
2π
eiqnδihE

h(q)
1√
2π
e−iqmδhj ,

= δij

∫
dq

1√
2π
eiqnEj(q)

1√
2π
e−iqm,

= δij
1

2π

∫
dqeiq(n−m)Ej(q), (3.11)

and using the fact that only n = m + l and i = j contribute, as found previously, see Eq.

(3.7), we finally have

(m+ l, j|H|m, j) =
1

2π

∫
dqeiq(m+l−m)Ej(q) =

1

2π

∫
dqeiqlEj(q) = ∆j

l , (3.12)

where we have recalled Eq. (3.8). This is the expression for the coupling to the l-th neighbor

in the j-th band, given as a Fourier transform of the spectrum. So, we can always find ∆’s

such that a specific E, periodic in q, can be obtained. This important result tells us that

we can always map the spectrum of a periodic chain to a tight-binding model with as many

neighbors as wished. Of course, in practice we can restrict ourselves to nearest neighbors

only, as explained below.

In the light of these results, we write the decomposition of H using a Wannier

basis as

H =
∑
l,j

∆j
l |n+ l, j)(n, j| =:

∑
l,j

∆j
lT

l
j (3.13)

where we have introduced the definition for lattice-translation operators for arbitrary bands.

We see from the previous equations that, if we restrict ourselves to a nearest-neighbor

Hamiltonian, then the tight-binding model with dispersion relation

Ej
TB(q) = Ej

0 + 2∆j
1 cos(q) (3.14)

with couplings as in Eq. (3.12), is the best nearest-neighbor tight-binding Hamiltonian

that we could possibly come up with to describe the j-th band of the energy spectrum

of a periodic system, namely Ej(q). These facts can be employed to compare the energy

spectra as predicted by different models such as the non-orthogonal tight-binding model,

the orthogonal one, and the Kronig-Penney model. Evidently, the most general result

Ej(q) =
∞∑

l=−∞
∆j

l e
iql, ∆j

−l = (∆j
l )

∗ (3.15)
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asserts that we can write the dispersion relation Ej(q) as a Fourier series made of the phases

eiql and coefficients given by ∆j
l . There is another subtle observation: Eq. (3.12) allows to

see that the contribution to the spectrum from the l-th neighbor in the form of coupling

goes as 1/l at best. Hence, the usual truncation of the tight-binding energy spectrum to

just a few neighbors is justified, in view of the attenuation of further neighbor couplings.

The said dependence can be made explicit by a change of variables, just take u = ql in

Eq. (3.12), implying dq = du/l. Additionally, second neighbors can produce asymmetrical

bands.

3.2 Spectral deformation in a periodic system

In the ensuing lines, we are going to solve for the spectrum of a non-orthogonal

tight-binding model with the aim of exposing its asymmetric nature and the power of our

method. Then, we shall compare our results with the one obtained from a typical matching

procedure across boundaries for the Kronig-Penney potential for excited bands, typically

non symmetrical with respect to their centers.

Let us consider an infinite system of evenly spaced potential wells. Assuming

overlapping localized isolated states, we write the corresponding tight-binding Hamiltonian

as

H = ∆
∑
n

|n⟩⟨n+ 1|+ h.c + E0

∑
n

|n⟩⟨n| , (3.16)

in the one-band approximation, with non-orthogonal kets such that

⟨n|n± 1⟩ = ϵ, ⟨n|n⟩ = 1. (3.17)

A note is in order concerning the presence of ϵ in a dense configuration of potential wells.

For certain parameters of the Kronig-Penney model, it is observed that low-lying bands

tend to be symmetrical, so Eqs. (3.16) and (3.17) should be intended for the description

of higher energy bands. To fix ideas, we may choose i = 3, as studied in the next section.
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The matrix of inner products turns out to be, by translational symmetry, the following

D =



. . . ϵ 0 0 0

ϵ 1 ϵ 0 0

0 ϵ 1 ϵ 0

0 0 ϵ 1 ϵ

0 0 0 ϵ
. . .


. (3.18)

The form of Eq. (3.18) suggests that the basis that diagonalizes H and thus D is

|θ) =
∑
n

eiθn |n⟩ . (3.19)

These vectors are indeed orthogonal, but not orthonormal:

(θ|θ′) = 2πδ(θ′ − θ)(1 + 2ϵ cos θ). (3.20)

The orthonormal basis in this case will be denoted by a tilde over the state and it is obtained

by dividing by the square root of the eigenvalue of D, namely

|̃θ) = 1√
2π

1√
1 + 2ϵ cos θ

|θ) = 1√
2π

1√
1 + 2ϵ cos θ

∑
n

eiθn |n⟩ , (̃θ|θ̃′) = δ(θ− θ′), (3.21)

where the band index has been omitted, in such a way that the stationary Schödinger

equation H |̃θ) = Eθ |̃θ) gives the correct energy,

Eθ = E0(1 + 2ϵ cos θ) + 2∆ [cos θ + ϵ(1 + cos 2θ)] . (3.22)

We thus see that the non-orthogonality, ϵ, and the cos 2θ term go hand in hand. In an

effective way, the term cos 2θ can be regarded as a second-neighbor contribution although all

we have done is simply fix the model by an non-negligible overlap. The resulting expression

for Eθ is plotted in the next section, and it is compared against bands coming from a

tight-binding model with orthogonal states and the exact Kronig-Penney model.
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3.3 Asymmetric spectrum in the Kronig-Penney model vs

deformed tight-binding bands

-L a

x

V (x)

-V0

... ...

Figure 3.2: Kronig-Penney potential. Infinite chain of potential wells of depth −V0 and

width L separated a distance a.

Let us start by defining the Kronig-Penney potential [28], which is illustrated in

Fig. 3.2. The function that characterizes the system is periodic, with period equal to

L+a, where L is the width of the potential wells and a is the distance between consecutive

potential wells measured from the edges. We have

V (x) =

−V0, if x ∈ Ω1 := (−L, 0),

0, if x ∈ Ω2 := (0, a).
(3.23)

The method of smooth matching of the wavefunction and its derivative at the discontinuities

of the potential, as well as the use of Bloch’s theorem with quasimomentum q, gives the

condition

cos q(a+ L) = cosαL cos ka− k2 + α2

2kα
sinαL sin ka, (3.24)

where α =
√
V0 + k2 and k2 = E > 0. The case E < 0 can be studied by changing k → ik.
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Figure 3.3: Comparison between the exact spectrum of the Kronig-Penney model ver-

sus those obtained from tight-binding models with both orthogonal and non-orthogonal

localized states. The third band of the energy spectrum has been chosen for the com-

parison.

As it is shown in Fig. 3.3, it is possible to find values for the a, L and V0 parameters

such that the energy bands show an asymmetry between its lower and upper part, which

can only be described with corrected tight-binding models. These corrections could come

from overlapping orbitals or from multiple neighbors. As we have shown in the previous

section, the treatment with non-orthogonal orbitals for dense arrays gave rise to correcting

factors in the spectrum that depend on ϵ. The agreement in Fig. 3.3 is excellent. It will

be our job to extend these treatments to non-periodic potential well configurations in the

development of this thesis.



Chapter 4

Wannier functions for chains with

overlapping orbitals

The present chapter deals with Wannier functions (WFs), which are explicitly

obtained for a pair of systems: the dimeric array of potential wells and a translationally

invariant structure. We start with the simplest of these cases, i.e., the WFs for the double

square well. Then, we review the Wannier transform in order to estimate WFs for a periodic

configuration of potential wells. The kernel of the Wannier transform is further studied by

choosing two types of modulating functions which gives rise to WFs of different shapes.

4.1 Wannier functions for a dimer

As anticipated in the preamble, we begin by defining the WFs for a system con-

sisting of only two potential wells; this result, although simple, aids to gain physical in-

tuition about the shape of WFs. By discrete-Fourier-transforming the orthonormal basis,

Eq. (2.16), we arrive at the Wannier states corrected by the non-orthogonality of atomic

orbitals, namely

|wL) =
1

2

(
1√
1− ϵ

+
1√
1 + ϵ

)
|1⟩+ 1

2

(
1√
1 + ϵ

− 1√
1− ϵ

)
|2⟩ , (4.1)

|wR) =
1

2

(
1√
1 + ϵ

− 1√
1− ϵ

)
|1⟩+ 1

2

(
1√
1− ϵ

+
1√
1 + ϵ

)
|2⟩ , (4.2)

which for small ϵ reduce to

|wL) = |1⟩ − ϵ

2
|2⟩ |wR) = |2⟩ − ϵ

2
|1⟩ , (4.3)

26
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making evident the small correction introduced by the non-orthogonal nature of the localized

basis (see Fig. 4.1). The orthogonality property can be easily checked by projecting kets

between each other. We learn from this simple example that WFs do not differ a lot from

isolated states in a dilute regime of potential wells. When this is not the case, WFs acquire

an oscillating exponential tail in order to ensure orthogonality with its neighboring function.

(a) (b)

Figure 4.1: WFs (dark blue) for a dimer to first order in ϵ. (a) WFs for small potential

well interdistance. In this regime, WFs differ notoriously from ground state wavefunctions

(cyan) of isolated potential wells. The latter are represented by brown regions. (b) WFs for

wells far apart. The more separated the wells are, the more WFs resemble isolated bound

states. This color code will be used throughout this chapter.

4.2 The case of periodic arrays

Here, after the introductory yet important example of the calculation of WFs for

a pair of disks modeled by two potential wells, we proceed to explain the procedure for

obtaining WFs for a periodic system. Given a localized non-orthogonal basis {|n⟩} and a

discrete translation operator, T , with eigenstates |θ), we can write

|θ) =
∑
n

cn |n⟩ . (4.4)

Using the translational symmetry, [H,T ] = 0, it can be shown that cn = einθ, just as we

did in the previous chapter. There, it was shown how to normalize such basis, see section

3.2. By recalling Eq. (3.21), written as

(̃θ|θ̃′) = |N |22πδ(θ′ − θ)(1 + 2ϵ cos θ) = δ(θ − θ′), (4.5)
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we note that we can introduce any complex number of unit modulus in the normalization

constant, N . This may include functions of θ, in general, eif(θ), which gives

N =
1√
2π

eif(θ)√
1 + 2ϵ cos θ

. (4.6)

The phase eif(θ) embodies a degree of freedom in the definition of WFs for the system under

study, a point that shall be revisited in further sections. Thus, we can rewrite Eq. (4.4)

normalized as

|̃θ) = 1√
2π

∑
m

ei(mθ+f(θ))

√
1 + 2ϵ cos θ

|m⟩ . (4.7)

The Fourier transform, F , is a unitary operation and it preserves orthogonality.

Hence, the application of F on |̃θ) does not land on the non-orthogonal basis {|n⟩}. We

rather introduce the round bracket notation for orthogonal states

|n) =
1√
2π

∫ π

−π
dθe−inθ |̃θ) = 1

2π

∫ π

−π
dθe−inθ

∑
m

ei(mθ+f(θ))

√
1 + 2ϵ cos θ

|m⟩

=
1

2π

∑
m

|m⟩
∫ π

−π
dθ
ei[(m−n)θ+f(θ)]

√
1 + 2ϵ cos θ

, (4.8)

obtained from Fourier transforming the orthogonal Bloch states. The band index has been

omitted for simplicity, but can be restored in the kets, e.g. |m⟩ → |m, i⟩. In a compact way,

by defining the kernel of the transform as

Km−n =
1

2π

∫ π

−π
dθ
ei(m−n)θ+if(θ)

√
1 + 2ϵ cos θ

(4.9)

we can restate the previous result as

|n) =
∞∑

m=−∞
Km−n |m⟩ . (4.10)

This operation, which takes as input non-orthogonal localized isolated states and gives back

a set of vectors orthogonal to each other, is known as the Wannier transform of |m⟩. In

the following pages, the kernel will be evaluated for some phases, but before doing this, we

review an important property of WFs.

4.2.1 Wannier functions: translation invariance property

When projecting a Wannier state, Eq. (4.10), to position space, one obtains a

WF, namely

Wn(x) := ⟨x|n) =
∞∑

m=−∞
Km−n ⟨x|m⟩ , (4.11)
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where ϕm(x) := ⟨x|m⟩ is the wavefunction for the non-orthogonal orbital. In a 1D periodic

lattice, isolated atomic orbitals are translationally invariant, namely

ϕm(x) = ϕ0(x− am), ϕ0(x) = ϕ(x), (4.12)

where a is the lattice parameter and the ground state wavefunction centered at the origin,

ϕ(x), can be seen in Fig. 4.1 (cyan colored). The aforementioned property is inherited by

WFs. To show that this is indeed the case, define q = m− n, and rewrite Eq. (4.11) as

Wn(x) =

∞∑
q=−∞

Kqϕ(x− aq − an). (4.13)

Finally, we define W0(x) :=
∑

qKqϕ0(x − aq) as the WF centered at the origin, such that

Wn(x), given by Eq. (4.13), is obtained by translating the function just defined. WFs are

orthogonal by construction, (m|n) = δmn, and this statement is equivalent to∫ ∞

−∞
W ∗

0 (x− am)W0(x− an)dx = δmn, (4.14)

where we have used Eq. (4.13).

4.3 Estimating Wannier functions

We now want to evaluate the kernel Km−n for a couple of phases, which have the

effect of making the WFs broader or narrower as well as changing its shape, thus producing

different types of localization. Recalling

Km−n =
1

2π

∫ π

−π
dθ
ei(m−n)θ+if(θ)

√
1 + 2ϵ cos θ

, (4.15)

where m− n is the discrete position difference, f(θ) embodies the freedom of phase in the

definition of the transform, the denominator represents the normalization adjustment due

to lack of orthogonality, and 1 ≫ ϵ > 0. Note that if f → 0 and ϵ→ 0, then Km−n → δnm,

as expected. So, in the following, by picking out some functions with critical points for

f , it is shown that one can obtain WFs of different shapes all obeying the orthogonality

condition. It is important to note that the problem of maximally localized WFs has been

solved in 1D [36], although the question is still open in higher dimensions. WFs are relevant

for understanding electronic distributions in atoms or electromagnetic radiation around

obstacles. This important basis has become relevant in the field of computational condensed

matter physics, specifically in the study of electronic properties of materials.
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4.3.1 Wannier functions without modulation: the case f(θ) = 0

In this section we are going to exploit the fact that the correcting factor due to

non-orthogonality, given by
1√

1 + 2ϵ cos θ
, (4.16)

can be expanded in a Taylor series in order to evaluate the Wannier transform for the case

f(θ) = 0. Here, it will result useful the fact that cos2 θ can be written in terms of cos 2θ

and cos θ and similarly for higher powers of cos θ. By taking advantage of the previous

observation, we are led to the Fourier transform of cosk θ as being equal to

∫ π

−π
dθeiqθ cosk θ = 2π


0, if k − q is odd( k

k−q
2

) 1

2k
=

2−kk!

(k−q
2 )!(k+q

2 )!
, if k − q is even,

(4.17)

where q should be understood as m − n; this identity can be found in Appendix B. Then,

we expand the correcting factor as a Taylor series around ϵ = 0,

1√
1 + 2ϵ cos θ

= 1− 1

2
2ϵ cos θ +

3!!

2!22
4ϵ2 cos2 θ + . . .

=
∞∑
n=0

(−)n(2n− 1)!!

n!2n
(2ϵ)n cosn θ, (4.18)

where the double factorial notation has been employed. Now, the kernel can be evaluated

by substituting the previous identities in Eq. (4.15), the result being

2πKq =

∫ π

−π
dθeiqθ

∞∑
k=0

(−)k(2k − 1)!!

k!2k
(2ϵ)k cosk θ

=
∞∑
k=0

(−)k(2k − 1)!!

k!2k
(2ϵ)k


2π

2k
k!(

k−q
2

)
!
(
k+q
2

)
!

if k − q is even,

0, otherwise.

The result just obtained is useful for evaluating Eq. (4.11), or (4.13). For example, we have

K0 = 1, K±1 = − ϵ
2
, (4.19)

as nearest-neighbors contributions. This leads to

Wn(x) ≈ ϕn(x)−
ϵ

2
[ϕn−1(x) + ϕn+1(x)] . (4.20)
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We see that the kernel, K, takes a few of the neighboring wavefunctions and subtracts

them from the localized on-site orbital. Figure 4.2 shows the resulting WF according to

Eq. (4.20). In such figure, contributions to the shape of the WF arise only from nearest-

neighbor isolated states. In fact, WFs can be estimated to higher orders of ϵ, for example,

Fig. 4.3 depicts WFs up to 2nd order in ϵ. Of course, higher powers of ϵ become each time

smaller, thus we can drop further terms from our considerations.

Figure 4.2: WF (dark blue) to first order in ϵ for a periodic system, without modulation.

The transform responsible for producing such function modifies the on-site non-orthogonal

ket by adding to it neighboring states weighed by the small overlap, ϵ.

Figure 4.3: WF to second order in ϵ, i.e. with next-to-nearest neighbors contributions. It

can be seen that this WF oscillates twice.
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4.3.2 Stationary phase approximation for f(θ) ̸= 0

θ

1

1 + 2 ϵ cos θ

Figure 4.4: The correcting factor, 1/
√
1 + 2ϵ cos θ, is drawn in blue. This term, originated

from normalizing a non-orthogonal basis, does not oscillates significantly. In orange, the

constant function equal to 1 is shown. Thus, the term ei(qθ+f(θ)), appearing in the kernel of

the Wannier transform, dominates the oscillations of the integrand. The value of ϵ is 0.05.

The previous calculation was carried out while ignoring the modulation f(θ). This

time, let us consider a non-zero function for the computation of WFs. To preserve the

limit δm,n when ϵ → 0 (bona fide) we take f(θ) = ϵg(θ) so that f → 0 for a vanishing

overlap and introduce g(θ) such that it has a minimum at θ = 0, inside the interval [−π, π]
(first Brillouin zone). As an example, we choose f(θ) = ϵαθ2, where α is an adjustable

parameter. The quadratic form of f guarantees the existence of a stationary point for the

phase. Figure 4.4 illustrates the fact that the correcting factor due to non-orthogonality does

not oscillate significantly, which means that the term ei(qθ+f(θ)) dominates the oscillations

of the integrand in the kernel of the Wannier transform, Eq. (4.15). So, we can use the

stationary phase approximation in order to evaluate the following integral

Kq =
1

2π

∫ π

−π
dθ

ei(qθ+ϵαθ2)

√
1 + 2ϵ cos θ

. (4.21)

The phase in Eq. (4.21), defined as Φ := qθ + ϵαθ2, has a stationary point at θ∗ =

− q
2ϵα , which can be easily shown by solving Φ′(θ) = 0. This last observation, enables us to

approximate the integral to

Kq ≈ 1

2π

e−i q2

4ϵα√
1 + 2ϵ cos

( q
2ϵα

) ∫ π

−π
dθeiϵα(θ+

q
2ϵα

)2 , (4.22)
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where we have Taylor expanded the phase up to second order in θ, around the stationary

point, and have dropped higher order terms; we also have approximated the correcting

factor by its value at θ∗. There are two cases

−π < θ +
q

2ϵα
< π or

∣∣∣θ + q

2ϵα

∣∣∣ > π. (4.23)

In the first case, we can approximate the integral in Eq. (4.22), by

∫ ∞

−∞
dθeiϵαθ

2
=

√
π

iϵα
, (4.24)

and in the second case we take the integral previously referred as equal to zero since the

stationary point falls outside the integration region. This leads to the following estimation

for the kernel,

Km−n ≈ 1

2π

e−i
(m−n)2

4ϵα√
1 + 2ϵ cos

(
m−n
2ϵα

)

√

π
iϵα , if − π <

m− n

2ϵα
< π

0 otherwise,
(4.25)

when f(θ) = ϵαθ2. This produces a highly oscillatory WF, which is approximately given by

Wn(x) ≈
n+[2πϵα]∑

m=n−[2πϵα]

e−
i(m−n)2

4ϵα

2
√
iπ

√
1

ϵα+ 2ϵ2α cos
(
m−n
2ϵα

)ϕm(x)

≈ 1

2
√
πiϵα

n+[2πϵα]∑
m=n−[2πϵα]

e−
i(m−n)2

4ϵα ϕm(x), (4.26)

where we have dropped terms of second order in epsilon in the last expression. We note

from Eq. (4.26) that the phases, responsible for weighing the contributions to the resulting

WF from non-orthogonal orbitals, oscillate considerably because ϵ is a small parameter. A

collection of WFs for this case is presented in Fig. 4.5.
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Figure 4.5: Resulting WFs from a stationary phase approximation. A quadratic phase in θ

was used to ensure the existence of a non-trivial critical point for the phase Φ. Color code:

Dark blue - squared modulus of WF, red/green - real/imaginary part ofWn(x). Probability

distributions from non-orthogonal localized states are shown in cyan. The top panel has a

lower value for α making the WF narrower than the bottom panel.

4.3.3 Wannier function from a trigonometric phase

So far, we have calculated WFs for an infinite chain of evenly spaced potential

wells both with and without a modulating phase. As another example of the latter case, let

us explore a trigonometric phase instead of the polynomial one employed in the previous

section. We start with

Kq =
1

2π

∫ π

−π
dθ

ei(qθ+αϵ cos θ)

√
1 + 2ϵ cos θ

, (4.27)

where we have introduced f(θ) = αϵ cos θ. The evaluation of this integral is actually straight-

forward. We start by Taylor-expanding the correcting factor, which is something we have

previously done, see Eq. (4.18). Thus, we write

Kq =
1

2π

∫ π

−π
dθei(qθ+αϵ cos θ)

∞∑
k=0

(−)k
C2k−1
k

22k−1
2kϵk cosk θ, (4.28)
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where C2k−1
k stands for the binomial coefficient which appears due to its relation to the

double factorial, namely C2k−1
k = (2k − 1)!!2k−1/k!. Recalling Jacobi-Anger’s identity [38],

and the cosine series expansion

eiη cos θ =
∞∑

l=−∞
ilJl(η)e

ilθ, cosk θ =
e−ikθ

2k

k∑
r=0

Ck
r e

2irθ (4.29)

and substituting both results in Eq. (4.28), we are led to

Kq =
1

2π

∞∑
k=0

k∑
r=0

(−)k
C2k−1
k

22k−1
2kϵk

1

2k
Ck
r

∫ π

−π
ei{(q+2r−k)θ+αϵ cos θ}dθ (4.30)

and by making use of Eq. (4.29), the integral evaluates to∫ π

−π
ei{(q+2r−k)θ+αϵ cos θ}dθ = 2πik−q−2rJk−q−2r(αϵ) (4.31)

thus, the sum turns out to be

Kq(α, ϵ) =
∞∑
k=0

k∑
r=0

(−)k
C2k−1
k

22k−1
ϵkCk

r i
k−q−2rJk−q−2r(αϵ). (4.32)

This is our most general answer for the kernel of the Wannier transform when considering

a trigonometric phase.

Let us study the case when α → 0, which makes use of the property Jl(0) = δl,0,

translating into

Kq(0, ϵ) =
∞∑
k=0

(−)k

22k−1
ϵkC2k−1

k Ck
(k−q)/2, (4.33)

if k − q is even, and the summand is zero otherwise. One of the binomial coefficients,

Ck
(k−q)/2, shows that the most significant contribution is for q = 0. An additional point to

have in mind is the power of ϵ, since it also limits contributions to the kernel. Because ϵ is

small, few values of k are enough to get a good approximation. The resulting kernel, Eq.

(4.33), in the limit just discussed is in full agreement with the result without modulation,

Eq. (4.19), as expected.

Now, consider the limit αϵ ≫ 1, with ϵ ≪ 1 in Eq. (4.32). The caustics

of the Bessel function, Jk−q−2r(αϵ), are approximately delimited by the interval −αϵ ≲

k − q − 2r ≲ αϵ [31]. We can restrict ourselves to positive-indexed Bessel functions because

J−l = (−)lJl. Moreover, we cut the infinite sum in Eq. (4.32) to the N -th order in ϵ, i.e.
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we restrict k ≤ N , then, we find the following inequalities satisfied by all the variables that

come into play

N − q − 2r ≲ αϵ, N −m+ n− 2r ≲ αϵ (4.34)

and solving for the neighbor index, we find that it satisfies

m ≳ n− 2r +N − αϵ. (4.35)

From the last equation, it is seen that m is bounded in this approximation, thus estimating

the number of neighbors that contribute to creating the resulting WF. To lowest order in ϵ

for the correcting factor, i.e. k = 0, we can use the asymptotic form of Jl for large argument,

since αϵ≫ 1, ϵ≪ 1, obtaining

Kq(αϵ) = 2iqJq(αϵ) ∼ 2iq
√

2

παϵ
cos

(
αϵ− qπ

2
− π

4

)
, (4.36)

where |q| ≲ αϵ, in this case. In particular,

n = 0, =⇒ |m| ≲ αϵ (4.37)

obtaining an oscillatory sum

W0(x) = 2

[αϵ]∑
m=−[αϵ]

im
√

2

παϵ
cos

(
αϵ− mπ

2
− π

4

)
ϕ(x−ma). (4.38)

Such oscillatory solution behaves as depicted in Fig. 4.6. In this case, the width of the WF

is controlled by the α parameter.

Figure 4.6: |Wn(x)|2 (dark blue) obtained from a kernel with cosinusoidal phase with its

real (imaginary) part shown in red (green). The number of non-orthogonal states that make

up a WF is controlled by the α parameter.



4.3 Estimating Wannier functions 37

We have shown that it is possible to compute WFs for dense arrays of potential

wells for which overlapping of atomic orbitals cannot be ignored. In the dimeric case,

WFs consists of modified localized non-orthogonal isolated states in such a way that they

acquire oscillating exponential tails to ensure orthogonality between each other. On the

other hand, in a dilute regime, we saw that WFs resemble isolated states, thus justifying

the usual tight-binding approach with orthogonal orbitals.

Regarding compact periodic potential well structures, it is possible to calculate

WFs from the Wannier transform. This operation requires of the evaluation of a Kernel

which in turn has an ambiguity in his definition, we refer to the freedom of phase that

was explored throughout this chapter. Starting from an unmodulated WF, to first and

second order in ϵ0, we then considered two different phases for the transform. The first

one, a quadratic function, gave rise to a stationary point in the phase from which a highly

oscillatory WF emerged. The second modulating function was trigonometric and it led

to a WF whose width was controlled by the parameter α there introduced. All of these

resulting bases both in the dimeric and periodic cases were obtained by taking into account

the non-orthogonal nature of atomic states.



Chapter 5

Equispaced spectra from

non-orthogonal orbitals: towards

an electronic clock

In the present chapter, it is explained how to obtain a desired energy spectrum for

1D lattices for which the overlap between nearest-neighbor atomic states cannot be ignored.

We start from a generalized eigenvalue equation for non-orthogonal localized states, which

enables the design of compact arrays with equispaced energy levels. After implementing

both the required coupling law and on-site potential, and evaluating the spectrum, we

introduce the spectral rigidity as a measure of equispacedness. We then present an example

of an aperiodic chain with approximately evenly spaced energy levels. The evolution is

evaluated for a wavepacket, finding a periodic dynamics. Lastly, we discuss the possibility

of employing a structure of this type to construct an isochronous electronic device. The

working frequency for such a clock is estimated and a comparison is made against other

oscillators.

5.1 Secular equation for a deformed spectrum

In this section we are going to introduce an eigenvalue equation written in a basis

of non-orthogonal localized states. The energy equation

H |E⟩ = E |E⟩ , (5.1)

38
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which is written in spectral decomposition as

H =
∑
E

E |E⟩⟨E| , (5.2)

in the absence of degeneracy, will be our starting point in this discussion. We are going

to assume that Hmn = ⟨m|H|n⟩ is given. However, Hmn is not a matrix element in an

orthonormal basis. To illustrate the meaning of the previous sentence, take, as an example,

the Hamiltonian introduced in Eq. (2.10), namely H = E0(|1⟩⟨1|+ |2⟩⟨2|)−∆(|1⟩⟨2|+ |2⟩⟨1|),
where the kets are non-orthogonal. Then, Hmn can be computed by using the fact that

⟨m|n⟩ = δmn + ϵδm,n+1 + ϵδm,n−1. Furthermore, we know that there exists a non-unitary

transformation, A, that makes the inner product, encoded in D, orthonormal, i.e. A†DA =

1. In fact, A is such that |n) = A |n⟩, where the round (angular) kets stand for orthogonal

(non-orthogonal) states, as previously pointed out. This means that Dnm = ⟨n|m⟩ =

(n|(A†)−1A−1|m) = (n|(AA†)−1|m) is the hermitian matrix of inner products, thus defining

D in terms of A. The spectral decomposition of H, Eq. (5.2), can be multiplied by localized

vectors ⟨n| , |m⟩ , to get

⟨n|H|m⟩ =
∑
E

E ⟨n|E⟩ ⟨E|m⟩ , (5.3)

where, in the right-hand side, we can insert a complete set of orthogonal states and write

the non-orthogonal basis in terms of the orthogonal one, through the action of A, such that

we end up with

⟨n|H|m⟩ =
∑
r,s

(n|A†−1|r)
∑
E

E(r|E⟩⟨E|s)(s|A−1|m), (5.4)

which has the general form,

⟨n|H|m⟩ =
∑
r,s

(A†−1
)nr(diag {E})rs(A−1)sm. (5.5)

With this, it is straightforward to see that since D = (AA†)−1, as it was shown above, then

the secular equation is written as

|H − ED| = 0, (5.6)

where the matrices H and D are written in the non-orthonormal localized basis.

As an important application of the newly obtained secular equation, we can infer

the shape of operators when wavefunctions are of exponential type in interstitial regions,



40 5.2 Spectral deformation with nearest-neighbor overlaps and on-site potential

e.g. square wells. It is recognized that both D and H depend on the geometric array of

sites (atoms, potential wells, resonators, etc.) and that the overlap integrals,

Hnm =

∫
ϕ∗nHϕmdx ≃ ∆0e

−dnm/λ, n ̸= m, (5.7)

Dnm =

∫
ϕ∗nϕmdx ≃ ϵ0e

−dnm/λ, n ̸= m, (5.8)

scale in the same way as a function of the distance dnm between sites n,m.

Since Dnn = 1 and Hnn = E0, to zero-th order in the deformation (the original

model, a finite oscillator in a dilute regime [17], did not have on-site potential), we propose

a tridiagonal matrix, Ω, such that

H = ∆0Ω+ E01, D = 1+ ϵ0Ω. (5.9)

With this way of writing H and D, justified by the scaling law as dictated by evanescent

waves, we infer that [H,D] = 0 and that the secular equation is equivalent to∣∣∣∣∆0Ω+ E0

1 + ϵ0Ω
− E

∣∣∣∣ = 0, (5.10)

where ϵ0 is a small parameter and ∆0 is a constant with units of energy. The above equation

opens the door to the following possibility: we could manage to engineer Ω’s spectrum in

order to match a desired deformed energy spectrum E. We further explain this idea in the

following section.

5.2 Spectral deformation with nearest-neighbor overlaps and

on-site potential

From Eq. (5.10), an effective Hamiltonian is identified, Heff , which is defined as

Heff :=
∆0Ω+ E0

1 + ϵ0Ω
, (5.11)

whose spectrum E is to be designed. Until now, Ω is unknown, but its deviations with

respect to the orthogonal configuration can be estimated to first order in ϵ0, i.e. for Ω =

Ω0 + ϵ0δΩ, and, by expanding Heff , we have

|H0 + ϵ0 (∆0δΩ−H0Ω0)− E| = 0. (5.12)
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Given that E coincides with the spectrum of H0 = ∆0Ω0 + E0 (equispaced), we must look

for a correction δΩ that compensates the deforming effect to first order in ϵ0. Using the

first order correction formula of perturbation theory, we conclude

∆0 ⟨δΩ⟩ = ∆0

〈
Ω2
0

〉
+ E0 ⟨Ω0⟩ =

(En − E0)
2

∆0
+
E0(En − E0)

∆0
, (5.13)

in the notation |⟩ = |n⟩. For each n we have the result

⟨δΩ⟩n = En(En − E0)/∆
2
0, (5.14)

for whatever spectrum En we wish to emulate. For linear spectra, En = αn+ β, we have

⟨δΩ⟩n =
α2n2

∆2
0

+
2αβ − αE0

∆2
0

n+
β2

∆2
0

− βE0

∆2
0

, (5.15)

enforcing quadratic corrections in the geometrically designed operator Ω. Labeling n =

−j, . . . , j, according to the equispaced unperturbed problem, with solution Ω0 = Jx ∈
su(2)1, helps to appreciate that

TrΩ = ϵ0Tr δΩ = (2j + 1)
(β2 − βE0)

∆2
0

+
α2

∆2
0

j∑
n=−j

n2 ̸= 0, (5.16)

in general. This requires that δΩ contains diagonal elements whose sum does not vanish,

discarding pure coupling deformations. The quadratic deformation is encoded by the matrix

J2
z as the representation of the su(2) algebra, while off-diagonal terms may come from Jx

or Jy but we pick real matrices without loss of generality and write the general form

δΩ = AJ2
z +BJx + C (5.17)

where A,B and C are coefficients. We also have,

⟨x, n|J2
z |x, n⟩ = ⟨z, n|J2

x |z, n⟩

=
1

4

〈
J2
+ + J2

− + 2(J2 − J2
z )
〉
z

=
1

2

[
j(j + 1)− n2

]
, (5.18)

1The symbol su(2) denotes the Lie algebra defined by the commutation relation [Jl, Jm] = iϵlmnJn, where
Jk, k = 1, 2, 3 are the components of the angular momentum operator. This commutation relation also defines
the so(3) algebra because the SU(2) group is locally isomorphic to the group of rotations in three dimensions,
namely SO(3) [37]. Matrix elements are given by ⟨j′,m′| J± |j,m⟩ =

√
(j ∓m)(j ±m+ 1)δj′jδm′,m±1, and

⟨j′,m′| J3 |j,m⟩ = mδj′,jδm′,m. The quantum number m can take values from −j to j and j ∈ N/2. Hence
the tridiagonal Jx in our model.



42 5.2 Spectral deformation with nearest-neighbor overlaps and on-site potential

since
〈
J2
+

〉
=

〈
J2
−
〉
= 0. Hence

⟨δΩ⟩n =
Aj(j + 1)

2
+ C − An2

2
+Bn. (5.19)

With the help of (5.15) we adjust the coefficients, obtaining

A = −2α2

∆2
0

, B =
2αβ − αE0

∆2
0

, C =
β(β − E0)

∆2
0

+
α2j(j + 1)

∆2
0

(5.20)

such that we have the spectral rectifying perturbation

δΩ ≡ −2α2

∆2
0

J2
z +

α(2β − E0)

∆2
0

Jx +
β(β − E0)

∆2
0

+
α2j(j + 1)

∆2
0

. (5.21)

This expression is enough to achieve a spectrum αn + β, but further simplifications are

possible for our tight-binding systems if we recognize that ϵ0 → 0 =⇒ α → ∆0 and

β → E0, arriving at

δΩ = −2J2
z +

E0

∆0
Jx + j(j + 1), (5.22)

which leads to the following expression for the Hamiltonian

H = E0 + (∆0 + ϵ0E0)Ω0 +∆0ϵ0
[
j(j + 1)− 2J2

z

]
. (5.23)

The on-site potential, which used to be uniform, now controls the depth of the wells with

a new prescription

Vnz = E0 +∆0ϵ0
[
j(j + 1)− 2n2z

]
, (5.24)

which describes a faint parabolic profile around the baseline E0 = E, see Fig. 5.1.

-6 -4 -2 2 4 6 n

-20

-10

10

20

30

V (n)/Δ0ϵ0

Figure 5.1: On-site potential deformation required for obtaining an equispaced energy spec-

trum for a compact configuration of potential wells. E0 = 0 and j = 5.
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Regarding the net effect of the deformation, we observe, as a side note, that the

limit Dnn = 1 is correctly recovered to first order in ϵ0 because corrections to Ω enter with

ϵ0 and the overall effect results in ϵ20.

5.3 Spectral rigidity as a measure of equispaced spectra

Let us consider a set of N energy levels, in ascending order, {E1, . . . , EN}, and
denote it by Ξ. The spacing between successive elements of Ξ will be defined as Si =

Ei+1−Ei with i = 1, . . . , N − 1. A perfectly equispaced set of energy levels is characterized

for having all Si equal to a constant. Such constant will then be equal to the mean energy

spacing, S̄ =

∑N−1
i=1 Si
N − 1

. In this ideal scenario, the normalized spacings, defined as S̃i :=

Si/S̄, satisfy S̃i = 1, for all i. So, we normalize the elements of the set {Si}N−1
i=1 , by dividing

by S̄, to study the deviations from this case. Energies are also normalized with respect to

E0, obtaining the set Ẽn = En/E0.
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Figure 5.2: Normalized energy spectra (left panel) and spacings (right panel), for various

models with j = 6, i.e. 13 sites, ∆0 = 0.05, and E0 = 0.9. We chose ϵ0 ≈ 0.055. In the first

figure, the best result for an equispaced spectrum from non-orthogonal orbitals is shown in

red, for the corrected Hamiltonian, H, and the addition of the metric operator, D. The

rest of the models differ considerably from straight lines, except for (H0, 1), which, however,

describes a dilute array. This is verified in the second panel, where the corrected model

(blue circles) is closer to an equispaced spectrum than the original model (orange triangles).

Perfectly equispaced spectra would be represented by a horizontal line.

Figs. 5.2 and 5.3 show the resulting sets of normalized energies and spacings for
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both the fully-corrected Hamiltonian, Eq. (5.23), and a model that does consider the effect

of non-orthogonal orbitals for describing a compact array of potential wells. The former is

labeled by (H,D), and the latter by (H0, D), where the (, ) notation is to be understood

as the pair of operators that define the secular equation, |H − ED| = 0. Histograms of

the respective data are presented in Figs. 5.4 and 5.5. There, it can be seen again that

separations between consecutive energy values are distributed closer to 1 for the model

with corrections than for uncorrected one. The other pairs of operators, namely (H, 1) and

(H0, 1), describe a dilute chain of potential wells with and without a deformed Hamiltonian.
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Figure 5.3: Normalized energy spectra (left) and spacings (right). In this case, j = 10, i.e.

21 sites, ∆0 = 50, E0 = 17840 and ϵ0 = 0.01. In the second panel, the corrected model

(blue circles) is closer to an equispaced spectrum than the original model (orange triangles).
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Figure 5.4: Histogram of energy spacings for a chain with j = 6. For the full non-orthogonal

model (blue), the normalized energy spacings lie closer to 1 than for the tight-binding model

without correction (orange). The different panels show an increasing number of bins, 9 and

15, showing clear trends and differences between blue and orange histograms. For the

histogram at the left, σ(H0,D) = 0.2136 and σ(H,D) = 0.1130
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In order to measure energy equispacing, we introduce the spectral rigidity [39] as

σ =

√∑
i

pi(Ei − Ē)2, (5.25)

where Ē =
∑

i piEi is the mean energy and pi = fi/
∑

j fj is the probability distribution

extracted from bin frequency, fi, as read from the histograms. The more equispaced the

spectrum is, the smaller is the value of σ. This quantity was evaluated for the pairs (H0, D)

and (H,D), obtaining σ(H0,D) = 0.2136 and σ(H,D) = 0.1130 for 15 bins, thus verifying that

the corrected model is less spread than (H0, D). This impressive result was obtained for a

large value of ϵ = 0.055. However, better results can be obtained for smaller values of the

overlap, as shown in Fig. 5.3, where ϵ = 0.01. In this case the spectral rigidity results in

σ(H0,D) = 0.5661 and σ(H,D) = 0.0742, for the same number of bins.
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Figure 5.5: Histogram of energy spacings for a chain with 21 sites. A better coherence is

expected for the evolution in the corrected model. The different panels show an increasing

number of bins, 7, 13, 28, 57, with the corrected model (blue) having smaller spectral

rigidity, σ = 0.1, 0.074, 0.071, 0.074, than a model for a finite oscillator without corrections

(orange), σ = 0.5495, 0.5661, 0.5739, 0.5774. The listed values of σ are, respectively, for

panels from left to right and top to bottom.
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5.4 Coherent evolution: a realization of an electronic clock

In this section we present an example of an aperiodic configuration of potential

wells that has the virtue of possessing a nearly equispaced spectrum. This system is depicted

in Fig. 5.6. There, a configuration of three potential wells is shown with the ground state

wavefunction superimposed.

Figure 5.6: Deformed triple square well potential. This structure supports nearly equidis-

tant energy levels. The width of each well is L = 4 cells. The ground state is shown in blue.

The separation between wells, from left to right, as measured from their centers, is given

by d12 = 5, d23 = 5.5 cells.

The equispaced sprectrum was computed by both diagonalizing the matrix Hamil-

tonian and by evaluating the resonance spectrum from the discrete Schrödinger equation,

details of which are given in the next chapter. Both results coincide acceptably, as can be

seen in Fig. 5.7, where the position of the transmission peaks agrees well with the lowest

eigenvalues obtained from meshing the region that contains the system. In panel (b) of the

same figure, the three lowest energy levels are shown to form a ladder with nearly evenly

spaced steps. Then, a wavepacket was prepared inside this potential well structure as a

superposition of the eigenfunctions of the problem. The wavepacket evolved coherently,

as expected, for a few cycles, thus showing that an isochronous device can be engineered

with potential wells of equal depth and width, but whose separations are changed from the

periodic configuration, with an electronic wave packet moving in this structure constituting

the oscillator. In Fig. 5.8, snapshots of the resulting coherent evolution are presented. We

can see that after a certain period of time, τ , the wavepacket takes its original shape. In
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the following section, we estimate the working frequency for a clock of this type.
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Figure 5.7: Energy levels for the system shown in Fig. 5.6. E = 0.2260, 0.2924, 0.3550, in

units where V0 = 2[8ℏ2/mL2]. The level spacing for these levels results in 0.06639, 0.06262.

The spectrum was verified by both meshing the spatial window that contains the system and

by calculating the resonance spectrum. Transmission peaks coincide with the eigenvalues

obtained from diagonalization. In the right panel energy levels are presented in a way so as

to resemble a line with a constant slope.
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Figure 5.8: Snapshots of coherent evolution. A wavepacket evolves in time (green profile) in

an aperiodic structure that possess esquispaced energy levels. The evolution has a period of

τ = 98 for which the wavefunction at time t coincides with the initial wave packet (shown

in red). The array of potential wells is shown in blue.
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5.5 Discussion: electronic, atomic and quartz oscillations

In the following, the frequency for an electronic clock is estimated and the resulting

value is compared against existing isochronous devices.

The most used clocks nowadays are those that owe its functioning to mechanical

oscillations of a piezoelectric material, i.e. quartz clocks. The typical frequency of these

oscillators is approximately equal to 30 kHz. Although electronic clocks would not be the

most accurate in the world (the record being held by atomic clocks), the proposal of using

an aperiodic nanostructure for designing a clock, working with electronic wave packets, has

the potential of beating quartz in frequency, albeit it is more difficult to achieve this feat

in accuracy. Among the common parts of a clock we have a power source, an oscillator, a

controller, a counter and an indicator. To estimate the working frequency of an electronic

oscillator, we need the mean level spacing of an aperiodic structure with an equispaced

spectrum. For the system shown in Fig. 5.6, we got ∆E = 0.0645. Then, we can write the

frequency as

ω =
∆E

ℏ
. (5.26)

Using values such as m = 9.109 × 10−31 kg, for the mass of the electron, ℏ = 1.054 ×
10−34 Js, and L = 100 nm, for a typical potential well width in the nanometer scale,

see Ref. [32], we find that the mean energy spacing, in units of 8ℏ2/mL2 ≈ 8 ∗ 1.219 ×
10−24 ≈ 9.757 × 10−24 J, has the value of ∆E ≈ 6.293 × 10−25 J, resulting in a working

frequency ω ≈ 5, 970, 622, 461.302 rad/s. The frequency, f , is obtained by dividing the

angular frequency ω by 2π as reported in tables, so the result is one order of magnitude

less than the working frequency of atomic clocks, and four orders of magnitude above

quartz oscillations, making it a promising candidate for the replacement of current quartz

technology. It is important to mention that this crude example can be significantly improved

by looking for a more compact system of potential wells with more energy levels and with

lower spectral rigidity. We know that this is possible and that the array of potential wells

with these characteristics is not unique, in the sense that there are many solutions to the

inverse problem [27]. However, this task lies outside the scope of this work. This isochronous

device is compared with other oscillators in Table 5.1.
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Table 5.1: Clocks comparison. Typical working frequency and accuracy for some

isochronous devices.

Clocks

Name Oscillator Frequency (Hz ) Accuracy

Pendulum Hanging mass 2.006 Hz for a length

of 1 m

Half a second a day, 1

part in 150,000

Quartz Piezoelectric 32,768 Hz ±20 seconds/month,

20 parts in 2.592e+6

Atomic

(Cs-133)

Electrons 9,192,631,770 Hz 1/15,000,000,000 of a

second per year

Electronic

(this work)

Electrons 950, 254, 078 Hz, bet-

ter than Bloch oscil-

lations with mean life

10−12 s, and less than

10 cycles [33].

σ/N ≈ 0.074/21

= 0.0035

∼ 1 part in 284, as

achieved in this sec-

tion

Now the results of this section are summarized, we introduced a generalized eigen-

value equation for the energy spectrum of a tight-binding system with overlapping localized

atomic states. This problem originates from the findings reported in [17] where the spectrum

of a finite oscillator was found to be deformed when studying arrays with small potential well

interdistances. Then, it was noted that both the TB Hamiltonian and the overlap matrix

can be written in terms of a tridiagonal operator, called Ω, because couplings and overlaps

have a the same functional dependence. In the particular case of a finite oscillator model

in the compact regime, this observation enabled the design of Ω such that the spectrum

of the Hamiltonian for this system possesses an equispaced energy spectrum. It was found

that a faint parabolic profile is needed, when studying the regime of small overlaps. It was

verified that, when calculating the energy eigenvalues of tight-binding hamiltonians, with

and without correction, the initially deformed spectrum was indeed rectified by the pertur-

bation potential. The spectral rigidity, helped to quantify the degree of energy equispacing,

and was evaluated for a few examples, both dense and dilute, founding acceptably small val-

ues. Then, an example of aperiodic structure, without on-site potential deformations, that
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has evenly spaced energy levels was studied. Energy eigenvalues were obtained both with

diagonalization and a scattering approach, finding good agreement. The periodic evolution

of a wavepacket was presented. And, at the end of this chapter, the working frequency of

an all-electronic clock was estimated, finding it of the order of magnitude of atomic clocks.

This surpasses quartz mechanical oscillations. The additional chapter comprises the trans-

port properties for these arrays. Reflection and transmission properties should exhibit the

engineered spectrum of geometrically designed chains of resonators.



Chapter 6

Scattering in a shifted potential:

exploring the metamaterial’s

resonance structure

In this chapter, it is shown how to calculate transport properties such as trans-

mission and reflection coefficients from the discrete Schrödinger equation for engineered

potential-well configurations, characterized for possessing an approximate equispaced spec-

trum. The procedure to achieve this task is implemented in a numerical routine, which can

be found in Appendix C, and the resonance spectrum is then evaluated for both compact

and dilute arrays.

6.1 Transport in an aperiodic and compact chain

In the following, it is described how to obtain the resonance spectrum of an ar-

bitrary apodized potential using central discretization. We show how to propagate wave-

functions along the chain without smooth matching across regions, given their boundary

conditions at one end of the array. In order to solve for the wavefunction at every point of

the spatial window, we implement the method of continued fractions within the region of

interest, from which transmission and reflection coefficients can be retrieved.

52
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6.1.1 Discrete Schrödinger equation and change of reference of the po-

tential

In a real experiment with open systems, only scattering states can be prepared.

Thus, to discern the resonance structure of a system in a setting of this kind, it is necessary

to shift (to lift) the zero-point of the potential. This amounts to a change of the reference

energy such that Vmin = 0 and forcing the transmission channel to start at E = 0, in the

region where there is no potential. Evidently, we also need to open the system. This is

better explained if we consider, for instance, a harmonic oscillator potential. To explore the

bound states for this problem, one has to cut the potential to a certain height making it

look like a parabolic half pipe in a skating park. Outside of the parabolic trap, the potential

is set to zero, such that impinging plane waves can be prepared. In this way the resonance

spectrum of the half-pipe corresponds, approximately, to the bound states of the oscillator

if it were closed. This principle works also for a chain of potential wells. However, our

interest is to find a configuration of potential wells for a given resonance spectrum, which

can be proved by preparing and propagating a scattering state through the system. This is

done numerically in this work, evaluating R and T , as described in the following lines.

We start by writing the continuous Schrödinger equation

−d
2ψ

dx2
+ V (x)ψ = Eψ, (6.1)

as a discrete system, e.g. by central discretization of the Laplacian. The discretization is

endowed with a length scale, given by the lattice parameter, a, say

−ψn+1 − 2ψn + ψn−1

a2
+ Vnψn = Eψn. (6.2)

The smaller a, the better. The approximation produces artificial spectral bands which

resemble the true spectrum of the system in their lower parts. Since the potential can

have any shape other than square barriers, it is better to employ the discrete Schrödinger

equation, instead of the usual successive matching of boundary conditions (as we would

normally do for Kronig-Penney model, but not this time). So, using the Eq. (6.2) as a

recurrence in the site index, we can generate the wave at successive points if we start from

a known region, namely, the asymptotic region. For example, knowing ψ1 and ψ2 allows to

infer ψ3, and so on. We need to specify Vn and E, where E is now a parameter. So, the

algorithm shall take a specific value of E, propagate the wave, and give back the solution,

ψ.



54 6.1 Transport in an aperiodic and compact chain

6.1.2 A formula for transmission and reflection coefficients

Once we have our potential in a localized region of space, and V ≥ 0 everywhere,

we must prepare a state in the asymptotic region, i.e. appropiate boundary conditions.

Since there is no potential there, it is reasonable to fix ψ as a plane wave on the right hand

side of the spatial window. For instance,

ψn = Teikn (6.3)

On the left hand side we need a combination

ψn = eikn +Re−ikn, (6.4)

i.e. an incoming wave and a reflected wave, here both R and T can be complex. It is

important to recall that the reflection and transmission are, respectively, |R|2 and |T |2.
Then, we shall make use of the discretized Schrödinger equation in order to obtain

R and T , we have

−∆(ψn+1 + ψn−1 − 2ψn) + Vnψn = Eψn (6.5)

where ∆ = ℏ2/2ma2, a being the lattice parameter. Then we rewrite the previous equation

as

ψn−1 =
[
2 + a2(Vn − E)

]
ψn − ψn+1, (6.6)

i.e., ψn−1 in terms of the successive values of the wavefunction. Defining

Cn := 2 + a2(Vn − E), (6.7)

we divide Eq. (6.6) by ψn such that the problem is now expressed in terms of the ratios

of contiguous values of ψ along the chain. By choosing the simplest mesh, consisting of

N − N0 + 1 evenly spaced points, defined by the interval from N0 to N , such that it

contains the part of the potential that is of interest, and by propagating the values of the

wavefunction in the asymptotic region, ψN and ψN−1, backwards in space, we end up with

the following continued fraction

ψ1

ψ2
= C2 +

1

C3 +
1

. . .
1

CN−2 +
1

CN−1 +
ψN

ψN−1

. (6.8)
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If we wish to know the full solution, then, we must take the product of all the partial

continued fractions or partial ratios that result relevant for the point of consideration. To

write this succinctly, we introduce the definition

An+1 :=
ψn

ψn+1
(6.9)

then

ψn =
N∏

n+1

AnψN . (6.10)

for n ∈ {N0, . . . , N − 2}. Additionally, if we consider the asymptotic region at the left of

the potential, and propose the wavefunction there as eikn + Re−ikn, we end up with the

following relation
eikN0 +Re−ikN0

eikN0+1 +Re−ikN0+1
= AN0+1(k), (6.11)

that depends on the energy of the wave through k. Then we could get R as

R =
eik(N0+1)AN0+1 − eikN0

e−ikN0 − e−ik(N0+1)AN0+1
= e2i(kN0+1)AN0+1 − e−ik

eik −AN0+1
(6.12)

which allows to study the resonance spectrum of the system, with the reflection and trans-

mission coefficients given above. By unitarity, |T | =
√
1− |R|2.

The set of values for T and R allows one to plot a curve as a function of E. The

resulting curves should exhibit a peaked behavior. The values of E for which this happens

are caused by complex resonances. But we are exploring the real line, we are constrained to

such values of E. So, instead of the singularity in R and T we will see a finite peak whose

location is close to the real part of the complex pole E. The imaginary part of the resonant

E manifests as a width on the real line for E. Then we identify the set of peaks for all the

real energies explored with the algorithm as the spectrum of the system. The idea is that

if the system were closed (isolated from the outside) such peaks should become delta-type

distributions.

6.2 Engineered lattices with an interstitial logarithmic law

In this section we briefly discuss the design of chains of potential wells with coupling

laws corresponding to a finite oscillator in a dilute regime, the coupling law needed for the

opposite case has been given in chapter 5.
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Figure 6.1: Approximate coupling law. The points were obtained by measuring the band-

width, B, for a locally periodic system of 20 potential wells. The value of B allows to

approximate the coupling as ∆ = B/4 at each point. Then, an exponential law was ad-

justed, ∆ = ∆0e
−d/λ, for which ∆0 = 0.154 and λ = 0.775. All the points were obtained

from a numerical resonance spectrum.

To have an idea of the values of couplings between sites for chains studied in

the following, we first obtained a phenomenological coupling law, as plotted in Fig. 6.1.

There, it is shown that couplings obey an exponentially decaying law. After doing this, we

considered the previously mentioned coupling law, namely

∆(n) = ∆0

√
j(j + 1)− n(n− 1) (6.13)

then, by assuming an exponentially decaying function,

∆(d) = ∆(0)e−d/λ (6.14)

we solve for d in terms of logarithms as

dn = (−λ)Ln
[
∆(n)

∆(0)

]
. (6.15)

By employing the set of potential well interdistances generated by Eq. (6.15), and choosing

∆(0) = ∆0

√
j(j + 1), we obtain a set of spectra reported in the next section.



6.3 Numerical resonance spectra 57

Figure 6.2: Energy levels for a finite oscillator. Dilute array, σdilute = 0.0897 (left), and

a compact one, σcompact = 0.2629 (right). The best equispaced spectrum is obtained for

small overlaps, as in the left panel. The system of the right panel needs the correction by

non-orthogonality of localized atomic states, Eq. (5.24).

6.3 Numerical resonance spectra

Figs. 6.2 and 6.3 show the numerical spectrum for systems of potential wells

composed of 7 and 13 sites, respectively. We see from the first to the second figure, that

the spectrum gets deformed for a compact array of lattice sites. We have calculated the

spectral rigidity for both of these systems and have obtained the values, σdilute = 0.0897

and σcompact = 0.2629. Thus we see the need of introducing corrections, as found in the

previous chapter.

0.8 1.0 1.2 1.4
ΔEn0.0

0.5

1.0

1.5

2.0

2.5

3.0

Figure 6.3: Almost-equispaced spectrum for a chain with j = 6, left panel. The histogram

of energy spacings shows that they are distributed around 1. σ = 0.1977.

Lastly, we evaluate the set of resonances of the dilute version of the finite oscillator,
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Figure 6.4: Resonance spectrum for a finite oscillator composed of 7 potential wells in the

dilute regime. σ = 0.1105.

which possesses an equispaced spectrum. The result is presented in Fig. 6.4. The numerical

resonance spectrum is an additional and original result in this work, and it is expected that

it enables the scattering study of deformed arrays even with the corrections introduced.

This will be explored in the future.



Chapter 7

Conclusions

By considering the overlap between isolated atomic states for compact configu-

rations of potential wells, we have succeeded in emulating the asymmetric splitting of the

energy levels of a dimer. The resulting theoretical spectrum, obtained from a tight-binding

model in a non-orthogonal basis, was compared against available experimental data and

the agreement was found to be good. To make the comparison, we first reviewed the in-

herent spectral asymmetry present in dimeric quantum systems. Then the problem of a

tight-binding model for a pair of potential wells with overlapping localized states was posed

and solved, finding the sought expressions for the energy levels which then were adjusted

to experimental data with the help of an effective Schrödinger equation for electromagnetic

waves in a cavity, which is based on the Helmholtz wave equation. This system represents a

confirmation of the fact that deformations are only due to the non-orthogonality of atomic

states since there are no further neighbors. In this way we achieved the first of our particular

objectives presented in the introduction.

Regarding the second particular objective, we have the following comments. In-

finite arrays of evenly spaced potential wells were also studied in connection with non-

orthogonality of localized bases. We found that overlapping orbitals produce deformed

energy bands in tight-binding representations. Evidently, the Kroning-Penney model pro-

duces similar results for chains of closely located sites; we focused on the third energy band,

where asymmetries were more conspicuous. On the other hand, the tight-binding model

without corrections was shown to fall short in reproducing similar results. Additionally, it

was also shown that the energy spectrum of a periodic potential can be approximated with

high accuracy by a tight-binding model with multiple neighbors or non-orthogonal orbitals.

59



60 Chapter 7: Conclusions

In an exact manner, there exists a nearest neighbor tight-binding Hamiltonian that best

approximates any energy band, as reviewed in chapter 3. This model can be written with

the help of the Fourier transform of the energy spectrum, plus the Wannier transform for

the wave functions.

Even though we can take localized states as Wannier functions (WFs) in the ap-

proximation of dilute resonators, we cannot do this when the overlap is significantly larger.

In chapter 4, we calculated WFs by taking into account non-negligible overlaps between

neighboring atomic states, thus accomplishing the third particular objective. In the case of

a dimer, we found that WFs acquire a shape that looks similar to an isolated state except

that its exponential tail oscillates to ensure orthogonality with its neighbor. On the other

hand, WFs for translationally invariant potentials take contributions from both nearest

neighbors, and can be calculated up to second order in the overlap parameter, which means

that we can consider up to next-to-nearest contributions from further potential wells. A

phase in the Wannier transform was shown to give rise to WFs of different shapes. This

last part is related to the problem of maximally localized WFs.

Then, it was shown that the spectrum of a tight-binding Hamiltonian operator for a

chain of potential wells with overlapping on-site wavefunctions can be designed with the help

of a tridiagonal operator, called Ω in this work, thanks to the fact that both couplings and

overlaps decay exponentially with potential well interdistances. A generalized eigenvalue

equation was introduced, and by working perturbatively, for small overlaps, the necessary

corrections to produce equispaced energy levels were found. The spectral rectification was

verified and the spread of the energy level distribution around the equispaced case was

quantified with the spectral rigidity, finding low acceptable values. The concept of an all-

electronic clock was then introduced, finding a working frequency one order of magnitude

smaller than atomic clock oscillations. The results of this section show that we have attain

the fourth particular objective of finding aperiodic and compact configuration of potential

wells with corrections from non-orthogonal orbitals.

Finally, as an additional result, the resonance spectrum of an aperiodic structure

of potential wells was analyzed numerically. A method for calculating transport properties

for an arbitrary shifted potential based on continued fractions was described. This method

was implemented in a numerical routine and the spectrum of a dilute array of potential

wells was evaluated, finding nearly equispaced energy eigenvalues. This study gives the

hope that our results could be taken to a laboratory stage, in diverse emulations such as
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dielectric disks, optical lattices, aluminum resonators, photonic crystals, phononic crystals,

and the one that holds more promise, semiconductor nanostructures, where an electronic

wavepacket is expected to evolve coherently, expecting to perform better than common

clocks that work with quartz as a mechanical oscillator. The current mastery of techniques

for growing materials would represent an advantage for mass production and might be useful

for laboratories that want high accuracy at lower prices with respect to an atomic clock.



Appendix A

Even solutions for an infinite well

with a delta obstacle

Here, it is shown that (2.7) is indeed a solution to the stationary schrödinger

problem with potential given by (2.6). We start by recasting (2.7) in the more compact

form

ψ(x) = 2N sinh[k(l/2− |x|)], (A.1)

where N is the corresponding normalization constant. The second derivative of ψ(x) is

d2ψ(x)

dx2
= 2N d

dx
{cosh[k(l/2− |x|)] ∗ (−k sgn(x))} , (A.2)

where sgn(x) is the so-called sign function, defined by

sgn(x) :=


−1 if x < 0,

0 if x = 0,

1 if x > 0.

(A.3)

Such function makes its appearance since d|x|
dx = sgn(x). By further noting that d sgn(x)

dx =

2δ(x), we can write

d2ψ(x)

dx2
= −2kN{sinh[k(l/2− |x|)] ∗ (−k sgn(x)) (A.4)

∗ sgn(x) + cosh[k(l/2− |x|)] ∗ 2δ(x)}.
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And, given that sgn2(x) = 1, the previous expression is simplified to

d2ψ(x)

dx2
= −2kN{sinh[k(l/2− |x|)] ∗ (−k)

+ cosh[k(l/2− |x|)] ∗ 2δ(x)}. (A.5)

In the right hand side of (A.5), we identify the expression for the wavefunction in the

first term whereas the second term can be managed to give a term proportional to ψ(x),

for this, we remind the reader of the identity f(x)δ(x) = f(0)δ(x) (under the integral

operation). Thus we multiply and divide the second term by ψ(0)/2 = sinh(kl/2) so that

(A.5) transforms to

d2ψ(x)

dx2
= k2ψ(x)− 2k coth[kl/2]ψ(x)δ(x). (A.6)

This is the Schrödinger equation with an overall minus sign corresponding to potential

(2.6) and E = −k2. From this last equation we can read the transcendental condition for

determining the allowed energy eigenvalues, namely

2k coth(kl/2) = γ (A.7)

which is another way of expressing the equation found in table 2.1.



Appendix B

Fourier transform of cosk θ

The Fourier transform of cosk θ can be calculated as follows∫ π

−π
dθeiqθ cosk θ =

∫ π

−π
dθeiqθ

(
eiθ + e−iθ

2

)k

=

∫ π

−π
dθeiqθ

e−ikθ

2k

k∑
r=0

e2iθr
(
k

r

)

=

k∑
r=0

(
k

r

)
1

2k

∫ π

−π
dθei(q−k+2r)θ. (B.1)

The last integral is equal to 2πδq+2r,k. Hence, Eq. (4.17) follows.
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Mathematica code for resonance

spectra of 1D shifted potentials

(*Kronecker delta to define matrix elements*)

d[n_,m_]:=KroneckerDelta[n,m];

(*Pulse function to construct arrays of potential wells*)

Pulse[a_,b_,n_]:=If[-b/2+a<n&&n<a+b/2,1,0];

(*Fix the parameters for the discretization*)

numberofpoints=30;

x1=10;

windowlength=x1*2;

numberofintervals=numberofpoints-1;

lp=windowlength/numberofintervals;

(*Stipulate the potential function*)

V0=-2;

potential[x_]:=V0*Pulse[-5,4,x]+V0*Pulse[0,4,x]+V0*Pulse[5.5,4,x]-V0;

(*Define the coefficient given in Eq. (6.7) of this thesis*)

cc[n_,energy_]:=2+lp^2*(potential[n*lp-x1]-energy);

(*Establish the energy interval to be examined*)

maxenergy=0.5;

minenergy=0;

numberofenergies=250;

numberofintervalsofenergy=numberofenergies-1;

quantumofenergy=(maxenergy-minenergy)/numberofintervalsofenergy;

(*Prepare vectors for resonance data*)
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reflectiondata=Table[{0,0},numberofenergies];

transmissiondata=Table[{0,0},numberofenergies];

ii=1;

(*Start sweeping energy values to look for transmission maxima*)

For[energy=minenergy,energy<=maxenergy,energy+=N[quantumofenergy],{

(*Set the asymptotic wave*)

wavefunction=ConstantArray[0,numberofpoints],

wavefunction[[numberofpoints]]=Cos[Sqrt[energy]*(numberofpoints-1)*lp]+

I*Sin[Sqrt[energy]*(numberofpoints-1)*lp];,

wavefunction[[numberofpoints-1]]=Cos[Sqrt[energy]*(numberofpoints-2)*lp]+

I*Sin[Sqrt[energy]*(numberofpoints-2)*lp];,

(*Compute all the continued fractions needed*)

B=ConstantArray[0,numberofpoints-1];,

denominator=ConstantArray[0,numberofpoints-2];,

B[[numberofpoints-1]]=N[wavefunction[[(numberofpoints)]]/

wavefunction[[(numberofpoints-1)]]];,

For[kk=2,kk<=numberofpoints-1,kk++,{

denominator[[numberofpoints-kk]]=cc[numberofpoints-kk,energy]-

B[[numberofpoints-kk+1]],

If[denominator[[numberofpoints-kk]]!=0,

B[[numberofpoints-kk]]=1/denominator[[numberofpoints-kk]],

Print["El denominador es cero"]]}],

A=ConstantArray[0,numberofpoints-1];,

For[kk=1,kk<=numberofpoints-1,kk++,A[[kk]]=1/B[[kk]]];,

(*Obtain the wavefunction at any lattice point from A coefficients*)

For[kk=1,kk<=numberofpoints-1,kk++,

wavefunction[[numberofpoints-kk]]=N[Product[A[[numberofpoints-i]],{i,1,kk}]*

wavefunction[[numberofpoints]]]];,

(*Evaluate the reflection amplitude*)

reflectionamplitude=N[(Exp[I*Sqrt[energy]*lp]*A[[1]]-1)/

(1-Exp[-I*Sqrt[energy]*lp]*A[[1]])];,

reflection=N[Abs[reflectionamplitude]];,

(*Collect reflection and transmission data*)

reflectiondata[[ii]][[1]]=energy;,
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reflectiondata[[ii]][[2]]=reflection;,

transmissiondata[[ii]][[1]]=energy;,

transmissiondata[[ii]][[2]]=Sqrt[1-reflection^2];,

ii=ii+1}];

(*Show the resulting resonance spectrum*)

Print[{ListPlot[reflectiondata,PlotRange->{{minenergy,maxenergy},{0,1}},

AxesLabel->{Style["E",15,Italic,Black,FontFamily->"Latin Modern Roman 7"],

Style["|R|",15,Italic,Black,FontFamily->"Latin Modern Roman 7"]},

ImageSize->Medium],

ListPlot[transmissiondata,Joined->True,PlotRange->{{minenergy,maxenergy},{0,1}},

AxesLabel->{Style["E",15,Italic,Black,FontFamily->"Latin Modern Roman 7"],

Style["|T|",15,Italic,Black,FontFamily->"Latin Modern Roman 7"]},

ImageSize->Medium]}];
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