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𝑉 = 𝑉𝑡𝑒𝑛 + 𝑉𝑓𝑙𝑒𝑥 + 𝑉𝑡𝑜𝑟 + 𝑉𝑣𝑑𝑤 + 𝑉𝑒𝑙 + 𝑉𝐻 (1.1)

𝑉𝑏𝑜𝑛𝑑 = 𝑉𝑡𝑒𝑛 + 𝑉𝑓𝑙𝑒𝑥 + 𝑉𝑡𝑜𝑟 (1.2)

𝑉𝑛𝑜𝑛−𝑏𝑜𝑛𝑑 = 𝑉𝑣𝑑𝑤 + 𝑉𝑒𝑙 + 𝑉𝐻
(1.3)

𝑉𝑡𝑒𝑛 →

𝑉𝑓𝑙𝑒𝑥 →

𝑉𝑡𝑜𝑟 →

𝑉𝑣𝑑𝑤 →

𝑉𝑒𝑙 →

𝑉𝐻 →

 

𝑉(𝑟𝑖𝑗) =∑{
332𝑞𝑖𝑞𝑗

𝜀𝑟𝑟𝑖𝑗
− 𝐴𝑖𝑗𝑟𝑖𝑗

−6 + 𝐵𝑖𝑗𝑟𝑖𝑗
−12}

𝑖𝑗

(1.4)
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𝑉𝑒𝑙

𝑉𝑒𝑙(𝑟𝑖𝑗) =∑
332𝑞𝑖𝑞𝑗

𝜀𝑖𝑟𝑖𝑟𝑗
𝑖,𝑗

(1.5)

𝜀𝑖 𝑞𝑖 𝑞𝑗

. 

 

(𝑟−6)

(𝑟−12)

𝑉𝑣𝑑𝑤 =∑[𝐴𝑖𝑗𝑟𝑖𝑗
−12 −𝐵𝑖𝑗𝑟𝑖𝑗

−6]

𝑖𝑗

(1.6)

𝐴𝑖𝑗 𝐵𝑖𝑗
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𝑉𝑣𝑑𝑤 =∑4𝜀𝑖𝑗 [(
𝜎𝑖𝑗

𝑟𝑖𝑗
)

12

− (
𝜎𝑖𝑗

𝑟𝑖𝑗
)

6

]

𝑖𝑗

(1.7)

𝐴𝑖𝑗 = 4𝜀𝑖𝑗𝜎
12 𝐵𝑖𝑗 = 4𝜀𝑖𝑗𝜎

6

𝑟𝑖𝑗 𝜀𝑖𝑗

𝜎𝑖𝑗

𝐸𝑖𝑗 𝑟𝑖𝑗

❖ 𝐴𝑖𝑗 𝐵𝑖𝑗

𝐴𝑖𝑗
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𝐵𝑖𝑗

❖ 
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• 

• 

• 

𝐴𝑖𝑗 𝐵𝑖𝑗

• 

• 
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• 

• 

• 

𝐸 = ∑ 𝐾𝑏(𝑙 − 𝑙0)
2 + ∑ 𝑘𝑎(𝜃 − 𝜃0)

2

𝑎𝑛𝑔𝑙𝑒𝑠𝑏𝑜𝑛𝑑𝑠

+ ∑ ∑
1

2
𝑛

𝑉𝑛⌈1 + cos⁡(𝑛𝑤 − ϓ)⌉

𝑡𝑜𝑟𝑠𝑖𝑜𝑛𝑠

+∑ ∑ 𝑓𝑖𝑗 {∈𝑖𝑗 [(
𝑟0𝑖𝑗

𝑟𝑖𝑗
)

12

− 2(
𝑟0𝑖𝑗

𝑟𝑖𝑗
)

6

] +
𝑞𝑖𝑞𝑗

4𝜋𝜖0𝑟𝑖𝑗
}

𝑁

𝑖=𝑗+1

𝑁−1

𝑗=1

(1.8)
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❖ 

❖ 𝜀𝑖𝑗 𝜎𝑖𝑗
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𝑓: 𝑅𝑛 ⇒ 𝑅
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𝑓(𝑥) =
1

2
𝑥𝑇𝐴𝑥 − 𝑥𝑇𝑏 (1.9)

𝑥, 𝑏 ∈ 𝑅𝑛 𝐴 ∈ 𝑅𝑛𝑥𝑛

∇𝑓(𝑥) = ∇ (
1

2
𝑥𝑇𝐴𝑥 − 𝑥𝑇𝑏) = 𝐴𝑥 − 𝑏 (1.10)

𝐴𝑥 = 𝑏 (1.11)

𝑥𝑇𝐴𝑥 > 0, 𝑝𝑎𝑟𝑎⁡𝑡𝑜𝑑𝑜⁡𝑥 ≠ 0 (1.12)

〈𝑥, 𝑦〉𝐴 = 𝑥
𝑇𝐴 (1.13)

〈𝑥, 𝑦〉𝐴 = 0, 𝑐𝑜𝑛⁡𝑥 ≠ 𝑦 (1.14)

𝑥∗ = 𝛼1𝑝1 + 𝛼2𝑝2 +⋯+ 𝛼𝑛𝑝𝑛 (1.15)

𝐴𝑥∗ = 𝛼1𝐴𝑝1 + 𝛼2𝐴𝑝2 +⋯+ 𝛼𝑛𝐴𝑝𝑛 = 𝑏
(1.16)

𝑟𝑘

𝑟𝑘 = 𝐴𝑥𝑘 − 𝑏, 𝑘 = 1,2,… (1.17)
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𝑥𝑘

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑝𝑘 (1.18)

𝑝𝑘 𝛼𝑘

𝑥𝑘 + 𝛼𝑘𝑝𝑘

𝛼𝑘 = −
𝑟𝑘
𝑇𝑝𝑘

𝑝𝑘
𝑇𝐴𝑝𝑘

(1.19)

𝑝𝑘+1 𝑟𝑘

𝑟𝑘 𝑝𝑘

𝑝𝑘+1 = −𝑟𝑘 +
𝑝𝑘
𝑇𝐴𝑟𝑘

𝑝𝑘
𝑇𝐴𝑝𝑘

𝑝𝑘
(1.20)

ԑ

𝑟0 → 𝐴𝑥0 − 𝑏

𝑝0 → −𝑟0

𝑘 → 0

‖𝑟𝑘‖ > 𝜀

𝛼𝑘 → −
𝑟𝑘
𝑇𝑝𝑘

𝑝𝑘
𝑇𝐴𝑝𝑘

𝑥𝑘+1 → 𝑥𝑘 + 𝛼𝑘𝑝𝑘

𝑟𝑘+1 → 𝐴𝑥𝑘+1 − 𝑏

𝛽𝑘+1 →
𝑟𝑘+1
𝑇 𝐴𝑝𝑘

𝑝𝑘
𝑇𝐴𝑝𝑘

𝑝𝑘+1 → −𝑟𝑘+1 + 𝛽𝑘+1𝑝𝑘

𝑘 → 𝑘 + 1

ԑ
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▪ 

▪ 

▪ 

𝐻̂ = 𝑇̂ + 𝑉̂ = −
ћ2

2𝑀
∇𝑅
2 −

ћ2

2𝑀
∇𝑟
2 −

𝑍

|𝑅⃗ − 𝑟 |
(2.1)

(−
ћ2

2𝜇
∇𝑟
2 −

𝑍

|𝑟 |
)𝜓(𝑟 ) = 𝐸𝜓(𝑟 ) (2.2)



      

20 

𝜇

𝜓(𝑟, 𝜃, 𝜑)

𝜓𝑙
𝑚(𝑟, 𝜃, 𝜑) = 𝐴𝑛𝑙𝑟

𝑙𝑒−𝜉𝑟𝐺𝑛𝑙(𝑟)𝑃𝑙
𝑚(𝑐𝑜𝑠𝜃)𝑒𝑖𝑚𝜑 (2.3)

𝑛 = 1,2, … , 𝑙 =

0,1, … , 𝑛 − 1⁡𝑦⁡𝑚 = −𝑙,…+ 𝑙

|𝜓(𝑟, 𝜃, 𝜑)|2

 

 

𝐻̂𝜓(𝑥) = 𝐸𝜓(𝑥), 𝑥 = (𝑟 , 𝜎) (2.4)
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𝜓 = 𝜓(𝑥̅1, 𝑥̅2)⁡ (2.5)

𝑥̅𝑖 = (𝑟 , 𝜎), 𝑟 σ

𝐻̂ = 𝑇̂ + 𝑉̂ = 𝑇̂𝑒 + 𝑉̂𝑁−𝑒 + 𝑉̂𝑒−𝑒⁡⁡
(2.6)

𝐻̂ = −∑
1

2
∇𝑖
2 −∑

𝑍

|𝑟𝑖⃗⃗ |
𝑖𝑖

+∑
1

|𝑟 𝑖 − 𝑟 𝑗|
, 𝑖 = 1,2⁡⁡⁡⁡

𝑖>𝑗

(2.7)

(
1

2
∑∇𝑖

2 −∑
𝑍

|𝑟𝑖⃗⃗ |
𝑖𝑖

+∑
1

|𝑟 𝑖 − 𝑟 𝑗|𝑖>𝑗

)𝜓(𝑥̅1, 𝑥̅2, … , 𝑥̅𝑛) = 𝐸𝜓(𝑥̅1, 𝑥̅2, … , 𝑥̅𝑛)

⁡⁡𝑖 = 1,2⁡⁡⁡

(2.8)

(−
1

2
∇1
2 −

1

2
∇2
2 −

𝑍

𝑟1
−
𝑍

𝑟2
+
1

𝑟12
)𝜓(𝑥̅1, 𝑥̅2) = 𝐸𝜓(𝑥̅1, 𝑥̅2)⁡⁡⁡ (2.9)

1

𝑟12

𝜓(𝑥̅1, 𝑥̅2) = 𝜙(𝑥̅1)𝜙(𝑥̅2)⁡ (2.10)
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[−
1

2
∇1
2𝜙(𝑥̅1)]𝜙(𝑥̅2) − [𝜙(𝑥̅1)

1

2
∇2
2𝜙(𝑥̅2)] −

𝑍

𝑟1
𝜙(𝑥̅1)𝜙(𝑥̅2) −

𝑍

𝑟2
𝜙(𝑥̅1)𝜙(𝑥̅2)

= 𝐸𝜙(𝑥̅1)𝜙(𝑥̅2)

(2.11)

𝜙(𝑥̅1)𝜙(𝑥̅2)

−
1

2

∇1
2𝜙(𝑥̅1)

𝜙(𝑥̅1)
−
1

2

∇2
2𝜙(𝑥̅2)

𝜙(𝑥̅2)
−
𝑍

𝑟1
−
𝑍

𝑟2
= 𝐸⁡⁡⁡ (2.12)

−[−
1

2

∇1
2𝜙(𝑥̅1)

𝜙(𝑥̅1)
+
𝑍

𝑟1
] − [

1

2

∇2
2𝜙(𝑥̅2)

𝜙(𝑥̅2)
+
𝑍

𝑟2
] = 𝐸⁡⁡⁡ (2.13)

−[
1

2

∇1
2𝜙(𝑥̅1)

𝜙(𝑥̅1)
+
𝑍

𝑟1
] = 𝐸1⁡, − [

1

2

∇2
2𝜙(𝑥̅2)

𝜙(𝑥̅2)
+
𝑍

𝑟2
] = 𝐸2⁡⁡

(2.14)

−[
1

2
∇1
2 +

𝑍

𝑟1
]𝜙(𝑥̅1) = 𝐸1𝜙(𝑥̅1)⁡, − [

1

2
∇2
2 +

𝑍

𝑟2
]𝜙(𝑥̅2) = 𝐸2𝜙(𝑥̅2)⁡⁡⁡ (2.15)

1

𝑟12

𝜓𝑛𝑙𝑚(𝑟, 𝜃, 𝜑) = 𝑅(𝑟)𝜙𝑙
𝑚(𝜃, 𝜑)⁡⁡⁡ (2.16)

𝑉(𝑟) = −
1

𝑟

|𝑛𝑙𝑚⟩
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𝑛𝑖 = 1 𝑙𝑖 = 0 𝑚𝑖 = 0

𝑖 = 1,2 𝜙1
0(𝜃, 𝜑) = 1

𝜓(𝑟1, 𝑟2) = 𝑅1(𝑟1) + 𝑅2(𝑟2)⁡⁡
(2.17)

𝐻𝜓𝑒𝑥𝑎𝑐 = 𝐸𝑒𝑥𝑎𝑐𝜓𝑒𝑥𝑎𝑐⁡ 𝐻𝜓𝑎𝑝𝑟𝑜𝑥 = 𝐸𝑎𝑝𝑟𝑜𝑥𝜓𝑎𝑝𝑟𝑜𝑥
(2.18)

𝐸𝑒𝑥𝑎𝑐 ≤ 𝐸𝑎𝑝𝑟𝑜𝑥 ⁡⁡⁡ (2.18)

𝐸𝑐𝑜𝑟𝑟 = 𝐸𝑒𝑥𝑎𝑐 − 𝐸𝑎𝑝𝑟𝑜𝑥 ⁡⁡⁡ (2.20)

〈𝐸〉𝑎𝑝𝑟𝑜𝑥[𝜓𝑎𝑝𝑟𝑜𝑥] =
⟨𝜓𝑎𝑝𝑟𝑜𝑥|𝐻̂|𝜓𝑎𝑝𝑟𝑜𝑥⟩

⟨𝜓𝑎𝑝𝑟𝑜𝑥|𝜓𝑎𝑝𝑟𝑜𝑥⟩
(2.21)

𝜓𝑎𝑝𝑟𝑜𝑥[𝑏𝑒𝑠𝑡]

𝜓𝑎𝑝𝑟𝑜𝑥

𝜓𝑎𝑝𝑟𝑜𝑥
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𝑑〈𝐸〉[𝜓𝑎𝑝𝑟𝑜𝑥]

𝑑𝜓𝑎𝑝𝑟𝑜𝑥
= 0⁡⁡⁡ (2.22)

〈𝐸〉[𝜓𝑎𝑝𝑟𝑜𝑥[𝑏𝑒𝑠𝑡]] = 〈𝐸〉𝑚𝑖𝑛⁡⁡⁡ (2.23)

(−
1

2
∇1
2 −

1

2
∇2
2 −

𝑍

𝑟1
−
𝑍

𝑟2
+
1

𝑟12
)𝜓(𝑥̅1, 𝑥̅2) = 𝐸𝜓(𝑥̅1, 𝑥̅2)⁡ (2.24)

𝜓𝑎𝑝𝑟𝑜𝑥(ʓ) = 𝑅1(𝑟1) + 𝑅2(𝑟2) = 𝐴1𝑒
−ʓ𝑟1𝐴2𝑒

−ʓ𝑟2 ⁡⁡⁡ (2.25)

〈𝐸〉𝑎𝑝𝑟𝑜𝑥[ʓ] =
⟨𝐴1𝑒

−ʓ𝑟1𝐴2𝑒
−ʓ𝑟2|−

1
2∇1

2 −
1
2∇2

2 −
𝑍
𝑟1
−
𝑍
𝑟2
+
1
𝑟12
|𝐴1𝑒

−ʓ𝑟1𝐴2𝑒
−ʓ𝑟2⟩

⟨𝐴1𝑒
−ʓ𝑟1𝐴2𝑒

−ʓ𝑟2|𝐴1𝑒
−ʓ𝑟1𝐴2𝑒

−ʓ𝑟2⟩

(2.26)

𝜓𝑎𝑝𝑟𝑜𝑥
𝑑〈𝐸〉[ʓ]

𝑑ʓ
= 0

𝜓𝑎𝑝𝑟𝑜𝑥[𝑏𝑒𝑠𝑡] 〈𝐸〉𝑚𝑖𝑛

ʓ

ʓ

 

𝐻̂𝜓(𝑥̅) = 𝐸𝜓⁡(𝑥̅), 𝑥̅ = 𝑟, 𝜎 (2.27)

𝑁𝑒 ≥ 2
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𝑃̂𝑖𝑗

𝜓(𝑥̅1, 𝑥̅2) = 𝜙1(𝑥̅1)𝜙2(𝑥̅2) − 𝜙1(𝑥̅2)𝜙2(𝑥̅1)
(2.28)

𝜓 𝜙𝑖(𝑥̅𝑖)

𝜓(𝑥̅1, 𝑥̅2) =
1

𝑁!
|
𝜙1(𝑥̅1) 𝜙1(𝑥̅2)

𝜙2(𝑥̅1) 𝜙2(𝑥̅2)
| ; ⁡
1

𝑁!
= 𝐹𝑎𝑐𝑡𝑜𝑟⁡𝑑𝑒⁡𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑎𝑐𝑖𝑜𝑛 (2.29)

𝜓(𝑥̅1, 𝑥̅2) =
1

𝑁!
[
𝜙1(𝑥̅1) ⋯ 𝜙1(𝑥̅𝑁)
⋮ ⋱ ⋮

𝜙2(𝑥̅1) ⋯ 𝜙2(𝑥̅𝑁)
] , 𝑥̅𝑖 = (𝑟 𝑖, 𝜎𝑖)⁡⁡⁡ (2.30)

𝜓(𝑥̅1, 𝑥̅2) =
1

𝑁!
∑𝜙𝑖𝜙𝑗 , 𝜙𝑖, 𝜙𝑗 − 𝐹𝑢𝑛𝑐𝑖𝑜𝑛⁡𝑑𝑒⁡𝑜𝑛𝑑𝑎⁡𝑑𝑒𝑙⁡𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛

(2.31)

𝜓(𝑥̅1, 𝑥̅2)

 

𝑥̅1 → 𝑥̅2

 𝜙1 = 𝜙2

𝜓 = 0⁡ ⇒ ⁡𝜓2 = 0
  

(2.32)
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𝜙𝑖(𝑥̅𝑖)

⟨𝜙𝑖(𝑥̅𝑖)|𝜙𝑗(𝑥̅𝑗)⟩ = 𝛿𝑖𝑗 (2.33)

〈𝐸〉 = ⟨𝜓|𝐻̂|𝜓⟩ + 𝑐𝑜𝑛𝑑𝑖𝑐𝑖𝑜𝑛{⟨𝜙𝑖(𝑥̅𝑖)|𝜙𝑗(𝑥̅𝑗)⟩ = δij} (2.34)

〈𝐸〉

⟨𝜙𝑖|

〈𝐸〉𝑚𝑖𝑛 =
𝑑

𝑑⟨𝜙𝑖|
[⟨𝜙𝑖(𝑥̅𝑖)𝜙𝑗(𝑥̅𝑗)|𝐻̂|𝜙𝑖(𝑥̅𝑖)𝜙𝑗(𝑥̅𝑗)⟩ + 𝜆𝑖𝑗[⟨∅𝑖|∅𝑗⟩ − 1] = 0⁡⁡ (2.35)

𝐹̂𝑖𝜙𝑖 = 𝜖𝑖𝜙𝑖⁡
(2.36)

𝐹̂

𝐹̂𝑖 = −
1

2
∇𝑖
2 −

𝑍

𝑟𝑖
+ 𝑉𝑖

𝐹 (2.37)

𝑉𝑖
𝐹

𝑉𝑖
𝐹 =∑[⟨𝜙𝑖|

1
𝑟𝑖𝑗
|𝜙𝑖⟩ − ⟨𝜙𝑖|

1
𝑟𝑖𝑗
|𝑃𝑖𝑗𝜙𝑖⟩]

𝑖

(2.38)

𝑉𝑖
𝐹 =∑[∫𝜙𝑖

∗(𝑥̅𝑖)
1

𝑟𝑖𝑗
𝜙𝑖(𝑥̅𝑖)𝑑𝑥̅𝑗 −∫𝜙𝑖

∗(𝑥̅𝑖)
1

𝑟𝑖𝑗
𝑃̂𝑖𝑗𝜙𝑖(𝑥̅𝑖) 𝑑𝑥̅𝑗]

𝑖≠𝑗

(2.39)
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𝜀𝑖

𝜙𝑖 𝜀𝑖

‖𝜓‖ < 𝛿, 𝛿 → 0

𝜓

𝜓 = 𝜓(𝑥̅1, 𝑥̅2, … , 𝑥̅𝑛, 𝑅⃗ 1, 𝑅⃗ 2, … , 𝑅⃗ 𝑁)⁡
(2.40)

𝑅⃗ 𝑗 ⁡

(𝑇̂𝑁 + 𝑇̂𝑒 + 𝑉̂𝑁−𝑁 + 𝑉̂𝑒−𝑒 + 𝑉̂𝑁−𝑒)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗)𝜓𝑁(𝑅⃗ 𝑗) = 𝐸𝜓𝑒𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗)𝜓𝑁(𝑅⃗ 𝑗)
(2.41)

𝑇̂𝑁𝜓𝑁(𝑅⃗ 𝑗)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗) + 𝑇̂𝑒𝜓𝑁(𝑅⃗ 𝑗)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗) + 𝑉̂𝑁−𝑁𝜓𝑁(𝑅⃗ 𝑗)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗)

+ 𝑉̂𝑒−𝑒𝜓𝑁(𝑅⃗ 𝑗)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗) + 𝑉̂𝑁−𝑒𝜓𝑁(𝑅⃗ 𝑗)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗)

= 𝐸𝜓𝑁(𝑅⃗ 𝑗)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗)

(2.42)

𝑇̂𝑁𝜓𝑁(𝑅⃗ 𝑗)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗) + 𝑇̂𝑒𝜓𝑁(𝑅⃗ 𝑗)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗) + 𝑉̂𝑁−𝑁𝜓𝑁(𝑅⃗ 𝑗)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗)

+ 𝑉̂𝑒−𝑒𝜓𝑁(𝑅⃗ 𝑗)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗) + 𝑉̂𝑁−𝑒𝜓𝑁(𝑅⃗ 𝑗)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗)

= 𝐸𝜓𝑁(𝑅⃗ 𝑗)𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗)

(2.43)
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𝑇̂𝑒𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗) + 𝑉̂𝑒−𝑒𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗) + 𝑉̂𝑁−𝑒𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗) = 𝜖𝑒𝜓𝑒(𝑥̅𝑖; 𝑅⃗ 𝑗) = 𝐻̂𝑒
(2.44)

𝑇̂𝑁𝜓𝑁(𝑅⃗ 𝑗) + 𝑉̂𝑁−𝑁𝜓𝑁(𝑅⃗ 𝑗) + 𝜖𝑒𝜓𝑁(𝑅⃗ 𝑗) = 𝐸𝜓𝑁(𝑅⃗ 𝑗) = 𝐻̂N⁡⁡
(2.45)

𝑉̂𝑒𝑓𝑒𝑐𝑡 = 𝑇̂𝑁𝜓𝑁(𝑅⃗ 𝑗) + 𝑉̂𝑁−𝑁𝜓𝑁(𝑅⃗ 𝑗) + 𝜖𝑒𝜓𝑁(𝑅⃗ 𝑗)
(2.46)

𝜙𝑖
𝑚𝑜𝑙 =∑𝐶𝑖𝑗

𝑖≠𝑗

𝜙𝑖𝑗
(𝑎𝑡𝑜𝑚)

⁡⁡ (2.47)

∑∫𝜙𝑘
∗(𝑏𝑎𝑠𝑒)

𝐹̂𝜙𝑗
(𝑏𝑎𝑠𝑒)

𝐶𝑖𝑗𝑑𝑣 = 𝜖𝑖∑∫𝜙𝑘
∗(𝑏𝑎𝑠𝑒)

𝜙𝑗
(𝑏𝑎𝑠𝑒)

𝐶𝑖𝑗𝑑𝑣

𝑗𝑖

(2.48)

∑𝐹̂𝑘𝑗𝐶𝑖𝑗 = 𝜖𝑖∑𝑆̃𝑘𝑗𝐶𝑖𝑗
𝑗𝑗

⁡⇒ ⁡⁡ 𝐹̂𝐶̅ = 𝜖𝑖𝑆̃𝐶̅ (2.49)

𝑆̃

𝑆̃ = ∫𝜙𝑘
∗(𝑏𝑎𝑠𝑒)1⁡𝜙𝑗

(𝑏𝑎𝑠𝑒)𝑑𝑣⁡ (2.50)

𝑆̅

𝐹̂𝐶̅ = 𝜀𝐼𝐼𝐶̅ ⁡⇒ ⁡ (𝐹̂ − 𝜀𝛪𝐼)𝐶̅ = 0⁡⁡ (2.51)
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ԑ1 ԑ2

ԑn

𝑐𝑖̅

𝐶𝑖̅, 𝜖𝑖

𝜓 = 𝑟𝑙𝑒−ʓ𝑟 (2.52)

𝑔(𝑥, 𝑦, 𝑧) = 𝑁𝑐𝑥
𝑙𝑦𝑚𝑧𝑛𝑒−𝛼𝑟

2 (2.53)

𝑟2 = 𝑥2 + 𝑦2 + 𝑧2 𝑁𝑐
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|𝜓⟩𝐶𝐼 =∑𝐶𝑖𝑑𝑒𝑡𝑖(𝜙1, 𝜙2, … , 𝜙𝑛)

𝐶𝐼

(2.54)

𝐶0 𝑑𝑒𝑡0(𝜙1, 𝜙2, … , 𝜙𝑛) = 𝐻𝐹

|𝜓⟩𝐻𝐹 = 𝑑𝑒𝑡(𝜙1(𝑥̅1), 𝜙2(𝑥̅2), … , 𝜙𝑛(𝑥̅𝑛)) (2.55)

α β
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|𝜓⟩𝑒𝑥𝑐 = 𝑑𝑒𝑡(𝜙1(𝑥̅1), 𝜙2(𝑥̅2),… , 𝜙𝛼(𝑥̅𝛼),… , 𝜙𝑛(𝑥̅𝑛)) → |𝜓⟩𝑒𝑥𝑐

= 𝑑𝑒𝑡 (𝜙1(𝑥̅1), 𝜙2(𝑥̅2),… , 𝜙𝛽(𝑥̅𝛽), … , 𝜙𝑛(𝑥̅𝑛))
(2.56)

α β

|𝜓⟩𝑒𝑥𝑐 = 𝑑𝑒𝑡 (𝜙1(𝑥̅1),… , 𝜙𝑖(𝑥̅𝑖), 𝜙𝑗(𝑥̅𝑗), … , 𝜙𝑛(𝑥̅𝑛)) → |𝜓⟩𝑒𝑥𝑐

= 𝑑𝑒𝑡 (𝜙1(𝑥̅1),… , 𝜙𝛼(𝑥̅𝛼), 𝜙𝛽(𝑥̅𝛽), … , 𝜙𝑛(𝑥̅𝑛))

(2.57)

|𝜓⟩𝑒𝑥𝑐 = 𝐶0|𝜓⟩𝐻𝐹 +∑𝐶𝑖
𝛼 + 𝜓𝑖

𝛼

𝑖,𝛼

+ ∑ 𝐶𝑖𝑗
𝛼𝛽
+ 𝜓𝑖𝑗

𝛼𝛽
+⋯

𝑖,𝑗;𝛼,𝛽

(2.58)

|𝜓⟩𝐶𝐼 = |𝜓⟩𝐻𝐹 + 𝐶𝐼𝑆 + 𝐶𝐼𝐷 + 𝐶𝐼𝑇 +⋯ (2.59)

〈𝐸〉𝐶𝐼 =
⟨𝜓𝐶𝐼|𝐻̂|𝜓𝐶𝐼⟩

⟨𝜓𝐶𝐼|𝜓𝐶𝐼⟩
(2.60)

𝐻̂

(

 
 

⟨𝜓𝐻𝐹|𝐻̂|𝜓𝐻𝐹⟩ 0 0

⟨𝜓𝐻𝐹|𝐻̂|𝜓𝐶𝐼𝑆⟩ ⟨𝜓𝐶𝐼𝑆|𝐻̂|𝜓𝐶𝐼𝑆⟩ 0

⟨𝜓𝐻𝐹|𝐻̂|𝜓𝐶𝐼𝐷⟩ ⟨𝜓𝐶𝐼𝑆|𝐻̂|𝜓𝐶𝐼𝐷⟩ ⟨𝜓𝐶𝐼𝐷|𝐻̂|𝜓𝐶𝐼𝐷⟩… …

⋮ )

 
 

(2.61)

{𝜖𝑖} {𝐶𝑖}

 

𝐻̂ = 𝐻̂0 + 𝜆𝐻̂
′ (2.62)

𝐻̂0 𝜆𝐻̂′
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𝐻̂0𝜓0 = 𝐸0𝜓0

‖𝐻̂′‖ → 0

𝐸 ≅ 𝐸0 + 𝜆
1𝐸1 +⋯+ 𝜆𝑛𝐸𝑛

 

(2.63)

‖𝜆‖ ≤ 1 ψ

𝜓 ≅ 𝜓0 + 𝜆
1𝜓1 +⋯+ 𝜆

𝑛𝜓𝑛
(2.64)

𝐻̂0, 𝐸0, 𝜓0, 𝜆⁡𝑦⁡𝐻̂ 𝐸1, 𝐸2, … 𝑦⁡𝜓0, 𝜓1, …

(𝐻̂0 + 𝜆𝐻̂
′)(𝜓0 + 𝜆

1𝜓1 +⋯+ 𝜆
𝑛𝜓𝑛)

= (𝜓0 + 𝜆
1𝜓1 +⋯+ 𝜆

𝑛𝜓𝑛)(𝜓0 + 𝜆
1𝜓1 +⋯+ 𝜆

𝑛𝜓𝑛)
(2.65)

𝐻̂0𝜓0 = 𝐸0𝜓0
(2.66)

𝐻̂0𝜆
1𝜓1 + 𝐻̂

′𝜆1𝜓0 = 𝐸0𝜆
1𝜓1 + 𝐸1𝜆

1𝜓0
(2.67)

⟨𝜙𝑖|𝜙𝑗⟩ = 𝛿𝑖𝑗

𝐸1 = ∫𝜙0
∗ 𝐻̂′𝜙0𝑑𝑣 (2.68)

𝐸2
𝑛 =∑

⟨𝜙𝑙
𝑛|𝐻̂′|𝜙𝑙

𝑛⟩
2

𝐸0
𝑛 − 𝐸𝑜

𝑙

𝑙≠𝑛

(2.69)
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∆𝐸𝐴𝐵
𝐶𝑃 = 𝐸𝐴𝐵(𝐴𝐵) − 𝐸𝐴(𝐴𝐵) − 𝐸𝐵(𝐴𝐵)

(2.70)

∆𝐸 = 0

𝐸𝐴(𝐴) + 𝐸𝐵(𝐵)

∆𝐸𝑡𝑜𝑡
𝐶𝑃 = 𝐸𝐴(𝐴) + 𝐸𝐵(𝐵) + ∆𝐸𝐴𝐵

𝐶𝑃 = 𝐸𝐴𝐵(𝐴𝐵) − 𝛿𝐸𝐴(𝐴) − 𝛿𝐸𝐵(𝐵)
(2.71)

𝛿𝐸𝐴(𝐴) 𝛿𝐸𝐵(𝐵)

𝛿𝐸𝐴(𝐴) = 𝐸𝐴(𝐴𝐵) − 𝐸𝐴(𝐴) 𝛿𝐸𝐵(𝐵) = 𝐸𝐵(𝐴𝐵) − 𝐸𝐵(𝐵)
(2.72)



      

35 

𝜌(𝑟̅) =∑2|𝜙𝑖
𝑚𝑜𝑙(𝑟̅)|

2
𝑜𝑐𝑐

𝑖

(2.73)

𝜙𝑗
𝑚𝑜𝑙 = ∑ 𝐶𝑗𝜇𝜇 𝜙𝜇

𝑎𝑡𝑜𝑚 (2.74)

𝜌(𝑟) = 2∑∑∑𝐶𝑗𝜇

𝑜𝑐𝑐

𝑣=1

𝐶𝑗𝑣

𝑜𝑐𝑐

𝜇=1

𝜙𝜇(𝑥̅)𝜙𝑣(𝑥̅) = ∑∑𝑃𝜇𝑣𝜙𝜇(𝑥̅)𝜙𝑣(𝑥̅)

𝑜𝑐𝑐

𝑣=1

𝑜𝑐𝑐

𝜇=1

𝑁

𝑗=1

(2.75)

𝑃𝜇𝑣 𝜌(𝑟)

∫𝜌(𝑟) 𝑑𝑟 = ∑∑𝑃𝜇𝑣∫𝜙𝜇(𝑥̅)𝜙𝑣(𝑥̅)𝑑𝑟

𝑜𝑐𝑐

𝑣=1

𝑜𝑐𝑐

𝜇=1

= ∑∑𝑃𝜇𝑣⟨𝜙𝜇(𝑥̅)|𝜙𝑣(𝑥̅)⟩ = ∑∑𝑃𝜇𝑣𝑆𝜇𝑣 = 2𝑁

𝑜𝑐𝑐

𝑣=1

.

𝑜𝑐𝑐

𝜇=1

𝑜𝑐𝑐

𝑣=1

𝑜𝑐𝑐

𝜇=1

(2.76)

𝑆𝜇𝑣

𝑃𝑣𝑣 𝜙𝑣

𝑃𝜇𝑣

𝜙𝑣
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𝜌𝜇 = 𝑃𝜇𝜇𝑆𝜇𝜇 +∑𝑃𝜇𝜈𝑆𝜇𝜈
𝜇≠𝜈

; ⁡𝜇⁡𝑜𝑟𝑏𝑖𝑡𝑎𝑙𝑒𝑠⁡𝑎𝑡𝑜𝑚𝑖𝑐𝑜𝑠, 𝜈⁡𝑜𝑟𝑏𝑖𝑡𝑎𝑙𝑒𝑠⁡𝑚𝑜𝑙𝑒𝑐𝑢𝑙𝑎𝑟𝑒𝑠 (2.77)

𝜌𝑎𝑡𝑜𝑚 = ∑ 𝜌𝑀

𝐾

𝑀𝐸𝐴

(2.78)

𝑞𝑎𝑡𝑜𝑚 = 𝑍𝑎𝑡𝑜𝑚 − 𝜌𝑎𝑡𝑜𝑚
(2.79)

𝐵𝑂𝐴−𝐵 =∑∑(𝑃𝑆)𝛼𝛽(𝑃𝑆)𝛽𝛼

𝐴𝑂

𝛽𝜖𝐵

𝐴𝑂

𝛼𝜖𝐴

(2.80)

𝑄𝑖 𝜏𝑖

𝑉𝐸𝑆𝑃(𝑟) =∑
𝑄𝑖

|𝑟 − 𝜏𝑖|

𝑁𝑎𝑡𝑜𝑚

𝑖=1

(2.81)

𝑄𝑖

∑𝑄𝑖 = 𝑄𝑡𝑜𝑡
𝑖

(2.82)

𝜒2 = ∑(𝑉(𝑟𝑝) − 𝑉𝐸𝑆𝑃(𝑟𝑃))
2
− ⁡𝜆 (𝑄𝑡𝑜𝑡 − ∑ 𝑄𝑖

𝑁𝑎𝑡𝑜𝑚𝑠

𝑖=1

)

𝑁𝑝

𝑝=1

(2.83)
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𝜌(𝑟̅) =
∆𝑁𝑒
∆𝑉

(2.84)

𝐸[(𝜌𝑒(𝑟 ))] = 𝑇̂ + 𝑉̂ = 𝑇̂𝑒(𝜌) + 𝑉̂𝑁−𝑒(𝜌) + 𝑉̂𝑒−𝑒(𝜌)
(2.85)

ρ

𝑇~𝜌3 4⁄ ρ (2.86)

𝑉̂𝑁−𝑒 = ∑
𝑍𝐼

|𝑅⃗ 𝐼−𝑟 𝑖|
= ∫

𝑍𝐼

|𝑅⃗ 𝐼−𝑟 𝑖|
𝜌(𝑟 )𝑑𝑣 = 𝑉𝑁−𝑒(𝜌)𝐼,𝑖 𝑉̂𝑒−𝑒 = ∫∫

𝜌(𝑟 )𝜌(𝑟 ′)

|𝑟 −𝑟 ′|
𝑑𝑣 (2.87)

𝜌𝑒(𝑟 ) ⇔ 𝑉̂(𝜌) (2.88)

𝐸[(𝜌𝑒(𝑟 ))] = 𝑇̂𝑒(𝜌) + 𝑉̂𝑁−𝑒(𝜌) + 𝑉̂𝑥𝑐(𝜌)
(2.89)
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𝑑𝐸(𝜌)

𝑑𝜌
= 0 (2.90)

𝐻̂𝐾,𝑆𝜙𝐼
𝐾𝑆 = 𝜆𝐼𝜙𝐼

𝐾𝑆⁡ (2.91)

𝜙𝐼
𝐾𝑆

𝜌𝑒(𝑟 ) =∑|𝜙𝑗
𝐾𝑆|

2
𝑜𝑐𝑐

𝑗

(2.92)

𝐹[𝜌]

𝜙𝑗
𝐾𝑆

𝑇̂(𝜌) =∑−
1

2
∇𝑖
2

𝑖

(2.93)

T(𝜌) = ⟨𝜙𝑡𝑜𝑡
𝐾𝑆 | ∑ −

1
2∇𝑖

2
𝑖 |𝜙𝑗

𝐾𝑆⟩ (2.94)

𝜙𝑗
𝑘𝑠⟩ = 𝜙1

𝐾𝑆(𝑥̅1), 𝜙2
𝐾𝑆(𝑥̅2), …

T(𝜌) = ∫𝜙1
∗(𝑥̅1)𝜙2

∗(𝑥̅2)…𝜙𝑁
∗ (𝑥̅𝑁)∑−

1

2
∇𝑖
2𝜙1(𝑥̅1)

𝑁

𝑖

𝜙2(𝑥̅2)…𝜙𝑁(𝑥̅𝑁)𝑑𝑣1𝑑𝑣2…𝑑𝑣𝑁
(2.95)

T(𝜌) =∑∫𝜙𝑖
∗(𝑥̅𝑖) −

1

2
∇𝑖
2𝜙𝑖(𝑥̅𝑖)𝑑𝑣𝑖, 𝑖 = 1,2, … ,𝑁

𝑁

𝑖

(2.96)
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𝑑𝑇(𝜌)

𝑑𝜌
=
𝜕𝑇

𝜕𝜙𝑗
∗ = −

1

2
∇𝑗
2𝜙𝑗 (2.97)

−
ℎ2

2𝑚
∇2

𝑃̅ = 𝑝̅ +
𝑄

𝐶
𝐴̅ (2.98)

𝑇̂ =
(−
1
2
∇𝑗
2 +

𝑄
𝐶
𝐴̅)

2

2𝑚

(2.99)

ρ

𝑉̅𝑥𝑐

𝑉𝑁−𝑒

𝑉𝑁−𝑒(𝜌) =∑∫−
𝑍𝑗

|𝑅⃗ 𝑗 − 𝑟 𝑗|
𝜌(𝑟 )𝑑𝑣 =∑−

𝑍𝑗

|𝑅⃗ 𝑗 − 𝑟 𝑗|
∑|𝜙𝑖(𝑟 )|

2𝑑𝑣

𝑜𝑐𝑐

𝑖

𝑜𝑐𝑐

𝑗

𝑜𝑐𝑐

𝑗

=∑−
𝑍𝑗

|𝑅⃗ 𝑗 − 𝑟 𝑗|
∑𝜙𝑖

∗(𝑟 )𝜙𝑖(𝑟 )𝑑𝑣

𝑜𝑐𝑐

𝑖

𝑜𝑐𝑐

𝑗

=∑⟨𝜙𝑖(𝑟 )| ∑
−𝑍𝐽

|𝑅⃗ 𝐽 − 𝑟 𝐽|
𝑜𝑐𝑐
𝐽 |𝜙𝑖(𝑟 )⟩

𝑜𝑐𝑐

𝐼

(2.100)

𝑑𝑉𝑁−𝑒

𝑑⟨𝜙𝑙
∗|
=∑

−𝑍𝐽

|𝑅⃗ 𝐽 − 𝑟 𝐽|

𝑜𝑐𝑐

𝐽

|𝜙𝑙
𝐾𝑆(𝑟 )⟩ (2.101)

𝛼 𝛼
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o 

ρ

𝐸𝑥𝑐 ρ 𝑟 

𝐸𝑥𝑐(𝜌) = ∫𝜀𝑥𝑐𝜌𝑑𝑣 (2.102) 

o 

𝐸𝑥𝑐(𝜌) = ∫𝜀𝑥𝑐𝜌𝑑𝑣
(2.103)

o 

𝐸𝑥𝑐 ρ

𝐸𝑥𝑐(𝜌) = ∫𝜀𝑥𝑐𝜌𝑑𝑣 → 𝜀𝑥𝑐[𝜌, ∇𝜌] (2.104)

o 

𝐸𝑥𝑐

ρ

𝜀𝑥𝑐[𝜌, ∇𝜌, ∇𝜌
2] (2.105)

𝐸𝑥𝑐(𝜌)
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𝐸𝑥𝑐[𝑛↑, 𝑛↓] = ∫𝑑
3𝑟𝑛𝜀𝑥𝑐(𝑛↑, 𝑛↓, ∇𝑛↑, ∇𝑛↓, 𝜏↑, 𝜏↓) (2.106)

𝑛↑(𝑟 ) 𝑛↓(𝑟 ) ⁡∇𝑛↑(𝑟 ) ∇𝑛↓(𝑟 )

𝜏𝜎 = ∑ (
1

2
) |∇𝜓𝑖,𝜎|

2𝑜𝑐𝑐
𝑖

 

𝐸(𝑞) ≈ 𝑞0 + 𝑔𝑖
+(𝑞 − 𝑞0) + (𝑞 − 𝑞0)

+𝐻(𝑞 − 𝑞0) (3.1)

𝑔(𝑞) = 𝑔(𝑞0) + 𝐻(𝑞 − 𝑞0)
(3.2)

𝑞 = 𝑞𝑚 𝑔(𝑞) = 0
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0 = 𝑔(𝑞0) + 𝐻(𝑞 − 𝑞0)
(3.3)

𝑞 = 𝑞0 −𝐻
−1𝑔(𝑞0) (3.4)

𝑞𝑖+1 = 𝑞𝑖 −𝐻
−1𝑔(𝑞𝑖)

(3.5)

𝑞𝑖+1 𝑞𝑖 𝐻−1

𝑞𝑖

• 

• 

• 

 

𝜇 

𝜇 

𝜇 = 𝑞𝑙 (4.1)

𝜇 
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𝜇 
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