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Abstract

In this work, we study (numerically, analytically and experimentally) wave transport properties in

disordered media. Particularly, we are interested in systems with a disorder characterized by Lévy-type

distributions. These distributions show a slow decay of their tails, thus the first and second moments

may diverge.

The inevitable presence of imperfections and impurities contained in natural systems represent

a source of disorder. Considering wave transport, these impurities lead to a random behavior to

the scattering process, so that transmission and reflection become random quantities which accept a

statistical analysis. We pay special attention to the average transmission, transmission distribution

functions, and time delay distributions. Before studying Lévy-type disordered structures, we will

analyze statistical properties in standard disordered systems which are characterized by distributions

with well defined moments. This kind of disorder leads to the Anderson localization phenomena.

Afterward, the anomalous localization problem, i.e. the Lévy problem, will be considered.

The main goal of this thesis work is to understand the behavior of delay times in Levy-type

disordered structures. The importance of this quantity is that it measures how long a wave takes

inside a given system. It was defined by Wigner as the derivative of the phase shift respect to the

energy after a wave has interacted with a target system. Despite the large number of works about

delay times in standard disordered systems, this problem remains unsolved in some aspects. Also,

we do not know any work which considers this quantity in Lévy structures. Specifically, a theoretical

characterization of delay times is contrasted against numerical simulations. Finally, a comparison

between both results and experimental measurements is performed.
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Resumen

En este trabajo estudiamos de forma numérica, anaĺıtica y experimental las propiedades de trans-

porte en sistemas desordenados. Particularmente estamos interesados en estructuras cuyo desorden se

caracteriza por distribuciones de tipo Lévy. Estas distribuciones muestran un decaimiento lento en sus

colas por lo que su primer y segundo momento pueden diverger.

La presencia de imperfecciones e impurezas contenidas en los sistemas f́ısicos reales representa una

inevitable fuente de desorden. Hablando de transporte ondulatorio, estas impurezas producen un com-

portamiento aleatorio del proceso de dispersión, lo que convierte a cantidades como la transmisión y

la reflexión en cantidades aleatorias. Esto genera que tengamos que recurrir a un enfoque estad́ıstico

para el correcto análisis de estos problemas. En este trabajo prestamos especial atención a cantidades

como el promedio de la transmisión, funciones de distribución de la transmisión y funciones de dis-

tribución del tiempo de retardo. Antes de estudiar las estructuras con desorden de Lévy, analizaremos

las propiedades estad́ısticas de sistemas con desorden estándar, i.e. desorden generado por funciones

de distribución con momentos bien definidos. Este tipo de desorden genera el fenómeno de localización

de Anderson. Posteriormente, el problema de localización anómala, i.e. el problema de Lévy, será

presentado.

El principal objetivo de este trabajo de tesis es entender el comportamiento del llamado tiempo

de retardo en sistemas desordenados de tipo Lévy. La importancia de esta cantidad yace en que ésta

mide cuanto tiempo permanece una onda dentro de algún sistema. Ésta fue definida por Wigner como

la derivada del cambio de fase con respecto a la enerǵıa después de la interacción de una onda con un

blanco determinado. A pesar del gran número de trabajos referentes al tiempo de retardo en estruc-

turas con desorden estándar, este problema aún permanece abierto en ciertos aspectos. Además, no

tenemos conocimiento de algún trabajo que considere el tiempo de retardo en alambres desordenados

con desorden de Lévy. Espećıficamente, la caracterización teórica de los tiempos de retardo es con-

trastada con simulaciones numéricas. Posteriormente, una comparación entre ambos resultados y uno

experimental es llevada a cabo.
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I

Introduction

What if my dreams don’t become reality?

Is my life just a big mistake?

Will I be happy for the times I had?

Would I reconsider recalculate?

In Flames (Wallflower)

Wave transport through disordered media is a fundamental topic in physics and has been widely

investigated. Given the generality of this phenomenon, classical or quantum waves can be treated

similarly. Particularly, one of the most studied problems is the Anderson localization [1, 2, 3], which is

characterized by a strong, i.e. exponential, spatial localization of waves. This phenomenon is triggered

by the destructive interference of the waves inside a disordered system.

On the other hand, it is known that some one-dimensional disordered systems may present another

kind of localization different than Anderson localization. It has been shown that the use of stable

distributions to induce disorder produces wave localization different than Anderson localization [4, 5,

6, 7, 8, 9, 10]. This special case of localization is known as anomalous localization.

Stable distributions, also known as Lévy distributions, are characterized by a slow decay [11].

Specifically, if we choose x as a Lévy random variable, it is known that its distribution function has the

form p(x) ∼ 1/xα+1 for x� 1 and 0 < α < 2. Here, α is named the stable parameter and determines

the decay of the distribution. Also, the first statistical moment diverges in all the α-domain while the

second moment diverges for α < 1. Those distributions have been used to explain diverse phenomena

in biology [12] and economy [13], among other fields.

The first experimental observation of anomalous localization in Lévy disordered systems was per-

formed by Barthelemy et al. [4] using photonic structures named Lévy glasses. Motivated by this

experiment, a theory to mathematically explain the transport phenomena through one-dimensional

Lévy disordered systems was developed considering electrons [6] and, later, using classical electro-

5
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magnetic waves [8]. Finally, a photonic waveguide was constructed using dielectric scatterers placed

according to a Lévy distribution [10]. That experiment proved the previous results about the transmis-

sion coefficient distribution but other important quantities, like delay times, have not been studied yet.

The concept of delay times was proposed by Wigner [14] and they measure how long a wave takes

to be reflected by a scatterer to come back to its starting point. It other words, the delay time τ

measures how much time a wave spends inside a system. Mathematically, it is defined as the derivative

of the phase shift η respect to the energy E

τ ∝ dη

dE
.

Nowadays, delay times in disordered media have been extensively investigated considering Anderson

localization [15, 16, 17, 18, 19]. However, some questions about this problem remain unsolved. It is

important to stress that we do not know about studies that consider delay times in Lévy disordered

structures. Motivated by this, we propose to investigate, theoretically and numerically, delay times in

this kind of systems. These results will be contrasted with experimental measurements.

The main goal of this thesis is to study the statistical properties of wave transport in disordered

media. Specifically, we are interested in delay times through Lévy-structures. Thus, the following

specific objectives have been proposed.

• The study of transmission in Anderson disordered structures.

• The study of delay times in Anderson disordered structures.

• The study of transmission in Lévy-type disordered structures.

• The study of delay times in Lévy-type disordered structures.

• The comparison between the theoretical and numerical results with the corresponding experi-

mental data.

This work is organized as follows. Chapter 1 presents the two main ingredients of our numerical

simulations: a physical model based on electrodynamics and the mathematical formalism of the trans-

fer and scattering matrices. Additionally, Fabry-Perot resonances, photonic crystals, as well as the

time delay, will be presented and briefly discussed. In Chapter 2, the general ideas about Anderson

localization will be shown. First, the one-parameter scaling theory and transmission distributions are

presented. Then, we will focus on the delay time problem. The main result of this chapter is a new

approximated distribution for delay times in finite systems.

The anomalous localization problem, or Lévy problem, will be analyzed in Chapter 3. As an

introduction, some details about stable distributions will be presented and then, we will use them to

construct Lévy-disordered structures. The properties of the transmission coefficient will be studied

later. Finally, delay times in this kind of systems will be analyzed. The analysis of delay times will

open a discussion about the homogeneity of the disorder inside the system which will result in two

6
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different kinds of structures characterized by Lévy disorder. In the final Chapter, experimental results

will be compared with the theoretical results presented in Chapters 2 and 3. Finally, the conclusions

of this work and future prospectives will be discussed.

As a complement of this Thesis, Appendix A will present some results on Anderson structures

with absorption. In Appendix B, numerical results for the ballistic regime using standard disorder are

shown. Appendix C contains a set of complementary figures.

7
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Basic concepts

Fear leads to anger,

anger leads to hate,

hate leads to suffering.

Master Yoda to Anakin

(Star Wars Episode I: The Phantom Menace)

Abstract

In this chapter, we present the two principal ingredients of our numerical model which are the transfer matrix

method and the photonic model. Specifically, the transfer matrix method is applied to obtain the transport

quantities from an electromagnetic model. Finally, a brief introduction of the time delay is shown.

9



Chapter 1

Transfer and scattering matrices

One of the most popular mathematical treatments to work with any wave transport process is the

transfer matrix method which is closely related to the scattering matrix method. To explain how this

method works, we consider a one-dimensional system1 with a potential V (x) in the region xa < x < xb.

Notice that this potential can represent a change of medium in the electromagnetic case. For a wave

function ψ, the transfer matrix relates the left-hand amplitudes with the right-hand amplitudes. The

scattering matrix allows expressing the coefficients of the waves coming from the potential in terms of

the coefficients of the waves that enter in the potential. We write

ψL = ψ+
L + ψ−L , ψR = ψ+

R + ψ−R , (1.1)

where the subscripts L and R refer to the left and right side of the potential, respectively. Likewise, the

superscripts + and − label the direction of the wave. A diagram of this process is shown in figure 1.1.

Figure 1.1: Diagram of a one-dimensional scattering system. The arrows show how the waves are moving with respect

to the potential V (x).

It can be seen that for two or more potentials, the associated final matrix can be computed by multi-

plying the corresponding transfer matrices of each potential. Since we are considering one-dimensional

systems, the scattering and transfer matrices are 2× 2 matrices. For the transfer matrix M we write(
ψ+
R

ψ−R

)
=

(
M11 M12

M21 M22

)(
ψ+
L

ψ−L

)
,

while the scattering matrix S has the form(
ψ−L

ψ+
R

)
=

(
S11 S12

S21 S22

)(
ψ+
L

ψ−R

)
. (1.2)

Additionally, the elements of the M and S matrices are related as follows

M =

(
S21S12−S11S22

S12

S22
S12

−S11
S12

1
S12

)
, S =

(
−M21
M22

1
M22

M11M22−M12M21
M22

M12
M22

)
,

where the coefficients of both matrices are, in general, complex numbers.

1In this work, we only consider one-dimensional systems, but a generalization of these methods have been studied

in [20] considering quasi-one-dimensional systems.

10



Basic concepts

Transmission and reflection amplitudes

Consider an incoming wave interacting with the potential only from the right side, ψ+
L = 0, the

scattering matrix (1.2) becomes

ψ−L = S12ψ
−
R , ψ+

R = S22ψ
−
R ,

where S12 and S22 are called transmission amplitude t and reflection amplitude r, respectively. Simi-

larly, we can choose the left side as the incident side, ψ−R = 0, to obtain the t′ and r′ amplitudes

ψ−L = S11ψ
+
L , ψ+

R = S21ψ
+
L ,

so that, the scattering matrix is written as

S =

(
r′ t

t′ r

)
. (1.3)

Moreover, the transmission and reflection amplitudes can be written in terms of the transfer matrix

coefficients in the form

t =
1

M22
, r =

M12

M22
,

t′ =
M11M22 −M12M21

M22
, r′ = −M21

M22
,

(1.4)

where both, t′ and r′, are related with t and r for systems where specific properties and symmetries

are presented. Finally, the transmission and reflection coefficients are defined as [20]

T = |t|2, and R = |r|2,

as well as for the t′ and r′ components where we have

T ′ =
∣∣t′∣∣2, and R′ =

∣∣r′∣∣2.
Now, some properties of these coefficients will be discussed.

Symmetries of the system

Symmetries generally reduce analytical computations and provide some powerful options to test

numerical simulations in a first instance. One of the most typical symmetries is the time-reversal

symmetry, which will be presented after we show the behavior of a system that conserves the current.

Conservation of the current

By multiplying the one-dimensional Schrödinger equation with solution ψ(x) by ψ∗(x) and inte-

grating on the interval where the potential lies, we get

i~
∫ xb

xa

ψ∗
∂ψ

∂t
dx = − ~2

2m

∫ xb

xa

ψ∗
∂2ψ

∂x2
dx+

∫ xb

xa

ψ∗V (x)ψdx. (1.5)

11



Chapter 1

Then, we subtract from equation (1.5) its complex conjugate to obtain

∂

∂t

∫ xb

xa

ψ∗ψdx =

∫ xb

xa

∂j(x)

∂x
dx+

1

i~

∫ xb

xa

[ψ∗V (x)ψ − ψV ∗(x)ψ∗] dx , (1.6)

where j(x) is called the current density in the x direction and is defined as [21]

j(x) =
i~

2m

[
ψ(x)

∂ψ∗(x)

∂x
− ψ∗(x)

∂ψ(x)

∂x

]
.

From equation (1.6), we can observe that if V (x) ∈ R the third integral vanishes. The general case

where V (x) ∈ C corresponds to systems with absorption or gain which are presented numerically in

Appendix A. Also, the first integral represents the change in charge density with respect to time for

xa < x < xb. In this work we focus on systems that are independent of time, then this integral must

vanish. Afterward, equation (1.6) becomes∫ xb

xa

∂j(x)

∂x
dx = j(xb)− j(xa) = 0, (1.7)

which is the flux conservation condition through the scattering region. For a plane wave ψ± = Ae±ikx,

we have

j± = ±~k
2
|A|2 = ±~k

2

∣∣ψ±∣∣2.
By substituting this in equation (1.7) and considering jL,R = j+L,R + j−L,R and equation (1.1), we get

(
ψ+∗
R ψ−∗L

)(ψ+
R

ψ−L

)
=
(
ψ+∗
L ψ−∗R

)(ψ+
L

ψ−R

)
,(

ψ−∗L ψ+∗
R

)
S =

(
ψ+∗
L ψ−∗R

)
, or

(
ψ−∗L ψ+∗

R

)
=
(
ψ+∗
L ψ−∗R

)
S†,

so that

SS† = 1,

where 1 is the 2× 2 unitary matrix. This finally implies

T +R = 1 and |det(S)| = 1.

Time-reversal symmetry

For a system with time-reversal symmetry, the wave function becomes

ψ(x)→ ψ∗(x),

which for the particular case of a planar wave corresponds to the same wave propagating in the opposite

direction. In this frame, ψ−∗L and ψ+∗
R are the incident waves, thus the expression (1.2) and its conjugate

are (
ψ+∗
L

ψ−∗R

)
= S

(
ψ−∗L

ψ+∗
R

)
and

(
ψ−∗L

ψ+∗
R

)
= S∗

(
ψ+∗
L

ψ−∗R

)
,

12
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then,

SS∗ = 1,

which, together to the current conservation condition, allows concluding that S is symmetric. Hence,

from equation (1.3) it can be seen that t = t′. Additionally, for the transfer matrix we have(
0 1

1 0

)(
ψ+∗
R

ψ−∗R

)
= M

(
0 1

1 0

)(
ψ+∗
L

ψ−∗L

)
and

(
ψ+∗
R

ψ−∗R

)
= M∗

(
ψ+∗
L

ψ−∗L

)
,

and finally,

M =

(
M11 M12

M∗12 M∗11

)
and det(M) = 1.

As we can observe, the importance of these characteristics lies in they allow easily computing

transport quantities for a complex system.

Note that these properties of the transfer and dispersion matrices are general and can be applied

to both classical or quantum waves. For simplicity, we have used a quantum approach and some

considerations, like plane waves, to show these properties, although they can be proved using different

formalisms. Now, we will present another formalism which admits an easier experimental perform.

Electromagnetic model

Consider a layer of width l, permittivity ε2 and permeability µ2 which lies between two different

and semi-infinite media with permittivities (ε1, ε3) and permeabilities (µ1, µ3). For simplicity, the

electric field is always chosen perpendicular to the surfaces. A diagram of this process is shown in the

figure 1.2.

Figure 1.2: Diagram of a one-dimensional layered system. The arrows indicate the wave direction. The process will be

repeated in the interface between medium 2 and medium 3.
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The coefficients of the electromagnetic field in medium 3 can be written in terms of the field in

medium 1. Then, the field in medium 3 is given in terms of three transfer matrices as(
E+

3

E−3

)
= M23

(
eik2zl 0

0 e−ik2z l

)
M12

(
E+

1

E−1

)
,

where M23 and M12 are the transfer matrices from medium 2 to medium 3 and from medium 1 to

medium 2, respectively, and k2z is the wavenumber inside the layer in the z-axis. It can be observed

that the second transfer matrix produces phase change for the planar wave. Also, the coefficients of

the first and third transfer matrices are given by the Fresnel equations.

Transfer-matrix coefficients

According to [22], the Fresnel equations are derived from the properties of the electromagnetic field

through an interface. Considering that the wave moves from medium 1 to medium 2, the equations

for the electric field are

E′ =
2n1 cos θ1

n1 cos θ1 + µ1
µ2

√
n22 − n21 sin2 θ1

E and E′′ =
n1 cos θ1 − µ1

µ2

√
n22 − n21 sin2 θ1

n1 cos θ1 + µ1
µ2

√
n22 − n21 sin2 θ1

E,

where E′ is the reflected component and E′′ is the transmitted one. In order to find all the coefficients

of the transfer matrix, we consider a wave coming from medium 1 to medium 2 and another one

moving from medium 2 to medium 1. Then, the other two components are in terms of the reflected

and transmitted waves as it is shown in figure 1.3.

Figure 1.3: Diagram of the two main components of the electric field and their reflected and transmitted components.

This analysis allows writing

E+
2 = E+′′

1 + E−′2 and E−1 = E−′′2 + E+′
1 .

14
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By substituting here the Fresnel equations and consider that ki = niω/c, the transfer matrix is given

by

M12 =
1

2

(
1 + z12 1− z12
1− z12 1 + z12

)
, (1.8)

with z12 = µ2k1z/µ1k2z and kiz = ki cos θi. Since the transfer matrix M23 is constructed in the same

way, it can be obtained from (1.8) by replacing z12 by z23. By multiplying the three transfer matrices

we find

M11 =
1

2
(1 + z13) cos k2zl +

i

2
(z12 + z23) sin k2zl,

M12 =
1

2
(1− z13) cos k2zl +

i

2
(z23 − z12) sin k2zl,

M21 =
1

2
(1− z13) cos k2zl −

i

2
(z23 − z12) sin k2zl,

M22 =
1

2
(1 + z13) cos k2zl −

i

2
(z12 + z23) sin k2zl.

For simplicity, in this work, we consider two alternated non-magnetic materials, thus z13 = 1 and

µ1 = µ2. Then, the coefficients are written as

M11 = cos k2zl +
i

2

(
k2z
k1z

+
k1z
k2z

)
sin k2zl,

M12 =
i

2

(
k2z
k1z
− k1z
k2z

)
sin k2zl,

M21 = − i

2

(
k2z
k1z
− k1z
k2z

)
sin k2zl,

M22 = cos k2zl −
i

2

(
k2z
k1z

+
k1z
k2z

)
sin k2zl.

(1.9)

Fabry-Perot resonances

By substituting (1.9) in (1.4) the transmission coefficient can be written as

T =
1

1 + 1
4

(
k2z
k1z
− k1z

k2z

)2
sin2 k2zl

,

which is equal to 1 when k2zl = mπ for m ∈ Z where Z corresponds to the set of integer numbers.

Remember that the field inside the layer consists of a wave coming from the right and other coming from

the left. Resonances appear when all the waves have the same phase. Then, the resonant frequencies

are given by
ωl

c

√
ε2 cos θ2 = mπ.

Finally, we can write the frequency in terms of the incident angle as

ωm =
cmπ

l
√
ε1

1√
ε2/ε1 − sin2 θ1

.

Notice that the resonant frequencies exist only for ε2 > ε1 ∀ θ1. For ε2 < ε1 there is a critical

angle θc which determines if the wave produces a resonant effect or it is bounded inside the layer. The
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resonance process is called Fabry-Perot resonance and a graph of this is shown in figure 1.4 for three

different values of the angle of incidence.
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Figure 1.4: Transmission coefficient of a wave moving through a dielectric layer. The maximums of the coefficient are

called Fabry-Perot resonances. In this case, the parameters are n1 = 1, n2 = 3, θ1 = 0 (black line), θ1 = π/5 (red line),

θ1 = π/3 (green line), and l = 1. The frequency is measures in dimensionless units ωl/c.

A similar effect appears when a finite number of layers are added to the system. In that case, the

number of resonances increases and produces two different behaviors, as will be shown below.

Photonic crystal

A photonic crystal is a layered medium which has a periodic structure in a finite or infinite array [20].

The system is composed by two materials, a and b, with different thickness, la and lb, and different

refraction indices, na and nb, respectively. A diagram of a photonic system is shown in figure 1.5.

With the purpose of computing the transmission coefficient, we start by calculating the transfer

matrix for a pair of layers,

Mab =

(
eikala 0

0 e−ikala

)
Mb, (1.10)

16



Basic concepts

where the components of Mb are given by (1.9). Thus, the transfer matrix which describes a system

with N pairs of layers can be written as the product of N matrices with the form of (1.10), i.e.,

M = MN,abMN−1,ab · · ·M2,abM1,ab = MN
ab, (1.11)

since the N matrices are exactly the same.

Figure 1.5: Diagram of an infinite photonic crystal formed by two different media. The figure shows the pair of layers

labeled as N and N + 1.

Quarter stack frequency

The natural frequency of the system ω0 can be defined as [20]

ω0nala =
π

2
c.

By choosing ω/ω0 as the new variable, the arguments of the sine and cosine functions in the components

of each transfer matrix, equation (1.9) and (1.10), become

kazla =
π

2

ω

ω0
cos θa and kbzlb =

π

2

ω

ω0

nblb
nala

cos θa.

where it can be observed that one of them, kazla, does not depend on the length of the layers while the

other one, kbzlb, just depends on the ratio between both lengths. Notice that this change of variable

only works in the periodic case and it is given in terms of the layer thickness of one of the media. If

we choose a system whose frequency is ω0, then

kala = 2π
la
λa

=
π

2
,

so,

la =
λa
4
.

This kind of systems are called quarter stack layered medium given the thickness of the layer is exactly

a quarter of the wavelength.
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Band structure

In order to shown the transmission coefficient in terms of the frequency, equation (1.11) has been

numerically evaluated. The total transfer matrix is computed as a multiplication of N transfer matrices

whose coefficients are given by the electromagnetic model. This kind of evaluation is the cornerstone of

our numerical work, i.e. each ensemble elements in the numerical simulations presented in this Thesis

is developed in the same way.

The graphs of the transmission coefficient in terms of the frequency of a photonic crystal are shown

in figure (1.6) where we can observe two different behaviors. First, we observe frequency regions where

the transmission is different from zero, these regions are called transmission bands. On the other hand,

there are regions where the transmission coefficient equals zero, those are called gaps.
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Figure 1.6: Transmission coefficient as a function of the frequency for a photonic crystal. In both cases, the thickness of

the layers, the refraction indices and the incident angle are 2lb = la, na = nb/2 and θa = π/3, respectively. ω0 corresponds

to the quarter stack frequency. The top (bottom) panel shows a graph for N = 10 (N = 50).

The band structure is representative of layered systems and it is produced when the system is

periodic.

Delay time

The first study about delay times was developed by Wigner [14] in 1955 who considered a particle

interacting with a scatterer. According to [14], the derivative of the phase shift with respect to the
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energy can be interpreted as the time that takes a particle be reflect in a scattering process. Explicitly,

the reflection delay time is given by [23]

τR = ~
dη

dE
, (1.12)

where η is the phase shift of the reflection amplitude and E denotes the energy of the incident particle.

Note that for our electromagnetic model, the equation (1.12) can be written in terms of the wave

frequency

τR =
dη

dω
.

In order to understand the definition (1.12) given by Wigner [14], we present an example below.

A small example

Suppose a traveling plane wave e−ik(x−L) in a semi-infinite one-dimensional system where a finite

potential is placed at x = L. The system is closed at the origin x = 0 by an infinite potential barrier

while it is open at the other side. A diagram of the system can be observed in figure 1.7.

Figure 1.7: Diagram of a semi-infinite one-dimensional scattering system. The arrows show how the waves are moving

with respect to the potential V (x).

Since everything is reflected by the barrier, the scattering matrix becomes a 1 × 1 matrix whose

unique element is the reflection amplitude r. Thus, r can be written as

r = eiη,

where η the corresponding phase of this amplitude and |r|2 = 1. Then, the phase of the reflected wave

function becomes

θ = i[k(x− L) + η].
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By supposing a stationary phase with respect to the wavenumber k we get

dθ

dk
= i

[
(x− L) +

dη

dk

]
= 0, (1.13)

where k can be written as a function of the energy

k =
E

vg~
. (1.14)

Here, vg is the group velocity. By substituting Eq. (1.14) into Eq. (1.13) it is obtained

x = L− τRvg, with τR =
dη

dE
~,

Thus, the wave is spatially retarded by τRvg where τR is interpreted as the delay time.
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2

Standard disorder (Anderson

localization)

Justicia eterna son tus testimonios;

dame inteligencia, y viviré.

Salmo 119 144

Abstract

In this chapter, we focus on the study of disordered systems whose disorder distribution is characterized by a

finite mean and a finite variance. Specifically, we are interested in transmission distributions and time delay

distributions. In relation to delay times, a new approximation for finite systems in the localized regime is

presented and tested.
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Dimensionless length

The first incursion to the study of disordered systems was made by Anderson considering an infinite

one-dimensional lattice [1]. In that work, the sense of disorder was introduced as the randomness of

the impurities inside a given medium. The main result of the analysis was the discovery of a strong

spatial, i.e. exponentially, localization of the wave function ψ. That means the diffusion of the wave

takes place via jumps between localized sites. A diagram of the Anderson model is shown in figure 2.1.

We write

|ψ| ∝ ex/l,

where l is called mean free path and represents the total decay distance of a superposition of waves

inside a medium.

Figure 2.1: Simplified diagram of the Anderson model. Each gray circle represents an impurity. In the real case, the

distance between any two impurities is random, as well as each impurity can have a random size.

Finite systems: transport regimes

It can be seen that the mean free path is fixed for the same amount of disorder. Thus, a natural

question is how the transport properties are modified in the presence of a finite system of length L?

To answer this it is necessary to call a new variable named dimensionless length which is defined as

s =
L

l
, (2.1)

and measures the system in terms of the mean free path. Using this quantity two different transport

regimes can be defined. Those are

• Ballistic regime: It is characterized by s� 1 which means the system length is smaller than the

mean free path. Thus, the system is almost transparent and any wave can cross it without being

reflected. As a consequence, the disordered sample is characterized by a transmission coefficient
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Standard disorder (Anderson localization)

close to 1 and a reflection coefficient close to 0. A diagram of a disordered system in the ballistic

regime is shown in figure 2.2.

Figure 2.2: Simplified diagram of the Anderson model in the ballistic regime.

• Localized regime: It is characterized by s � 1 which means that the system length is greater

than the mean free path. Thus, the waves cannot cross without being strongly scattered. As

a consequence, those structures present a transmission coefficient close to 0 and a reflection

coefficient close to 1. A diagram of a disordered system in the localized regime is shown in

figure 2.3.

Figure 2.3: Simplified diagram of the Anderson model in the localized regime.

Additionally, there is a crossover region characterized by s ∼ 1. There, any values of T between 0

and 1 can be obtained with the same probability [20].

Transmission probability density distribution

To find how the transmission probability density distribution evolves with the length of the system

we assume the system in the dense-weak-scattering limit [24]. This means that the waveguide contains

a very large number of weak scatterers, i.e., λ0 � l where λ0 is the wavelength relative to the wave

frequency.
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Fokker-Plank equation

The probability distribution of the transmission coefficient obeys a differential equation which has

been obtained in [24, 25, 26, 27] using different methods. According to those authors, this distribution

corresponds to the solution of a Fokker-Plank equation which, for a one-dimensional system, can be

written in terms of λ as
∂p(λ)

∂s
=

∂

∂λ

[
λ(1 + λ)

∂p(λ)

∂λ

]
,

here, s is the dimensionless length and λ is the radial variable of the transfer matrix in the polar

representation

M =

(√
1 + λeiφ1

√
λeiφ2

√
λe−iφ2

√
1 + λe−iφ1

)
,

where φ1 and φ2 are the phases of each complex coefficient. Then, λ is expressed in terms of T as

λ =
1− T
T

.

The solution for p(T ) is given in [28] in terms of quadratures by the expression

p(T ) =
s−3/2e−s/4√

2πT 2

∫ ∞
y0

dy
ye−y

2/4s√
cosh y + 1− 2/T

, (2.2)

with y0 = arccosh (2/T − 1). Notice that the probability density function only depends on the variable

T and the dimensionless length s. That means that all the properties of the distribution are completely

determined by the dimensionless parameter s. A simpler form of equation (2.2) was reported in [9]

and is written as

p(T ) = C

[
arccosh (1/

√
T )
]1/2

T 3/2(1− T )1/4
e−(1/s) arccosh

2 (1/
√
T ), (2.3)

where C is a normalization constant. As it is shown, the parameter s is crucial to define and understand

the properties of each regime and, additionally allows computing the probability density function of T .

The relation between s and T is the cornerstone of the one-parameter scaling theory.

One-parameter scaling theory

The distribution of lnT can be computed from (2.2). It is given by

T → lnT =⇒ p(lnT ) = Tp(T ),

where it is found that the average of 〈lnT 〉 is precisely the dimensionless length (2.1)

〈lnT 〉 = −s. (2.4)

Remember that T can be easily obtained numerically from the transfer matrix or measured experi-

mentally. Also, knowing the length of the system and its dimensionless length, equation (2.4) allows a
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direct measurement of the amount of disorder. In this sense, equation (2.4) allows characterizing any

disordered system given its mean free path, i.e. its amount of disorder.

In order to continue using the electromagnetic model shown in Chapter 1, numerical simulations

of a disordered system whose length is fixed was developed. The result of this simulation is shown

in figure 2.4 for 6 different configurations. In three of them, we keep the frequency constant while

the angle of incidence changes. Similarly for the others which keep the incidence angle constant while

the frequency changes. The randomness in the simulations is introduced by choosing the thickness of

the layers as random variables. Even though this simulation considers Gaussian random variables, the

same results can be obtained by using any random variable which is characterized by a finite mean and

a finite variance. All the simulations shown in this chapter were developed using Gaussian variables

with mean µ and standard deviation σ.

0 200 400 600 800 1000
L

0

20

40

60

80

〈-
ln

T〉

ν=ν0/2
ν=ν0
ν=2ν0

θ=0

0 200 400 600 800 1000
L

0

30

60

90

120

150

〈-
ln

T〉

θ=0
θ=π/7
θ=π/5

ν=ν0

Figure 2.4: The average 〈− lnT 〉 = s as a function of the system size L for one-dimensional layered structures conformed

by two different media (symbols). The thickness of each layer is given by the absolute value of a Gaussian random variable

characterized by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4 and ν0 = 7.5 GHz. In the right [left] panels

we keep the frequency [incident angle] constant while the incident angle [frequency] changes. The solid lines are fittings

of the data with Eq. (2.1). Each symbol was calculated using 104 ensemble realizations.

In general, the amount of disorder depends on the difference between the refraction indices, the

angle of incidence, the energy of the wave as well as the thickness of the scatterers. Figure 2.4 also

shows how the amount of disorder depends on two of these parameters, ν and θ.

Finally, we compare equation (2.3) with numerical simulations in figure 2.5. The two transport

regimes are presented in that figure: the upper left panel shows the probability distribution function

p(T ) in the ballistic regime and the lowers panels show the PDF p(lnT ) in the localized regime. Note

that the upper right panel shows the PDF p(T ) in the crossover region. Also, the lower panels show

the log-normal behavior of the transmittance in the limit L� l.

Delay time

Additionally to the definition of the time delay given by Wigner [14] and presented in Chapter 1,

Smith [23] defined the delay time of a system in terms of the lifetime matrix,

Q = i~S∗
dS

dE
,
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Figure 2.5: The probability density functions p(T ) [upper] and p(lnT ) [lower] for one-dimensional layered structures

conformed by two different media (histograms). The thickness of each layer is given by the absolute value of a Gaussian

random variable characterized by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz and θ = 0.

Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order to identify the transport regime. The solid black line is the

theoretical prediction (2.3). Each histogram was calculated using 105 ensemble realizations. A good agreement between

theory and numerical simulations is observed.

where Q is called lifetime matrix or delay time matrix and S is the scattering matrix. Then, the

elements Qi,j of Q correspond to the delay times of the system

Q =

(
τR′ τT

τT ′ τR

)
.

Here τR′ , τT and τT ′ correspond to the delay times of the r′, t and t′ amplitudes, respectively.

The existence of negative delay times has been discussed widely in [29, 30, 31]. Negative delay

times do not contradict the principle of causality and have been related to the distortion of the wave,

even when the wave does not appear distorted.

Mathematically, negative delay times appear in a natural way if the scattering matrix is written in

terms of the transmission coefficient and the determinant of the matrix [19]

S = eiφF /2

(√
1− T eiρ i

√
T e−iχ

i
√
T eiχ

√
1− T e−iρ

)
, (2.5)

26



Standard disorder (Anderson localization)

where φF represents the global phase of the system which is called Friedel phase. Here, ρ is the

asymmetry phase and χ is named magnetic phase which can be removed by a gauge transformation.

Note that the phases of r and r′ are given by ηr = φF /2+ρ and ηr′ = φF /2−ρ, respectively. It is clear

that if ∆ρ > ∆φF /2 > 0 then ∆ηr′ < 0. Hence, the delay time is negative in this case and it is common

where the reflection phase changes suddenly. Similarity, for ∆φF /2 > 0 > ∆ρ with |∆ρ| > |∆φF /2|
where ∆ηr < 0.

Now that the basic aspects of delay times have been presented, the statistical methods required

to describe a disordered system may be introduced. We will concentrate on the distribution functions

and the average of this quantity.

Disorder in the half-line

Delay times in disordered systems have been studied from two different approaches. The first

approach considers a Fokker-Planck equation for the probability density function of delay times [15, 32].

This approach relates the problem of transport through a disordered structure with the exponential

Brownian motion problem. The second approach is based on the definition of the delay time matrix

[17, 33]. It is important to note that the second approach works in the localized regime, specifically

on the study of very long systems; while the first approach leads to a general solution. Right now, we

concentrate on the first approach and the second one will be presented later.

The problem of a quantum particle moving through a disordered medium was solved in [15]. The

most important assumption to reach the solution is to consider disorder in the half-line. This means

that for a one-dimensional system, the region of interest lies on 0 < x < L, where L is the length of the

disordered system and it is semi-closed. Thus, at x = 0, the system becomes impenetrable by means

of an infinite potential. Hence, the scattering matrix becomes an 1 × 1 matrix whose unique element

is the reflection amplitude, i.e., the reflection coefficient is R = 1. A diagram of the half-line problem

is shown in figure 2.6.

Figure 2.6: Diagram of the half-line problem. The system is closed at x = 0 by an infinite wall and it is open at x = L.
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For the half-line scattering problem, the probability density function of delay times obeys a Fokker -

Planck equation which is written as

∂p(τR)

∂L
=

∂

∂τR

[(
2

γ
− 2

)
p(τR)

]
+

2

γ

∂

∂τR
τR

∂

∂τR
τRp(τR), (2.6)

where γ is called scattering time and represents the time that the wave takes to move a distance

equivalent to two mean free paths. Hence, this quantity can be written as γ = 2l/vg, where vg is the

group velocity. The solution of (2.6), considering L→∞1, is

p(τR) =
γ

τ2R
e−γ/τR . (2.7)

Notice that the relations between the scattering time and the mean free path allow writing (2.7) in

terms of the dimensionless length s. A comparison between equation (2.7) and numerical simulations

is shown in figure 2.72.

In figure 2.7 the amount of disorder remains the same in each graph while the length of the system

changes for each of these examples. Also, the discrepancies between the theoretical curve and numerical

simulations increase when s decreases, i.e., when L decreases or l increases. Given that γ is determined

by the amount of disorder, it can be measured from numerical simulations. Then, the comparisons in

figure 2.7 do not contain any free parameter.

From figure 2.7 can be observed that negative delay times vanish for larges s though they are

presented in any open system. However, equation (2.7) does not predict negative delay times.

The Fokker-Plank equation, eq. (2.6), also corresponds to the description of an exponential Brown-

ian motion with drift [15, 32, 34] where the existence of the complete solution allows computing all the

moments of this distribution [15, 19]. The calculation of 〈τ〉 from equation (2.7) leads to divergence

for all γ, but according to Ref. [15, 19], the average of the delay time diverges linearly with the length

of the system

〈τR〉 ∝ L. (2.8)

Numerical simulations have been performed to test this equation; they can be observed in figure 2.8.

From figure 2.8, it can be observed that 〈τR〉 does not depend on the frequency ν nor the angle

of incidence θ. The non-dependence on the energy E = ~ω of the delay time average in a disordered

system has been discussed in [35]. The data analysis of figure 2.8 also allows finding the constant of

proportionality of equation (2.8) which is the inverse of the group velocity

〈τR〉 =
L

vg
. (2.9)

That means, the average of the reflection delay time corresponds to the time spent to reach the middle

of the waveguide and come back to the initial point.

1See [15], equation (12) for the complete solution.
2All graphs shown in this chapter have been normalized to help visualization.

28



Standard disorder (Anderson localization)

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7

p(
τ R

)
〈Τ〉=0.0004, 〈-lnT〉=20.0148 〈Τ〉=0.0021, 〈-lnT〉=15.0068

0 2 4 6 8 10
τR

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7

p(
τ R

)

〈Τ〉=0.0102, 〈-lnT〉=10.0596

0 2 4 6 8 10
τR

〈Τ〉=0.0672, 〈-lnT〉=5.0429

0 2 4 6 8 10
τR

0.1

1

10

100

p(
τ R

)
0 2 4 6 8 10

τR

0.1

1

10

100

p(
τ R

)

0 2 4 6 8 10
τR

0.1

1

10

100

p(
τ R

)

0 2 4 6 8 10
τR

0.1

1

10

100

p(
τ R

)

x10-2x10-2

x10-2 x10-2

Figure 2.7: The probability density function p(τR) for one-dimensional layered structures conformed by two different

media (histograms). The thickness of each layer is given by the absolute value of a Gaussian random variable characterized

by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown

in each panel in order to identify the transport regime. The inset of each panel presents the same histogram of the main

panel in semi-log scale. The solid black line is the theoretical prediction (2.7). Each histogram was calculated using 105

ensemble realizations. A good agreement between theory and numerical simulations is observed but the discrepancies

increase when s decreases. Here, we considered the change of variable τR/γ ⇒ τR.

Notice that for an open system with homogeneous disorder the reflection delay times τR and τR′

are expected to be statistically identical, even when r 6= r′. This characteristic does not depend on

the transport regime but only on the homogeneity of the disorder.

For the localized regime, it is important to note that the wave almost does not enter into the

system. Then, the scattering waves coming from the left and the right do not interact. Thus, we can

conclude that τR and τR′ are statistical independents in this regime. But, when s decreases and both

waves enter into the system, thus τR and τR′ become correlated variables.

Independent random reflections

Another important question we can explore is how long a wave takes to go through all the system

and leave it by the opposite side. The quantity which measures this time is called transmission delay

time and it is defined by the derivative of the phase shift of the transmission amplitude with respect to
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Figure 2.8: The average 〈τR〉 as a function of the system size L for one-dimensional layered structures conformed by

two different media (symbols). The thickness of each layer is given by the absolute value of a Gaussian random variable

characterized by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4 and ν0 = 7.5 GHz. In the right [left] panel

we keep the frequency [incident angle] constant while the incident angle [frequency] changes. The solid lines are given by

Eq. (2.9). Each symbol was calculated using 2×104 ensemble realizations. This graph does not contain any normalization

over τR.

the energy. As the reflection delay time, the transmission delay time can be expressed as a derivative

with respect to the frequency for the electromagnetic case. In order to describe the distribution of

this quantity, it is possible to obtain a relationship from the condition of unitarity of the scattering

matrix [18] which can be written as

τT =
τR + τR′

2
, (2.10)

and is valid for all transport regimes. This relation does not depend on the disorder nor its homogeneity.

We know that the probability density function of a sum of independent random variables is given by

the integral of their joint distribution. As we mentioned before, in the localized regime, both variables

are independent. Hence, the joint distribution is

p(τR, τR′) = p(τR)p(τR′). (2.11)

Then, the probability density function of τT can be written as

p(τT ) =

∫ τT

0
p(τR)p(2τT − τR) dτR , (2.12)

whose solution was obtained analytically by Schomerus [18] and has the form

p(τT ) =
γ2

τ3T
e−γ/τT

[
K0

(
γ

τT

)
+K1

(
γ

τT

)]
. (2.13)

Here, K0 and K1 represent the modified Bessel functions of the second kind. Numerical simulations

have been performed to compare our numerical model against this result and they are shown in

figure 2.9.

As in figure 2.7, in all graphs we keep the mean free path constant while the length changes. Note

that the discrepancies between equation (2.13) and numerical simulations increase when s decreases.
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Figure 2.9: The probability density function p(τT ) for one-dimensional layered structures conformed by two different

media (histograms). The thickness of each layer is given by the absolute value of a Gaussian random variable characterized

by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown

in each panel in order to identify the transport regime. The inset of each panel presents the same histogram of the main

panel in semi-log scale. The solid black line is the theoretical prediction (2.13). Each histogram was calculated using 105

ensemble realizations. A good agreement between theory and numerical simulations is observed but the discrepancies

increase when s decreases. Here, we considered the change of variable τT /γ ⇒ τT .

That is because equation (2.9) is just an approximation for very long systems that do not work for

systems whose transmission coefficient is finite T > 0. Also, it is supposed that the reflection delay

times are independent between them but this is not true near the ballistic regime. Since both waves,

the one which comes from the right and the other which comes from the left, penetrate the system a

lot, they do interact. Then, τR and τR′ are increasingly correlated when s decreases and equation (2.11)

does not hold.

Finally, from equation (2.10) and assuming that τR and τR′ are identically distributed for this kind

of disorder, it can be found that 〈τR〉 = 〈τR′〉 = 〈τT 〉. Then, from (2.9)

〈τT 〉 =
L

vg
, (2.14)

which is shown in figure 2.10. Here, equation (2.14) is interpreted as the time that a wave takes to

cross all the structure.
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Figure 2.10: The average 〈τT 〉 as a function of the system size L for one-dimensional layered structures conformed by

two different media (symbols). The thickness of each layer is given by the absolute value of a Gaussian random variable

characterized by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4 and ν0 = 7.5 GHz. In the right [left]

panel we keep the frequency [incident angle] constant while the incident angle [frequency] changes. The solid lines are

given by Eq. (2.14). Each symbol was calculated using 2 × 104 ensemble realizations. This graph does not contain any

normalization over τT .

Systems with finite transmission

We have seen that equation (2.7) works well in the localized regime, however, our main interest lies

in obtaining an expression that works better than this one near the ballistic regime s ∼ 1. In [17, 33]

expression (2.7) has been obtained considering small absorption. Those works consider an imaginary

frequency shift given by the rate 1/τ0 where τ0 is a constant related to the absorption3. That allows

writing the reflection coefficient as

rr† = r0

[
1− 1

τ0
Q

]
r†0. (2.15)

Here, r represents the reflection amplitude after the frequency shift, r0 the reflection amplitude before

the frequency shift and Q the lifetime matrix.

As we can observe, the first term on the right-hand of equation (2.15) represents the reflection

coefficient without absorption and the second one represents the losses produced by the absorption.

Remember that even though the system is open on both sides, the transmission coefficient vanishes. We

can use expression (2.15) considering our system has reflection “losses” due to the finite transmission.

Then, the reflection coefficient in terms of the delay time is given by

R = 1− τR
τ0
, (2.16)

where the distribution of the reflection coefficient for a one-channel system with time-reversal symmetry

has the form [17, 18, 33, 36]

p(λ) ∝ e−γλ/τ0 , (2.17)

with λ = R/(1−R) ≥ 0. By substituting (2.16) into (2.17) we obtain the probability density function

p(τR) =
γ

2− e−γ/τ0
1

τ2R
e
− γ
τ0

∣∣∣ τ0−τRτR

∣∣∣
. (2.18)

3In our case, this constant will be related to another characteristic of the system which will be identified numerically.
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Where it can be observed that for systems whose reflection coefficient is near to 1, λ → 1/(1 − R),

expression (2.7) is recovered from (2.17).

In order to find τ0, numerical simulations were performed and they can be seen in figure 2.11. Fig-

ure 2.11 also shows the comparison between both distributions for the reflection delay time, eqs. (2.7)

and (2.18). It is observed that the behavior of equation (2.7) is numerically recovered from equa-

tion (2.18) when T → 0.
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Figure 2.11: The probability density function p(τR) for one-dimensional layered structures conformed by two different

media (histograms). The thickness of each layer is given by the absolute value of a Gaussian random variable characterized

by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are

shown in each panel in order to identify the transport regime. The inset of each panel presents the same histogram of the

main panel in semi-log scale. The solid black [red] line is the theoretical prediction (2.7) [(2.18)] with τ0 = 〈τR〉. Each

histogram was calculated using 105 ensemble realizations. A good agreement between theory and numerical simulation

is observed. Here, we considered the change of variable vgτR/2L⇒ τR.

It can be observed that the distribution (2.18) works better than the distribution (2.7) for sys-

tems whose transmission coefficient does not vanish. Also, from the numerical simulations, it can be

concluded that τ0 represents the mean of the delay time distribution. Notice that both quantities, γ

and τ0, can be measured from the numerical simulations or experimentally. In this way, all theoretical

curves can be generated without free parameters. Assuming that τ0 = 〈τR〉 and making the change of

variable τR/ 〈τR〉 ⇒ τR distribution (2.18) can be written as

p(τR) =
1

2− e−2/s
2

sτ2R
e
− 2
s

∣∣∣ 1
τR
−1

∣∣∣
, (2.19)

which shows that the statistics are completely determined by the dimensionless length s.
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From figure 2.11, it can be observed that the number of negative delay times increases when s

decreases. Even though distribution (2.18) improves the agreement with the numerical results, it is

important to note that this distribution does not explain negative delay times either.
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Figure 2.12: The probability density function p(τT ) for one-dimensional layered structures conformed by two different

media (histograms). The thickness of each layer is given by the absolute value of a Gaussian random variable characterized

by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are

shown in each panel in order to identify the transport regime. The inset of each panel presents the same histogram of the

main panel in semi-log scale. The solid black [red] line is the theoretical prediction (2.12) taking p(τR) as (2.7) [(2.18)]

with τ0 = 〈τT 〉. Each histogram was calculated using 105 ensemble realizations. A good agreement between theory and

numerical simulation is observed. Here, we considered the change of variable vgτT /2L⇒ τT .

The distribution of τT can be obtained from the convolution (2.12) of the distributions of τR and

τR′ . The comparison is shown in figure 2.12. We have to stress that equation (2.10) is valid in all

regimes, but equation (2.11) holds for very long systems when τR and τR′ are not correlated. Despite τR

and τR′ are not independent variables, both distributions shows a good agreement with the numerical

data. Finally, it can be observed that distribution (2.18) works better than (2.7), especially at the tail

of the distribution.

In addition to the results presented in this chapter, the transport properties of structures with

absorption are presented in Appendix A. Also, delay times in the ballistic regime are studied in

Appendix B.
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Disorder in Lévy structures

(Anomalous localization)

I’m not afraid to bleed,

but I won’t do it for you,

a star among the hypocrites

the melody of our time.

In Flames (Dead end)

Abstract

In this chapter, structures whose disorder cannot be characterized by a finite mean or finite variance are presented

and discussed. First, some properties of stable distributions are shown. Then, those distributions are used to

construct disordered systems whose transmission properties are studied. Next, the statistical distribution of

delay times is characterized.
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Stable distributions

As mentioned in the previous chapter, the characteristics of the Anderson localization phenomena

and the one-parameter scaling theory can be applied to any system whose disorder is given in terms of

a random variable with finite mean and finite variance. But, what happens if the distribution which

generates the disorder does not have these properties? Such distributions are called stable distributions

or Lévy-type distributions and are characterized by long tails, i.e., for large x, the probability density

function becomes

p(x) ∼ 1

x1+α
, (3.1)

where α is the stability parameter and satisfies 0 < α < 2 [11]. This parameter determines the shape

and decay of the distribution. Notice the first moment of the distribution diverges in this domain,

but the second moment just does it for α < 1. In addition to α, the shape of Lévy distributions is

determined by a skewness parameter β where −1 < β < 1. In general, β is related with the symmetry

of the distribution. This means, for β = 1 all the distribution lies on the x positive axis.

It is important to remark that stable distributions allow defining a generalized central limit theorem,

i.e., a sum of a large number of random variables without finite mean and finite variance lead to a

Lévy distribution.

Simulation of Lévy distributions

Numerically, a Lévy random number characterized by α and φ0(α, β) can be obtained using [11]

y(α, β) =
sin[α(φ+ φ0)]

(sinφ)1/α

(
cos[φ− α(φ+ φ0)]

W

)1/α−1
for α 6= 1, (3.2)

where φ is an uniform random number in the interval (−π/2, π/2) and W is exponentially distributed

with mean 1. Particularly, if β = 1 and α < 1, φ0 = π/2, also if β = 0 ∀ α, then φ0 = 0 and finally, if

α = 2 and β = 0, φ0 = 0 and the Box-Müller algorithm for Gaussian variables applies [37]. Figure 3.1

shows four different examples of Lévy distributions for different α-values in the symmetric case β = 0.

Even though equation (3.2) does not define the values of the random variable for α = 1, there is a

result which considers β = 0:

y(1, 0) = tan(φ).

The distribution generated by these specific parameters is called Cauchy distribution and it is one of

the very special cases which have an analytical probability density function. This density function can

be written as

q1,0(x) =
1

π(1 + x2)
.

Another important example of these special cases is when α = 1/2 and β = 1 where the PDF becomes

q1/2,1(x) =
1√
2π

e1/2xx−3/2,
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and it is named Lévy distribution. For all the other values of α and β, the PDF must be computed

numerically.
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Figure 3.1: Lévy-type probability density functions for four different stability parameters and β = 0. The inset of

each panel shows part of the tail of the distribution, the solid black line is equation 3.1. Each histogram was calculated

using 107 ensemble realizations.

Transport using Lévy disorder

Stable distributions have been used in different and diverse fields of science [11, 12, 13]. Considering

wave transport based on Lévy flights, new disordered media named Lévy glasses have been created

and their transport properties were measured [4]. These media are composed of microspheres of glass

whose diameters are characterized by a Lévy distribution. Motivated by these experimental works,

the first theoretical studies related with these distributions were developed in [5, 6, 38], where it was

found that the behavior of the average of the dimensionless conductance is given by

〈− lnT 〉 ∝

{
Lα for 0 < α < 1

L for α ≥ 1
. (3.3)
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In contrast to the Anderson localization and the one-parameter scaling theory where 〈− lnT 〉 grows

linearly with L, Lévy disorder induces an α dependence in 〈− lnT 〉 for 0 < α < 1. It is important to

mention that, even though 〈− lnT 〉 depends linearly on L for α ≥ 1, the statistical properties are not

described by the one-parameter scaling theory. Since the fluctuations in the transmission coefficient

are larger than those considered in the Anderson theory. Equation (3.3) has been compared with our

numerical simulations and the result is shown in figure 3.2 for four different values of α and three

different sets of parameters. Similar figures can be found in the Appendix C.
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Figure 3.2: The average 〈− lnT 〉 as a function of the system size L for one-dimensional layered structures conformed by

two different media, one inside another (symbols). The thickness of the layers is lb = 0.25 cm while the distance between

them is given by the absolute value of a Lévy random variable characterized by α and β = 0. The parameters are na = 1,

nb =
√

4.4 and ν0 = 8.5 GHz. In each panel we keep the frequency constant while the incident angle changes. The solid

lines are fittings of the data with Eq. (3.3). Each symbol was calculated using 104 ensemble realizations.

Coexistence region

We have to stress that the disorder is introduced to the system by the thickness of the layers which

are chosen as random variables. Since we are working on a finite structure of length L the fluctuations
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Disorder in Lévy structures (Anomalous localization)

in the number of scatterers are large. Thus, in order to find the probability density function for a

Lévy-disordered system, these fluctuations must be considered. The final form of the PDF for an

ensemble with 〈− lnT 〉 = ξ was found in [6] and can be written as

pξ(T ) =

∫ ∞
0

ps(α,ξ,x)(T )qα,1(x) dx , (3.4)

where the dimensionless length is defined as a function of α as s = ξ/(2xαIα) with Iα = 1/2
∫∞
0 x−αqα,1(x) dx.

Also, qα,1(x) represents the PDF of an α-stable distribution supported on the x positive semiaxis and

ps(α,ξ,x)(T ) is given by equation (2.3).

Average transmission 〈T 〉

First, from equation (3.4) the mean transmission 〈T 〉 can be computed as a function of the system

length L. The behavior of 〈T 〉 has been studied before in [8] where it has been found that

〈T 〉 ∝ L−α for 0 < α < 1. (3.5)

A comparison of this equation with numerical simulations is shown in figure 3.3 for two different

values of α. Also, equation (3.5) can be contrasted with the exponential decay of 〈T 〉 with L for the

standard Anderson localization.

0 2 4 6 8
L

0

0.1

0.2

0.3

0.4

〈Τ
〉

θ=0
θ=π/5
θ=π/3

α=0.25, ν=ν0

0 2 4 6 8
L

0

0.05

0.1

0.15

0.2

〈Τ
〉

θ=0
θ=π/5
θ=π/3

α=0.5, ν=ν0

x105 x104

Figure 3.3: The average 〈T 〉 as a function of the system size L for one-dimensional layered structures conformed by

two different media, one inside another (symbols). The thickness of the layers is lb = 0.25 cm while the distance between

them is given by the absolute value of a Lévy random variable characterized by α and β = 0. The parameters are na = 1,

nb =
√

4.4 and ν0 = 8.5 GHz. In each panel we keep the frequency constant while the incident angle changes. The solid

lines are fittings of the data with Eq. (3.5). Each symbol was calculated using 104 ensemble realizations.

Transmission distribution

Finally, one can compute the complete distribution of T where the integral (3.4) must be evaluated

numerically. Notice that equation (3.4) only depends on ξ and α. In figure 3.4 we present a comparison

between the theoretical result and numerical simulations for two different values of α. Also, insets show

the transmission distribution for the Anderson localization problem with the value of 〈− lnT 〉.
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Figure 3.4: The probability density functions p(T ) [left] and p(lnT ) [right] for one-dimensional layered structures

conformed by two different media, one inside another (histograms). The thickness of the layers is lb = 0.05 cm [left] and

lb = 0.5 cm [right] while the distance between them is given by the absolute value of a Lévy random variable characterized

by α = 1/2 [left], α = 3/4 [right] and β = 0. The parameters are na = 1.4, nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉
and 〈− lnT 〉, are shown in each panel in order to identify the transport regime. The solid black line is the theoretical

prediction (3.4) with ps(T ) the PDF (2.3). Inset: The probability density functions p(T ) [left] and p(lnT ) [right] for

one-dimensional layered structures conformed by two different media (histograms). The thickness of each layer is given

by the absolute value of a Gaussian random variable characterized by µ = 0 and σ = 1. The parameters are na = 1.4,

nb = 2.4, ν = 7.5 GHz and θ = 0. The solid black line is the theoretical prediction (2.3). Each histogram was calculated

using 105 ensemble realizations. A good agreement between theory and numerical simulations is observed.

Note that the PDF in the left panel of Fig.3.4 shows two peaks at T ∼ 0 and T ∼ 1. This behavior

is related to the coexistence of ballistic and localized regimes. From the right panel, it can be seen

that the log-normal behavior of p(lnT ) characteristic of the Anderson localization in the localized

regime does not appear anymore for Lévy-type disorder i.e. the distribution of the logarithm of the

transmission is not a Gaussian. More figures are available in Appendix C. This numerical result has

been implemented experimentally and it is discussed in [10].

Delay time

Since the thickness of the layers in the multilayer structure we consider is given as a Lévy random

variable, the fluctuations in the number of scatterers in each structure of length L are large. Then,

systems with a small number of scatterers can be found with a larger probability than in the standard

disorder problem. To show how the delay times are affected by Lévy disorder, figure 3.5 shows a

comparison of delay time PDFs of structures with standard disorder and Levy-type disorder using two

different values of α. The average 〈− lnT 〉 has been kept constant for the three numerical simulations

shown in figure 3.5.

Notice the PDFs of delay times corresponding to Lévy structures (red and green histograms)

present long tails as compared to the PDFs of delay times for structures with standard disorder (blue
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histograms) for the same 〈− lnT 〉. Due to the coexistence of the ballistic and localized regimes in Lévy

disordered systems, long tails can be interpreted as a consequence of the delocalization of the wave.

Also, from the upper panels of figure 3.5, it is observed that τR and τR′ are not statistically identical

for the Lévy disordered structures. The differences in the statistics of τR and τR′ in Lévy-disordered

structures (red and green histograms) can be contrasted with the Anderson case (blue histogram)

where τR and τR′ are identically distributed.
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Figure 3.5: The probability density function p(τR) [upper left], p(τ ′R) [upper right] and p(τT ) [lower] for one-dimensional

layered structures conformed by two different media, one inside another (histograms). The thickness of the layers is

lb = 0.25 cm while the distance between them is given by the absolute value of a Lévy random variable characterized by

α = 1/2 (red histogram), α = 3/4 (green histogram) and β = 0 and by the absolute value of a Gaussian random variable

characterized by µ = 0 and σ = 1 (blue histogram). The parameters are na = 1.4, nb =
√

4.4, ν = 7.5 GHz, θ = 0 and

〈− lnT 〉 ∼ 10. Each histogram was calculated using 105 ensemble realizations.

Inhomogeneity of the system

In order to understand the statistical differences between τR and τR′ in Lévy disordered systems, we

have to call the concept of homogeneity. Numerically, Lévy structures are constructed by adding layers

from the left. Since the probability of obtaining a large random number from the random generator is
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lower than the probability to obtain a small number, the left side of the system has a larger density of

scatterers as compared to the right side. As a consequence, a wave coming from the right penetrates

deeper than a wave coming from the left. In other words, the left incoming wave is reflected before

the right traveling wave producing the statistical differences between the reflection delay times. Notice

that an important part of the scattering process takes place near the edges of the waveguide. We have

called these structures as inhomogeneous.

“Homogeneous”1 structures can be constructed looking for the “equilibrium” in the number of scat-

terers, especially close to the borders of the structures. Numerically, two inhomogeneous independent

systems are grown, one from the left and the other from the right. Later, both structures are coupled

by the side which is supposed to have the lowest density of scatterers. Then, the final structure is

expected to contain a similar density of layers close to the edges. A comparison between homogeneous

and inhomogeneous systems is shown in figure 3.6 for α = 1/2 where 〈− lnT 〉 is constant for both

ensembles. The α = 3/4 case as well as figure 3.5 corresponding to the homogeneous problem are

included in Appendix C.

Figure 3.6 shows that delay times are sensitive to the internal structure. As we have commented

before, the differences between τR and τR′ are tuned by how deeper the wave penetrates inside the

system. Also, from figure 3.6, it is observed that the differences in the statistics of reflection delay

times vanish by constructing structures whose density of scatterers is homogeneous near the borders,

even if the structure is not completely homogeneous. The differences in the statistics of both structures

are more notable looking at the random variables τR′ and τT . For the statistics of τR, it can be seen

that inhomogeneous structures present a faster decay with respect to the “homogeneous” systems.

The density of layers can produce other interesting phenomena. Figure 3.6 shows a local maximum

at τR ∼ 1, τR′ ∼ 1 and τT ∼ 1/2 for the “homogeneous” case. The position of these peaks has been

identified numerically in terms of the parameters of the system as

τR,max =
2L

vg
, τR′,max =

2L

vg
and τT,max =

L

vg
,

for reflection and transmission delay times, respectively. Notice that delay times in figure 3.6 have

been normalized using the value of τR,max. The normalization sets the maximum to 1 for the reflection

delay times as well as to 1/2 for the transmission delay times. The localization of this peak is related

to the finite size of the structure. For τR and τR′ , the peak is given by the waves which are reflected by

the last scatterers on the opposite side to the incident side. On the other hand, τT,max measures the

time that a wave takes to cross the structure without being scattered. In fact, τR,m = 2τT,max because

the wave crosses the system twice if it is reflected by the last scatterers while the transmission delay

time measures the time a wave takes to cross the system and is transmitted to the other side. Notice

that the PDFs of τR for inhomogeneous structures do not show this peak due to the low density of

scatterers on the opposite side of the structure.

1Despite we called these structures as “homogeneous”, this kind of structures are not completely homogeneous due to

the Lévy disorder.
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Figure 3.6: The probability density function p(τR) [upper left], p(τ ′R) [upper right] and p(τT ) [lower] for one-dimensional

layered structures conformed by two different media, one inside another (histograms). The thickness of the layers is

lb = 0.25 cm while the distance between them is given by the absolute value of a Lévy random variable characterized

by α = 1/2 and β = 0 for both systems, homogeneous (green histograms) and inhomogeneous (blue histograms). The

parameters are na = 1.4, nb =
√

4.4, ν = 7.5 GHz, θ = 0 and 〈− lnT 〉 ∼ 10. Each histogram was calculated using 105

ensemble realizations.

Homogeneous disorder

In order to describe the behavior of the probability density function of the delay times in Lévy

structures, an expression similar to (3.4) can be used. We write

pξ(τR) =

∫ ∞
0

ps(τR)qα,1(x) dx , (3.6)

where the dimensionless length has the form s = ξ/(2xαIα) with Ia defined by Iα = 1/2
∫∞
0 x−αqα,1(x) dx

and ξ = 〈− lnT 〉. Also, qα,1(x) represents the probability density function of an α-stable distribution

supported on the positive semiaxis and ps(τR) is the distribution for the reflection delay time in the

Anderson case.

As we have seen, the coexistence of the ballistic and localized regimes in Lévy-disordered systems

produces anomalous localization of the waves. This crossover region in Lévy disordered structures is
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the reason to use ps(τR) as the distribution (2.18) in order to find the PDF of delay times. First,

distribution (2.18) must be written in terms of the dimensionless length which is a function of the

variable of integration x. Then, making the change of variable τR/τ0 ⇒ τR and putting γ in terms of

the dimensionless length s, distribution (2.18) can be written as

p(τR) =
1

2− e−a/s
a

s

1

τ2R
e
−a
s

∣∣∣ 1
τR
−1

∣∣∣
, (3.7)

where a is a fitting constant. Notice that distribution (2.19) is obtained from (3.7) with a = 2. Finally,

the integral (3.6) is solved numerically and it is shown in comparison with numerical simulations in

figure 3.7. Also, the statistics corresponding to τR′ for α = 1/2 and the statistics of τR, τR′ and τT for

α = 3/4 are shown in Appendix C.
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Figure 3.7: The probability density function p(τR) for one-dimensional layered structures conformed by two different

media, one inside another (histograms). The thickness of the layers is lb = 0.25 cm while the distance between them is

given by the absolute value of a Lévy random variable characterized by α = 1/2 and β = 0. The parameters are na = 1,

nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order to identify the transport

regime. The inset of each panel presents the same histogram of the main panel in semi-log scale. The solid black line is

the theoretical prediction (3.6) with ps(τR) the PDF (3.7) and a = α. Each histogram was calculated using 105 ensemble

realizations. A good agreement between theory and numerical simulation is observed. Here, we considered the change of

variable vgτR/2L⇒ τR.
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From figure 3.7, it is observed that the distribution (3.6) with ps as (3.7) is in good agreement with

the numerical simulations. An important result lies on the value of a used to obtain all theoretical curves

in figure 3.7, being identified numerically as a = α. So that, the statistical properties are completely

determined by 〈− lnT 〉 and α again. With this information, we can perform any theoretical prediction

without free parameters.

Now, in order to understand how the average of the delay time changes with the length of the

system, numerical simulations have been performed. This comparison can be observed in figure 3.8

considering two different values of α.
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Figure 3.8: The average 〈τR〉 as a function of the system size L for one-dimensional layered structures conformed by two

different media, one inside another (symbols). The thickness of the layers is lb = 0.25 cm while the distance between them

is given by the absolute value of a Lévy random variable characterized by α = 1/2 [left], α = 3/4 [right] and β = 0. The

parameters are na = 1.4, nb =
√

4.4, ν0 = 7.5 GHz and θ = 0. We keep the incident angle constant while the frequency

changes. The solid lines are given by Eq. (3.8). Each symbol was calculated using 2 × 104 ensemble realizations. This

graph does not contain any normalization over τR.

From figure 3.8, we can observe that the average of the reflection delay time depends linearly on L.

The constant of proportionality has been identified numerically. Then, we can write

〈τR〉 =
L

vg
, (3.8)

where vg is the group velocity. Equation (3.8) can be interpreted as the time a wave takes to reach

the middle of the structure a come back to the incoming edge. In addition to this, the mean of the

delay time does not depend on the energy as in the standard Anderson localization. The corresponding

figure for p(τR′) can be found in Appendix C.

Moreover, the PDF of Lévy delay times for transmission can be obtained from equation (2.12).

Now, (3.6) is introduced in (2.12) and the integral is solved numerically. The comparison between

numerical simulations and the theoretical prediction can be observed in figure 3.9.

Even though the statistics of τR are well described by equation (3.6) using (3.7), the numerical

simulations for transmission delay times present some discrepancies with respect to the theoretical
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Figure 3.9: The probability density function p(τT ) for one-dimensional layered structures conformed by two different

media, one inside another (histograms). The thickness of the layers is lb = 0.25 cm while the distance between them is

given by the absolute value of a Lévy random variable characterized by α = 1/2 and β = 0. The parameters are na = 1,

nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order to identify the transport

regime. The inset of each panel presents the same histogram of the main panel in semi-log scale. The solid black line

is the theoretical prediction (2.12) with p(τR) and p(τR′) the PDF (3.6) considering ps(τR) and ps(τR′) as (3.7) and

a = α. Each histogram was calculated using 105 ensemble realizations. A good agreement between theory and numerical

simulation is observed. Here, we considered the change of variable vgτT /2L⇒ τT .

prediction. Since Lévy structures can induce a strong interaction between the wave which comes from

the left and the wave coming from the right equation (2.12) does not hold. This effect is shown in the

lower panels of figure 3.9, where the theoretical prediction is not working regardless of the reflection

delay times, which is perfectly described by our theoretical model. This effect is due to the finite size of

the structure although, the behavior of the tail shows a good agreement between numerical simulations

and theoretical prediction.

Since we are working with “homogeneous” structures the behavior of the average of the transmission

delay time can be obtained from (2.9) and (3.8). Then, we have

〈τT 〉 =
L

vg
, (3.9)
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which can be interpreted as the time that a wave takes to cross a structure of length L. Equation (3.9)

is shown in comparison with numerical simulations in figure 3.10 where a good agreement is observed.
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Figure 3.10: The average 〈τT 〉 as a function of the system size L for one-dimensional layered structures conformed

by two different media, one inside another (symbols). The thickness of the layers is lb = 0.25 cm while the distance

between them is given by the absolute value of a Lévy random variable characterized by α = 1/2 [left], α = 3/4 [right]

and β = 0. The parameters are na = 1.4, nb =
√

4.4, ν0 = 7.5 GHz and θ = 0. We keep the incident angle constant

while the frequency changes. The solid lines are given by Eq. (3.9). Each symbol was calculated using 2× 104 ensemble

realizations. This graph does not contain any normalization over τT .

Inhomogeneous disorder

To approach inhomogeneous disorder, we have to use the distribution (3.6) again. As in the

“homogeneous” problem, the integral (3.6) must be numerically solved using the distribution (3.7).

As can be seen in the upper left panel of figure 3.6, the decay of the PDFs of the homogeneous and

inhomogeneous cases presents a different behavior even though 〈− lnT 〉 is the same in both cases. This

means that the constant a in equation (3.7) cannot be equal to α and it is necessary to determine this

constant numerically again.

Figure 3.11 shows a comparison between numerical simulations and equation (3.6) with ps(τR)

given by (3.7). Here, a = α/3 was used and a good agreement is obtained in the four cases.

A new problem emerges when trying to explain the statistics of τR′ for inhomogeneous systems.

Here the statistics of delay times τR′ is completely different from the statistics of τR. The statistics of

τR′ is explained by the distribution (3.7) by the proper choice of the fitting constant. The comparison

between the theoretical model and numerical simulations for τR′ can be observed in figure 3.12. A

good agreement is observed using the distribution (3.6) with ps as given by equation (3.7). In this

figure, the fitting constant a = 10α was used.

Finally, in order to obtain a theoretical prediction for the transmission delay times, we use equa-

tion (2.12). The comparison between numerical simulations and theoretical prediction is shown in
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Figure 3.11: The probability density function p(τR) for one-dimensional layered structures conformed by two different

media, one inside another (histograms). The thickness of the layers is lb = 0.25 cm while the distance between them is

given by the absolute value of a Lévy random variable characterized by α = 1/2 and β = 0. The parameters are na = 1,

nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order to identify the transport

regime. The inset of each panel presents the same histogram of the main panel in semi-log scale. The solid black line

is the theoretical prediction (3.6) with ps(τR) the PDF (3.7) and a = α/3. Each histogram was calculated using 105

ensemble realizations. A good agreement between theory and numerical simulation is observed. Here, we considered the

change of variable vgτR/2L⇒ τR.

figure 3.13 for different values of ξ = 〈− lnT 〉. We recall that the theoretical curves given by (2.12)

depend on the statistics of τR and τR′ so that they are not expected to describe well the numerical

data, however, a good agreement is observed in figure 3.13.

48
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Figure 3.12: The probability density function p(τR′) for one-dimensional layered structures conformed by two different

media, one inside another (histograms). The thickness of the layers is lb = 0.25 cm while the distance between them is

given by the absolute value of a Lévy random variable characterized by α = 1/2 and β = 0. The parameters are na = 1,

nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order to identify the transport

regime. The inset of each panel presents the same histogram of the main panel in semi-log scale. The solid black line

is the theoretical prediction (3.6) with ps(τR) the PDF (3.7) and a = 10α. Each histogram was calculated using 105

ensemble realizations. A good agreement between theory and numerical simulation is observed. Here, we considered the

change of variable vgτR′/2L⇒ τR′ .
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Figure 3.13: The probability density function p(τT ) for one-dimensional layered structures conformed by two different

media, one inside another (histograms). The thickness of the layers is lb = 0.25 cm while the distance between them is

given by the absolute value of a Lévy random variable characterized by α = 1/2 and β = 0. The parameters are na = 1,

nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order to identify the transport

regime. The inset of each panel presents the same histogram of the main panel in semi-log scale. The solid black line

is the theoretical prediction (2.12) with p(τR) and p(τR′) the PDF (3.6) considering ps(τR) and ps(τR′) as (3.7) with

a = α/3 and a = 10α, respectively. Each histogram was calculated using 105 ensemble realizations. A good agreement

between theory and numerical simulation is observed. Here, we considered the change of variable vgτT /2L⇒ τT .
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Experimental results

Una teoŕıa debe ser despiadada

y se vuelve contra su creador si el creador

no se trata a si mismo con crueldad.

Querer explicar los hechos del esṕıritu

mediante geodésicas es como pretender

extirpar una angustia con tenazas de dentista.

La gente quiere que le expliquen la pesadilla.

Pero el sueño expresa una realidad de la única

manera en que esa realidad puede expresarse.

Ernesto Sábato (Abbadon: el exterminador)

Abstract

In this chapter, the results obtained in the previous chapters are compared with experimental measurements.

First, the experimental setup and the details of the experiment are presented. Then, the comparison between

theoretical and experimental delay times is discussed.
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Photonic experiment

For Lévy disordered systems, the first experiments were performed by Barthelemy et al. [4] using

photonic structures named Lévy glasses. Those experiments allowed the observation of anomalous

localization against Anderson localization. Later, a photonic waveguide was constructed by Fernan-

dez et al. [10] and equation (3.4) was proved experimentally for the transmission problem. From the

experiment performed by Fernandez et al. it is possible to extract measurements of the delay times in

Lévy disordered systems. The details of this experiment will be presented bellow.

Experimental setup

The experimental setup consists of a Vector Network Analyzer (R&S R©ZVA 24), two standard

microwave X-band transitions and an aluminum waveguide of 2 meters length. Inside the waveguide, a

set of independent, mobile, dielectric scatterers are placed randomly in three different ways: following

a Lévy random variable characterized by α = 1/2 and α = 3/4 and following a Gaussian random

variable characterized by µ = 1 and σ = 0. Each layer has a complex refraction index of n =
√

4.4 + δi

and a thickness of 0.25 cm. Notice that the complex nature of n produces absorption in each slab.

Experimentally, the system is built by adding slabs from the left, which results in an inhomogeneous

structure. A diagram and a picture of the experimental waveguide are shown in figure 4.1.

Figure 4.1: [Left] Diagram of the experimental setup, the distance d corresponds to a random number. [Right] Picture

of the experimental waveguide. Image taken from [10].

The VNA is equipment using to measure electric networks. Its frequency range goes from 10 MHz

to 24 GHz with a resolution of 1 Hz. Experimentally, the VNA generates a signal of frequency ν
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and sends it to one of the X-band transitions. Each transition is placed at one of the edges of the

waveguide. The wave is induced in the system by the transition and measure by the VNA by means

of the second transition in the opposite side of the waveguide. Experimentally, the angle of incidence

of the induced wave is θ = 0, as well as the electric field is perpendicular to the surface of the slabs.

From the experiment, the components of the scattering matrix were measured. That allows finding

the delay times from the definition [14, 23]

τR =
dη

dω
,

to contrast them with the theoretical model and numerical simulations. Here, η represents the phase

shift of the reflection amplitude.

Frequency range

Each ensemble is composed of 135 waveguide realizations obtained by means of moving the dielectric

slabs. Each element of the ensemble is measured over a wide frequency range from 8 to 12 GHz with

steps of 0.01 GHz. As a consequence, 〈− lnT 〉 is different for each frequency. Then, a frequency or a

range of frequencies must be selected in order to generate a comparison between the theoretical model

and numerical simulations. The average 〈− lnT 〉 as a function of the linear frequency ν are shown in

figure 4.2 (black line) for two values of α and the Gaussian case. Also, figure 4.2 presents the selected

frequency window (red line).
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Figure 4.2: The average 〈− lnT 〉 as a function of the frequency ν in the measured frequency range for the experimental

system (black line). The red line is the selected frequency range in each case. For Lévy disorder, we considered two values

of α: α = 1/2 [upper left] and α = 3/4 [upper right]. Also, we considered Gaussian disorder [lower panel].
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The center of the chosen frequency windows are: ν = 9.96, ν = 8.5 and ν = 10.86 GHz for

the α = 1/2, α = 3/4 and Gaussian cases, respectively. The corresponding values of 〈− lnT 〉 are:

〈− lnT 〉 = 4.69, 〈− lnT 〉 = 10.62 and 〈− lnT 〉 = 8.3888 for the α = 1/2, α = 3/4 and Gaussian cases,

respectively. The width of each frequency window is ∆ν = 0.34 GHz and it allows taking a total of

4590 delay time measurements.

Results

In figure 4.3, we show three panels with the experimental distributions of τR. These panels also

show the corresponding numerical simulations and theoretical predictions.
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Figure 4.3: The probability density function p(τR) for: the experimental system (red histograms) and numerical

simulations for one-dimensional layered structures conformed by two different media, one inside another (blue histograms).

The thickness of the layers is lb = 0.25 cm while the distance between them is given by the absolute value of a Lévy random

variable characterized by α = 1/2 [upper left], α = 3/4 [upper right] and a Gaussian random variable characterized by

µ = 0 and σ = 1 [lower]. The parameters are na = 1, nb =
√

4.4 + δi, θ = 0. Each histogram was calculated using 105

ensemble realizations. The inset of each panel presents the same histogram of the main panel in semi-log scale. The solid

black line is the theoretical prediction (3.6) with ps(τR) the PDF (3.7) and a = α/3 [upper panels] and the PDF (3.7)

[lower panel]. A good agreement between theory, numerical simulation and the experimental data is observed. Here, we

considered the change of variable vgτR/2L⇒ τR.
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For numerical simulations, the parameters of the experimental system were used. The frequency

is chosen as the center of the selected frequency window, the angle of incidence θ = 0, the length

L = 200 cm and the refraction index n =
√

4.4 + δi. Then, the only free parameter in the simulation

corresponds to the imaginary part of the reflection index of the slabs. Thus, the characterization of

this value was performed. Numerically, the imaginary part of the refraction index is tuned to reach

the experimental value of 〈− lnT 〉. δ was identified as δ = 0.0716± 0.044.

The theoretical predictions for the Lévy-disordered structures were obtained from equation (3.6)

pξ(τR) =

∫ ∞
0

ps(τR)qα,1(x) dx ,

where is ps(τR) given by Eq. (3.7)

ps(τR) =
1

2− e−a/s
a

s

1

τ2R
e
−a
s

∣∣∣ 1
τR
−1

∣∣∣
. (4.1)

Here, s is a function of ξ = 〈− lnT 〉 and has the form s = ξ/2Iαx
α, where Iα = 1/2

∫∞
0 x−αqα,1(x) dx

and qα,1(x) is the probability density functions of an α-stable distribution supported on the x positive

semiaxis. Also, ξ = 〈− lnT 〉 is given by the experiment. Since we are working on inhomogeneous

structures, the fitting constant is different to α and it was numerically identified as a = α/3. The

theoretical curve for the Gaussian disordered structures was obtained using the distribution (4.1),

where the fitting constant a is given by the average of the delay time distribution. Even though a good

agreement in the three cases, the discrepancies between the experimental data and the theoretical

curves are attributed to the losses by absorption as well as problems of modeling inhomogeneous

structures.

Finally, an experimental comparison between delay times in Lévy disordered systems characterized

by α = 3/4 and the delay times in Gaussian structures was performed. First, we have to select a

frequency window where 〈− lnT 〉 is equal in both systems. A graph of the selected window is shown

in the left panel of figure 4.4.

The center of the selected frequency window is ν = 11.27 GHz with a width of ∆ν = 0.14. The

width of this frequency window provides 1890 delay time measurements. Here, 〈− lnT 〉 ∼ 12 and

∆ 〈− lnT 〉 ∼ 1 GHz.

The probability density function p(τR) is shown in the right panel of figure 4.4. Also, the theoretical

predictions are obtained from equation (3.6) with (3.7) as ps(τR) for the Lévy disordered structures

characterized by α = 3/4 and by Eq. (2.19) for the Gaussian disorder structures. A good agreement is

observed in each case, however, some discrepancies between the histograms and the theoretical curves

are observed because of the absorption and problems of modeling the statistics in inhomogeneous

structures.
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Figure 4.4: Left: The average 〈− lnT 〉 as a function of the frequency ν in the measured frequency range for the

experimental system (black [Lévy disorder] and blue [Gaussian disorder] solid lines). The red solid line is the selected

frequency range. Right: The probability density function p(τR) for the experimental system (histograms). The inset

of each panel presents the same histogram of the main panel in semi-log scale. The solid black line is the theoretical

prediction (3.6) with ps(τR) the PDF (3.7) and a = α/3 and the solid red line is the PDF (3.7). A good agreement

between the theory the experimental data is observed.
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A la mañana siguiente,

por un resto de piedad de la suerte,

amanećıa muerto.

Horacio Quiroga (Estefańıa)

In this thesis studies of wave transport in disordered media have been performed. Specifically, two

different kinds of disordered structures were studied. First, the standard model of localization, also

named Anderson model, whose disorder is characterized by PDFs with finite moments. The second

one was the anomalous localization problem, or Lévy problem, where the disorder is characterized by

PDFs with slow decay which may be characterized by the absence of finite mean and finite variance.

First, we have studied the mathematical formalism of the transfer and scattering matrices and a

physical model based on electromagnetic dispersion. Together, the model and the formalism allowed

developing numerical simulation which was the cornerstone of this work (see Chapter 1). Chapter 1

also presented two illustrative examples of the use of transfer matrices and a brief introduction of the

Wigner time delay.

In Chapter 2, the Anderson model of localization for finite and infinite structures was presented.

Finite systems leads to two transport regimes and a crossover region: ballistic regime (s� 1), localized

regime (s� 1) and the coexistence region (s ∼ 1). Then, the statistical properties of the transmission

coefficient in finite waveguides were described. Here, we focused on the functions of the transmission

around its average and the probability density functions of the transmission coefficient. Another

important quantity that we studied in this chapter was the delay time. For the delay time, the

theoretical PDF for large systems was found and tested with numerical simulations. Later, a correction

of the theoretical distribution of delay times was developed and proven for short systems with finite

transmission T > 0. This Chapter presented the behavior of reflection and transmission delay times.

Lévy disordered structures and the coexistence region of the ballistic and localized regimes were

presented and studied in Chapter 3. First, stable distributions and some of their properties were

shown. Then, the probability density function of the transmission coefficient in Lévy systems was

found by considering fluctuations in the number of layers for structures of length L. Then, probability
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distributions of Lévy structures were contrasted with those for the standard Anderson transmission

problem. It was observed that the statistics of the transmission in Lévy disordered systems show

large differences with respect to the Anderson problem: fluctuations are larger in Lévy-type disordered

systems. For the average of the logarithm of the transmission coefficient as a function of the length of

the system L, we have found a power-law dependence 〈− lnT 〉 ∝ Lα which should be contrasted with

the linear dependence in the Anderson case 〈− lnT 〉 ∝ L. Then, by considering the fluctuations of the

number of scatterers in finite samples we were able to find Lévy probability density functions from the

Anderson PDFs. This powerful algorithm provided a method to work later with the delay time.

For delay times, two different kinds of structures (homogeneous and inhomogeneous) were described.

Then, the statistical properties of both structures have been found. Notice that the homogeneous

problem is completely described by 〈− lnT 〉 and α, where α has been found numerically. Also, delay

times in Lévy systems were contrasted with the delay times for Anderson structures. Here, we have

to stress that the delay times in Lévy structures present a peak which is given by the finite size of the

system and does not appear in the Anderson case.

Finally, in Chapter 4 experimental results previously obtained by Fernandez .et al. [10] were

compared with our theoretical model and the numerical simulations. Here, a good agreement between

the three results was observed for two different values of α: α = 1/2, α = 3/4 and a Gaussian random

variable. From the experiment performed by Fernandez .et al., an experimental comparison between

Lévy delay times and delay times in Anderson systems was also possible.

Additionally, Appendix A shows some characteristics of system with absorption. Here, the delay

time for those structures was characterized by small absorption. Appendix B discussed the statistics

of the delay times for systems in the ballistic regime.

Future work

• The problem of transmission delay times in systems without a unitary scattering matrix (absorp-

tion and amplification cases) remains unsolved.

• A better statistical description of the statistics in inhomogeneous Lévy-disordered structures is

needed.

• Some experiments using homogeneous Lévy structures could be performed to complete the de-

scription presented in Chapter 4.
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Appendix A

Anderson structures with absorption

Looking down from ethereal skies,

silent crystalline tears I cry,

for all must say their last

goodbye to paradise.

Symphony X (Paradise lost)

Abstract

In this Appendix, a brief discussion of systems with absorption using standard disorder is presented. First, some

approaches to mean transmission functions are shown. Later, delay times are studied.
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Mean transmission

Since the effects of absorption are inevitable in natural systems, the study of structures with

absorption becomes very important. Structures with absorption can be built experimentally and also

found in nature. For wave transport, the dimensionless length will grow even if the reflection coefficient

decreases. For small absorption, the statistics of delay times become similar to the statistics near the

ballistic regime s ∼ 1 given the “losses” in the reflection coefficient.

Changes in the dimensionless length

It is known that in presence of absorption or amplification, the dimensionless length s grows faster

for the same amount of disorder [39, 40]1. Thus, equation (2.4) is modified to take in count the effects

of absorption or amplification and becomes

〈− lnT 〉 =

(
1

l
+ |σ|

)
L, (A.1)

where σ represents the inverse absorption length. For a small absorption, the inverse of the absorption

length can be written as

σ = −2k Im(
√

1 + iδ), (A.2)

where k is the wave number and δ is the imaginary part of the dielectric constant. If δ > 0 absorption

effects will be observed while amplifications appears for δ < 0. Note that the sign of the absorption

length depends on the sign of δ. It is also important to note that systems with absorption or ampli-

fication do not conserve the current, therefore T + R 6= 1, as well as equations (A.1) and (A.2) are

applicable only for δ � 1. A comparison between equation (A.1) and numerical simulations is shown in

figure A.1. Here, equation (A.1) is evaluated numerically. Figure A.1 shows 12 different configurations

for different frequencies, incident angles and absorption coefficients.

As in the case without absorption, here 〈− lnT 〉 only depends on the parameters of the system which

can be measured experimentally. Then, the importance of equation (A.1) together with equation (A.2)

is that they allow measuring the amount of disorder for structures with absorption.

Delay time

We have to recall that equation (2.18) was obtained by considering systems with R < 1. Thus,

we assume that equation (2.18) can represent the statistics of the reflection delay time in the presence

of absorption. In order to use this equation, the mean free path can be obtained from the numerical

simulations using relation (A.1). Notice that here it is not expected that 〈τR〉 = L/vg. The comparison

of numerical simulation and the theoretical model is shown in figure A.2. Note that equation (2.18)

works very well for small absorption.

1The amplification case will not be presented in this work
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Figure A.1: The average 〈− lnT 〉 = s as a function of the system size L for one-dimensional layered structures conformed

by two different media with absorption (symbols). The thickness of each layer is given by the absolute value of a Gaussian

random variable characterized by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4 and ν0 = 7.5 GHz. Each

panel presents three different values of the absorption for a given frequency and a given incident angle. The solid lines

are fittings of the data with Eq. (A.1). Each symbol was calculated using 104 ensemble realizations.

Numerically, the four cases presented in figure A.2 keep the same amount of disorder and the same

length while absorption grows. Since equation (2.7) just depends on the amount of disorder, the black

solid line remains the same for all cases in figure A.2.

Transmission delay times

Finally, we have to say that relation (2.10) does not hold for systems with absorption or amplifica-

tion. Remember that this relationship takes into account the unitarity of the scattering matrix which

is not preserved if the current conservation is not conserved, even though τr and τr′ are statistically

identical and independent. This fact becomes evident in figure A.3 where the average of the reflection

delay time and the average of the transmission delay time are shown for two different configurations

and three absorption values.

Note that the average 〈τR〉 grows until saturation limit regardless of the size of the system, while

the average 〈τT 〉 keeps its usual behavior shown in systems without absorption, see figure 2.10. From
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Figure A.2: The probability density function p(τR) for one-dimensional layered structures conformed by two different

media with absorption (histograms). The thickness of each layer is given by the absolute value of a Gaussian random

variable characterized by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉
and 〈− lnT 〉, are shown in each panel in order to identify the transport regime. The inset of each panel presents the

same histogram of the main panel in semi-log scale. The solid black [red] line is the theoretical prediction (2.7) [(2.18)]

with τ0 = 〈τR〉. Each histogram was calculated using 105 ensemble realizations. A good agreement between theory and

numerical simulation is observed. Here, we considered the change of variable vgτR/2L⇒ τR.

the average 〈τR〉, it can be concluded that waves only penetrate until a certain point of the structure

without be absorbed. On the other hand, the waves that have not been absorbed and reached the edge

of the structure do it in the same way as in systems without absorption.

From the reflection delay time with absorption (upper panels), the average 〈τR〉 as a function of

the size of the system L has been numerically identified as

〈τR〉 = a0 + a1 lnL, (A.3)

where a0 and a1 are fitting constants. Also, the corresponding results for r′ can be found in Appendix C.
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Figure A.3: The averages 〈τR〉 [upper] and 〈τT 〉 [lower] as a function of the system size L for one-dimensional layered

structures conformed by two different media with absorption (symbols). The thickness of each layer is given by the

absolute value of a Gaussian random variable characterized by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4

and ν0 = 7.5 GHz. Each panel presents three different values of the absorption for a given frequency and a given incident

angle. The solid lines are given by Eq. (2.9) [upper (black)], Eq. (A.3) [upper (red and green)] and Eq. (2.14) [lower].

Each symbol was calculated using 2× 104 ensemble realizations. This graph does not contain any normalization over τR

nor over τT .
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Appendix B

Delay time in the ballistic regime

Licking doorknobs is

illegal on other planets

SpongeBob to Mr. Krabs

(SpongeBob SquarePants)

Abstract

This Appendix presents an approximation for ballistic systems based on the distribution of the corresponding

reflection amplitudes. Also, the transmission delay times are briefly discussed numerically.
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Gaussian approximation

As we noted in Chapter 2, finding the probability density function of delay times near the ballistic

regime can be a difficult task. Also, ballistic reflections have an important property which allows us

to understand the behavior of the corresponding delay times. As a first step, it is necessary to know

what is the random process that these variables follow. Then, the probability density function of the

reflection delay times can be found.

Complex Gaussian random process

Processes determined by a set of complex random variables r are called complex Gaussian random

processess if the joint distribution of the real and imaginary parts are Gaussian [41]. In addition to

this, real and imaginary parts are statistically Gaussian random processes and are independent between

them. This kind of process is also called circular if 〈Re{r}〉 = 〈Im{r}〉 = 0. A graph of the reflection

amplitude measured in our model is shown in figure B.1, as well as the statistics corresponding to r′,

which is presented in Appendix C.
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Figure B.1: The probability density functions p(Re{r}, Im{r}) [left], p(Re{r}) [upper right] and Im{r} [lower right]

for one-dimensional layered structures conformed by two different media, one inside another (histograms). The thickness

of each layer is given by the absolute value of a Gaussian random variable characterized by µ = 0 and σ = 1 [distance

between two consecutive slabs] or µ = 0 and σ = 0.01 [slab]. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz,

θ = 0 and 〈− lnT 〉 = 0.0001. The solid black lines [right] are fittings of Gaussian curves with µ = 0. Each histogram was

calculated using 105 ensemble realizations.

It is easy to observe that numerical simulations satisfy the conditions of a Complex Gaussian

random process. Also, another important remark is that the transmission amplitude does not have

these important properties, thus the probability distribution of its delay time cannot be found in the

same way.
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Delay time in the ballistic regime

Reflection delay time distribution

According to [42, 43, 44], the Gaussian assumption allows computing the phase shift distribution

by the integration of the joint distribution. It is written as

p(τR) =
Q

2 〈τR〉

[
Q+

(
τR
〈τR〉

+ 1

)2
]−3/2

, (B.1)

where 〈τR〉 represents the mean of the distribution and Q is a dimensionless parameter related to

the standard deviation. The comparison between this probability density function and numerical

simulations is shown in figure B.2. Here, Q is considered as a free parameter.
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Figure B.2: The probability density function p(τR) for one-dimensional layered structures conformed by two different

media, one inside another (histograms). The thickness of each layer is given by the absolute value of a Gaussian random

variable characterized by µ = 0 and σ = 1 [distance between two consecutive slabs] or µ = 0 and σ = 0.01 [slab]. The

parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order to

identify the transport regime. The solid black lines are Gaussian characterized by µ = 0. Each histogram was calculated

using 105 ensemble realizations. A good agreement between theory and numerical simulation is observed. Here, we

considered the change of variable τR/ 〈τR〉 ⇒ τR.

As we can observe from figure B.2, the discrepancies between theory and numerical simulations

increase when the dimensionless length s grows. That is because the Gaussian assumption does not
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work well close to the localized regime. Another problem appears when the size of the structures has

the same order of magnitude as the size of the scatterers. To solved this, the dense-weak-scattering

limit again should be approached.

Finally, it is important to mention that the convolution method used in Chapters 2 and 3 to find

the delay time distribution in the transmission case cannot be applied here because the reflections

amplitudes r and r′ are strongly correlated in this regime.

Gaussian delay time

Despite this problem have not been solved analytically, a numerical characterization was developed.

Our main numerical results are shown in figure B.3 without free parameters. Similarly to the reflection

case, here the discrepancies increase near the localized regime.
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Figure B.3: The probability density function p(τT ) for one-dimensional layered structures conformed by two different

media, one inside another (histograms). The thickness of each layer is given by the absolute value of a Gaussian random

variable characterized by µ = 0 and σ = 1 [distance between two consecutive slabs] or µ = 0 and σ = 0.01 [slab]. The

parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order

to identify the transport regime. The solid black lines are Gaussian curves. Each histogram was calculated using 105

ensemble realizations. A good agreement between the Gaussian curves and numerical simulation is observed. Here, we

considered the change of variable τT − 〈τT 〉 ⇒ τT .
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Complementary results

Nos amaremos después, la vida nos matará,

seremos polvo otra vez, la tierra nos beberá,

muy lejos de este lugar tal vez te vuelva a encontrar,

nada será como es, tal vez seamos polvo estelar.

Monocordio (Siempre te busqué)

Abstract

In this Appendix, a set of complementary graphs is presented. First, results corresponding to the delay time of

r′ for the Anderson localization are shown. Then, the probability density functions of the transmission and the

delay times, as well as curves of 〈T 〉, 〈− lnT 〉 and 〈τ〉 as functions of the parameters in Lévy-disordered system

are presented.
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Delay time for r′ (Anderson localization)

This section is divided into three parts. The first one presents results for the localized regime which

was discussed in Chapter 2. The second one shows the results of the absorption case from Appendix A.

In the last part, some plots related to the ballistic regime presented in Appendix B can be found.

Localized regime

In figure C.1, a comparison between equation (2.13) and numerical simulations is shown. Figure C.2

shows the average 〈τR′〉 as functions of the size of the system L. A comparison between numerical

simulations and equations (2.7) and (2.18) can be observed in figure C.3.
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Figure C.1: The probability density function p(τR′) for one-dimensional layered structures conformed by two different

media (histograms). The thickness of each layer is given by the absolute value of a Gaussian random variable characterized

by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown

in each panel in order to identify the transport regime. The inset of each panel presents the same histogram of the main

panel in semi-log scale. The solid black line is the theoretical prediction (2.7). Each histogram was calculated using 105

ensemble realizations. A good agreement between theory and numerical simulations is observed but the discrepancies

increase when s decreases. Here, we considered the change of variable τR′/γ ⇒ τR′ .
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Figure C.2: The average 〈τR′〉 as a function of the system size L for one-dimensional layered structures conformed by

two different media (symbols). The thickness of each layer is given by the absolute value of a Gaussian random variable

characterized by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4 and ν0 = 7.5 GHz. In the right [left] panel

we keep the frequency [incident angle] constant while the incident angle [frequency] changes. The solid lines are given by

Eq. (2.9). Each symbol was calculated using 2×104 ensemble realizations. This graph does not contain any normalization

over τR′ .
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Figure C.3: The probability density function p(τR′) for one-dimensional layered structures conformed by two different

media (histograms). The thickness of each layer is given by the absolute value of a Gaussian random variable characterized

by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are

shown in each panel in order to identify the transport regime. The inset of each panel presents the same histogram of the

main panel in semi-log scale. The solid black [red] line is the theoretical prediction (2.7) [(2.18)] with τ0 = 〈τR〉. Each

histogram was calculated using 105 ensemble realizations. A good agreement between theory and numerical simulation

is observed. Here, we considered the change of variable vgτR′/2L⇒ τR′ .

71



Appendix C

Absorption case

Here, two figures corresponding to absorption systems are presented. Figure C.4 shows a compar-

ison between equations (2.7) and (2.18) numerical simulations. Then, in figure C.5 the average 〈τR′〉
versus the system size L is plotted.
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Figure C.4: The probability density function p(τR′) for one-dimensional layered structures conformed by two different

media with absorption (histograms). The thickness of each layer is given by the absolute value of a Gaussian random

variable characterized by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉
and 〈− lnT 〉, are shown in each panel in order to identify the transport regime. The inset of each panel presents the

same histogram of the main panel in semi-log scale. The solid black [red] line is the theoretical prediction (2.7) [(2.18)]

with τ0 = 〈τR〉. Each histogram was calculated using 105 ensemble realizations. A good agreement between theory and

numerical simulation is observed. Here, we considered the change of variable vgτR′/2L⇒ τR′ .
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Figure C.5: The averages 〈τR′〉 as a function of the system size L for one-dimensional layered structures conformed by

two different media with absorption (symbols). The thickness of each layer is given by the absolute value of a Gaussian

random variable characterized by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4 and ν0 = 7.5 GHz. Each

panel presents three different values of the absorption for a given frequency and a given incident angle. The solid lines are

given by Eq. (2.9) (black) and Eq. (A.3) (red and green). Each symbol was calculated using 2×104 ensemble realizations.

This graph does not contain any normalization over τR′ .
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Complementary results

Ballistic regime

Here we present two figures related to the ballistic regime. First, a figure of the distribution of the

reflection amplitude r′, real and imaginary parts, is shown in figure C.6. Then, the statistics of the

corresponding delay times appear in figure C.7.
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Figure C.6: The probability density functions p(Re{r′}, Im{r′}) [left], p(Re{r′}) [upper right] and Im{r′} [lower right]

for one-dimensional layered structures conformed by two different media, one inside another (histograms). The thickness

of each layer is given by the absolute value of a Gaussian random variable characterized by µ = 0 and σ = 1 [distance

between two consecutive slabs] or µ = 0 and σ = 0.01 [slab]. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz,

θ = 0 and 〈− lnT 〉 = 0.0001. The solid black lines [right] are fittings of Gaussian curves with µ = 0. Each histogram was

calculated using 105 ensemble realizations.
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Figure C.7: The probability density function p(τR′) for one-dimensional layered structures conformed by two different

media, one inside another (histograms). The thickness of each layer is given by the absolute value of a Gaussian random

variable characterized by µ = 0 and σ = 1 [distance between two consecutive slabs] or µ = 0 and σ = 0.01 [slab]. The

parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order to

identify the transport regime. The solid black lines are Gaussian characterized by µ = 0. Each histogram was calculated

using 105 ensemble realizations. A good agreement between theory and numerical simulation is observed. Here, we

considered the change of variable τR′/ 〈τR′〉 ⇒ τR′ .
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Transport through a Lévy structure

This section presents a set of graphs corresponding to Chapter 3. The first subsection presents

results of the transmission distribution through Lévy disordered structures. The second subsection

shows plots of delay times for α = 3/4 and the r′.

Transmission coefficient quantities

First, a figure showing the average 〈− lnT 〉 as a function of the system size L appears in figure C.8.

The change of the average 〈T 〉 respect the size of the system L is observed in figure C.9. Finally, figures

C.10, C.11 and C.12 show different comparisons between Lévy localization, Anderson model and their

corresponding theoretical predictions.
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Figure C.8: The average 〈− lnT 〉 as a function of the system size L for one-dimensional layered structures conformed

by two different media, one inside another (symbols). The thickness of the layers is lb = 0.25 cm while the distance

between them is given by the absolute value of a Lévy random variable characterized by α and β = 0. The parameters

are na = 1, nb =
√

4.4 and ν0 = 8.5 GHz. In each panel we keep the incident angle constant while the frequency changes.

The solid lines are fittings of the data with Eq. (3.3). Each symbol was calculated using 104 ensemble realizations.
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Figure C.9: The average 〈T 〉 as a function of the system size L for one-dimensional layered structures conformed by

two different media, one inside another (symbols). The thickness of the layers is lb = 0.25 cm while the distance between

them is given by the absolute value of a Lévy random variable characterized by α and β = 0. The parameters are na = 1,

nb =
√

4.4 and ν0 = 8.5 GHz. In each panel we keep the incident angle constant while the frequency changes. The solid

lines are fittings of the data with Eq. (3.5). Each symbol was calculated using 104 ensemble realizations.
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Figure C.10: The probability density functions p(T ) [left] and p(lnT ) [right] for one-dimensional layered structures

conformed by two different media, one inside another (histograms). The thickness of the layers is lb = 0.05 cm [left] and

lb = 0.5 cm [right] while the distance between them is given by the absolute value of a Lévy random variable characterized

by α = 1/2 and β = 0. The parameters are na = 1.4, nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are

shown in each panel in order to identify the transport regime. The solid black line is the theoretical prediction (3.4) with

ps(T ) the PDF (2.3). Inset: The probability density functions p(T ) [left] and p(lnT ) [right] for one-dimensional layered

structures conformed by two different media (histograms). The thickness of each layer is given by the absolute value of

a Gaussian random variable characterized by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz

and θ = 0. The solid black line is the theoretical prediction (2.3). Each histogram was calculated using 105 ensemble

realizations. A good agreement between theory and numerical simulations is observed.
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Figure C.11: The probability density functions p(T ) [left] and p(lnT ) [right] for one-dimensional layered structures

conformed by two different media, one inside another (histograms). The thickness of the layers is lb = 0.05 cm [left] and

lb = 0.5 cm [right] while the distance between them is given by the absolute value of a Lévy random variable characterized

by α = 1/2 [left], α = 3/4 [right] and β = 0. The parameters are na = 1.4, nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉
and 〈− lnT 〉, are shown in each panel in order to identify the transport regime. The solid black line is the theoretical

prediction (3.4) with ps(T ) the PDF (2.3). Inset: The probability density functions p(T ) [left] and p(lnT ) [right] for

one-dimensional layered structures conformed by two different media (histograms). The thickness of each layer is given

by the absolute value of a Gaussian random variable characterized by µ = 0 and σ = 1. The parameters are na = 1.4,

nb = 2.4, ν = 7.5 GHz and θ = 0. The solid black line is the theoretical prediction (2.3). Each histogram was calculated

using 105 ensemble realizations. A good agreement between theory and numerical simulations is observed.
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Figure C.12: The probability density functions p(T ) [left] and p(lnT ) [right] for one-dimensional layered structures

conformed by two different media, one inside another (histograms). The thickness of the layers is lb = 0.05 cm [left] and

lb = 0.5 cm [right] while the distance between them is given by the absolute value of a Lévy random variable characterized

by α = 3/4 and β = 0. The parameters are na = 1.4, nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are

shown in each panel in order to identify the transport regime. The solid black line is the theoretical prediction (3.4) with

ps(T ) the PDF (2.3). Inset: The probability density functions p(T ) [left] and p(lnT ) [right] for one-dimensional layered

structures conformed by two different media (histograms). The thickness of each layer is given by the absolute value of

a Gaussian random variable characterized by µ = 0 and σ = 1. The parameters are na = 1.4, nb = 2.4, ν = 7.5 GHz

and θ = 0. The solid black line is the theoretical prediction (2.3). Each histogram was calculated using 105 ensemble

realizations. A good agreement between theory and numerical simulations is observed.
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Complementary results

Delay times

Figure C.13 shows a comparison of the statistics of delay times for two Lévy structures and an An-

derson system. Figure C.14 presents a comparison for an inhomogeneous system in contrast with an

homogeneous structure for α = 3/4. Statistics of reflection delay times τR′ with α = 1/2 is shown in

figure C.15. The behavior of the average of τR′ with the length of the system is presented in figure

C.16. Then, figures C.17, C.18 and C.19 present the statistics of τR, τR′ and τT for α = 3/4.
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Figure C.13: The probability density function p(τR) [upper left], p(τ ′R) [upper right] and p(τT ) [lower] for one-

dimensional layered structures conformed by two different media, one inside another (histograms). The thickness of

the layers is lb = 0.25 cm while the distance between them is given by the absolute value of a Lévy random variable

characterized by α = 1/2 (red histogram), α = 3/4 (green histogram) and β = 0 and by the absolute value of a Gaussian

random variable characterized by µ = 0 and σ = 1 (blue histogram). The parameters are na = 1.4, nb =
√

4.4, ν = 7.5

GHz, θ = 0 and 〈− lnT 〉 ∼ 10. Each histogram was calculated using 105 ensemble realizations.
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Figure C.14: The probability density function p(τR) [upper left], p(τ ′R) [upper right] and p(τT ) [lower] for one-

dimensional layered structures conformed by two different media, one inside another (histograms). The thickness of

the layers is lb = 0.25 cm while the distance between them is given by the absolute value of a Lévy random variable char-

acterized by α = 3/4 and β = 0 for both systems, homogeneous (green histograms) and inhomogeneous (blue histograms).

The parameters are na = 1.4, nb =
√

4.4, ν = 7.5 GHz, θ = 0 and 〈− lnT 〉 ∼ 10. Each histogram was calculated using 105

ensemble realizations.
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Figure C.15: The probability density function p(τR′) for one-dimensional layered structures conformed by two different

media, one inside another (histograms). The thickness of the layers is lb = 0.25 cm while the distance between them is

given by the absolute value of a Lévy random variable characterized by α = 1/2 and β = 0. The parameters are na = 1,

nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order to identify the transport

regime. The inset of each panel presents the same histogram of the main panel in semi-log scale. The solid black line is

the theoretical prediction (3.6) with ps(τR) the PDF (3.7) and a = α. Each histogram was calculated using 105 ensemble

realizations. A good agreement between theory and numerical simulation is observed. Here, we considered the change of

variable vgτR′/2L⇒ τR′ .
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Figure C.16: The average 〈τR′〉 as a function of the system size L for one-dimensional layered structures conformed

by two different media, one inside another (symbols). The thickness of the layers is lb = 0.25 cm while the distance

between them is given by the absolute value of a Lévy random variable characterized by α = 1/2 [left], α = 3/4 [right]

and β = 0. The parameters are na = 1.4, nb =
√

4.4, ν0 = 7.5 GHz and θ = 0. We keep the incident angle constant

while the frequency changes. The solid lines are given by Eq. (3.8). Each symbol was calculated using 2× 104 ensemble

realizations. This graph does not contain any normalization over τR′ .
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Figure C.17: The probability density function p(τR) for one-dimensional layered structures conformed by two different

media, one inside another (histograms). The thickness of the layers is lb = 0.25 cm while the distance between them is

given by the absolute value of a Lévy random variable characterized by α = 3/4 and β = 0. The parameters are na = 1,

nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order to identify the transport

regime. The inset of each panel presents the same histogram of the main panel in semi-log scale. The solid black line is

the theoretical prediction (3.6) with ps(τR) the PDF (3.7) and a = α. Each histogram was calculated using 105 ensemble

realizations. A good agreement between theory and numerical simulation is observed. Here, we considered the change of

variable vgτR/2L⇒ τR.
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Figure C.18: The probability density function p(τR′) for one-dimensional layered structures conformed by two different

media, one inside another (histograms). The thickness of the layers is lb = 0.25 cm while the distance between them is

given by the absolute value of a Lévy random variable characterized by α = 3/4 and β = 0. The parameters are na = 1,

nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order to identify the transport

regime. The inset of each panel presents the same histogram of the main panel in semi-log scale. The solid black line is

the theoretical prediction (3.6) with ps(τR) the PDF (3.7) and a = α. Each histogram was calculated using 105 ensemble

realizations. A good agreement between theory and numerical simulation is observed. Here, we considered the change of

variable vgτR′/2L⇒ τR′ .
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Figure C.19: The probability density function p(τT ) for one-dimensional layered structures conformed by two different

media, one inside another (histograms). The thickness of the layers is lb = 0.25 cm while the distance between them is

given by the absolute value of a Lévy random variable characterized by α = 3/4 and β = 0. The parameters are na = 1,

nb =
√

4.4, ν = 7.5 GHz and θ = 0. Both, 〈T 〉 and 〈− lnT 〉, are shown in each panel in order to identify the transport

regime. The inset of each panel presents the same histogram of the main panel in semi-log scale. The solid black line

is the theoretical prediction (2.12) with p(τR) and p(τR′) the PDF (3.6) considering ps(τR) and ps(τR′) as (3.7) and

a = α. Each histogram was calculated using 105 ensemble realizations. A good agreement between theory and numerical

simulation is observed. Here, we considered the change of variable vgτT /2L⇒ τT .
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