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Summary

The purpose of this thesis was to analyze the optical properties of graphene and phosphorene con-
figurations, examining their diverse potential applications as plasmonic support media. Graphene,
a two-dimensional allotrope of carbon, has emerged as a revolutionary material due to its hexago-
nal structure, exceptional conductivity, lightweight nature and mechanical strength. On the other
hand, black phosphorus is a layered semiconductor with a corrugated hexagonal structure in each
monolayer (called phosphorene) that has garnered attention within the scientific community as a
potential candidate for studying surface plasmons. This study focuses on analyzing the optical
properties of photonic crystals based on graphene or phosphorene in terms of band formation and
plasmonic mode coupling.

Keywords: Plasmons, Two-dimensional materials, graphene, phosphorene.

xiii





Introduction

Graphene is a two-dimensional material composed of an hexagonal tessellation of carbon atoms,
was first materialized in 2004 through the ingenuity of A. Geim and K. Novoselov using the
innovative technique of mechanical exfoliation, followed by careful transfer to a silicon substrate
[1]. This milestone marked a paradigm shift in materials technology, challenging the previous
notion of the impracticality of 2D materials due to their supposed instability. Furthermore, the
synthesis of these two-dimensional materials has not only been revolutionary in itself but has also
triggered a spectrum of applications in the fields of electronic and optoelectronic devices, meeting
the demands for low-dimensionality and energy efficiency. Also, doped graphene has revealed the
existence of plasmonic modes with transverse magnetic polarization (TM) in the Terahertz range
and transverse electric (TE) in the far-infrared range, where inter-band transitions predominate
[2].

Following the creation of graphene, various two-dimensional materials have been synthesized,
including transition metal dichalcogenides (TMDs), hexagonal boron nitride, gallium nitride, and
others, using the mechanical exfoliation technique [3]. A notable achievement occurred in 2014
when phosphorene, a two-dimensional layer composed of phosphorus atoms arranged in a corru-
gated 2D lattice, was synthesized using the same technique. Unlike graphene, phosphorene derived
from black phosphorus exhibits semiconductor properties with a tunable band gap ranging from
0.3 eV to 2 eV [4]. Due to its semiconductor properties, phosphorene presents itself as a promis-
ing option for applications in electronics, optoelectronics, thermoelectricity, and nanotechnology
in general, contributing to the development of field-effect transistors, photodetectors, sensors and
flexible low-dimensional optoelectronic devices [5, 6]. Moreover, doped phosphorene has been
demonstrated to support surface plasmons, offering the possibility of tuning them along the princi-
pal directions (armchair and zigzag) due to the electric field effect. Excitation of these plasmonic
modes can be achieved through various techniques such as diffraction gratings, near-field optical
microscopy, and attenuated total reflection (ATR), among others [7].

Since periodic graphene-based structures have demonstrated the coupling of surface plasmon
modes and band formation (phenomena observed in both polarizations [8]), and considering the
conducting properties of doped phosphorene, it is anticipated that surface plasmonic modes in
phosphorene can uniquely interact when placing phosphorene layers close to each other. In the
Terahertz regime, the optical properties of phosphorene can be modeled using Drude-like conduc-
tivity with two principal directions along the armchair and zigzag directions. This suggests the
potential formation of plasmonic bands with TM polarization in the same frequency range. It is
worth noting that, in both cases, surface plasmonic modes are tunable via electrical doping tech-
niques, meaning the phenomena observed in phosphorene-based structures derived from surface
plasmonic modes are externally adjustable. In this work, we analyze the perspective and behavior
of analogous phenomena already observed in graphene-based and phosphorene-based structures,
which open up a broad field of research and development in two-dimensional material science and
envisioned innovative technological applications.
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Chapter 1

Two-dimensional Materials:
Graphene and phosphorene

In this chapter, the general properties of two-dimensional materials are reviewed in terms of their
remarkable properties; researchers have since broadened their focus to include an array of materials
spanning the periodic table. This expansion has been fueled by the quest for materials with tailored
electronic characteristics suitable for diverse applications. The manipulation of two-dimensional
materials through various techniques offers unprecedented opportunities in science. We focus this
chapter on two specific 2D materials: graphene and phosphorene, therefore exploring some of the
most significant characteristics for both.

1.1 Two-dimensional materials.

The science of two-dimensional materials could arguably be said to have begun with the first
successful exfoliation of graphene in 2004 [1], which has since been the subject of countless investi-
gations driven by its thin thickness, promising for electronic device miniaturization. Additionally,
carrier confinement to the plane imparts unique and extraordinary physical properties such as
high carrier mobility, electrical and thermal conductivity, and remarkable transparency. These
properties generated high expectations around graphene, initially considering it as an ideal silicon
substitute. However, its lack of a bandgap limits its efficiency in electronic and optoelectronic
applications. Nevertheless, this fact spurred the fabrication of new two-dimensional (2D) materi-
als, now encompassing a wide range of elements from the periodic table, offering varied electronic
characteristics, including metals, semi-metals, insulators, and semiconductors with direct or in-
direct bandgaps. Some studies have named these materials as van der Waals materials because
layered materials are characterized by planar structures held together by weak out-of-plane van
der Waals forces [3]. Fig. (1.1) shows a diagram of some layered materials expanding in the
spectrum of their electronic properties, including semiconductors, insulators, semi-metals, metals
and/or superconductors.

Today, the number of research studies related to 2D materials is steadily growing, thanks to
their intrinsic properties and the ease of adjusting them (e.g. electron mobility and magnetic
properties). This adjustment can be achieved through various approaches, such as layer number,
doping level, external field tuning, and the creation of heterostructures. This modulation of 2D
materials offers a wide range of properties with exceptional performance, positioning this family at
high potential in nanoelectronics, optoelectronics, as well as numerous technological applications.
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Two-dimensional Materials: Graphene and phosphorene
1.2 Graphene.

Figure 1.1: Some examples of two-dimensional materials (such as graphene, black phosphorus and
TMDs) classified into four families depending on their electronic properties. Diagram taken from
[3].

1.2 Graphene.

Figure 2.2: Left: Atomic structure of graphene. Right: Brillouin Zone with its K-points. Diagrams
taken from [2].

Graphene, a flat monoatomic sheet of carbon atoms bonded together by covalent bonds (fig.
2.2) has been the subject of theoretical study within various research for decades, although its
existence as an isolated entity was considered impossible due to the supposed thermodynamic
instability of strictly two-dimensional crystals. This instability was attributed to divergent contri-
butions from thermal fluctuations in low-dimensional crystal networks, theoretically causing atomic
displacements comparable to inter-atomic distances at finite temperatures. Numerous experimen-
tal proofs supported this hypothesis, including the discovery that the melting temperature of thin
sheets decreases rapidly as their thickness is reduced, becoming unstable for thicknesses close to a
dozen monolayers. This generally led two-dimensional crystals to adopt various three-dimensional
structures to gain stability at the expense of losing their two-dimensionality [1].

However, as already mentioned in the Introduction, in 2004, a group of scientists led by A.K.
Geim and K.S. Novoselov succeeded in obtaining and identifying individual graphene layers, along
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Two-dimensional Materials: Graphene and phosphorene
1.3 Phosphorene.

with other two-dimensional crystals. Because of its exceptional physical properties, graphene is
considered a standout material in both fundamental physics research and practical applications.
Electronically, graphene is a special case of a semi-metal with a zero bandgap similar to that of
metals. However, its density of states (DOS) at the Fermi level is zero, similar to semiconductors
[2]. Its electronic band structure exhibits linear dispersion with respect to momentum for low
energies, akin to the Dirac equation for massless fermions, making graphene a two-dimensional
system of massless Dirac fermions (fig. 2.3).

Figure 2.3: Energy band spectrum at the K-points for graphene.

In general terms, graphene has proven to be an extraordinary material with diverse character-
istics and potential applications, as mentioned earlier. Undoubtedly, it is a precursor in the study
and application of 2D materials, giving rise to new lines of research in obtaining and implementing
these materials. This not only revolutionizes the way technology is made and applied but also
establishes connections with other fields of study in physics, contributing to both technological
advancements and frontier science understanding.

1.3 Phosphorene.
Black phosphorus (BP) is a layered semiconductor material with a corrugated hexagonal structure
in each monolayer (phosphorene). As shown in fig.3.4, phosphorene has two main directions:
armchair and zigzag. Such material comprises an orthorhombic tessellation of phosphorus atoms
linked by covalent bonds, and each layer is bound by van der Waals forces.

Numerical and theoretical studies have revealed that when exposed to electromagnetic fields,
dependency on polarization is observed within the properties of surface plasmons, and dependency
on each monolayer’s size, quantized magnetic field, among other phenomena [5]. All of this is due
to its high anisotropy. For instance, the material has an anisotropic band structure and its charge
carriers have anisotropic effective mass (as we will see later).

Figure 3.4: Anisotropic structure of phosphorene in its two main directions. Image taken from [5].

Phosphorene exhibits anisotropic conductivity, meaning its electrical properties vary with crys-
tallographic direction [9]. This anisotropy arises from the puckered structure of phosphorene and

3



Two-dimensional Materials: Graphene and phosphorene
1.4 Electric Field effect.

the different electronic band structures along distinct crystallographic directions (fig. 3.5). As
mentioned above, the effective mass of charge carriers, such as electrons or holes, plays a crucial
role in determining the conductivity of a material. It describes how the carriers respond to an
applied electric field and is directly related to their mobility. For instance, along the armchair
direction, phosphorene behaves as a semiconductor. The effective mass of charge carriers in this
direction significantly influences the conductivity. For electrons, the effective mass determines their
mobility and the ease with which they can contribute to electrical conduction. In phosphorene,
the effective mass of electrons in the armchair direction is relatively small compared to the zigzag
direction [10], leading to enhanced electron mobility and higher conductivity. In contrast, along
the zigzag direction, phosphorene exhibits metallic behavior due to the overlap of electronic bands.
The effective mass of charge carriers in the zigzag direction, particularly for electrons, affects the
material’s conductivity. The metallic behavior in this direction implies that the effective mass of
electrons may be relatively larger compared to the armchair direction, but still allows for efficient
electron transport and high conductivity due to the absence of a bandgap. Moreover, the effective
mass of charge carriers in phosphorene may also exhibit temperature dependence, influencing its
conductivity at different temperatures. Changes in temperature can alter the scattering mech-
anisms that affect carrier mobility, impacting the effective mass and overall conductivity of the
material [7].

Figure 3.5: a) Band structure of a phosphorene monolayer. b) Dependence of the energy gap in
few-layer phosphorene on the number of layers. Picture taken from [5].

Understanding the effective mass of charge carriers in phosphorene is crucial for designing and
optimizing electronic devices based on this material. By controlling the crystallographic orientation
and thickness of phosphorene flakes, researchers can tailor its electronic properties and exploit its
anisotropic conductivity for various applications, such as field-effect transistors, photodetectors,
and thermoelectric devices. Finally, other interesting properties are its high mobility and highly
tunable when exposed to an electromagnetic field, and its direct bandgap (0.3 eV in bulk to 2 eV
in a monolayer) [7, 11].

1.4 Electric Field effect.
The electric field effect is a physical phenomenon that occurs when the electrical conductivity
(current concentration) of a material is controlled or modulated by applying an external electric
field to vary its electrical output as a semiconductor. It has been observed that in metals, there is a
high concentration of electrons, for instance we have a high electron density. Due to this, when an
electric field is applied to a metal, it can’t penetrate deeply. However, semiconductors have fewer
electrons available to respond to an applied electric field. Because of the lower electron density,
the electric field can penetrate deeper into a semiconductor. The penetration of the electric field
alters how conductive the semiconductor is, especially near its surface [12]. This phenomenon is
crucial for the operation of certain electronic components like the Schottky diode and field-effect
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1.4 Electric Field effect.

transistors (MOSFET, JFET, MESFET) utilizing the field effect to control the flow of current,
enabling functions like amplification and switching in electronic circuits.

1.4.1 Electric field effect in graphene.

One of the most intriguing aspects of graphene is its response to electric fields. First, recall that
graphene’s electronic structure is characterized by its linear energy dispersion near the Dirac points
(see fig.2.3). This linear dispersion gives rise to massless Dirac fermions, behaving as relativistic
particles with zero effective mass [13]. The Dirac point is special in graphene’s electronic band
structure, where the valence and conduction bands meet. It serves as the reference energy level
for the Fermi energy. At the Dirac point, the Fermi level coincides with the energy of the Dirac
point, resulting in a semimetallic behavior. Then, the electric field effect in graphene refers to
the modulation of graphene’s electronic properties by an external electric field perpendicular to
its plane. This external field induces a potential difference across the graphene sheet, leading to
changes in the carrier density and Fermi level position. By applying a gate voltage to a graphene
device, one can control the carrier density in graphene [12]. When a positive gate voltage is applied,
it attracts electrons towards the graphene surface, increasing the electron density and shifting the
Fermi level upwards. Conversely, a negative gate voltage repels electrons, leading to a decrease in
electron density and a downward shift of the Fermi level (see fig. 4.6).

Figure 4.6: a) Linear dispersion at the Dirac point for graphene’s conductivity σ. b) Quantum
Hall coefficient 1/RH . Both as a function of gate voltage Vg. Diagrams taken from [13].

Graphene exhibits ambipolar conduction, meaning it can support both electron and hole charge
carriers. By adjusting the gate voltage, one can switch between electron and hole conduction
regimes, making graphene highly versatile for electronic applications. In addition to carrier density
modulation, the electric field effect in graphene also involves quantum capacitance effects. Due
to graphene’s two-dimensional nature and low density of states, it exhibits strong screening of
external electric fields, resulting in a high quantum capacitance [14]. Can also modulate the
optical properties of graphene. By changing the carrier density, one can tune the absorption and
transmission spectra. Another case is using graphene stacks that can be reconfigured dynamically,
often through self-biasing mechanisms, to control terahertz plasmonic responses [14]. Research has
even been done focused on Tamm states, which are localized states at the interface of periodic
structures, specifically in graphene-based metamaterials; these states are localized to regions much
smaller than the wavelength of the electromagnetic radiation involved [15].

The electric field effect forms the basis for graphene field-effect transistors (GFETs), where
the gate voltage controls the conductivity of the graphene channel. GFETs offer advantages such
as high carrier mobility, low power consumption, and compatibility with flexible and transparent
substrates, making them promising for next-generation electronics. Under strong magnetic fields

5



Two-dimensional Materials: Graphene and phosphorene
1.5 Conductivity.

perpendicular to the graphene plane, the combination of the electric field effect and quantum
confinement leads to the observation of the quantum Hall effect in graphene (see fig. 4.6. (b)).
Furthermore, graphene-based structures can exhibit topological insulating behavior under specific
conditions, opening up possibilities for novel electronic and spintronic devices.

1.4.2 Electric field effect in phosphorene.

In case for phosphorene, as we saw in sec. (1.3), it has a direct bandgap, which is variable depending
on the layer thickness. This makes it useful for applications in electronics and optoelectronics [5].
The electric field effect in phosphorene works similarly to how it does in other 2D materials but
with some unique features due to its anisotropic nature. By applying an external electric field
using a gate electrode, you can control the electronic properties of phosphorene. This is done
by placing a gate electrode on or near the phosphorene layer, separated by an insulating layer
(see fig. 4.7). Because phosphorene is a 2D material, the electric field can penetrate effectively
across its thickness. This allows the field to directly influence the electronic properties of the entire
layer, unlike in bulk materials where the field might only affect a surface region. The electric
field affects the distribution of charge carriers (electrons and holes) in phosphorene. Adjusting the
gate voltage, can either increase or decrease the carrier concentration. This modulation changes
the material’s electrical conductivity. Typically, a positive gate voltage will attract electrons to
the phosphorene layer, enhancing its n-type conductivity. Conversely, a negative gate voltage can
attract holes (or repel electrons), increasing the p-type conductivity [4]. The electric field effect
enables the use of phosphorene in field-effect transistors (FETs). This can lead to high-performance
electronic devices with adjustable properties. Phosphorene-based transistors can potentially offer
advantages like high carrier mobility and flexibility. Depending on their effective mass, the effective
plasma frequency of phosphorene can be tuned by adjusting the carrier density. This is typically
achieved using an external electric field through a gate electrode. By changing the gate voltage,
it’s possible modify the density of free electrons or holes in the phosphorene layer [16]. The
ability to control the bandgap of phosphorene with an electric field is useful for optoelectronic
applications, such as photodetectors and light-emitting devices. Adjusting the bandgap with an
electric field allows for tunable optical properties. Research has even begun to focus combining
of multiple 2D materials to achieve devices with particular structures, especially through vertical
stacking, forming what are called van der Waals (vdW) heterostructures [17, 18, 19]. Due to its
sensitivity to external fields, phosphorene can be used in sensors to detect changes in electric fields
or other environmental parameters. This material can be sensitive to environmental conditions,
such as moisture and oxygen, which may affect its performance and stability. Producing high-
quality, uniform phosphorene layers and integrating them into devices at scale remains a technical
challenge.

In summary, the electric field effect plays a crucial role in modulating the electronic and opti-
cal properties of graphene and phosphorene, enabling a wide range of applications in electronics,
photonics, sensing, and quantum phenomena research. Its tunability and other remarkable char-
acteristics continue to drive research and innovation in graphene/phosphorene-based technologies.

1.5 Conductivity.

The conductivity as the linear response of an electron to an electric field, describes how easily
charge carriers (such as electrons) move in response to an applied electric field within a material.
This concept is fundamental in condensed matter physics and plays a key role in understanding
the electrical properties of materials. In the next section, we theoretically explore the interaction
of the internal electric field in a photonic crystal, by analyzing the Kubo formalism and the Drude
model in graphene and phosphorene.
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1.5 Conductivity.

Figure 4.7: a) Back-gate voltage (Vbg) dependence of the drain–source current (Ids) at different
top-gate voltage values (Vtg). b) Drain–source voltage (Vds) dependence of the bias current at
different displacement fields. Diagrams taken from [9].

1.5.1 Kubo’s formula.

To describe a quantum system of many particles in principle, we have the Schrodinger equation:

i
d

dt
|ψ (t)⟩ = Ĥ |ψ (t)⟩ . (1.1)

This equation allows us to know the evolution of a quantum state in time from the Hamiltonian
H. Pushing a system in thermal equilibrium; to out of equilibrium the linear response theory
appears: Consider a quantum system described by the time-independent Hamiltonian Ĥ0. This
system is assumed to be in thermal equilibrium (Gibbs state),

ρ =
1

Z
e−βĤ0 (1.2)

as in ref. [20]. From the eigenvalue problem of the Hamiltonian

Ĥ0 |Ek⟩ = Ek |Ek⟩ (1.3)

we can expand the exponential in eq. (1.2) as the following expression:

e−βĤ0 =
∑
m

e−Em |Em⟩ ⟨Em| (1.4)

and the partition function is written as the following formula

Z =
∑
m

e−βEm . (1.5)

Now, the expectation value of some observable A which in the thermal state is given as follows

⟨A⟩β,0 =
1

Z

∑
m

e−βEm ⟨Em|A |Em⟩ , (1.6)

here, the two subscripts β and 0 indicate that is a thermal average with respect to the Hamil-
tonian and is taken at the thermodynamic beta, in this way, our state ρ and our observable A are
time-independent. At t ≥ 0 we will turn on a brand time dependent external perturbation, for
instance the new Hamiltonian is

H (t) = H0 + λV (t) , (1.7)
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we are going to treat H0 as the free Hamiltonian and λV (t) as the interacting Hamiltonian.
Now, we know that in the Schrodinger picture, the eigenstates of the H0 evolve in time according
to eq. (1.1), so this is

i
∂

∂t
|Em (t)⟩ = H (t) |Em (t)⟩ (1.8)

and to re-express the time evolution in terms of the interaction picture is

|Em (t)⟩ = e−iH0t|Em (t)⟩int (1.9)

where |Em (t)⟩int is the interaction picture state, defined as

|Em (t)⟩int = U (t) |Em (0)⟩ (1.10)

which links t with the initial conditions, U (t) is a time evolution operator that could be
expanded by the Dyson series and only keep terms in the up until the first order; this gives us the
following expression:

U (t) = 1− iλ

∫ t

0

dt′Vint (t) (1.11)

here,

Vint (t) = eiH0tV (t) e−H0t. (1.12)

Re-writing eq. (1.6), we have

⟨A (t)⟩ = 1

Z

∑
m

e−βEm ⟨Em (t)|A |Em (t)⟩ (1.13)

and can insert the definitions from the interaction picture into expectation value, doing the
following expression

⟨A (t)⟩ = ⟨A⟩β,0 − iλ

∫ t

0

dt′
1

Z

∑
m

e−βEm ⟨Em| [Aint (t)Vint (t
′)− Vint (t

′)Aint (t)] |Em⟩ (1.14)

simplifying and generalizing, we obtain the Kubo formula:

⟨Â (t)⟩ = ⟨Â⟩0 −
i

ℏ

∫ t

t0

dt′
〈[
Â (t) , V̂ (t)

]〉
0
. (1.15)

It was found that the transport mechanism must be related to diffusion on electrons [21]. Let us
consider the case of a uniform system subjected to an external electric field E⃗, whose corresponding
Hamiltonian is

H (t) =
1

2m

∑
i

[
pi + eA⃗ (ri, t)

]2
+ U (ri) (1.16)

where m is the mass of the i-th electron, p the momentum, A⃗ is a vectorial potential and U is
the potential energy function. Next, using relations, the eq. (1.16) can be rewritten as

H =
i

ω

∫
dr⃗Ĵ (r) · E⃗ (r) e−iωt (1.17)

with the current density operator Ĵ (r) defined by

8
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Ĵ (r) = − e

2m

∑
i

[p̂iδ (r⃗ − r⃗i)− δ (r⃗ − r⃗i) p̂i] (1.18)

then, the conductivity σ can be defined as:

σ (ω) =
ine2

mω
+

1

ℏωV

∫ ∞

0

eiωt
〈[
Ĵ (t) , Ĵ (0)

]〉
dt. (1.19)

1.5.2 Graphene conductivity.

To describe the electronic properties of graphene, in the local limit ω ≫ τ−1, we can take eq.
(1.19) for a given temperature T :

σ (ω) =
ie2

πℏ

[
µ

ℏ (ω + iτ−1)
− 1

4
ln

(
2µ+ ℏ

(
ω + iτ−1

)
2µ− ℏ (ω + iτ−1)

)]
. (1.20)

The conductivity σ in these materials has two contributions: the intra-band and inter-band
transitions. The first, in the classical Drude model approximation, is

σintra (ω) ≈
ie2µ

πℏ2 (ω + iτ−1)
(1.21)

and the second, is defined as follows

σinter (ω) ≈ − ie2

4πℏ
ln

[
2µ+ ℏ

(
ω + iτ−1

)
2µ− ℏ (ω + iτ−1)

]
(1.22)

where e is the electron charge, µ is the Fermi level, ℏ is the reduced Planck constant, and τ is
the relaxation time [22, 23].

1.5.3 Phosphorene conductivity.

On the other hand, the conductivity of phosphorene (black phosphorus) is influenced by various
factors, including its electronic band structure and the effective mass of charge carriers [10].

In summary, the effective mass of charge carriers in phosphorene significantly influences its
conductivity, with smaller effective masses generally associated with higher conductivity. Un-
derstanding the anisotropic conductivity and effective mass of charge carriers in phosphorene is
essential for leveraging its unique properties in electronic and optoelectronic applications.

The anisotropic conductivity of phosphorene can be described as:

σjj (ω) =
iDj

π
(
ω + iηℏ

) (1.23)

where j denotes the direction of propagation of the SP in the x (arm-chair) or y (zig-zag)
direction. Then,

Dj =
πe2N

mj
(1.24)

is the Drude weight, which depends on the charge carrier density N and the anisotropic effective
electron mass mj , which are

mx =
ℏ2(

2γ2

∆ + ηc

) (1.25)
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my =
ℏ2

2νc
(1.26)

where ∆, ηc, and νc are parameters of the conduction band. An important result is that:
mx ≈ 0.15m0 and my ≈ 0.7m0, with m0 = 0.51 MeV is the invariant mass of an electron [11].
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Chapter 2

Theoretical Model

In this chapter, we explain the theory of the processes followed to obtain the models and equations
to be used. Starting from the TM polarization formalism at an interface of two different media.
Then, we try to calculate the transmission and reflection amplitudes of a plane wave for such
a polarization using the transfer matrix technique, which considers all the contributions of the
incident plane wave in a very efficient way. Then, we try to calculate the transmission and reflection
amplitudes of a plane wave for such a polarization using the transfer matrix technique, which takes
into account all the contributions of the incident plane wave in a very efficient way. We first obtain
a general expression for the transfer matrix of our experimental setup then we apply mathematical
tools and special functions with the obtained formulas to achieve our specific objectives.

2.1 Plasmonics in 2D Materials.
Plasmonics refers to the interaction of incident electromagnetic waves with the free electrons of a
metal [24]. When light interacts with a metal surface, it can excite collective oscillations of elec-
trons, known as surface plasmons (SPs). The electromagnetic fields associated with SPs guided
by highly conductive metallic surfaces at mid-infrared (MIR) and Terahertz (THz) frequencies are
similar to plane waves that propagate ubiquitously at the interface of the dielectric medium. 2D
materials present several advantages in plasmonics due to their electronic and optical properties.
Some materials mentioned in Chapter 1.1, for example, exhibit high carrier mobility, broad spectral
response, and plasmonic properties tunable by gate voltage modulation. Others possess consider-
able bandgap and strong light-matter interactions, allowing efficient control of plasmonic modes.
Consider also that there are those that provide excellent dielectric properties, which facilitates
strong plasmonic coupling.

The dispersion relation can be derived from Maxwell’s equations with appropriate approxima-
tions and boundary conditions. Remember that, Maxwell’s equations in the absence of external
charge and current density are [25]:

∇ · D⃗ = 0 (2.1)

∇ · B⃗ = 0 (2.2)

∇× E⃗ = −1

c

∂B⃗

∂t
(2.3)

∇× H⃗ =
1

c

∂D⃗

∂t
(2.4)

where D⃗ is the dielectric displacement, B⃗ the magnetic induction, E⃗ the electric field and H⃗
the magnetic field. If D⃗ = ϵE⃗ y H⃗ = B⃗/µ, we rewrite eq. (2.4), such that

11
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Figure 1.1: a) Frame for TM polarization. b) Kretschmann configuration. c) Otto configuration.

∇× B⃗ − ϵµ

c

∂E⃗

∂t
= 0. (2.5)

Now, applying rotational to eq. (2.3) we have

∇×
(
∇× E⃗ +

1

c

∂B⃗

∂t

)
= 0

∇×
(
∇× E⃗

)
+

1

c

∂

∂t

(
∇× B⃗

)
= 0

∇
(
∇ · E⃗

)
−∇2E⃗ +

1

c

∂

∂t

(
∇× B⃗

)
= 0.

(2.6)

Substituting eq. (2.5) in eq. (2.6) and, applying eq. (2.1), it is obtained that

−∇2E⃗ +
1

c

∂

∂t

(
ϵµ

c

∂E⃗

∂t

)
= 0

∇2E⃗ − ϵµ

c2
∂2E⃗

∂t2
= 0

(2.7)

whose solutions are of the type:

E⃗ (r⃗, t) = E⃗0e
i(k⃗·r⃗−ωt). (2.8)

Then, considering electromagnetic waves propagating as a planar wavefront at the interface
between two media 1 and 2 (see fig. 1.1. a), there is a component of the electric field perpendicular
to the interface (considering TM polarization) that contributes to the formation of an SP. Now,
being r⃗ = xx̂+ yŷ + zẑ, E⃗ = Exx̂− Ez ẑ and the wave vector k⃗ = kxx̂+ kz ẑ, we have

k⃗ · r⃗ = kxx+ kzz (2.9)

k⃗ × E⃗ =
[
(kxEz + kzEx) e

i(kxx+kzz−ωt)
]
ŷ (2.10)
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from last expression, let us note that if k⃗ × E⃗ = ω/cB⃗, being ω the angular frequency, it can
be deduced that

kxEz + kzEx =
ω

c
By. (2.11)

On the other hand, from eq. (2.1) it follows that

∇ · ϵE⃗ = 0

ikxExe
i(kxx+kzz−ωt) − ikzEze

i(kxx+kzz−ωt) = 0
(2.12)

clearing from eq. (2.12)

⇒ Ez =
kx
kz
Ex. (2.13)

Thus, substituting (2.13) in (2.11) and, remembering that the wavenumber k2 = ω2ϵµ/c2, we
have that

ω

c
By = kx

(
kx
kz
Ex

)
+ kzEx

=

(
kx

2

kz
+ kz

)
Ex

=
k2

kz
Ex

=

(
ω2ϵµ

c2kz

)
Ex.

(2.14)

Solving for eq. (2.14) it seems that:

Hyi

Exi

=
ωϵ0ϵi
ckzi

≡ Zi (2.15)

defining Z as impedance, where i denotes media 1 and 2, respectively. Now, to extract infor-
mation from Eqs. (2.15), boundary conditions for the electromagnetic field are required, which
can be derived from the integral forms of equations (2.3) and (2.4):∮

E⃗ · d⃗l = −1

c

d

dt

∫∫
H⃗ · ds⃗ (2.16)∮

H⃗ · d⃗l = ϵ

c

d

dt

∫∫
E⃗ · ds⃗ (2.17)

After integrating Eqs. (2.16) and (2.17) around an infinitesimally thin circuit containing the
interface and a thin layer with surface conductivity σ proportional to a conducting current J⃗ = σE⃗,
the boundary conditions are:

Ex1 = Ex2
(2.18)

Hy2
−Hy1

= Jx1
(2.19)

where Jx1
= σEx1

; but they can also be expressed with the help of (2.15) in the following
system of equations

Ex1 − Ex2 = 0 (2.20)
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(Z1 + σ)Ex1
+ Z2Ex2

= 0 (2.21)

or also in matrix form (
1 −1

Z1 + σ Z2

)(
Ex1

Ex2

)
=

(
0
0

)
(2.22)

which has a non-trivial solution if and only if the determinant of the square matrix is null, this
is

Z1 + Z2 + σ = 0 (2.23)

Subsequently:

n1
2

kz1
+
n2

2

kz2
+

σ

ωϵ0
= 0 (2.24)

where ni =
√
ϵiµi corresponds to the refractive index of each medium.

2.2 Transfer Matrix.

Figure 2.2: One-dimensional photonic crystal with a conducting two-dimensional material.

According to Figure (2.2), the fields in each medium are of the form(
Ex

Hy

)
=

(
E+ + E−

1
ZE

+ − 1
ZE

−

)
(2.25)

such that at z0, the components of the electric field can be expressed as follows

E−
z0 = Ae−ikzz0 = e−ikz(z0−z)Ae−ikzz = e−ikz(z0−z)E−

z (2.26)

E+
z0 = Beikzz0 = eikz(z0−z)Beikzz = eikz(z0−z)E+

z (2.27)

such that, if we define d = |z1 − z0|, at z1 the field components are(
E−

E+

)
z1

=

(
e−ikzd 0

0 eikzd

)(
E−

E+

)
z0

. (2.28)

Let Y be the impedance matrix

Yj =

(
1 1
− 1

Z
1
Z

)
j

(2.29)
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such that equation (2.25) becomes (
Ex

Hy

)
z

= Yj

(
E−

E+

)
z

(2.30)

⇒
(
Ex

Hy

)
z1

= Y1

(
E−

E+

)
z1

Y1
−1

(
Ex

Hy

)
z0

= P1

(
Ex

Hy

)
z0

, (2.31)

where P is defined as the matrix

Pj = Yj

(
E−

E+

)
zj

Yj
−1. (2.32)

Now, solving for z1′ with boundary conditions:(
Ex

Hy

)
z1′

=

(
1 0
−σ 1

)(
Ex

Hy

)
z1

(2.33)

we can define M as the unit cell transfer matrix, this is

M =

(
1 0
−σ 1

)
Pj (2.34)

then, by (2.31) and (2.34), equation (2.36) becomes:(
Ex

Hy

)
z1′

= M

(
Ex

Hy

)
z0

. (2.35)

For a periodic array of N layers and with (2.30), the previous expression can be formulated as
follows: (

0
E+

)
z1′

=

(
m11 m12

m21 m22

)N(
E−

0

)
z0

(2.36)

where

m11 ≡ A = e−ikzd

(
1 +

Z2

Z1
+ σZ2

)
(2.37)

m12 ≡ B = eikzd

(
1− Z2

Z1
+ σZ2

)
(2.38)

m21 ≡ C = e−ikzd

(
1− Z2

Z1
− σZ2

)
− σe−ikzd

(
1 +

Z2

Z1
+ σZ2

)
(2.39)

m22 ≡ D = eikzd

(
1 +

Z2

Z1
− σZ2

)
− σeikzd

(
1− Z2

Z1
+ σZ2

)
(2.40)

2.3 Chebyshev Polynomials.
For confined modes, the condition is that A = 0 [26]. Then, using the Chebyshev second-kind
trigonometric identity:

Un (cos θ) =
sin (n+ 1) θ

sin θ
(2.41)

where n ∈ N; the dispersion modes relationship for a system of N layers is given by

A
sinNKΛ

sinKΛ
− sin (N − 1)KΛ

sinKΛ
= 0 (2.42)
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with
KΛ = arccos

1

2
(A+D) (2.43)

2.4 Dispersion Relations.

With the eq. (2.42) we can plot the dispersion relations for a several periodic systems with a
different number of layer N . Figure (4.3) shows the contour plot for a one-dimensional photonic
crystal with different number of graphene layers, ranging from N = 1 layer to N = 15 layers.

Figure 4.3: Dispersion relations for different number of graphene layers with n1 = n2 = 1.6,
µ = 0.9eV , τ = 1ps using the Chebyshev relation (2.42). Blue line is the light line.

Note that for a region of very small kx values and below the light line, there seems to be a
splitting of these modes, but beyond a certain critical value these modes tend to be suppressed in
the four cases presented.

2.5 Bloch’s theorem.

It is necessary to consider an important result in order to know the solutions of the Schrodinger
equation in a periodic potential. Bloch’s theorem is a fundamental result in solid-state physics that
describes the behavior of electrons in a periodic potential, such as the potential inside a crystalline
solid. It is named after the Swiss physicist F. Bloch, who formulated it in 1929 [27].

We have that in a crystal, the potential energy experienced by an electron is periodic with the
same periodicity as the crystal lattice. Bloch’s theorem states that the wave-functions of electrons
in such a periodic potential can be expressed as a product of a plane wave and a function with the
same periodicity as the lattice [28]. Mathematically, this is written as:

ψk⃗ (r⃗) = uk⃗ (r⃗) e
ik⃗·r⃗ (2.44)
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where:

• ψk⃗ (r⃗) is the eigenfunction of the wave equation.

• k⃗ is the wavevector related to the momentum of an electron, which is confined to the first
Brillouin zone.

• uk⃗ (r⃗) is a function that has the same period as the crystal lattice with uk⃗ (r⃗) = uk⃗

(
r⃗ + T⃗

)
.

Here T⃗ is a translation vector of the lattice.

• eik⃗·r⃗ is the plane-wave term.

In solid-state physics, electrons in a crystal lattice experience a periodic potential due to the
regular arrangement of atoms. This periodicity affects the electronic properties of the material,
leading to the formation of energy bands rather than discrete energy levels. Recall that the time-
independent Schrödinger equation for an electron in a crystal is given by eq. (1.8), which we can
also express as follows: [

− ℏ2

2m
∇2 + V (r⃗)

]
ψk(r⃗) = Ekψk(r⃗) (2.45)

where:

• ℏ is the reduced Planck constant.

• m is the electron mass.

• V (r⃗) is the periodic potential due to the crystal lattice.

• Ek is the energy of the electron,

according to ref.[29]. Substituting eq. (2.44) into eq. (2.45) yields:[
− ℏ2

2m

(
∇2 − 2ik⃗ · ∇+ k⃗2

)
+ V (r⃗)

]
eik⃗·r⃗uk(r⃗) = Eke

ik⃗·r⃗uk(r⃗) (2.46)

[
− ℏ2

2m

(
∇2 − 2ik⃗ · ∇+ k⃗2

)
+ V (r⃗)

]
uk(r⃗) = Ekuk(r⃗) (2.47)

Then, the Hamiltonian operator for the system is:

Ĥ = − ℏ2

2m
∇2 + V (r⃗) (2.48)

Due to the periodicity of V (r⃗), we can express V (r⃗) as a Fourier series:

V (r⃗) =
∑
G⃗

VG⃗e
iG⃗·r⃗ (2.49)

where G⃗ are the reciprocal lattice vectors. Consider the Hamiltonian in the basis of plane waves
eik⃗·r⃗. The Hamiltonian matrix elements between these plane waves are:

Hk⃗,⃗k′ = ⟨eik⃗·r⃗|Ĥ|eik⃗
′·r⃗⟩ (2.50)

The periodic potential V (r⃗) leads to matrix elements that couple different k⃗ states. The result-
ing matrix elements can be written as:
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Hk⃗,⃗k′ =

(
− ℏ2

2m
(k⃗2 + k⃗′2) + ⟨eik⃗·r⃗|V (r⃗)|eik⃗

′·r⃗⟩
)
. (2.51)

To find the allowed energy levels, we solve the eigenvalue problem:

Ĥψk(r⃗) = Ekψk(r⃗) (2.52)

Substituting ψk(r⃗) = eik⃗·r⃗uk(r⃗) and using the Fourier expansion of the potential, we obtain
a set of coupled differential equations for uk(r⃗). These equations must be solved to find the
eigenvalues Ek as a function of k⃗. The solutions to the eigenvalue problem yield discrete energy
levels Ek for each k⃗ in the Brillouin zone. These energies form continuous bands as k⃗ varies within
the Brillouin zone, which are the Allowed Bands: Regions where the energy Ek is allowed for
electrons; and the Band Gaps: Energy ranges between these bands where no electron states are
available. The band structure of a solid is a plot of Ek as a function of k⃗. It reveals the allowed and
forbidden energy levels for electrons [28, 29], either valence bands (typically filled with electrons) or
conduction bands (can be empty or partially filled, allowing for conduction). And thus, it gives rise
to the following classification: Conductors: Materials with overlapping valence and conduction
bands or no band gap. Semiconductors: Materials with a small band gap between valence and
conduction bands. Insulators: Materials with a large band gap that prevents electron flow.

Now, to determine the band structure in our 1D photonic crystal, by Bloch’s theorem, we have
that

M

(
Ex

Hy

)
z0

= I2x2eiKBd

(
Ex

Hy

)
z0

(2.53)

factoring and rearranging, we find that (2.53) is possible if and only if∣∣M− I2x2eiKBd
∣∣ = 0 (2.54)

which leads us to

e−iKBd + eiKBd − (A+D) = 0, (2.55)

or equivalently,

KBd = arccos

(
1

2
Tr{M}

)
. (2.56)

2.6 Plasmonic bands.

The plasmonic band or surface plasmon band (SPB) is a phenomenon observed in some materials
(such as gold or silver). It refers to the range of frequency over those materials exhibit strong
interaction with electromagnetic waves due to surface plasmon resonances [30]. This leads to
enhanced electromagnetic fields at the material’s surface. Now, where electrons have allowed and
forbidden energy ranges, some materials have specific ranges of frequencies where these surface
plasmon resonances occur. These frequency ranges are known as plasmonic bands.

In our case, for graphene, the surface plasmons arise from the collective oscillations of the
electrons in the material. Unlike conventional metals, graphene’s plasmons are tunable due to its
electronic structure and the ability to modify its chemical environment [31, 32]. More specifically,
this response in graphene can be tuned across a broad range of frequencies, from terahertz to visi-
ble light, by adjusting external factors like the Fermi level and the gating voltage. This tunability
results from graphene’s linear energy-momentum relationship near the Dirac points. Fig. (6.4)
shows the resulting plasmon dispersion in multilayer graphene for in-plane momentum transfers q
along the ΓM direction which was considered in ref. [33], where aims to deepen the understanding
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of plasmonic behavior in multilayer graphene by using advanced spectroscopy techniques, ana-
lyzing the high-energy plasmon modes and exploring the transition between 2D and 3D plasmon
behaviors. On the other hand, for phosphorene, we have in a similar way the plasmonic behavior
due to its anisotropic nature. This means that the plasmonic bands in phosphorene can be quite
different in terms of frequency range and response compared to other materials. The frequency
and behavior of plasmons in phosphorene can be controlled by factors like the material’s thickness
and the applied electric field [34]. Remembering that phosphorene has an anisotropic electronic
structure, its electrical and optical properties vary with direction. This anisotropy can lead to
unique plasmonic behaviors, such as directional dependence of plasmonic resonances and enhanced
interaction with radiation in specific directions.

Figure 6.4: Dispersion of the highest-energy plasmon band in multilayer graphene from two to six
layers calculated using the RPA polarizability of graphene. Image extracted from [33].

In other words, the plasmonic bands lie in the terahertz to mid-infrared range. This range cor-
responds to the frequencies at which collective electron oscillations can be excited in graphene. The
plasmonic behavior of graphene is primarily governed by its unique electronic structure, with linear
energy dispersion near the Fermi level. The plasmonic response in graphene can be tuned over a
wide spectral range by varying the Fermi energy through gate voltage or chemical doping. While
phosphorene is primarily known for its semiconducting characteristics, it also supports plasmonic
modes that can be harnessed for various applications. Phosphorene possesses multiple valleys in its
electronic band structure, associated with distinct momentum states of charge carriers. These val-
leys can interact differently with external electromagnetic fields, leading to valley-selective plasmon
excitation. This phenomenon enables selective manipulation of plasmonic modes in phosphorene
based on the valley index, offering additional degrees of freedom for controlling light-matter inter-
actions.

In a previous work [35], the characteristics of TM projected band structures and SPs in a 1D
GPC (one-dimensional graphene-dielectric photonic crystal) were studied (see fig.6.5). It was found
that pure SPs in the 1D GPC exhibit higher localization (they are more confined to the surface) and
longer propagation lengths compared to SPs in a 1D metallic photonic crystal. This means they can
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be more effectively used in devices requiring long-range interaction. Using graphene disks, extends
the frequency range over which SPs are supported and results in wider bandgaps, which improves
the far-infrared (far-IR) filtering capabilities of the photonic crystal. While using graphene sheets,
is possible reducing the width of the dielectric layers causes the graphene absorption bandgaps
to widen, broadens the frequency range of supported SPs also enhances the localization of pure
SPs and increases their propagation length. Another work [36], demonstrates that the photonic
response of a periodic stack of graphene monolayers can be significantly enriched by introducing
sequential doping modulations. These modulations can be periodic, quasi-periodic, or harmonic,
leading to varied and potentially complex photonic band structures. The fixed separation between
layers creates a structural band gap, which can be adjusted by changing the doping levels through
gating. Additionally, specific modulation profiles, like continuous cosine or semi-continuous square
functions, give rise to frequency mini-bands within the photonic band structure. Another interest-
ing topic in the field of nanophotonics and materials science is that in the presence of a suitable
dielectric environment, graphene supports surface plasmons that can couple with the substrate’s
phonon-polariton modes. This coupling leads to hybrid modes where the characteristics of both
surface plasmons and phonon-polaritons are present [37].

In a similar way to graphene, it is to be expected that the same is true for phosphorene: periodic
structures can be introduced with this material to create a photonic band gap. The photonic band
gap is achieved by designing periodic arrays or heterostructures that modify the local optical
density of states and create regions where light propagation is forbidden.

Figure 6.5: TM projected band structure for different values of the distance between graphene
sheets ds. The shaded areas (red and aqua) correspond to the Bloch pass bands (lying above
the light line) and the Bloch’s evanescent band (lying below the light-line). The white areas
correspond to the gaps. Also, the straight black lines show the light-line of the medium with a
dielectric constant, and the black dashed curve in (a) shows the dispersion of SPs supported by a
graphene sheet placed in z = 0 and surrounded with dielectric materials of constant known. Image
extracted from [35].
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Chapter 3

Results and discussions.

In this chapter, we analyze the results followed from Chapter 2 to observe how phosphorene and
graphene-based materials exhibit distinct plasmonic responses. By examining the interplay be-
tween material properties, geometric configurations, and external stimuli, we aim to uncover the
underlying principles governing plasmonic behavior in these systems, such as their propagation
length, decay length and projected bands structures. We also give the main numerical results
aiming to analyze the objectives of this work.

3.1 Plasmonic modes in graphene.
One important concept is to remember is that in 2D materials, plasmonic modes can be classified
into two types: surface plasmon polaritons (SPP) and localized surface plasmons (LSP). SPPs are
collective excitations that propagate along the interface of a 2D material and a dielectric, offering
sub-wavelength confinement and large propagation lengths. LSPs, on the other hand, are confined
to nanoscale regions, such as defects or edges of 2D materials, resulting in strong field localization
and enhanced light-matter interactions [24]. Then, we begin the analysis of plasmonic modes by
plotting graphene conductivity for different doping levels µ. In fig. (1.1), we can observe the
behavior of conductivity for inter-band and intra-band transitions (according to eq. 1.20).

The conductivity is expressed in units of σ′ = e2/4ℏ which is a dimensionless quantity and
the real and imaginary parts of conductivities for each µ are plotted in different colors. At low
frequencies, the real part of the conductivity is high for smaller µ, indicating that graphene is
more conductive and the imaginary part is close to zero. As frequency increases, the real part
decreases and stabilizes, while the imaginary part shows peaks that suggest a shift from conductive
to capacitive behavior. So we can say that the doping level shifts the overall behavior of the
conductivity. Higher µ leads to a more pronounced flat region in the real part and a sharper peak
in the imaginary part, reflecting that the transition frequencies are shifted to higher frequencies.
This implies that, at low THz frequencies, the leading conductivity comes from the intraband
contribution.

Now, if we replace (1.21) into (2.24), we obtain the dispersion relation for a SPP in a graphene
monolayer:

n1
2

kz1
+
n2

2

kz2
+

ie2µ

ωϵ0πℏ2 (ω + iτ−1)
= 0. (3.1)

Some approximations and numerical solutions to the equation (3.1) are presented below, citing
the previous work [22]. Let us consider an incident wave-number,

kj
2 = kSP

2 + kzj
2 (3.2)
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Figure 1.1: Real and imaginary parts of conductivity expressed in units of σ/
(
e2/4ℏ

)
, which is a

dimensionless quantity, for µ = 0.1, 0.2, 0.3 eV as a function of frequency, ranging from 0 to 2×1014

Hz. As the doping level increases, the transition frequencies ares shifted to higher frequencies.

where kSP
2 corresponds to the component in the x direction and j = 1, 2 indicates mediums.

Solving (3.2) for kzj , we have that

kzj =

√
kj

2 − kSP
2

=

√
−(ikj)

2
+ (ikSP )

2

=i

√
kSP

2 − kj
2

(3.3)

then, considering that |kSP |2 ≫ kj
2, the approximation is as follows

kzj = i

√
ksp

2 − kj
2 ≈ ikSP (3.4)

and hence kz1 = kz2 . Substituting this into eq. (2.24), we get that

n1
2

iksp
+
n2

2

iksp
+

ie2µ

ωϵ0πℏ2 (ω + iτ−1)
= 0 (3.5)

∴ ksp ≈
πϵ0ℏ2

(
n1

2 + n2
2
) (
ω2 + iωτ−1

)
µe2

. (3.6)

Now, from eq. (3.1) we have that

n1
2√

k1
2 − kx

2
+

n2
2√

k2
2 − kx

2
+

ie2µ

ωϵ0πℏ2 (ω + iτ−1)
= 0 (3.7)

where kj = k0
√
ϵj , with k0 = ω/c and kx = kxRe + ikxIm being a complex number. Reducing

the above expression, we arrive at the following dispersion relation:
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n1
2√(

ω
c

)2
ϵ1 − (kxR + ikxI)

2
+

n2
2√(

ω
c

)2
ϵ2 − (kxR + ikxI)

2

+
ie2µ

ωϵ0πℏ2 (ω + iτ−1)
= 0;

(3.8)

which, we can define as a function f of three variables

f (ω, kxR, kxI) = 0 (3.9)

and its level surfaces can be plotted using the log |f |2 technique with a contour plot. In figure
(1.2), we display the dispersion relation by this contour plot technique (an example code is shown
in List. (A.1) of Appendix). The brighter regions correspond to higher intensities of the contour
plot, i. e., in this region the eq. (3.9) is satisfied and shows where the SPPs are most strongly
excited, according to the color-bar scale. Green dashed line shows the approximation taken in [22]
with a Fermi level µ = 0.9eV , a relaxation time τ = 1ps, and refractive index n = 1.6. In this figure,
the plasmonic mode is below the light line and kxsp >> k0; according to the approximation of [22],
therefore it’s important to note the correspondence between the two approximations (eq.3.6 and
contour plot). Plasmonic modes, as observed, exist in the low THz regime, which is a characteristic
of metal-like plasmons. This behavior can be traced back to Drude’s model of conductivities. A
more complete discussion of these dispersion relations is presented in the appendix A.1.

Figure 1.2: Dispersion relation f as a function of kx in a range from 0 to 30 THz. The orange line
is the light line for n = 1.6. The dashed line shows the approximation taken in [22].

The next step in the calculations is the computation of propagation and decay lengths which are
two important quantities to understand the behavior of electromagnetic waves or electron waves as
they interact with materials. The propagation length (which we define as β) refers to the distance
over which an electron wave can travel without significant scattering or energy loss. Graphene has
very high electron mobility, meaning electron waves can propagate over relatively long distances
without much attenuation. In fig. (1.3) is shown a graph of the propagation length given by the
following eq. (3.10):
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β =
1

2Im(kx)
. (3.10)

Figure 1.3: Length propagation for a graphene-dielectric single layer with n = 1.6, µ = 1.2eV and
τ = 1ps.

As observed, the propagation length β is relatively larger at lower frequencies, indicating that
the waves can travel further within the graphene before significant attenuation occurs. The curve
shows that as the frequency f increases, the propagation length β decreases. This implies that the
electromagnetic waves are more strongly attenuated in graphene at higher frequencies, resulting in
shorter propagation lengths.

Now, we continue studying of light on spatial scales smaller than its wavelength, i. e, sub-
wavelength optics by coupling light to matter. For 2D materials, such as graphene, phosphorene
or transition metal dichalcogenides (TMDs), there exist subwavelength structures, which are those
that are smaller than the wavelength of the plasmonic modes being excited. This means that the
dimensions of these structures are on the order of nanometers to a few hundred nanometers, which
is significantly smaller than the wavelength of visible or infrared light (which ranges from about
400 nm to 1,000 nm). Let us calculate the wavelength λ for three different frequencies fa = 2
THz, fb = 5 THz, and fc = 9 THz. For this, we use the following relation:

λ =
c

f
, (3.11)

where c is the speed of light and f is the frequency employed. We have λb = 60 µm and
λc = 33.3 µm; which are λa ≈ 1.07βa and λb ≈ 1.16βc respectively. More results are shown in
table (3.1). In this table, we can see how the wavelengths λ’s are proportional to the frequency in
the two cases: with α and with β

The decay ratio α refers to the depth at which the amplitude of an electromagnetic wave decays
a certain fraction of its original value as it penetrates the material. Due to the unique electronic
properties of graphene, its decay length is exceptionally small, especially at high frequencies. This
property makes graphene an excellent conductor of electricity, even at the nanoscale. Figure (1.4)
shows a graph of decaying length given by:

α =
1

Im(kz)
. (3.12)
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Figure 1.4: Decay ratio α for a graphene/dielectric single-layer with n = 1.6, µ = 1.2eV and
τ = 1ps.

Table 3.1: Sub-wavelength in a graphene single-layer for three different frequencies.

fa (2 THz) fb (5 THz) fc (9 THz)
λ (µm) 150 60 33.33
α (µm) 19.7 3.15 1
β (µm) 205.4 56.1 28.7
λ/α 7.61 19.01 33.33
λ/β 0.73 1.07 1.16

Next, we present two plots of the decay length α and propagation length α respectively, for a
graphene single-layer varying with frequency for different carrier densities N . First, in fig.1.5.a),
the α is plotted in meters as a function of frequency f and it’s possible to observe three different
color curves, these curves show that the decay length α decreases as the frequency increases.
For higher carrier densities N , the decay length is longer, indicating that SPs in graphene with
high carrier densities are more tightly confined to the surface and it appears that the longer decays
abruptly with the other curves above a certain critical frequency. However, in fig.1.5b), it’s possible
to observe another three different color curves, which show that the propagation length β decreases
with increasing frequency. For lower carrier densities N , the propagation length is shorter, meaning
that SPs in graphene with lower carrier densities have shorter propagation distances before losing
energy.

3.2 Plasmonic modes in phosphorene.

Similar to other 2D materials, phosphorene supports both surface plasmon polaritons (SPPs) and
localized surface plasmons (LSPs). SPPs in phosphorene are influenced by its anisotropic effective
mass and band structure, leading to directional propagation and polarization-dependent dispersion.
LSPs, on the other hand, arise from the confinement of charge carriers within nanoscale regions of
phosphorene, such as defects or edges.

Now, the analysis of plasmonic modes is started by plotting phosphorene conductivity in its
two crystallography directions according to eq. (1.23). The figure (2.6) shows the phenomena
previously mentioned, the anisotropic behavior because the Drude weight Dj where j denotes the
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Figure 1.5: (a) Propagation length and (b) decay ratio for a graphene single-layer with n = 1.6,
τ = 1ps and N = 6× 1016, 1× 1017 and 6× 1017m−2.

x (armchair) and y (zigzag) directions, which depends on the effective mass involved mx = 0.15m0

and my = 0.7m0. In both directions (x and y), the real part of the conductivity (blue line)
initially increases at low frequencies, reaches a peak, and then decreases as the frequency increases.
This suggests that at lower frequencies, phosphorene absorbs more energy, but as the frequency
increases, the material becomes less absorptive. The imaginary part of the conductivity (orange
line) also shows a peak at low frequencies, but it decays more slowly compared to the real part as
the frequency increases. This indicates that the energy storage capacity of phosphorene decreases
more gradually with increasing frequency. The x-direction shows higher peak values for both, real
and imaginary parts of the conductivity compared to the y-direction, indicating that phosphorene
has a higher conductivity in the x-direction for the range of frequencies shown.

Figure 2.6: 2D surface tensorial conductivity σjj with η = 1× 10−20 eV , N = 1018m−2, τ = 10µs
and the two effective mass (a) mx = 0.15m0 and (b) my = 0.7m0 according to [11]. In units of
S = C2s/kg m2.

Similar to the previous section 3.1, according to eqs. (2.24) and (1.23), the nonlinear equation
for the SP dispersion relation can be solved numerically. So, we show in figure (2.7) the dispersion
relation for a phosphorene single-layer.
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Figure 2.7: Dispersion relations (a) and (b) for x and y directions respectively, f as function of
kx in a range from 0 to 15 THz. The orange lines are the light lines for n = 1.6. The dashed lines
shows the approximation taken in [22].

Phosphorene, being a two-dimensional material, also exhibits unique electromagnetic proper-
ties. However, because of its anisotropic nature and electronic band structure, their propagation
length β can differ depending on the direction of the electromagnetic field with respect to its crystal
lattice. The fig. (2.8) shows two plots of the propagation length β (eq. 3.10) for both cases:

Figure 2.8: Propagation lengths βx and βy for a phosphorene single layer along the (a) x-direction
(armchair) and (b) y-direction (zigzag) respectively, with n = 1.6, mx = 0.15m0, my = 0.7m0,
η = 0.1eV and N = 1018m−2.

As we have already seen in fig. (2.8), phosphorene can support the propagation of electron
waves with relatively long propagation lengths (having a greater propagation along the x-direction
than along y-direction.), but as f increases, the propagation decreases. Now, we see that the
specific decay length α, may also be influenced by its anisotropic properties, with electron waves
propagating more efficiently along a certain crystallographic direction. Fig. (2.9) shows two plots
for the decay length α (eq. 3.12) for both directions. In the first instance, we have that the decay
length (αx and αy) is significantly large for the first few frequencies. However, as f increases, αx

and αy decreases abruptly to very small values. Again, in table (3.2) we present the sub-wavelength
behavior in a dielectric/phosphorene single-layer configuration.
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Figure 2.9: Decay lengths (a) αx and (b) αy, for a phosphorene single-layer along its two directions
respectively; with n = 1.6, τ = 10µs and N = 1018m−2.

Table 3.2: Sub-wavelength behavior in a phosphorene single-layer for three different frequencies.

fa = 2 THz fb = 5THz fc = 9 THz
λ (µm) 150 60 33.33
αx (µm) 25 4 1
αy (µm) 6 1 0.5
βx (µm) 1.78 0.71 0.4
βy (µm) 0.37 0.15 0.08
λ/αx 6 15 33.33
λ/αy 25 60 66.66
λ/βx 84.27 84.5 83.325
λ/βy 405.4 400 416.62

To conclude this section, in fig. (2.10) we show four plots representing the decay length α and
propagation length β of surface plasmons in phosphorene single-layer as a function of frequency
f for different carrier concentrations N in the x and y directions respectively. The properties
of SPs vary significantly depending on the crystallographic direction. Each line represents three
different carrier densities in the two directions (Nx and Ny). In panel (a), the subplot shows that as
frequency f increases, the decay length αx decreases. Higher carrier densities Nx lead to a slower
decay in αx. In (b), the propagation length βx also decreases as frequency increases. Higher carrier
densities Nx correspond to larger βx values. Similarly in (c), the decay length αy decreases with
increasing frequency. The effect of Ny on αy follows the same pattern as in the x-direction. For
subplot (d), as in the case of βx, the propagation length βy decreases with increasing frequency,
with higher carrier densities leading to larger values of βy.

As expected, phosphorene exhibits clear anisotropy in both decay and propagation lengths, with
longer distances in the x-direction compared to the y-direction. This anisotropy is consistent across
all carrier concentrations. Also, decay length and propagation length, decreases as the frequency
increases, which is typical for surface plasmons as higher frequencies correspond to higher energy
losses. As the carrier concentration N increases, both the decay and the propagation lengths
increase, meaning that lower carrier concentrations lead to shorter propagation distances for the
plasmon. In phosphorene, the lengths (α and β), are grater for x-direction than y-direction which
finally is a result due to the effective mass of its charge carriers, which differ due to the band
structure of phosphorene. In the x-direction, the effective mass may be lower, resulting in higher
conductivity. Since α and β are related to the conductivities, higher conductivities in the x-
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direction lead to greater lengths.

Figure 2.10: Decay lengths and propagation lengths for a phosphorene single-layer along its two
directions (a)-(b) and (c)-(d) respectively; with n = 1.6, τ = 1ps and spanningN = 1016−1017m−2.

3.3 Plasmonic bands in graphene and phosphorene.

Once we have demonstrated that SPs exist in graphene/phosphorene-based photonic crystals, from
equation (2.42), it is possible to visualize the dispersion relations for a multilayer array via the
contour plot technique. Understanding that plasmonic bands are frequency ranges in which plas-
mons can propagate in a material, previous reports have shown the existence of plasmonic mode
coupling for TE polarization in graphene-based photonic crystals ([38]), so we want to prove that
SP coupling is possible by obtaining the projected bands and extend this analysis to the case of
phosphorene-based photonic crystals.

To can observe the projected TM band structure of one-dimensional periodic structure for
different interlayer distances d between 2D sheets, the frequency will be presented as function of
the reduced wave vector kx. In fig.(3.11) we display projected bands and dispersion relation for a
three phosphorene layers separated by a homogeneous dielectric medium. In panel (a), a scatter
plot of Im(KB) where the green region below the light line (blue line), the region where the SP
mode coupling in the PC can exist, and the red lines outline the boundaries plasmonic band,
indicating the limits within which these modes can exist based on Bloch’s theorem (eq. 2.56).
The SP modes exist below the light line due to their nature as surface-bound waves, requiring
conditions where they can be confined to the surface. On the other hand, in panel (b) we present
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the same region using the contour plot technique where darker regions (below the blue light line)
correspond to the dispersion relations of coupled SP modes in a three-layer structure. This result
has also been reported in [38].

Figure 3.11: a) Scatter plot for the plasmonic band projection zone. b) Contour plot for N = 3
layers of graphene. Both cases with τ = 10µs, µ = 1.2eV , n = 2 and d = 50nm.

Similar considerations are founded in fig.3.12 for a phosphorene-based photonic crystal along
the two directions. In the panels (a) and (c), scatter plots of Im(KB) are presented where the
green regions are the regions where the plasmon modes can exists, all this below the light line (for
the x and y directions, respectively). In panels (b) and (d), the darker regions below the light line,
correspond to the coupled SP modes delimited by red lines, and in this context, the white regions
outside this region would indicate areas where SP modes are forbidden.

Then, in fig.(3.13) the shaded (green/blue) areas correspond to the Bloch pass-band (located
above the light line) and the evanescent Bloch band (located below the light line). The white areas
corresponds to a metallic gap and a Bragg gap [35], this is, a frequency range where the propagation
is forbidden due to constructive and destructive interference effects. In both panels a) and b), we
have that blue regions below the light line, indicates the presence of SP modes in graphene-based
PC and as the µ increases from 0.9 eV to 1.9 eV , the lower SP mode moves slightly upward,
indicating a higher frequency for the same wave vector; also, the upper mode can shifts with the
overall gap between modes becoming more distinct. This is, the SP modes in graphene shift upward
in frequency with increasing doping level, reflecting tunability with external doping. Next, for both
panels (c) and (d), we have that green regions below the light line, indicates the presence of SP
modes in phosphorene along its two crystallographic directions. We can observe that in (c) for
the x-direction (armchair), the modes are more spread out compared to the y-direction (zigzag)
in (d). So, the dispersion is clearly anisotropic, with effective mass Dx showing a broader range
of kx values supporting SPs at higher frequencies, whereas Dy is more confined. This is, The SPP
modes in phosphorene exhibit strong anisotropy, with the Drude weight Dx direction supporting a
wider range of SPs compared to the Dy direction. This reflects phosphorene’s intrinsic anisotropic
electronic structure.

As previously mentioned, graphene has more isotropic behavior with tunable SP modes via
doping level µ. Phosphorene, on the other hand, displays significant directional dependence, which
could be advantageous in applications requiring directionally dependent plasmonic properties.
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Figure 3.12: Scatter and contour plots of the dispersion relation (2.42) for three phosphorene layers
with n = 2, N = 1018m−2, τ = 10µs, d = 50nm in the direction a)-b) armchair and direction c)-d)
zigzag.

31



Results and discussions.
3.3 Plasmonic bands in graphene and phosphorene.

Figure 3.13: Projection of the plasmonic band below/above the light line for a) graphene monolayer
with µ = 0.9eV , b) graphene monolayer with µ = 1.9eV , c) phosphorene monolayer in the direction
armchair and d) phosphorene monolayer in direction zigzag.
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Conclusions

In this thesis we have presented a theoretical study on the propagation and coupling of surface
plasmons in multilayer systems based on two-dimensional materials, such as graphene and phospho-
rene, when a radiation of a few THz is incident on these systems. In addition, the band structure
as well as the propagation length for a one-dimensional photonic crystal were analyzed. The most
important aspects of this work are presented.

In general terms, plasmonic mode coupling is possible for multilayer configurations given by
dielectric-2D material (graphene or phosphorene). As shown, in figures (1.2) and (2.7), the dis-
persion relation of these modes is below the light-line with the TM polarization.

Starting from Bloch’s theorem, we have found that for infinite structure, the coupling between
plasmonic modes gives rise to plasmonic bands for both (dielectric-graphene) and for (dielectric-
phosphorene) configurations.

The dispersion relation shows different behaviors for two-dimensional materials (graphene or
phosphorene) and doping modulation in these materials provides the possibility to control plasmon
propagation. This physical behavior was analyzed using numerical modeling with the Chebyshev
polynomial technique and contour plots.

The plasmonic bands in these 2D materials offers remarkable tunability in their plasmonic
responses, with graphene providing a broad frequency range and external control, and phosphorene
contributing unique anisotropic properties.

One of the significant results for graphene is its high tunability through external electric fields.
According to experimental results, by applying a gate voltage, we can adjust the carrier concen-
tration N and, consequently, the plasmonic resonances and the resulting photonic band structure.

As shown in fig.1.5, both the decay length α and the propagation length β, decrease as the
carrier density N increases. This implies that higher carrier densities in graphene result in SPs
that are more confined and lose energy more rapidly. As the frequency increases, both the decay
length and propagation length decrease, indicating that SPs become more confined and lose energy
more quickly at higher frequencies.

Finally, the optical properties of phosphorene can be tuned by changing the number of layers
or varying the orientation of the layers. This can affect the band gap and the optical response,
allowing for customization of the photonic band gap.
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Appendix

A.1 Dispersion relations for a multilayer graphene system.

Figure 1.1: Dispersion relations for different number of graphene layers with n1 = n2 = 1.6,
µ = 0.9eV , τ = 1ps using the Chebyshev relation eq. (2.42). The blue line is the light line.

From the figure (1.1), we can interpret that each subplot represents the frequency response of
the photonic crystal structure as the number of layers N varies. The lighter areas in each subplot
represent the dispersion relation of the system, showing the relationship between kx and ω and
the color intensity shows the logarithm of the squared magnitude of the technique described for
eq.(3.9), indicating how waves of different frequencies and wave numbers can propagate through
each interface. First, with N = 1, the response is relatively simple and smooth. The photonic
crystal acts almost like a simple graphene/dielectric interface with just one dispersion relation.
Adding a second layer, N = 2, introduces more structure to the response. The two-layer effect
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becomes more pronounced with some regions of allowed plasmon propagation. However, from a
certain critical frequency, such allowed regions seem to be confined in one and the same. As the
number of layers increases, N = 6, the photonic band structure begins to emerge more clearly.
The plot shows more complex patterns, indicating multiple regions where wave propagation is
either allowed or forbidden below the light line. With N = 15 layers, the photonic crystal exhibits
well-defined band gaps and sharp transitions in its response. This indicates strong selectivity in
filtering certain frequencies and leads to more pronounced deviations from the light line, reflecting
the increased complexity of the wave propagation through the multilayer system.
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A.2 Dispersion relations multilayer phosphorene system.

Figure 2.2: Dispersion relations for a multilayer system of phosphorene along the x-direction
(armchair) using the Chebyshev identity and n = 1.6, d = 3µm, carrier density 1018m−2, η =
10−30J .

Figure 2.3: Dispersion relations for a multilayer system of phosphorene along the y-direction
(zigzag) using the Chebyshev identity and n = 1.6, d = 3µm, carrier density 1018m−2, η = 10−30J .

The figure effectively illustrates how increasing the number of layers in the phosphorene/dielec-
tric photonic crystal leads to a more complex and selective frequency response. As N increases,
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the crystal becomes more effective at filtering specific frequencies, demonstrating the development
of a photonic band structure with well-defined band gaps.

Figure 2.4: Length propagation β for a single phosphorene layer along the x-direction (armchair)
and y-direction (zigzag) using n = 1.6, mx = 0.15m0, my = 0.7m0 N = 1018m−2, η = 0.1eV .

Figure 2.5: Decay length α for a single phosphorene layer along the x-direction (armchair) and
y-direction (zigzag) using n = 1.6, mx = 0.15m0, my = 0.7m0 N = 1018m−2, η = 0.1eV .

Listing A.1: Python code for the dispersion relation and contour plot of Eq. (3.8)
# -*- coding: utf -8 -*-
""" Prueba05Dic.ipynb

Automatically generated by Colab.

Original file is located at
https :// colab.research.google.com/drive /1bL1FbxXxS -

FAWTTPYbD9wHQdcHdpSlhw
"""

import numpy as np
import matplotlib.pyplot as plt

# constantes
hbar = 1.0545e-34
tau = 1e-12
e = 1.6021e-19
mu = 0.9 * e #0.9eV
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c = 2.9979 e8
n1 = 1.6
n2 = 1.6
epsilon_0 = 8.8546e-12
epsilon_1 = n1**2
epsilon_2 = n2**2

# Se define la conductividad sigma
def sigma(omega):

return (1j * e**2 * mu) / (np.pi * hbar **2 * (omega + 1j/tau))

# Se define la f u n c i n f
def f(omega , kx , ky):

term1 = epsilon_1 / np.sqrt ((( omega **2 / c**2) * epsilon_1 - (kx + 1j*
ky)**2))

term2 = epsilon_2 / np.sqrt ((( omega **2 / c**2) * epsilon_2 - (kx + 1j*
ky)**2))

numerador = sigma(omega)
denominador = epsilon_0 * omega
return term1 + term2 + numerador / denominador

# D e f i n i c i n de la f u n c i n ksp (Choon)
def ksp(omega):

return ((n1**2 + n2**2) * (1j * omega * epsilon_0)) / sigma(omega)

# Define el rango de valores para omega y kx
frequencies = np.linspace (0.1e12 , 10e13 , 1000) # Valores de f en rad/s

pasando por los THz
# Calcular omega usando la r e l a c i n omega = 2 * pi * f
omega = 2 * np.pi * frequencies
kx_values = np.linspace (0.1, 1e6, 1000)

# Se crea una c u a d r c u l a de valores para omega y kx
omega_grid , kx_grid = np.meshgrid(omega , kx_values)

# Se crea una c u a d r c u l a de valores para f y kx
f_grid , kx_grid = np.meshgrid(frequencies , kx_values)

# Se e v a l a la f u n c i n para las omega ,kx y ky constante
z = f(omega_grid , kx_grid , ky=0)

# Se aplica el log(f^2)
w = (abs(z))**2
h = np.log(w)

# Se e v a l a ksp en f u n c i n de la frecuencia angular omega
m = ksp(omega)

# P a r m e t r o s para la l n e a de luz 1 w = c*kx/n1
light_line1 = (kx_values * c)//(n1 * 2 * np.pi)

# P a r m e t r o s para la l n e a de luz 2 w = c*kx
light_line2 = (kx_values * c)//(n2 * 2 * np.pi)

# Se crea la g r f i c a de contorno sobre un plano 2D
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Appendix
A.2 Dispersion relations multilayer phosphorene system.

plt.contourf(kx_grid , f_grid , h, levels =100, cmap=’binary ’)
plt.plot(kx_values , light_line1 , label=’Light line’, color=’orange ’)
#plt.plot(light_line2 , kx_values , label=’ L n e a de luz n2 ’)
plt.plot(np.real(m), frequencies , label=’Re[$K_{SP}$]’,linestyle=’--’,

color=’g’)
plt.ylabel(’f (Hz)’)
plt.xlabel(’$k_x$ (1/m)’)
plt.xlim(0,1e6)
plt.ylim(0,3e13)
plt.colorbar(label=’$\log[|f( \omega , {k_x}_R, {k_x}_I)|^2 ]$’)
plt.legend(loc=’upper left’)
plt.show()
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