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Abstract

In this thesis, we study paradigmatic quantum systems coupled to external environments which can
be unbounded or bounded. An unbounded external environment can be characterized by few decay
channels, where the excitation can be lost. Due to the competition of the states of the system to decay in
few channels of the external environment, cooperative e�ects such as superradiance and subradiance
can be induced. Together with the coupling to an unbounded environment, we also consider a bounded
external environment. Such coupling will induce a transition to a gapped regime, where the ground
state is separated from the other excited states.

In order to study the e�ect of the coupling to external environments on quantum transport, we
intend to analyze three di�erent models.

�e �rst model that we consider is the Power-law Banded Random Matrix (PBRM) model. �e
PBRM represents 1D tight-binding chains with long-range random hopping. �is model shows a
metal-insulator transition and a rich variety of multifractal properties at the critical point; also, due
to its lower dimensionality, it is easier to analyze than other paradigmatic models having metal-
insulator transitions, such as the 3D Anderson model. We investigate the e�ect of the coupling to a
common decay channel on the structure of the eigenfunctions of the system through their multifractal
dimensions. Since the coupling to a common decay channel induces a superradiant transition, we study
separately the properties of superradiant and subradiant states. Our results show that the coupling to
an external environment can drastically change the multifractal properties of the system.

�e second model that we consider is the Picket Fence model in which the energy levels are
assumed equally spaced. By coupling this model to an unbounded external environment a superradiant
phase transition has been proved to occur. On the other side, by coupling this model to a bounded
external environment we obtain the discrete Bardeen-Cooper-Schrie�er model of Superconductivity.
We unify both situations by studying the e�ect of both kinds of couplings on the emergence of energy
gaps in the system, which can provide robustness to disorder to the transport properties of the system.

�e third model that we consider is the 1D Anderson model, which represents 1D tight-binding
chains in presence of disorder characterized by the disorder strength W. Contrary to the 3D Anderson
model, this model does not have a metal-insulator transition as the disorder strength W is varied.
Nevertheless a �nite-size transition can still be de�ned. For weak disorder, below of the �nite-size
critical disorder, the eigenfunctions of the system are delocalized and the transmission is large and
weakly dependent on the disorder strength W. While above the critical disorder the eigenfunctions
of the system become exponentially localized in space so that transport is exponentially suppressed
with the system size. We consider the coupling of the 1D Anderson model to both an unbounded
and a bounded external environments. We show how both kinds of couplings can greatly enhance
the transport e�ciency of this model. We also analyze the shape of the eigenfunctions on di�erent
disorder regimes for both kinds of couplings. �e results presented show a non-trivial e�ects arising
from both kinds of couplings, such as a disorder-independent transport regime.

iii





Acknowledgments

�iero dar las gracias al Consejo Nacional de Ciencia y Tecnologı́a (CONACyT) por la beca otorgada
para la realización del doctorado de una duración o�cial de 48 meses y por la beca mixta para una
estancia académica durante 9 meses en Brescia, Italia.
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Chapter 1

Introduction

Understanding the quantum transport regime is fundamental for developing quantum devices, such
as building e�cient quantum channels for energy transport, harvesting sun light more e�ciently or
creating dissipative-less energy transmission. For these reasons quantum transport is at the center of
investigations in a vast variety of �elds, such as in exciton devices [1], light-harvesting devices [2],
cold atomic clouds [3] and mesoscopic devices [4].

One of the main interest in the �eld of quantum transport is the analysis of transport properties of a
quantum system in presence of a coupling to external environments. �ese external environments can
be present in realistic situations such as light-harvesting complexes [2] or ion-trap experiments [5], but
they can also be present in engineered quantum systems in order to control their transport properties,
such as in molecular chains in optical cavities [6].

�e interaction with external environments can change the transport properties of quantum systems
in a dramatic way. In particular, an external environment can mediate long-range interactions between
the components of a quantum system.

In this thesis, we study paradigmatic quantum systems coupled to external environments which
can be unbounded or bounded. An unbounded external environment can be characterized by few decay
channels, where the excitation can be lost. Due to the competition of the states of the system to decay in
few channels of the external environment, cooperative e�ects such as superradiance and subradiance
can be induced. Superradiance indicates the existence of collective states which decay very fast into
the environment, much faster than the single components of a given system. Subradiance indicates the
opposite e�ect, where collective states decay very slowly into the environment. Such e�ects have been
found experimentally in many realistic systems [6, 7]. A transition to a superradiant regime can be
induced as the intensity of the coupling with the external environment is tuned. �us the presence of
an unbounded external environment enrich the phase diagram of the system considerably. Speci�cally,
the coupling to an unbounded environment will also induce a non-Hermitian long-range hopping in
the system which can sensibly a�ect its transport properties. Indeed, an excitation or particle can be
lost in the unbounded external environment and it can also be re-absorbed by a far way site.

Together with the coupling to an unbounded environment, we also consider a bounded external
environment, such as the coupling to a cavity mode [1]. Such coupling will induce a transition to a
gapped regime, where the ground state is separated from the other excited states. Also the coupling
to a bounded external environment can induce a long-range Hermitian interaction in the system, with
several consequences of its transport properties. Indeed, in a chain coupled to a one mode cavity with
large wavelength, the cavity mode acts as an external site coupled to all the sites of the chain. �is
external site induces an e�ective all-to-all hopping between the sites of the chain.

In order to study the e�ect of the coupling to external environments on quantum transport, we
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1. INTRODUCTION

intend to analyze three di�erent models.
�e �rst model that we consider is the Power-law Banded Random Matrix model (PBRM) [8, 9].

�e PBRM represents 1D tight-binding chains with long-range random hopping. �is model presents
several interesting features: it shows a metal-insulator transition and a rich variety of multifractal
properties at the critical point; also, due to its lower dimensionality, it is easier to analyze than other
paradigmatic models having metal-insulator transitions, such as the 3D Anderson model [10]. For
these reasons this model has a�racted a lot of a�ention in the previous years [8, 9, 11, 12]. Nevertheless
the e�ect of opening the system by coupling it to an unbounded environment has never been studied
with respect to its multifractal properties. In Chapter 2 we aim to do precisely this. We investigate
the e�ect of the coupling to a common decay channel on the structure of the eigenfunctions of the
system through their multifractal dimensions. Since the coupling to a common decay channel induces
a superradiant transition, we study separately the properties of superradiant and subradiant states.
Our results show that the coupling to an external environment can drastically change the multifractal
properties of the system.

�e second model that we consider is the Picket Fence model in which the energy levels are
assumed equally spaced. By coupling this model to an unbounded environment a superradiant phase
transition has been proved to occur [13]. On the other side, by coupling this model to a bounded
environment we obtain the discrete Bardeen-Cooper-Schrie�er model of Superconductivity [14]. In
this sense this model is perfect to study the coupling to both an unbounded and bounded environments
since both situations have been already considered in the literature. In Chapter 3 we unify both
situations by studying the e�ect of both kinds of couplings on the emergence of energy gaps in
the system. �e results of Chapter 3, which highlight a formal analogy between superradiance and
superconductivity, have been recently published in Ref. [15].

�e third model that we consider is the 1D Anderson model [16], which represents 1D tight-binding
chains in presence of disorder characterized by the strength W. Contrary to the 3D Anderson model,
this model does not have a metal-insulator transition as the disorder strength is varied. Nevertheless
a �nite-size transition can still be de�ned. For weak disorder, below of the �nite-size critical disorder,
the eigenfunctions of the system are delocalized and the transmission is large and weakly dependent
on the disorder strength W. While above the critical disorder the eigenfunctions of the system become
exponentially localized in space so that transport is exponentially suppressed with the system size. In
Chapter 4 we consider the coupling of the 1D Anderson model to both an unbounded and a bounded
environments. Both kinds of environments can induce a long-range interaction in the system: a non-
Hermitian long-range hopping for the case of the coupling to an unbounded environment and a long-
range Hermitian hopping for the case of the coupling to a bounded environment. We show how both
kinds of couplings can greatly enhance the transport e�ciency of this model.

Recently the interplay of disorder and superradiance has been analyzed in a 1D and 3D Anderson
models a�ached to one decay channel [16]. In such models two transitions are present: a metal-
insulator transition induced by disorder and a superradiant transition induced by the coupling to the
external environment. Remarkably, it was noted that superradiant and subradiant states respond to
disorder in di�erent ways: while subradiant states behave similarly to those of the isolated system,
the superradiant states show robustness to disorder and become localized only when the disorder is
comparable with their decay widths. Moreover, also the e�ect of a bounded environment inducing a
long-range Hermitian hopping has been considered in the literature in the framework of the Anderson
model [17]. It was shown that the presence of long-range hopping in a 1D Anderson model can
induce energy gaps and novel cooperative e�ects, such as Cooperative Shielding. �ese energy gaps
can provide robustness to disorder to the transport properties of the system. In Chapter 4, the e�ect
on the transport properties of the 1D Anderson model are analyzed in detail as the coupling with the
external environment and the disorder are changed. We also analyze the shape of the eigenfunctions
on di�erent disorder regimes for both kinds of couplings. �is detailed study has never been done
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before and the results presented in this Chapter clearly show the non-trivial e�ects arising from both
kinds of couplings, such as a disorder-independent transport regime.
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Chapter 2

PBRM model at criticality coupled to

one common channel

�antum transport is o�en analyzed in la�ice models where an excitation or particle can hop from
site to site. A well known example is the 3D Anderson model [10], where the hopping is nearest-
neighbour and the site energies are random, making the system disordered. In the 3D Anderson model
a metal-insulator transition (MIT) is achieved as the disorder strength is varied. Indeed below a critical
disorder, the wave functions of the system are extended and transport is either ballistic or di�usive.
Above such critical disorder, the wave functions become exponentially localized in space and transport
is exponentially suppressed with the system size. At the critical disorder, the eigenfunctions display a
multifractal structure [18, 19, 20].

�e multifractal structure of the states is usually quanti�ed by its multifractal dimensions Dq .
From these multifractal dimensions, the correlation dimension D2 plays the most relevant role as it
manifests in physical observables. As examples of this observables we can quote the conductance
distribution [21, 22], the wave packet dynamics and the di�usion coe�cient [23].

Recently, the interplay of disorder and superradiance has been analyzed in a 3D Anderson model
a�ached to one decay channel [16]. In such model, two transitions are present: a metal-insulator
transition induced by disorder and a superradiant transition induced by the coupling to the external
environment. Remarkably it was noted that superradiant and subradiant states respond to disorder in
di�erent ways: while subradiant states behave similarly to those of the isolated system, superradiant
states show robustness to disorder and become localized only when disorder is comparable with their
decay widths.

In order to analyze the interplay of the multifractal dimensions with the coupling at the MIT, we
will study a di�erent model: the Power-law Banded Random Matrix (PBRM) model [8, 9]. We will
analyze in detail this model in the following section.

2.1 PBRMmodel

�e PBRM model describes one dimensional (1D) tight-binding chains of length N with long-range
random hoppings. �is model is represented by N × N real symmetric random matrices whose
elements are statistically independent random variables characterized by a normal distribution with

5



2. PBRM MODEL AT CRITICALITY COUPLED TO ONE COMMON CHANNEL

b

n+1n-1 n

1 N

2
N-1

Figure 2.1: Scheme of periodic PBRM model with N sites where each site, indicated by orange circles,

is coupled with all others; i.e., the hopping is of in�nite range. �e parameter b modulates the random

long-range interaction. Here b ∼ 2.

zero mean and a variance given by 〈|Hmm|2〉 = 1 and

〈|Hmn|2〉 =
1

2

1

1 + [sin(π|m− n|/N)/(πb/N)]2µ
. (2.1)

Here, µ and b are the model parameters. �e PBRM model of Eq. (2.1) is in its periodic version; i.e., the
1D chain is in a ring geometry. In Fig. 2.1 we show a scheme of the PBRM model withN sites where the
hopping is of in�nite range but modulated by the parameter b. Indeed, as in realistic physical systems,
the hopping amplitudes decrease with the distance between components.

�e PBRM model, as shown in Eq. (2.1), depends on the two control parameters µ and b. �e power-
law decay µ induces a disorder-driven metal-insulator transition (MIT) [8, 9, 11, 12, 24, 25, 26, 27]:
When µ > 1 (µ < 1) the PBRM model is in the insulating (metallic) phase, so its eigenstates are
localized (delocalized); here the MIT occurs at µ = 1. Indeed, it has been shown [8, 28, 29, 30, 31, 32,
33, 34] that the PBRM model exhibits a broad spectrum of critical properties at the MIT. Regardless
of the value of µ, the e�ective bandwidth b remains as a free parameter able to tune the localization
properties of the PBRM model.

One of the most relevant characteristics of the PBRM model at the MIT is that its eigenstates are
multifractal objects. Indeed, at the MIT, the eigenstates of the PBRM model may transit from strong
multifractals to weak multifractals [8, 12] by moving the bandwidth form b� 1 to b� 1, respectively,
with b ∈ (0,∞).

In the following, we will focus on the PBRM model at criticality, i.e., we �x µ = 1 and consider the
parameter b as a free parameter.

�e multifractality of the normalized eigenstates Ψ of the PBRM model can be characterized by
the set of multifractal dimensions Dq , which are de�ned by the scaling of the inverse of the average
participation numbers of the eigenstates with the chain size N [29]:〈

N∑
i=1

|Ψi|2q
〉
∼ N−(q−1)Dq , (2.2)

where 〈· · ·〉 is the average over some eigenstates on an energy window and over random con�gurations
of the PBRM model. Let us note, the normalized eigenstates Ψ of the PBRM model form an orthonormal
basis. For strongly localized eigenstates the participation numbers do not scale with the system size
N , i.e., Dq → 0 for all q; while extended states always feel the entire system, i.e. Dq → d for all q
where d is the dimension of the system, which for the PBRM model is d = 1. However, notice that
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2.2 Open quantum systems

D1, the so called information dimension, cannot be computed from Eq. (2.2). D1 is de�ned through
the scaling of the average information entropy with the logarithm of the system size N [28]:〈

−
N∑
i=1

|Ψi|2 ln |Ψi|2
〉
∼ D1 lnN. (2.3)

One of the goals of this thesis project is to study the e�ects that the opening of the PBRM model to an
external environment has on the multifractal properties of the eigenstates. We approach this problem
by analyzing the multifractal dimensionsDq of an open PBRM model in two di�erent sca�ering setups:
One in which all sites of the chain, represented by the PBRM model, are a�ached to a common one-
mode channel, and a second one in which one site of the chain is coupled to a one-mode channel.

2.2 Open quantum systems

Open quantum systems can be modeled using the non-Hermitian e�ective Hamiltonian approach [35,
36] in which a discrete quantum system is coupled to an external environment characterized by a
continuum of states. �e coupling to the continuum induces a decay width Γ in the discrete states of
the internal system. Here, Γ is inversely proportional to the lifetime τ ∼ 1/Γ. When the coupling
is small, all the eigenstates acquire a decay width Γ proportional to the amplitude of the coupling
strength γ. As the coupling is increased, a critical value is reached where the decay widths structure
su�er a signi�cant change and the system shows maximal coupling to the external environment. Above
this critical value, some eigenstates have a non-zero decay width ΓSR (known as superradiant states)
while the other states have a decay width ΓSub which is approximately zero (subradiant states). �is
phenomena is called superradiance transition (ST) [37].

As stated above, the coupling to the continuum can be taken into account by the non-Hermitian
e�ective Hamiltonian Heff . We present a standard derivation of Heff [36].

Let us consider a discrete quantum system P , interacting with another systemQ, which represents
the external environment. We assume that the subspace P is spanned by NP discrete states |i〉, while
the subsystem Q by Nq states |c, E〉, where c = 1, . . . ,M is a discrete quantum number, labeling the
decay channels, and E is another discrete quantum number, representing the energy (we will take the
continuum limit of this quantum number later).
Let us consider the projectors, within the Hilbert space of the total systemP+Q, on the two subsystems:

P =

NP∑
i=1

|i〉 〈i| , Q =

M∑
c=1

NQ∑
E=1

|c, E〉 〈c, E| . (2.4)

Under the orthogonality conditions 〈i|j〉 = δi,j , 〈c, E|c′, E′〉 = δc,c′δE−E′ , 〈i|c, E〉 = 0, we can
rewrite the total Hamiltonian of the system as

H = H0 + V =

(
HPP 0

0 HQQ

)
+

(
0 HPQ

HQP 0

)
, (2.5)

where HPP = PHP , HPQ = PHQ and similarly for the other terms.
Using Eq. (2.5) and the fact that |Ψ〉 = (P +Q) |Ψ〉, the stationary Schrödinger equation for the total
system read as

(HPP +HQQ +HPQ +HQP ) |Ψ〉 = E(P +Q) |Ψ〉 . (2.6)
Using the properties of the operators, namely: PP = P , QQ = Q, PQ = QP = 0, Eq. (2.6) is

(E −HPP )P |Ψ〉+ (E −HQQ)Q |Ψ〉 = HPQQ |Ψ〉+HQPP |Ψ〉 . (2.7)
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2. PBRM MODEL AT CRITICALITY COUPLED TO ONE COMMON CHANNEL

From multiplication of Eq. (2.7) by P and Q from the le�, we obtain respectively

(E −HPP )P |Ψ〉 = HPQQ |Ψ〉 (2.8)
(E −HQQ)Q |Ψ〉 = HQPP |Ψ〉 . (2.9)

Our main purpose is to write the Schrödinger equation (2.6) projected into the internal subspace, so
we have to eliminate the states, Q |Ψ〉. In order to do this, from Eq. (2.9) we get Q |Ψ〉 = (E −
HQQ)−1HQPP |Ψ〉, we put into Eq. (2.8). �is substitution leads to

HeffP |Ψ〉 = EP |Ψ〉 , (2.10)

where
Heff = HPP +HPQ

1

E −HQQ + iε
HQP (2.11)

is the e�ective Hamiltonian, which can be wri�en in an explicit form considering the orthogonality
conditions of the states in the subsystems P and Q. Without loss of generality, we assume that the
total Hamiltonian is diagonal on the subsystem Q:

〈c, E|H|c′, E′〉 = Eδc,c′δE−E′ .

Using the projectors, Eq. (2.4), we have

Heff =
∑
i,j

|i〉 〈i|H|j〉 〈j|+
∑
c,E′

∑
i,j

|i〉 〈i|H|c, E′〉 1

E − E′ + iε
〈c, E′|H|j〉 〈j| .

Let us now de�ne the transition amplitudes between the discrete states of the internal subsystem P
and the states of the environment Q:

Aci (E
′) = 〈i|H|c, E′〉 . (2.12)

Taking the continuum limit ∑
c,E′

→
∑
c

∫
dE′

and using the identity

lim
ε→0+

∫
dx

f(x)

x± iε
= Pv

∫
dx
f(x)

x
∓ iπf(0) ,

the non-Hermitian Hamiltonian can be wri�en as

Heff(E) = HPP + ∆(E)∓ i

2
Q(E) , (2.13)

where

Qi,j(E) = 2π
∑
c

∫
dE′Aci (E

′)(Acj(E
′))∗δ(E − E′) = 2π

∑
c

Aci (E)(Acj(E))∗

and
∆i,j(E) =

∑
c

Pv

∫
dE′

Aci (E
′)(Acj(E

′))∗

E − E′
,

In what follows, we neglect the second Hermitian term in Eq. (2.13) because our interest is at the
middle of the energy spectrum, where this term vanishes and we also neglect the E-dependence to
simplify the Eq. (2.13).
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So, the components of Eq. (2.13) read as follows

(Heff)k,l = (HPP )k,l −
i

2

∑
c(open)

Ack(Acl )
∗ , (2.14)

where HPP is the Hermitian Hamiltonian of the internal quantum system, which in our study is the
PBRM model. �e Ack are the transition amplitudes from the discrete states |k〉 to the continuum
channels c. In this work, we have one decay channel, c = 1, and the coupling strength are equal, so
that A1

k =
√
γ. �us Eq. (2.14) can be wri�en as

Heff = H0 − i
γ

2
Q , (2.15)

where the matrix Q accounts for the external environment and H0 is the Hamiltonian of the isolated
system. �e structure of the matrix Q is determined according to the di�erent sca�ering setups.

�e corresponding eigenstates |r〉 and 〈r̃| of the non-Hermitian Hamiltonian form a bi-orthogonal
basis:

Heff |r〉 = Er |r〉 〈r̃|Heff = 〈r̃|E∗r , (2.16)

and its eigenenergies are complex numbers with the form

Er = Er −
i

2
Γr , (2.17)

corresponding to resonances centered at the energy Er with the decay widths Γr ; i.e. the quantity
commonly used to study the transition to superradiance. Since Heff is non-Hermitian, let us de�ne
the “non-Hermitian bra” as the transpose of the |r〉, i.e. 〈r| := |r〉t and Ψi = 〈i|r〉. We can rewri�en
the Eqs. (2.2) and (2.3) as

Iq ≡

〈
N∑
i=1

|Ψi|2q/

∣∣∣∣∣
N∑
i=1

|Ψi|2
∣∣∣∣∣
q〉
∼ N−(q−1)Dq (2.18)

and

I1 ≡

〈
−

N∑
i=1

|Ψi|2 ln

[
|Ψi|2/

∣∣∣∣∣
N∑
i=1

|Ψi|2
∣∣∣∣∣
]
/

∣∣∣∣∣
N∑
i=1

|Ψi|2
∣∣∣∣∣
〉
∼ D1 lnN. (2.19)

Note,
N∑
i=1

|Ψi|2 = 1 for the Hermitian Hamiltonian. On the other hand for the non-Hermitian Hamiltian,

this normalization represents the conditional probability to �nd an excitation in the system on a
speci�c site, given that the excitation is found in the system and not in the unbounded external
environment.

2.3 Scattering setups

As already mentioned above, in this work we consider two sca�ering setups:

• Sca�ering setup A: All sites of the chain, represented by the PBRM model, are coupled to a
common one-mode channel; see Fig. 2.2. Here, the matrix Q in Eq. (2.15) is de�ned as Qi,j = 1
∀ i, j.
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2. PBRM MODEL AT CRITICALITY COUPLED TO ONE COMMON CHANNEL

• Sca�ering setup B: One site of the chain, represented by the PBRM model, is coupled to a one-
mode channel; see Fig. 2.3. Here, the matrix Q in Eq. (2.15) is de�ned as Qi,j = δi,1δj,1. Note
that, since the chain represented by the PBRM model is in a ring geometry, all sites are equivalent
bulk sites; so we can choose any site to a�ach the one-mode channel.

b

γ

n+1n-1 n

1 N

2
N-1

Figure 2.2: Sca�ering setup A: All sites of the chain, represented by the PBRM model, are coupled to a

common one-mode channel, indicated by the red lines, with a coupling strength γ and the parameter b

modulates the random long-range interaction.

b

γ

n+1n-1 n

1 N

2
N-1

Figure 2.3: Sca�ering setup B: One site of the chain, represented by the PBRM model, is coupled to a one-

mode channel, indicated by the red line, with a coupling strength γ and the parameter b modulates the

random long-range interaction.

Since in both sca�ering setups we have only one-mode channel coupled to the chain, we expect
only one superradiant state while the restN−1 states become subradiant states above the superradiance
transition.

�erefore, below, to study the transition to superradiance for the PBRM model in the two sca�ering
setups, we use exact numerical diagonalization of the non-Hermitian e�ective Hamiltonian Heff in
Eq. (2.15) to obtain the average decay widths 〈Γ〉 from the imaginay part of the complex eigenvalues
E of large ensembles of Heff characterized by the set of parameters (γ, b,N ). Note, the symbol 〈. . .〉
indicates average over the disorder con�gurations, in addition to the average over the subradiant states.

We show the error bars of the average decay widths δΓ in all simulations of 〈Γ〉 even if in some
cases they are not visible since they are too small. �e error bars δΓ were computed from the standard
deviation of the mean, i.e. δΓ = σΓ/

√
NE where σΓ is the standard deviation of the decay widths

distribution and NE is the size of the ensemble.
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2.3 Sca�ering setups

2.3.1 Preliminar analysis

2.3.1.1 Scattering setup A

On the one hand, when all sites of the chain are coupled to a common one-mode channel, the sum
over all the decay widths Γ is equal to Nγ [16], i.e.,

N∑
i=1

Γi = Nγ ,

thus

〈Γ〉 =
1

N

N∑
i=1

Γi = γ , (2.20)

i.e., the average of the all decay widths Γ equals the coupling strength γ and it is valid for all the
couplings strength γ. Above the superradiance transition (ST), the superradiant state acquires all the
decay width and the average decay width 〈Γ〉SR is approximately equal to the coupling amplitudeNγ,
while the decay widths for the N − 1 subradiant states are approximately zero and the average decay
width 〈Γ〉Sub is proportional to the inverse of the coupling strength γ.

�e average decay width of the superradiant state 〈Γ〉SR is the average of the largest decay width
Γ of all the states for each random con�guration, while the average of the N − 1 subradiant states
〈Γ〉Sub is the average of the remaining N − 1 decay widths Γ in such random con�guration.

�en, in Fig. 2.4, we show the average of the resonance widths 〈Γ〉 for both subradiant states and
the superradiant state as a function of the coupling strength γ for the sca�ering setup A. Here, we
used a chain of size N = 1024 and the parameters b = {0.01, 0.1, 1, 10, 100}. Recall that the states
of the corresponding closed PBRM model are strong multifractals (almost localized states) for b � 1
and weak multifractals (almost extended states) for b � 1. We also include the case of the Gaussian
Orthogonal Ensemble 1 (GOE) that we will use as reference since it is expected to be reproduced when
b→ N .

From Fig. 2.4 we can observe that the average decay width 〈Γ〉 ∼ γ for all the states below the
ST for any value of b, while above ST the average decay width 〈Γ〉Sub ∼ 1/γ and it depends on the
parameter b for the subradiant states. For the superradiant state, the average decay width 〈Γ〉SR ∼ Nγ
and it is independent of the parameter b.

2.3.1.2 Scattering setup B

On the other hand, when one site of the chain is coupled to a one-mode channel, the sum over all the
decay widths Γ is equal to γ [16], i.e.,

N∑
i=1

Γi = γ ,

thus

〈Γ〉 =
1

N

N∑
i=1

Γi =
γ

N
, (2.21)

1�e GOE is a random matrix ensemble formed by real symmetric random matrices H whose entries are statistically

independent random variables drawn from a normal distribution with zero mean and variance 〈||Hij |2 |=〉 (1 + δij)/2, see

Ref. [38]. �e GOE is commonly used to statistically represent Hamiltonian matrices corresponding to complex, chaotic, or

disordered systems having time-reversal invariance.

11



2. PBRM MODEL AT CRITICALITY COUPLED TO ONE COMMON CHANNEL

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

γ

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

10
2

10
4

10
6

10
8

<
Γ

>

b=0.01

b=0.1

b=1

b=10

b=100

GOE

<Γ> ~ γ
<Γ>

Sub
 ~ 1/γ

<Γ> SR
 ~ Nγ

Figure 2.4: Average decay widths 〈Γ〉 vs. the coupling strength γ for the sca�ering setup A. HereN = 1024

and b = {0.01, 0.1, 1, 10, 100}. Lines and symbols are the average decay widths for the superradiant state

and the subradiant states, respectively. We are also including the GOE limit. All averages are computed over

32 disorder con�gurations of Heff .
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Figure 2.5: Same as in Fig. 2.4 for the sca�ering setup B.
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i.e., the average of all the decay widths Γ equals the amplitude of the coupling strength γ normalized
by the chain size N . Above the ST, the superradiant state acquires all the decay widths Γ and the
average decay width 〈Γ〉SR is approximately the coupling strength γ while the decay widths Γ for the
N − 1 subradiant states is approximately zero and the average decay widths 〈Γ〉Sub is proportional to
the inverse of the coupling strength γ.

Now in Fig. 2.5, we show the average of the resonance widths 〈Γ〉 for both subradiant states and the
superradiant state as a function of the coupling strength γ for the sca�ering setup B. For comparison
purposes, we use here the same parameters as in Fig. 2.4.

From Fig. 2.5 we can observe that the average decay widths 〈Γ〉 ∼ γ/N for all the states below the
ST with b ≥ 1. While above ST, the average decay widths 〈Γ〉Sub ∼ 1/γ for the subradiant states and
〈Γ〉SR ∼ γ for the superradiant state as the coupling strength γ increases, like for the sca�ering setup
A. Here, a larger coupling strength γ is needed to achieve the ST for a �xed value of b, as compared to
the sca�ering setup A. For instance, for the sca�ering setup A with b = 100 the ST is reached for the
coupling amplitude γ ∼ 10−2, while γ ∼ 101 is needed to reach the ST for the sca�ering setup B.

In Fig. 2.6, we show the average resonance widths 〈Γ〉Sub as a function of the coupling strength γ
for the subradiant states for the system size N = 1024 and the parameters b = {1, 100} comparing
them with the Moldauer-Simonius relation [39]:

〈Γ〉 =
D

π
ln

∣∣∣∣1 + κ

1− κ

∣∣∣∣ , (2.22)

where D is the mean level spacing, which depends on the parameter b. We also observe that the
Moldauer-Simonius relation predicts quite well the behavior of 〈Γ〉Sub below the ST and it is slightly
lower above the ST for both sca�ering setups. �e agreement with the Moldauer-Simonius relation is
good for all the parameters b considered. Note that the deviations above the ST are due to the fact that
the critical coupling is not exactly γ/D = 1 but slightly larger.
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Figure 2.6: Average decay widths 〈Γ〉Sub vs. the coupling strength γ for (a) the sca�ering setup A and

(b) the sca�ering setup B. Here, we use the system size N = 1024 and the parameters b = {1, 100}. �e

symbols are the average decay widths for the subradiant states and the dashed lines indicate Eq. (2.22). All

averages are computed over 32 disorder con�gurations of Heff .
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2. PBRM MODEL AT CRITICALITY COUPLED TO ONE COMMON CHANNEL

�e superradiant transition is expected to occur for 〈Γ〉 /D ' 1 [37], where D is the mean level
spacing of the isolated system represented by H0 in Eq. (2.15). So, according to this condition and
Eqs. (2.20) and (2.21) the superradiant transition for the sca�ering setup A occurs for

〈Γ〉
D

=
γ

D
' 1 , (2.23)

while for the sca�ering setup B it occurs for

〈Γ〉
D

=
γ

ND
' 1 . (2.24)

Equations (2.23) and (2.24) imply the knowledge ofD for both sca�ering setups. �erefore, in the next
subsection we will focus on it.

2.3.2 Mean level spacing

Here, in order to properly de�ne the onset of the ST, we compute the mean level spacing D of the
isolated PBRM model. D is de�ned as the mean distance between the neighboring eigenenergies,
D = En+1−En, at the center of the energy spectrum where the density of the states is approximately
constant [40].

64 128 256 512 1024 2048
N
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-2

D
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b=0.002
b=0.004
b=0.01
b=0.02
b=0.04
b=0.1
b=0.2
b=0.4
b=1
b=2
b=4

N=2
k
, 6<k<11, 0.001<b<4

Figure 2.7: Mean level spacing D vs. the chain size N = 2k for 6 < k < 11 and 0.001 ≤ b ≤ 4. �e

dashed lines indicate linear ��ings. �e corresponding ��ing parameters are reported in Fig. 2.9.

�en, in Figs. 2.7 and 2.8, we show the mean level spacing D as a function of the chain size
N . In the range 0.001 ≤ b ≤ 4 we used the chain sizes N = 2k with 6 < k < 11 (i.e. N =
{64, 128, 256, 512, 1024, 2048}, see Fig. 2.7) and for the range 10 ≤ b ≤ 1000 we used N = 2k with
8 < k < 13 (i.e. N = {256, 512, 1024, 2048, 4096, 8192}, see Fig. 2.8). 1 �e mean level spacing D
is performed over 2k−2 eigenvalues around the energy band center of 215−k disorder con�gurations
Nr , so the ensemble size of the statistic is Nr ×N = 213.

1�e error bars of the mean level spacing δDwere computed from the standard deviation of the mean, i.e. δD = σD/
√
NE

where σD is the standard deviation of the distribution of D and NE is the size of the ensemble. Let us note that δD are very

small for the shown results in this section.
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Figure 2.8: Same as in Fig. 2.7 apart of 8 ≤ k ≤ 13 and 10 ≤ b ≤ 1000.

As can be clearly seen from these �gures, the dataD vs.N follows power-law behavior of the type

D = AN−α . (2.25)

�us, we performed ��ings of the data with Eq. (2.25), see dashed lines in Figs. 2.7 and 2.8. and report
the ��ing parameters in Fig. 2.9. �e error bars δα and δA were computed from the linear ��ing

minimizing the chi-square function, χ2(A,α) =

Ni−1∑
i=0

(
yi −A− αxi

σi

)2

where yi, xi, σi are lnD,

lnN and δD, respectively; and δα =
√
S/∆1, δA =

√
Sxx/∆1 with S =

∑
i σ
−2
i , Sxx =

∑
i x

2
i /σ

2
i ,

Sx =
∑
i xi/σ

2
i and ∆1 = SSxx − S2

x [41].
We can notice that (i) α ≈ 1 for b ≤ 20, in agreement with linear chains with on-site disorder, as

for instance the 1D Anderson model [16]; and (ii) α ≈ 0.5 for b � 1, corresponding to full random
matrices [42]. Moreover we observe a transition region where 0.5 < α < 1 for intermediate values of
b.

�us, we will use Eq. (2.25) to set the onset of the superradiant transition in Eqs. (2.23) and (2.24)
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2. PBRM MODEL AT CRITICALITY COUPLED TO ONE COMMON CHANNEL

for the sca�ering setups A and B, respectively.

2.4 Condition of the superradiant transition

Now, we can normalize the average decay widths 〈Γ〉 by the mean level spacing D, computed in the
previous subsection, for the two sca�ering setups, to obtain the onset of the superradiant transition
from Eqs. (2.23) and (2.24) for di�erent chain sizes N and values of b.

�en, in Fig. 2.10 we show the normalized average decay width 〈Γ〉 /D, both for superradiant and
subradiant states, as a function of the coupling strength γ (normalized to D) for the sca�ering setup
A. �e averages were performed over 2k−3 eigenvectors with corresponding eigenvalues around the
energy band center of 215−k disorder con�gurations.

We can notice that all the curves 〈Γ〉Sub vs. γ fall on top of a single curve that below the ST behaves
as 〈Γ〉Sub ∼ γ, while above it follows 〈Γ〉Sub ∼ D2/γ; see black and red dashed lines in Fig. 2.10.

Meanwhile, in Fig. 2.11, we present the normalized average decay width 〈Γ〉 /D, both for superradiant
and subradiant states, as a function of the coupling strength γ (normalized by DN ) for the sca�ering
setup B, for the same parameters and statistics as in Fig. 2.10. Here, as well as for the sca�ering setup
A, we observe that below the ST, 〈Γ〉Sub ∼ γ/N , while above the ST, 〈Γ〉Sub ∼ D2N/γ.

From Figs. 2.10 and 2.11 we can observe that the behavior of the average decay width 〈Γ〉Sub do not
change for di�erent chain sizes N if we properly normalize the coupling strengths for the sca�ering
setup A as γ/D and for the sca�ering setup B as γ/DN . �is is very important in order to be able
to compute the multifractal dimensions Dq , since we need to scale the participation numbers of the
eigenfunctions for the open PBRM model, for di�erent chain sizes N and di�erent values of b, always
at the same coupling strength to the continuum.
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Figure 2.10: Average decay width 〈Γ〉 (normalized by D) vs. the coupling strength γ (normalized by D),

for the sca�ering setup A. Here b = {0.01, 0.1, 1, 10} and N = {256, 512, 1024, 2048}.
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Figure 2.11: Same as in Fig. 2.10 for the sca�ering setup B with the coupling strength γ normalized byDN .

2.5 Multifractal dimensions Dq

As stated in the previous subsection, from Figs. 2.10 and 2.11 we can �x the coupling independently of
the chain size N for �xed values of b and then compute the multifractal dimensions of the open PBRM
model for both sca�ering setups.

So, we compute the multifractal dimensions Dq for subradiant and superradiant states, separately,
for both sca�ering setups. �e superradiant state corresponds to the eigenstate with largest decay
width Γ and the remaining states N − 1 are the subradiating states.

�e multifractal dimensions Dq reported below were extracted from the linear �t of the logarithm
of the inverse of the average participation numbers versus the logarithm of the system size N , see
Eq. (2.18), while the information dimensionD1 was extracted from the linear �t of the average information
entropy versus the logarithm ofN , see Eq. (2.19). We used chain of sizesN = 2k with 6 ≤ k ≤ 11. �e
averages were performed over 2k−3 eigenvectors with corresponding eigenvalues around the energy
band center of 215−k disorder con�gurations.

For instance, in Fig. 2.12 we show the average participation number Iq , q = {1, 2} and b = 1, with
the coupling strength γ/D = 1 for the subradiant states in the sca�ering setup A. Here, the dashed
lines are the linear ��ing of Dq indicated in the legends.

�e error bars of the average participation numbers δIq were computed from the standard deviation
of the mean, i.e. δIq = σI/

√
NE where σI is the standard deviation of the distribution of the Iq and

NE is the size of the ensemble.
We show the error bars δDq in all the simulations. �e error bars δDq were computed from

the linear ��ing of inverse of the ln Iq with lnN minimizing the chi-square function, χ2(a,Dq) =
Ni−1∑
i=0

(
yi − a−Dqxi

σi

)2

where yi, xi, σi are the ln Iq , lnN and δIq , respectively; and δDq =
√
S/∆1

with S =
∑
i σ
−2
i , Sxx =

∑
i x

2
i /σ

2
i , Sx =

∑
i xi/σ

2
i and ∆1 = SSxx − S2

x [41].
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Figure 2.12: Average participation number Iq , q = {1, 2}, vs. the logarithm of the system size N with

coupling strength γ/D = 1, b = 1, for the subradiant states in the sca�ering setup A. �e dashed lines

indicate the linear ��ing where the slope is the corresponding Dq .

2.5.1 Scattering setup A

2.5.1.1 Subradiant states

In Fig. 2.13, we show some multifractal dimensions Dq for the subradiant states as a function of b for
the coupling strengths γ/D = {10−3, 1, 103} for the sca�ering setup A. We are choosing q = 0.6, 1,
2, and 5 because (i) the corresponding Dq’s have already been reported before for the closed PBRM
model so we can compare with previous results, see the Ref. [28], and (ii) D1 and D2 are important
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Figure 2.13: Multifractal dimensions Dq , q = {0.6, 1, 2, 5}, vs. the parameter b with coupling strengths

γ/D = {10−3, 1, 103}, for the subradiant states. �e dashed curves indicate the Dq of the closed PBRM

model.
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2.5 Multifractal dimensions Dq

fractal dimensions: the information dimension and the correlation dimension, respectively.
We can notice that the multifractal dimensions Dq do not change, in comparison with the Dq

for the closed PBRM model, indicated by the dashed curves in Fig. 2.13; except for the multifractal
dimension Dq=0.6 when γ/D ≥ 1 and b < 0.04, see Figs. 2.13–(b) and 2.13–(c).

�ese results can be understood by recalling that subradiant states are mostly isolated regardless
the coupling amplitude; i.e., they are almost not a�ected by the external environment. So that, the
multifractal dimensions of the eigenstates of the complete e�ective Hamiltonian are similar to those
of the isolated PBRM model.
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Figure 2.14: Multifractal dimensions Dq , q = {0.6, 1, 2, 5}, vs. the normalized coupling strength γ/D for

b = {0.01, 1} for the subradiant states. �e dashed lines indicate the Dq of the closed PBRM model.

In order to complement the information of Fig. 2.13, in Fig. 2.14 we show the multifractal dimensions
Dq as a function of the normalized coupling strength γ/D for b = {0.01, 1}. We can observe that the
multifractal dimensions Dq for the subradiant states are independent of the coupling strength γ/D,
except for Dq=0.6 for small values of b and γ/D ≥ 1, as can be seen in Fig. 2.14–(a). �e reason
that the multifractal dimension of the subradiant states di�ers from the multifractal dimension of the
closed system for small q can be explicated in the fact that these states have an hybrid nature. Indeed
for small bwhere localization e�ect are more important, these states are constituted by an exponential
localized peak with and extended tail, see chapter 4 for details. �is implies a change on the multifractal
dimension Dq=0.6 since the contribution of the extended tails are more important for small q than for
large q.

2.5.1.2 Superradiant state

Now, in Fig. 2.15 we show the multifractal dimensions Dq of the superradiant state of the sca�ering
setup A as a function of b for the coupling strengths γ/D = {1, 103}. Recall the superradiant state
emerges at the superradiant transition (ST) for the coupling strength γ/D = 1. As can be clearly
seen from this �gure, the multifractal dimensions Dq of the superradiant state are strongly a�ected
by the coupling to the continuum, as compared to the Dq’s corresponding to the subradiant states; i.e.
compare Figs. 2.13 and 2.15.

More speci�cally, at the superradiance transition, see Fig. 2.15–(a), and above it, see Fig. 2.15–(b),
all the multifractal dimensions Dq → 1 independently of the value of b. Since all the multifractal
dimensions Dq are approximately equal to one at and above the ST, it means that the superradiant
state becomes extended there.

Finally, in Fig. 2.16 we complete the information of Fig. 2.15 by plo�ing the multifractal dimensions
Dq of the eigenstate with largest decay width Γ below the coupling strength γ/D < 1 and the
superradiant state above the coupling strength γ/D ≥ 1 of the sca�ering setup A now as a function
of the normalized coupling strength. �us, we verify the observations made above.
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Figure 2.15: Same as in Fig. 2.13 for the superradiant state apart of the coupling strengths γ/D = {1, 103}.
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Figure 2.16: Same as in Fig. 2.14 for the superradiant state.

2.5.2 Scattering setup B

Now, as in the previous subsection, we perform an analysis of the multifractal dimensions Dq of the
subradiant and superradiant states but for the sca�ering setup B.

2.5.2.1 Subradiant states

In Fig. 2.17, we show the multifractal dimensions Dq of the subradiant states of the sca�ering setup B
as a function of b for the coupling strengths γ/DN = {10−3, 1, 103}. Since coupling the PBRM model
to the continuum through one site is less invasive than coupling it through all sites, the multifractal
dimensions Dq of the subradiant states of the sca�ering setup B are practically the same as for the
states of the closed PBRM model, whose Dq’s are indicated by the dashed curves in Fig. 2.17.

Also, in Fig. 2.18 we plot the multifractal dimensions Dq of the subradiant states of the sca�ering
setup B but as a function of the normalized coupling strength γ/DN for b = {0.01, 1} and q =
{0.6, 1, 2, 5}. We can see all the multifractal dimensions Dq are independent of the coupling strength
γ/DN for all the values q studied. �e horizontal dashed lines indicate the multifractal dimensions
Dq of the states of the closed PBRM model.

2.5.2.2 Superradiant state

Now, in Fig. 2.19 we report some multifractal dimensionsDq of the superradiant state of the sca�ering
setup B as a function of b, we use the coupling strengths γ/DN = {1, 103}. In the case of the
superradiant state, the corresponding multifractal dimensionsDq are strongly a�ected by the coupling
with the continuum, in contrast to the subradiant states.
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Figure 2.17: Multifractal dimensions Dq , q = {0.6, 1, 2, 5}, vs. the parameter b with coupling strengths

γ/DN = {10−3, 1, 103}, for the subradiant states. �e dashed curves indicate the Dq of the closed PBRM

model.
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Figure 2.18: Multifractal dimensions Dq , q = {0.6, 1, 2, 5}, vs. the normalized coupling strength γ/DN

for b = {0.01, 1} for the subradiant states. �e dashed lines indicate the Dq of the closed PBRM model.

Moreover, in Fig. 2.20 we present the multifractal dimensions Dq of the superradiant state of the
sca�ering setup B but as a function of the normalized coupling strength γ/DN .

From both �gures, Figs. 2.19 and 2.20, we can see that above the superradiant transition all the
multifractal dimensions Dq → 0 for the superradiant states of the sca�ering setup B, independently
of the value of b. Dq ≈ 0 means that the corresponding superradiant states are localized, in contrast
to the superradiant states of the sca�ering setup A which are extended above the ST. Indeed, this
situation was already expected since for the sca�ering setup B the one-mode channel is a�ached to
a single site of the chain, thus above the ST transition the superradiant state is localized around that
site.

From the results above we can conclude that the coupling of the PBRM model to the continuum
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Figure 2.19: Same as in Fig. 2.17 for the superradiant state apart of the coupling strengths γ/DN =

{1, 103}.

0.01 0.1 1 10 100 1000
γ/DN

0

0.2

0.4

0.6

0.8

1

D
q

q=0.6

q=1

q=2

q=5

0.01 0.1 1 10 100 1000
γ/DN

0

0.2

0.4

0.6

0.8

1

D
q

(b) b=1

(a) b=0.01

Figure 2.20: Same as in Fig. 2.18 for the superradiant state.

has a di�erent e�ect on the properties of subradiant and superradiant states. While subradiant states
are almost not a�ected by the coupling to the continuum, mainly in the sca�ering setup B where
the multifractal dimensions Dq are practically the same as those of the states of the closed PBRM
model, the superradiant states are strongly a�ected by the coupling; indeed, for the superradiant states
Dq → 1 for the sca�ering setup A and Dq → 0 for the sca�ering setup B. One can say that while the
multifractality of the subradiant states persists under the coupling to the continuum, the multifractality
of the superradiant states is destroyed.

2.6 Probability |Ψ|2 of the superradiant states

Since the multifractal dimensionsDq of the superradiant states Ψ are strongly a�ected by the coupling
to the continuum, in this section we will have a closer look at their structure through their probability
|Ψ|2.

2.6.1 Scattering setup A

As shown in the previous subsection, in the sca�ering setup A, the superradiant state becomes extended
(or delocalized) for any value of b, when the coupling strength is equal or larger than the onset of the
superradiant transition, i.e. for γ/D ≥ 1.

In Fig. 2.21 we verify the statement above by plo�ing the eigenfunction probability |Ψ|2 for several
superradiant states for a chain size N = 1024. In particular, see Fig. 2.21–(c) where we consider
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Figure 2.21: Eigenfunction probability |Ψ|2 in the site basis i of typical superradiant states in the sca�ering

setup A for the coupling strengths γ/D = {10−1, 1, 101} and b = {0.01, 0.4, 10}.
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Figure 2.22: Same as in Fig. 2.21 for the sca�ering setup B apart of the coupling strengths γ/DN =

{10−1, 1, 101}.

γ/D = 10 > 1 and the states are clearly extended over the complete basis.
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2.6.2 Scattering setup B

In contrast with the sca�ering setup A, in the sca�ering setup B, the superradiant state becomes
localized for any value of b, when the coupling strength is equal or larger than the onset of the
superradiant transition, i.e. for γ/DN ≥ 1.

�en, in Fig. 2.22, we con�rm the statement above by plo�ing the eigenfunction probability |Ψ|2
for several superradiant states for a chain size N = 1024. In particular, see Fig. 2.22–(c) with the
coupling strength γ/DN = 10 > 1, there states are clearly localized around the site i = 1, where the
one-mode channel is a�ached.

2.7 Participation ratio PR

In order to study the interplay of the multifractal dimensionsDq and the coupling to one-mode channel
we analyze the participation ratio of the superradiant and subradiant states of non-Hermitian e�ective
Hamiltonian Heff in Eq. (2.15), de�ned as,

PR =

〈∣∣∣∣∣∑
i=1

| 〈i|ψ〉 |2
∣∣∣∣∣
2

/
∑
i=1

| 〈i|ψ〉 |4
〉

(2.26)

where the average is over disorder con�gurations. Note that for the case of non-Hermitian Hamiltonian,
the PR indicates the number of sites over which the excitation is localized, provided it is in the system.
For completely extended states, the PR = N and for the completely localized states the PR = 1. Note
that the participation ratio PR is related with the correlation dimension D2 with the participation
number I2 with q = 2.

2.7.1 PR of the subradiant states

In Fig. 2.23, we show the PR as a function of the normalized coupling γ/D for the sca�ering setup A
or γ/DN for the sca�ering setup B of the subradiant states for the system sizesN = {256, 512, 1024}
and b = {0.01, 0, 4, 10}.

From Figs. 2.13 and 2.17, we can see that D2 has the same behavior as the closed PBRM model
from localized to extended states as b increases. �is behavior is con�rmed with the PR in Fig. 2.23,
for instance b = 0.01 in Figs. 2.23–(a) and 2.23–(b) the subradiant states are localized while for b = 10
in Figs. 2.23–(e) and 2.23–(f) the subradiant states become extended.

2.7.2 PR of the superradiant state

Now in Fig. 2.24, we show the PR of the superradiant state as a function of the normalized coupling
γ/D for the sca�ering setup A or γ/DN for the sca�ering setup B. For comparison purposes, we use
here the same parameters as in Fig. 2.23

From Figs. 2.15 and 2.19, we can see that the behavior of D2 changes completely as the coupling
increases and reaches the superradiant transition. We can see the superradiant state is extended for
the sca�ering setup A and it is localized for the sca�ering setup B. �is behavior inD2 is con�rmed in
the Fig. 2.24, where the superradiant state becomes extended for any value of b when the normalized
coupling strength γ/D ≥ 1 in Figs. 2.24–(a), 2.24–(c) and 2.24–(e). While in Figs. 2.24–(b), 2.24–(d)
and 2.24–(f) the superradiant state is localized for the normalized coupling strength γ/DN ≥ 1.
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Figure 2.23: �e participation ratio PR of the subradiant states vs. the normalized coupling strength γ/D

for the sca�ering setup A or the normalized coupling strength γ/DN for the sca�ering setup B. Here,

N = {256, 512, 1024} and b = {0.01, 0.4, 10}.
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Figure 2.24: Same as in Fig. 2.23 for the superradiant state.

�e participation ratio PR con�rms the change in the nature of the multifractal dimension D2 of
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2. PBRM MODEL AT CRITICALITY COUPLED TO ONE COMMON CHANNEL

the superradiant state that becomes extended with the coupling γ/D ≥ 1 for the sca�ering setup A or
it becomes a localized state with the coupling γ/DN ≥ 1 for the sca�ering setup B. It also con�rms
that the subradiant states are not a�ected by the coupling to one-mode channel and they behave like
the closed PBRM model.

2.8 Multifractal dimensions Dq vs. the decay widths Γ

�e set of multifractal dimensions Dq of a system is usually studied with the Eq. (2.18). When the
system is coupled to a one-mode channel, the states of the system acquire decay widths Γ. �us, it is
possible to analyze the multifractal dimensionsDq as a function of these decay widths Γ. Summarizing
the previous results, for the sca�ering setup A the subradiant states have the same multifractal dimensions
Dq of the closed PBRM model apart of small q and small b, see Figs. 2.13–(c) and 2.14–(a), where the
hybrid nature of the eigenstates arise. While for the superradiant state, its multifractal dimensionsDq

are totally di�erent, actually it becomes an extended state, see Fig. 2.15. On the other hand, for the
sca�ering setup B the subradiant states have the same multifractal dimensionsDq of the closed PBRM
model for all the values q and b, see Fig. 2.17. While the superradiant state becomes a localized state,
see Fig. 2.19.

In this section, we study the multifractal dimensions Dq as a function of the decay widths Γ only
for the sca�ering set up A. Let us stress that it is the �rst time that an analysis of Dq as a function of
the decay widths of the eigenstates is performed. Indeed, we can ask the following question: Do we
have a smooth dependence of the multifractal dimensions Dq of the system on the decay widths Γ,
mainly at criticality?

In order to answer this question, we will consider values of b for which the subradiant states behave
exactly like the closed system while the superradiant states are extended. We will focus on three
di�erent coupling regimes: below, above and at criticality.

For a �xed decay width Γ, the multifractal dimensionsDq reported below were extracted from the
linear �t of the logarithm of the inverse of the average Iq versus the logarithm of the system size N
while D1 was extracted from the linear �t of the average information entropy versus the logarithm of
the system sizeN , see Eq. (2.19). We used chains of sizesN = 2k with 6 ≤ k ≤ 11. �e averages were
performed over 2k−2 eigenvectors (corresponding to the 1/4 of states in the band center) and we used
220−k disorder con�gurations for each system size.

In Fig. 2.25 we show the multifractal dimensions Dq , q = {0.6, 1, 2, 5} and b = 0.1, as a function
of the decay widths Γ and �xed coupling strengths γ/D = {10−2, 1, 102}.

We can observe that the Dq of the eigenstates with the smallest decay widths Γ are not in�uenced
by the coupling with the external environment and they resemble the multifractal dimensions of the
closed PBRM model, indicated with horizontal dashed lines in Fig. 2.25. �e eigenstates with the
largest widths Γ are more a�ected by the coupling to the external environment and their multifractal
dimensions Dq → 1 for γ/D ≥ 1, see Fig. 2.25–(b) and 2.25–(c).

One can also observe that an important dependence on the decay widths Γ arises at criticality and
above the ST. As the decay widths Γ grows, the multifractal dimensions Dq smoothly change until
they approach one, i.e. the states become fully extended so they do not show a multifractal structure,
for most superradiant states.

Note that in order to obtain these results, we increased the system size by keeping the coupling to
the continuum γ/D �xed. For instance, the maximum decay width is constant in this case for di�erent
system sizes N .

Note that one may wonder whether this is the proper way to analyze the system. In order to
answer this question, we also analyze the dependence of the multifractal dimensions, always keeping
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2.8 Multifractal dimensions Dq vs. the decay widths Γ

10
-8

10
-7

10
-6

10
-5

Γ

0

0.2

0.4

0.6

0.8

1

D
q

(a) γ/D = 10
-2

10
-5

10
-4

10
-3

10
-2

Γ

0

0.2

0.4

0.6

0.8

1

D
q

q=0.6

q=1

q=2

q=5

(b) γ/D = 1

10
-7

10
-6

10
-5

10
-4

Γ

0

0.2

0.4

0.6

0.8

1

D
q

(c) γ/D = 10
2

Figure 2.25: Multifractal dimensions Dq , q = {0.6, 1, 2, 5}, vs. the decay widths Γ for b = 0.1 and

γ/D = {10−2, 1, 102} for the sca�ering setup A. �e horizontal dashed lines indicate theDq for the closed

PBRM model.

γ/D �xed, as a function of Γ/D, where D is the mean level spacing computed for the closed system.
For simplicity, we focused on the case q = 2. We considered the average participation numbers

I2 and we computed − ln I2/ lnN , which in the limit of in�nite system size, corresponds to the
multifractal dimensions D2. �e arrows in Fig. 2.26 show in which direction this ratio increases with
the system size N .

In Fig. 2.26, − ln I2/ lnN is shown as a function of the normalized decay widths Γ/D (upper
panels) and Γ (lower panels) for b = 0.1 and the couplings strength γ/D = {10−2, 1, 102}. Here, the
black dashed horizontal lines indicate the value of D2 of the isolated PBRM model.

We observe that there is no universal scaling both for Γ nor Γ/D. For instance if we consider Γ/D,
the subradiant states scale very well but the superradiant states do not, see Fig. 2.26–(c) where one can
observe that the segregated superradiant states have di�erent values of Γ/D. On the other side, if
we consider the dependence on Γ alone, the subradiant states do not scale well with the system size,
while the superradiant states scale perfectly well. Indeed their decay widths are totally independent
of Γ above the ST transition, see Fig. 2.26–(f), which is exactly what one would expect if the coupling
strength to the continuum is �xed as we change the system size.

�is shows that neither of the two choices provide a good scaling for both the subradiant and
superradiant states. For instance, in Fig. 2.26–(b), at criticality we observe that the subradiant states
have a good scaling but the superradiant states do not. For this reason, in the future we intend to �nd
the best way to analyze the multifractal dimensions Dq for this open system where the scaling with
the system size N strongly depends on the decay widths Γ of the eigenstates and it is di�erent for
subradiant and superradiant states.

27



2. PBRM MODEL AT CRITICALITY COUPLED TO ONE COMMON CHANNEL

10
-6

10
-4

10
-2

10
0

Γ/D

0

0.2

0.4

0.6

0.8

1

-l
n
(I

2
)/

ln
(N

)

N=64
N=128
N=256
N=512
N=1024
N=2048

10
-8

10
-6

10
-4

10
-2

Γ

0

0.2

0.4

0.6

0.8

1

-l
n
(I

2
)/

ln
(N

)

10
-4

10
-2

10
0

10
2

Γ/D

0

0.2

0.4

0.6

0.8

1

-l
n
(I

2
)/

ln
(N

)

10
-6

10
-4

10
-2

10
0

Γ

0

0.2

0.4

0.6

0.8

1

-l
n
(I

2
)/

ln
(N

)

10
-3

10
0

10
3

10
6

Γ/D

0

0.2

0.4

0.6

0.8

1

-l
n
(I

2
)/

ln
(N

)

10
-6

10
-3

10
0

10
3

Γ

0

0.2

0.4

0.6

0.8

1

-l
n
(I

2
)/

ln
(N

)

γ/D=10
-2

γ/D=1 γ/D=10
2

(a) (b) (c)

(d) (e) (f)

SR

SR

Figure 2.26: �e ratio − ln I2/ lnN vs. the normalized decay widths Γ/D (upper panels) and the ratio

− ln I2/ lnN vs. the decay widths Γ (lower panels) for b = 0.1, N = {26, 27, 28, 29, 210, 211} and γ/D =

{10−2, 1, 102} Here, the black dashed lines indicate D2 for the isolated PBRM model.

2.9 Distribution of the decay widths

In this section, we will study the sca�ering properties of the PBRM model in the two sca�ering setups
by analyzing the distribution of decay widths Γ. For the statistics of the decay widths Γ we use the
eigenvalues around E ≈ 0 corresponding to the 25% of the total spectra, the number of the data
is 262144. Instead of using the decay widths Γ we decided to study the typical value of Γ: Γtyp ≡
exp 〈ln Γ〉 and the logarithm of the decay widths ln Γ.

2.9.1 Scattering setup A

In Fig. 2.27 we show the distribution of the logarithm of the normalized decay widths P (ln Γ/Γtyp)
as a function of ln Γ/Γtyp when all the sites in the system are coupled to an one-mode channel for
the chain sizes N = {64, 128, 256, 512, 1024} and b = {0.1, 1, 10}. We observe a good scaling of
lnP (ln Γ/Γtyp) with the chain sizeN and we found an universal distribution for each set of parameters
(b, γ/D) as L→∞.

2.9.2 Scattering setup B

Now, in Fig. 2.28 we show the distribution of the logarithm of the normalized decay widthsP (ln Γ/Γtyp)
as a function of ln Γ/Γtyp when one site in the system is coupled to an one-mode channel with the
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Figure 2.27: Distribution lnP (ln Γ/Γtyp) vs. ln Γ/Γtyp for γ/D = {10−2, 1, 102} and b = {0.1, 1, 10}

for the sca�ering setup A. In the insets the scaling Γtyp ∝ N−ν is shown together with a linear ��ing.

Here, Γtyp ≡ exp 〈ln Γ〉.
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Figure 2.28: Same as in Fig. 2.27 for the sca�ering setup B.

same parameters as Fig. 2.27. Here, we also found a good scaling of lnP (ln Γ/Γtyp) and an universal
distribution for the set of parameters (b, γ/DN). �e distributions for the case of the coupling strength
γ/DN = 1 are in agreement with the results reported in Ref. [32].

29



2. PBRM MODEL AT CRITICALITY COUPLED TO ONE COMMON CHANNEL

From Figs. 2.27 and 2.28, in Fig. 2.29 we plot the exponent ν as a function of b where ν is extracted
from the scaling Γtyp ∝ N−ν (see the insets in Figs. 2.27 and 2.28) for the coupling strengths γ/D =
{10−2, 1, 102} in the sca�ering setup A and for the coupling strengths γ/DN = {10−2, 1, 102} in the
sca�ering setup B. We found that the exponent ν is well approximated by 2−D2 when only one site is
coupled to an one-mode channel independently of the coupling strengths and follow the relation [32]

Γtyp ∝ N−(2−D2) (2.27)

and the exponent ν ≈ 1 when all the sites are coupled to an one-mode channel independently of the
magnitude of the normalized coupling strength γ/D and we obtain the relation

Γtyp ∝ N−1 (2.28)
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Figure 2.29: �e exponent ν as a function of b extracted from the scaling Γtyp ∝ N−ν in Figs. 2.27 and 2.28.

In panel (b) the dashed curve is 2 − D2 where D2 was obtained from Eq. D2 ≈ [1 + (α2b)
−1]−1 with

α2 = 2.12146.

In this section, we found a good scaling of lnP (ln Γ/Γtyp) and an universal distribution for the
set of parameters (b, γ/D) or (b, γ/DN) for both sca�ering setups. For the sca�ering setup B, we are
able to establish the relation Γtyp ∝ N−(2−D2) where D2 ≈ [1 + (α2b)

−1]−1 with α2 = 2.12146

2.10 Conclusions of Chapter 2

�e PBRM model is a very rich model since for µ = 1, which corresponds to a metal-insulator
transition point, the multifractal dimensionsDq of the corresponding eigenfunctions can be continuously
tuned by moving the parameter b. In this Chapter we have studied a 1D tight-binding chain (of length
N with long-range random hoppings), represented by the PBRM model, when it is coupled to an
unbounded external system characterized by a continuum of states. We have used two sca�ering
setups: One where all sites of the chain are coupled to a common one-mode channel (sca�ering setup
A); another where only one site of the chain is coupled to a one-mode channel (sca�ering setup B).
In particular we have characterized the states of the open system by means of a set of multifractal
dimensions Dq since it is well known that the eigenstates of the closed PBRM model are multifractal
objects characterized by non-trivial sets of multifractal dimensions.

As an e�ect of the coupling to an external continuum of states, we have the emergence of subradiant
and superradiant states. Since both types of states are expected to have di�erent statistical properties,
we analyzed them separately.
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2.10 Conclusions of Chapter 2

We have found that the multifractal dimensions Dq of the subradiant states of the open PBRM
model are quite similar to those of the isolated model, apart for small q and small b in the sca�ering
setup A. �is explained this di�erence as due to the hybrid nature of the subradiant states and we plan
to deepen the understanding of this e�ect in the future. However, the multifractal dimensions Dq of
superradiant states undergo major changes above the superradiant transition: for the sca�ering setup
A the superradiant state becomes extended for all values of the bandwidth b, that is Dq → 1; while
for the sca�ering setup B the superradiant state becomes localized, i.e. Dq → 0. �is is con�rmed by
the analysis that we have performed of the eigenfunction probability distribution of the superradiant
states and their participation ratios PR.

We also studied the multifractal dimensions Dq as a function of the decay width Γ. We found that
Dq for the subradiant states with the smallest decay widths Γ do not feel the in�uence of the coupling
to the continuum and they resemble the states of the closed PBRM model. On the other hand, the states
with largest decay widths Γ are drastically a�ected by the coupling. Indeed, for these states, Dq → 1
for γ/D ≥ 1.

�e main result of this Chapter is that by opening the PBRM model we add a new degree of freedom
to the multifractal dimensions Dq of the system. Indeed, Dq strongly depends on the decay widths Γ
of the eigenstates. �is e�ect is mainly visible at the ST transition where theDq are not uniform for all
states but strongly depend on Γ. Nevertheless more work in needed in the future to fully characterize
the dependence of the multifractal dimensions Dq on the decay widths Γ.
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Chapter 3

Real and imaginary energy gaps: a

comparison between single excitation

Superradiance and Superconductivity

and robustness to disorder

Cooperative e�ects, which are at the basis of emergent properties [43], are at the center of research
investigations in a vast variety of �elds: emergent properties in highly correlated materials [44],
cooperative emission in superconducting qubits [6], Superradiance in cold atomic clouds [3], cooperative
shielding in long range interacting systems [17], collective excitations in semiconductors [45], plasmonic
Dicke e�ect [46], biophysical systems [47, 48] and proposal of quantum devices which exploits cooperative
e�ects [49]. Despite the great importance of emergent properties, a general unifying framework and a
full understanding of cooperative e�ects has not been found yet. One of the most interesting properties
of cooperative e�ects is their robustness to the noise induced by external environments. A well
known example is Superconductivity, but other quantum emergent e�ects, such as Single Excitation
Superradiance (SES), have also been shown to be robust to noise [16, 50]. �is suggests that emergent
properties could play an essential role in the successful development of scalable quantum devices
able to operate at room temperature. Since cooperative e�ects represent a common mechanism to
all these emergent phenomena, we believe that �nding links between di�erent cooperative e�ects
will be fundamental to progress our understanding of emergence. As was suggested by U. Fano [51]
a common mechanism underlies several collective phenomena, such as Superconductivity, plasmon
excitation and giant resonances in nuclei. In particular a possible connection between Superradiance
and Superconductivity has been discussed by M. Scully in Ref. [52].

In this Chapter, we perform a comparison between Superconductivity, i.e. the discrete Bardeen-
Cooper-Schrie�er (BCS) model, and Single Excitation Superradiance (SES model). Superradiance is
usually referred to the case of many excitations in an ensemble of N two level systems and to the
existence of states which emit energy with an intensity proportional to N2. On the other hand, SES
refers to the possibility that a single excitation coherently shared by N two level systems can decay
with a rate proportional toN , an e�ect de�ned as the Super of Superradiance in Ref. [53] due to the fact
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3. REAL AND IMAGINARY ENERGY GAPS: A COMPARISON BETWEEN SINGLE EXCITATION
SUPERRADIANCE AND SUPERCONDUCTIVITY AND ROBUSTNESS TO DISORDER
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Figure 3.1: (Le� upper panel) Paradigmatic model of SES: the coupling of equally spaced single particle

energy levels to a common channel in the continuum induces a non-Hermitian all to all interaction between

the energy levels described by the Hamiltonian in Eq. (3.1) with V0 = iγ/(2N). (Right upper panel) �e

discrete BCS model of Superconductivity where Cooper pair states are coupled by a Hermitian all to all

interaction, see arrows between levels, described by the Hamiltonian in Eq. (3.1) with V0 = γ/(2N). (Lower

le� panel) Complex eigenvalues En − iΓn/2 for the SES model and the imaginary energy gap are shown.

(Lower right panel) �e eigenvalues En and the real energy gap are shown for the BCS model. Parameters

are: N = 100, S = 1, γ = 10γH,NH
cr , where γH,NH

cr is the critical coupling for the BCS/SES transition.

that SES involves a fully entangled state. Note that SES has been found experimentally in interacting
two level system, such as cold atomic clouds [7] or in molecular aggregates [54].

Speci�cally, we analyze a paradigmatic model of SES, which has been studied in [13], see Fig. 3.1.
In such model, the single excitation energy levels are assumed equally spaced and connected to a
single decay channel in the continuum. Due to the fact that the system is open and the excitation
can be lost in the common decay channel, the eigenvalues of the system are complex. When the
resonances overlap, a Superradiance transition occurs: a Superradiant state acquires most of the decay
width of the system, while the other N − 1 subradiant states decrease their own decay widths on
increasing the coupling strength with the common decay channel. In the limit of large coupling to the
continuum only the Superradiant state can decay. Here we will show that the Superradiance transition
is connected with the emergence of an imaginary energy gap between the complex eigenvalues of the
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3.1 Analytical results for N levels

system. Our aim is to investigate and compare the energy gaps arising in such paradigmatic model
of Superradiance [13, 55] with the well-known energy gap present in a model of Superconductivity
(the discrete BCS model [56, 57]), paying main a�ention to the robustness to disorder induced by the
presence of a gap and to the kind of interaction which originates the gap.

�e discrete BCS model is widely used to analyze Superconductivity in small metallic grains [56].
Moreover, the single particle (single Cooper pair) sector of the discrete BCS model had been studied in
several papers [57]. In this case, the model is very similar to the model proposed by L. Cooper in his
seminal paper [14] and its Hamiltonian reads:

H = H0 + V =
∑
k

E0
k |k〉 〈k| − V0

∑
k,k′

|k〉 〈k′| , (3.1)

where |k〉 is the Cooper pair state, E0
k is the unperturbed energy, usually taken as equally spaced

(picket fence (PF) spectrum), and V0 is the coupling between the Cooper pair states. �e coupling
is the same for all the states, similarly to what happens in models with an in�nite range coupling
in space, with the di�erence that here the coupling is in momentum space. �e same model, see
Fig. 3.1, is used to describe the Superradiance transition in a system where many levels are coupled
to the same channel in the external environment [13]. �e only but important di�erence is that for
the case of Superradiance V0 is a pure imaginary number. In this case |k〉 represents a single energy
level or an atomic or molecular excitonic state in a speci�c point of the real space. For the case of
Superradiance, the non-Hermitian Hamiltonian, originating from the imaginary coupling, takes into
account the fact that the system can decay into the continuum but it also represents the coupling
between the energy levels which modi�es the spectral features of the system [58]. �e limit of validity
and the e�ectiveness of the e�ective non-Hermitian Hamiltonian description of the system has been
investigated in Ref. [36]. In such systems a transition to Superradiance occurs above a critical coupling
strength. In the Superradiant regime, when one superradiant state acquire most of the decay width of
the system, a gap opens in the complex energy plane of the non-Hermitian Hamiltonian, see Fig. 3.1
lower le� panel.

Note that the model presented in Eq. (3.1), apart from being relevant in studying cooperative e�ects,
it is also relevant in describing realistic systems. For instance, for the hermitian case, this model can be
reproduced in ion trap experiments with a tunable interaction range, including all-to-all coupling [5,
17]. On the other side, for the non-Hermitian case, this model is relevant in nuclear physics [58] and
it could be also deviced in molecular systems [48].

3.1 Analytical results for N levels

Let us consider N equally spaced levels in an energy range S, coupled between each other with a
constant coupling V0, which can be real or imaginary. �e Hamiltonian can thus be wri�en as in
Eq. (3.1), where for the energy we assume a PF distribution, namely

E0
k = kδ = k

S

N
, k = −N

2
, . . . ,

N

2
, (3.2)

where δ = S/N is the level spacing. First, for the sake of clarity, we present the derivation of the
Gap Equation [13, 14, 59], both for the Hermitian and non-Hermitian cases, which is equivalent to
the Schrödinger Equation and it makes the computation of some eigenvalues much easier. For the
derivation of the Gap Equation we follow [59], which presents a simpli�ed version of the famous
derivation by L. Cooper in his seminal paper [14].
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We want to solve the Schrödinger Equation

H |Ψ〉 = E |Ψ〉 , (3.3)

where |Ψ〉 is an eigenstate of the total Hamiltonian H and it can be expanded as

|Ψ〉 =
∑
k

ak |k〉 , (3.4)

where |k〉 are eigenstates of H0, satisfying

H0 |k〉 = E0
k |k〉 . (3.5)

Eq. (3.3) can be rewri�en as
(H −H0) |Ψ〉 = V |Ψ〉 . (3.6)

�en, using the expansion (3.4), we get

(H −H0)
∑
k′

ak′ |k′〉 = V
∑
k′

ak′ |k′〉 =
∑
k′

ak′V |k′〉 . (3.7)

Now let us project Eq. (3.7) on the state 〈k|. De�ning Vkk′ = 〈k|V |k′〉 we have

〈k|
∑
k′

(E − E0
k′)ak′ |k′〉 =

∑
k′

ak′Vkk′ . (3.8)

Now, since 〈k|k′〉 = δk,k′ and Vkk′ = −V0 ∀k, k′ we get∑
k′

(E − E0
k′)ak′ 〈k|k′〉 = (E − E0

k)ak = −V0

∑
k

ak . (3.9)

De�ning C ≡
∑
k ak we have

ak = − V0C

E − E0
k

(3.10)

so that
C =

∑
k

ak = −V0

∑
k

C

E − E0
k

. (3.11)

Dividing by C we �nally obtain the Gap Equation

1 = −V0

∑
k

1

E − E0
k

. (3.12)

Eq. (3.12) has been obtained by simple linear manipulations of the Schrödinger equation, and so they
are equivalent. Given the unperturbed eigenvalues E0

k , there are N possible values of E which satisfy
Eq. (3.12), which are the eigenvalues of H .

�e term Gap Equation comes from the fact that it is commonly used to compute the gap between
the ground state and the excited states. In the next sections we will compute the gap for the case
V0 = γ/(2N) real (for Superconductivity) and for V0 = iγ/(2N) complex (for Superradiance). Note
that in both cases we rescale the coupling by N as it is found in the discrete BCS model [56, 57]). �e
non rescaled case can be easily deduced by substituting γ with Nγ in the following results.
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3.1.1 Hermitian case

Following Refs. [14, 57, 59], let us review the main results about the Gap Equation for the Hermitian
case. Note that with respect to the BCS model, 1/δ is the Density of States at the Fermi level, S in the
Debye energy and V0 the e�ective phonon mediated interaction. Let us now consider the Hermitian
case, with V0 = γ/(2N). Recalling that the unperturbed spectrum is given by (3.2), we multiply both
sides of (3.12) by 2S/γ to have

2S

γ
=

N/2∑
k=−N/2

1

k − E/δ
. (3.13)

A graphical solution of Eq. (3.13) is shown in Fig. 3.2 for N = 5. �e r.h.s. of Eq. (3.13), shown
as a continuous black line, is an unbounded function of E/δ having N asymptotes, corresponding
to E/δ = −N/2, . . . , N/2 and shown as vertical black lines. �e l.h.s., shown as dashed lines, is
independent of E/δ. �e solutions are given by the values of E where the r.h.s. intersects the l.h.s.
and they are shown by full circles in Fig. 3.2.
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Figure 3.2: Graphical solution of Gap Equation (3.13) in the Hermitian case. �e all-to-all coupling here is

V0 = γ/(2N). We set N = 5.

From Fig. 3.2 one can see that there areN = 5 solutions to Eq. (3.13). �ose solutions represent the
eigenvaluesE of the total Hamiltonian (3.1), divided by the level spacing δ = S/N of the unperturbed
levels. Moreover, one can observe that, by increasing the ratio γ/(2S) (so to increase the all-to-all
coupling), the energy gap between the ground state and the �rst excited state increases, too. We are
here interested in computing that gap in the limit N → ∞ and keeping S = const., so that the
spacing δ of the unperturbed levels tends to 0. First of all, from Fig. 3.2 we can see that the energy of
the excited states are all in the range [−S/2, S/2] and, in particular, the �rst excited state lies in the
interval −S/2 + δ < E2 < −S/2 + 2δ. �is implies that only the ground state E1 can be less than
−S/2 and that the energy of the �rst excited state E2 tends to −S/2 when δ → 0. Now, let us focus
on the energy of the ground state.
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3. REAL AND IMAGINARY ENERGY GAPS: A COMPARISON BETWEEN SINGLE EXCITATION
SUPERRADIANCE AND SUPERCONDUCTIVITY AND ROBUSTNESS TO DISORDER

If N � 1, we can take the continuum limit for the Gap Equation (3.12)

1 = − γ

2N

∫ S/2

−S/2

N(x)dx

E − x
, (3.14)

where N(x) = N/S is the density of states and it is constant for a PF level distribution. �en we can
analytically solve the integral

1 = − γ

2S

∫ S/2

−S/2

dx

E − x
=

γ

2S
ln

2E − S
2E + S

, (3.15)

noting that the above solution is valid only for E < −S/2. For what we stated before, the only state
which satis�es this requirement is the ground state E1. �en we have

E1 =
S

2

1 + e2S/γ

1− e2S/γ
. (3.16)

Now, let us recall that E2 → −S/2 when N →∞ and S does not depend on N (see [59] and the
previous considerations on Fig. 3.2). We can then de�ne the Hermitian Gap between the ground state
and the �rst excited state as

∆H = E2 − E1 = −S
2
− E1 =

S

e2S/γ − 1
. (3.17)

Note that the expression of the energy gap obtained is the same as the one obtained by L. Cooper [14],
but it is slightly di�erent from the BCS gap1 [56, 57]. In the limit S � γ/2 Eq. (3.17) is approximated
as

∆H ≈
γ

2
. (3.18)

On the other hand, when S � γ/2, Eq. (3.17) becomes

∆H ≈ S e−2S/γ (3.19)

On increasing γ, the energy gap ∆H increases as well and, for some γ = γH
cr it becomes equal to

the unperturbed level spacing δ = S/N . By se�ing ∆H = δ, it is easy to �nd that for N � 1,

γH
cr =

2S

ln(N + 1)
≈ 2S

lnN
, (3.20)

which de�nes the critical coupling at which a gap opens in the BCS model.

3.1.2 Non-Hermitian case

Superradiant state (Gap Equation) Now, let us consider the non-Hermitian case V0 = iγ/(2N).
Starting from Eq. (3.12) we obtain a Gap Equation

1 = − iγ

2N

∑
k

1

E− E0
k

, (3.21)

1In the BCS theory [59] and in Refs. [17, 56] the following expression for the gap is reported: ∆BCS = S/ sinh(2S/γ),

which gives di�erent results from Eq. (3.17) in some parameter range. In particular, when S � γ/2, Eq. (3.17) and ∆BCS di�er

by a factor of 2, namely ∆H ≈ S e−2S/γ and ∆BCS ≈ 2S e−2S/γ . On the other hand, in the opposite limit S � γ/2,

both (3.17) and ∆BCS have the same approximated expression ∆H ≈ ∆BCS ≈ γ/2. Nevertheless, both expressions predict

that the gap closes in the limit γ/S → 0.
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where the eigenvalues are now complex,

E = E − iΓ
2
. (3.22)

�is complex equation splits into two real equations
∑
k

E − E0
k

(E − E0
k)2 + Γ2/4

= 0∑
k

Γ/2

(E − E0
k)2 + Γ2/4

=
2N

γ

(3.23)

which have N solutions that depend on N and γ. In Fig. 3.3 we plot the complex eigenvalues in the
plane (E/δ,Γ/γ) forN = 6 (upper panel) andN = 7 (lower panel), as a function of γ. In particular, we
plot the trajectories of the eigenvalues starting from γ = (2S/π)/10 (open circles) up to γ = 10(2S/π)
(full circles). �e value γ = 2S/π marks the Superradiance transition, as we will show here below.
When γ is small, see open circles in Fig. 3.3, the real parts of the eigenvalues are given by (3.2), while
the imaginary part is Γn ≈ γ/N for all eigenvalues. On increasing γ, the spacing between the real
parts of the eigenvalues decreases (a phenomenon called “pole a�raction”) up to a critical point γSR,
where we see a di�erent behavior between N = 6 and N = 7.

For N = 6, in Fig. 3.3 upper panel, the two eigenvalues whose real part is closer to 0 collapse to
the imaginary energy axis (so that En = 0 for both of them) when γ > γSR. �e widths of those
two eigenvalues, however, have a di�erent behavior because one increases with γ (and we call the
respective state Superradiant) while the other one decreases with γ. For γ � γSR the total decay
width of the system is concentrated in the superradiant state, while the other N − 1 states have a
negligible decay width, and thus they are called subradiant.

For N = 7, in Fig. 3.3 lower panel, the behavior is similar to that of N = 6. For γ � γSR the total
decay width of the system is concentrated into one superradiant state. �e di�erence, with respect to
N = 6, is that for γ > γSR only the Superradiant state has ESR = 0, while En 6= 0 for the subradiant
states.

�e same behavior seen for N = 6 has been observed for all even values of N , while the behavior
observed forN = 7 has been seen for all odd values ofN . In the following calculations we look for an
analytical expression for the width ΓSR of the superradiant state and for the critical coupling strength
γSR and, based on the above discussion, we can set E = 0 in Eq. (3.23).

Moreover, in the limit N � 1 we approximate the PF spectrum (3.2) with a continuous energy
distribution constant in the interval [−S/2, S/2], so that we can solve the second equation in (3.23)

2N

γ
=
N

S

∫ S/2

−S/2
dx

Γ/2

x2 + Γ2/4
=

2N

S
arctan

S

Γ
, (3.24)

from which we get the width of the superradiant state

ΓSR =
S

tan S
γ

. (3.25)

�is term is crucial to determine the energy gap in the complex plane between the superradiant and
the closest subradiant state. Note that ΓSR has to be positive, and this gives the condition of validity
of Eq. (3.24), which is γ ≥ 2S

π .
�erefore the superradiant state exists only above a critical coupling strength which coincides with

the so-called Superradiance transition (at γ = γSR), as we will show below.
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Figure 3.3: Complex eigenvalues (3.22) varying γ from γ = (2S/π)/10 (open circles) to γ = 10(2S/π)

(full circles). γ increases following the arrows. �e dashed line marks the value Γn = γ/N . Parameters:

N = 6 (upper panel) and N = 7 (lower panel).

Superradiant transition. In Ref. [13] the critical coupling at which a Superradiance transition
occurs has been computed analytically by studying the dependence of the widths of the subradiant
states on γ. Indeed below the Superradiance transition the widths of the subradiant states increase
with γ, while above it, they decrease with γ. From Ref. [13] we have:

γSR =
2S

π
. (3.26)

Which is the same critical value of γ computed in the previous section.
Adapting the analytical results of Ref. [13] to our case (see Appendix A for details) the decay widths

of all the eigenstates below the Superradiance transition are

Γ =
S

Nπ
ln

(
1 + γ/γSR

1− γ/γSR

)
for γ < γSR , (3.27)
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while all the widths of the subradiant states above the Superradiance transition are

Γsub =
S

Nπ
ln

(
γ/γSR + 1

γ/γSR − 1

)
for γ > γSR . (3.28)

Note that the critical coupling parameter γSR is the point where the widths (3.27)-(3.28) are non-
analytical.

Imaginary energy gap. �e gap in the complex energy plane can be de�ned as

∆NH = max
i

{
min
j 6=i

[dist (Ei,Ej)]

}
, (3.29)

where the distance in the complex plane between two eigenvalues is

dist (Ei,Ej) =

√
(Ei − Ej)2

+
1

4
(Γi − Γj)

2
. (3.30)

We can use the previous analytical results given in Eqs. (3.27,3.28) to estimate such complex gap. For
γ < γSR, the widths of all the states are the same and the distance in real energy is constant and equal
to δ, where δ is the level spacing in the PF model, see Eq. (3.2), so that we have ∆NH = δ and no gap is
present. On the other side in the superradiant regime γ > γSR, we can estimate ∆NH as the distance
in the complex plane between the superradiant eigenstate ESR and the closest subradiant state Esub,
see Appendix A for details, namely

∆NH =

√
(ESR − Esub)

2
+

1

4
(ΓSR − Γsub)

2
. (3.31)

When N → ∞ we have (ESR − Esub) ≈ δ → 0 and Γsub → 0 (see (3.28)), so that the gap ∆NH is
determined only by the decay width of the superradiant state (3.25),

lim
N→∞

∆NH =
ΓSR

2
=

S

2 tan S
γ

. (3.32)

Now, we can de�ne the critical value γNH
cr as the value of γ at which the gap opens, i.e. by imposing

∆NH = δ. From Eq. (3.32), we then have

γNH
cr =

S

arctan N
2

. (3.33)

Note that this value is �nite in the N →∞ limit,

lim
N→∞

γNH
cr =

2S

π
, (3.34)

and it has the same value as γSR (see Eq. (3.26)). Our results demonstrate that the Superradiant
transition, previously analyzed in Ref. [13], is equivalent to the emergence of a gap in the imaginary
energy axis.

Moreover, we can approximate the gap for large γ, close to the transition and below the critical
point, respectively, as

∆NH ≈
γ

2
for γ � γSR (3.35a)

∆NH ≈
πS

4

(
γ

γNH
cr

− 1

)
for γ & γSR (3.35b)

∆NH = 0 for γ ≤ γSR . (3.35c)
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Note that for γ � γSR the complex energy gap of the superradiant model is identical to the real energy
gap of the superconductivity model, see Eq. (3.18). On the other side, in the limit of large system sizes,
the critical coupling for the emergence of a gapped state goes to zero for the BCS model, while for the
SES model it remains �nite.

3.2 Numerical results

Here we validate our previous analytical predictions with few numerical results.
In Fig. 3.4 the energy gap ∆H,NH is shown, both for the Hermitian and non-Hermitian cases, as a

function of γ for di�erent system sizesN . For the non-Hermitian case we de�ne the energy gap using
the distance in the complex plane, see Eqs. (3.29,3.30). Similarly, for the Hermitian case we de�ne the
gap as

∆H = max
i

{
min
j 6=i

[dist (Ei, Ej)]

}
, (3.36)

where dist (Ei, Ej) = |Ei − Ej | is the distance in the real axis (consistently with the non-Hermitian
de�nition (3.30)).

With this de�nition, the presence of a �nite andN independent ∆H,NH in some region of γ signals
the existence of an energy gap in the spectrum. In contrast, we have no gap in the spectrum in the
region of parameters where ∆H,NH goes to zero as N increases.
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Figure 3.4: a) Gap ∆NH vs. the coupling parameter γ. Symbols are given by (3.29)-(3.30), while the

continuous blue curve shows the analytical estimate (3.32). �e dashed vertical line marks the critical

coupling strength γNH
cr from Eq. (3.34). b) Gap ∆H vs. the coupling parameter γ. Symbols are given

by (3.36) while the continuous blue curve shows the analytical estimate (3.17). �e arrows indicate the

critical coupling strength γH
cr from Eq. (3.20). Here, S = 1 and N = {100, 1000, 10000}.

�e continuous blue curve in Fig. 3.4 indicates the analytical estimate of the energy gap ∆H,NH

for both cases: Eq. (3.17) for the Hermitian case and Eq. (3.32) for the non-Hermitian one. �e critical
couplings strength γH,NH

cr can be identi�ed graphically as the values of γ above which the numerical
data for ∆H,NH (symbols) coincide with the analytical estimates (continuous blue curves). In the
�gure our predictions of the critical couplings given in Eq. (3.34) (vertical dashed line in panel (a))
and Eq. (3.20) (arrows in panel (b)) are also shown.
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Our analytical estimate for the energy gap works well above the critical γ for both Hermitian and
non-Hermitian coupling, for all the values of N shown.

Interestingly we �nd that the critical γ is independent of N for large N in the non-Hermitian
case, as we predicted in Eq. (3.34), while it decreases with N in the Hermitian case, according to
our prediction (3.20). Moreover from Fig. 3.4 one can see that the transition to a gapped phase in
the non-Hermitian case is much sharper than the transition in the Hermitian case. Note that for
γ < γH,NH

cr our estimate predicts that ∆H,NH → 0 for γ → 0, while the numerical simulations show
that ∆H,NH → δ = S/N . �is is clearly a �nite size e�ect and it is not relevant since δ goes to zero
when N →∞.

3.3 Imaginary energy gap and robustness to perturbations

We have shown the emergence of both Hermitian and non-Hermitian energy gaps in the spectrum of
a Picket-Fence model. While, in the Hermitian case, it is well known that a energy gap between the
ground state and the excited states makes the �rst more robust to perturbations, it is not trivial that an
imaginary energy gap has the same e�ect on the gapped state. �us, here we will apply perturbation
theory to non-Hermitian systems and we will show how the distance in the complex plane is related
to the robustness to perturbations. �en we will show numerically how the non-Hermitian energy
gap makes the system robust to static disorder.

3.3.1 Non-Hermitian perturbative approach

Let us consider a perturbation D to the non-Hermitian Hamiltonian H , so that the total Hamiltonian
of the system can be wri�en as:

HD = H +D , (3.37)

where H is a generic non-Hermitian symmetric Hamiltonian.
Since H is non-Hermitian, its eigenfunctions are not orthogonal. First of all, let us de�ne a “non-

Hermitian bra”, being the transpose of a ket

〈〈ψ| := (|ψ〉)t . (3.38)

Since the Hamiltonian is symmetric, the le� eigenfunctions 〈〈ψi| are the “bra” of the right eigenfunctions
|ψi〉, that is

H |ψi〉 = Ei |ψi〉 and 〈〈ψi|H = Ei〈〈ψi| . (3.39)

From here, the biorthogonality condition arises as

〈〈ψi|ψj〉 = δij . (3.40)

When the perturbationD is su�ciently small, a perturbative correction of the complex eigenvalues
up to second order can be derived [50], and it has the expression

En ≈ En + 〈〈ψn|D|ψn〉+
∑
m 6=n

〈〈ψn|D|ψm〉2

En − Em
. (3.41)

From Eq. (3.41) it is clear that the strength of the perturbation is determined by the ratio of two complex
numbers z1 = 〈〈ψn|D|ψm〉2, z2 = En − Em.
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�is proves that a state separated by an energy gap in the complex plane from the rest of the
spectrum is robust to perturbations as long as the gap is large compared to the modulus of the perturbations.

As a simple example of the above general calculations, let us consider a system made of two
resonant sites, separated by a pure imaginary gap iγ, and perturbed with a coupling D. Note that
this simple model has been used to describe experimental evidence of Dynamical “�antum Phase
Transition” in spin systems [60].

�e corresponding non-Hermitian Hamiltonian is

H +D =

(
E0 0
0 E0 − iγ

)
+

(
0 d
d 0

)
and the eigenenergies E± of H +D can be analytically obtained as

E± = E0 −
iγ

2
± iγ

2

√
1− 4d2

γ2
. (3.42)

Now, let us consider the case when 2d� γ, i.e. the complex gap γ is much larger than the coupling d
between the sites. Under this assumption we can expand the eigenenergies (3.42) to obtain

E+ ≈ E0 −
id2

γ
, (3.43)

E− ≈ E0 − iγ +
id2

γ
. (3.44)

�e same result can be obtained by applying the perturbative expansion (3.41) and it shows that
two unperturbed complex eigenenergies having the same real part but being distant in the imaginary
axis can be robust to a perturbation, as long as the distance in the complex plane is much larger than
the perturbation.

3.3.2 Robustness of superradiance to static diagonal disorder

In order to check that the previous results are valid in the model considered here beyond the perturbative
regime, let us add to the the SES Hamiltonian

H =
∑
k

Ek |k〉 〈k| − i
γ

2N

∑
k,k′

|k〉 〈k′| , (3.45)

the static disorder
D =

∑
k

εk |k〉 〈k| , (3.46)

where εk are random numbers uniformly distributed such that εk ∈ [−ξ/2, ξ/2]. Here the parameter ξ
is proportional to the standard deviation of the energy �uctuations introduced by D and it represents
the disorder strength. In particular, our aim is to study the robustness of the superradiant state of
the non-Hermitian case to such static disorder. In Fig. 3.5–(a) the width of the superradiant state ΓSR

divided by the average width 〈γ〉 = γ/N is shown vs. the disorder strength ξ for di�erent values
of γ larger than the critical γNH

cr . As one can see, the width of the superradiant state is larger than
〈γ〉 for small disorder ξ. �en, beyond some critical value of ξ, the width start to decrease with ξ,
ultimately reaching ΓSR = 〈γ〉 = γ/N for ξ → ∞. In order to quantify phenomenologically such
critical disorder strength, let us de�ne a critical value ξcr as the value of ξ beyond which the width of
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Figure 3.5: (a) Width of the superradiant state divided by the average width 〈γ〉 = γ/N vs. the disorder

strength ξ as introduced in the Hamiltonian (3.37)-(3.45)-(3.46). (b) �e critical value ξcr (see text) is plo�ed

vs. γ/γNH
cr as circles. �e red line is the energy gap, as de�ned in Eq. (3.32). Parameters in both panels are

N = 100, S = 1 and an average over 100 realizations of static disorder is performed.

the superradiant state is less than 95% of its value without disorder. In this sense, ξcr is proportional
to the disorder strength needed to destroy superradiance. In the Fig. 3.5–(b) ξcr is plo�ed vs. the ratio
γ/γNH

cr . In the same panel, the energy gap (3.32) is plo�ed as a comparison. As one can see, apart from
small deviations where γ ' γNH

cr , the critical disorder ξcr increases with γ and it is approximately
proportional to the non-Hermitian energy gap. �is shows that the non-Hermitian energy gap makes
superradiance robust to static disorder.

3.4 Relation between the gapped regime and the interaction

range

In this section we want to extend our analysis to di�erent ranges of interaction. In particular, we
want to know if the emergence of the energy gap is a general outcome of long-range interactions in
a PF model. Di�erently from the rest of the paper, here we focus only on the Hermitian case. Note
that the Hermitian model is relevant in many realistic situations, such as ion traps [5, 17], where one-
dimensional systems with tunable interaction range can be emulated.

We model an interaction of range α by the Hamiltonian term

V = − γ

2vN,α

∑
k,k′

k 6=k′

|k〉 〈k′|
|k − k′|α

, (3.47)

where vN,α is a normalization constant and, since we are dealing with a one-dimensional system, we
speak about “long-range interaction” for 0 ≤ α < 1 and about “short-range interaction” for α > 1.
Note that in ion trap experiments [5] the exponent α can be tuned from 0 to 3. �e case α = 1 is
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critical because α equals the dimension of the system and thus we will analyze it separately. �e
normalization constant vN,α has been added in order to have an extensive Hamiltonian energy and
to �x the spectrum of V as large as γ/2. For the case α = 0, for example, we have vN,0 = N , which
is exactly the Hermitian case studied in the previous sections. For α 6= 0, vN,α is determined by
numerically diagonalizing V , and it has the following scaling with the system size (see Appendix A.1
for details):

vN,α ∼


N1−α forα < 1

lnN forα = 1

const. forα > 1

. (3.48)

In order to understand how the presence of a energy gap is connected to the range of the interaction,
here we study numerically the presence of the gap ∆H de�ned in Eq. (3.36). Let us remind that the
presence of a �nite andN -independent ∆H in some region of γ signals the existence of an energy gap
in the spectrum.
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Figure 3.6: Gap ∆H, as de�ned in (3.36), vs. the coupling parameter γ with the interaction (3.47). Here

S = 1 and N = {100, 1000, 10000}.

In Fig. 3.6 we plot ∆H, de�ned as in Eq. (3.36), as a function of γ for α = {1/3, 1, 5}. �e case
α = 1/3 shown in panel (a) corresponds to a long-range interaction and one can see that, similarly to
the case α = 0 (see Fig. 3.4–(b)), the energy gap is independent of the system size N for large γ. On
the other hand, for short-range α = 5 (panel (c)) ∆H decreases with the system size for any value of
γ and thus there is no gap for these two cases in the limit N →∞. For the critical range α = 1 (panel
(b)) the results are less clear and more analysis is needed to establish the non-existence of a gapped
regime (as the data shown in the Figure seem to indicate).

From Fig. 3.6 one can see that γ = 100 represents a “strong-coupling” regime for the three values
of α shown. �en, in Fig. 3.7 we plot ∆H (symbols) vs. α for γ = 100 se�ing the same parameters and
the same values of N as in Fig. 3.6. In Fig. 3.7 one can see two di�erent regimes: (i) for α < 1 (long
range)) ∆H is independent of N , representing a energy gap in the N →∞ limit; (ii) for α & 1 (short
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3.5 Conclusions of Chapter 3
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Figure 3.7: Gap ∆H vs. the range of interaction α for N = {100, 1000, 10000}, where the symbols are

given by Eq. (3.36). Here, S = 1 and γ = 100.

range) ∆H decreases with N , meaning that there is no gap in the thermodynamic limit. Note that we
checked that in the long range regime (α < 1) the energy gap arises between the ground state and the
�rst excited state, i.e. ∆H = E2 − E1.

As a �nal remark we note that in this section we have analyzed the role of the interaction range
just in the Hermitian case, because adding a variable range of the interaction in the non-Hermitian
case is more di�cult. �e generalization to di�erent ranges that we used for the Hermitian case, in
fact, cannot be performed as it is for the non-Hermitian case without loss of consistency. Indeed, an
imaginary interaction Vk,k′ = −iγ|k − k′|−α would lead to both positive and negative decay widths,
while the decay widths of a non-Hermitian Hamiltonian are required to be all positive. Nevertheless
let us note that in realistic molecular system the non-Hermitian interaction can have a complicated
power law decay with the distance [61].

3.5 Conclusions of Chapter 3

We have compared two paradigmatic models for Superconductivity and Superradiance, focusing on
the emergence of an energy gap in the real and complex plane, respectively. We show that an energy
gap arises also in the Superradiance model in the complex plane, and we give an analytical estimate
of that energy gap which agrees very well with our numerical simulations.

We show that the usual Superradiance transition can be interpreted as a transition to a gapped
regime. Moreover in the large coupling limit the Superradiance and the Superconductivity gaps are
mathematically the same, while they di�er at criticality. Indeed, while the critical value for the emergence
of Superconductivity depends on the system size, the critical value for the emergence of Superradiance
is independent of the system size.

We have also shown that an energy gap in the complex plane can induce robustness to perturbations
in the system, similarly to a gap in the real axis.

�is result allows to interpret the robustness of Superradiance to disorder reported in several
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3. REAL AND IMAGINARY ENERGY GAPS: A COMPARISON BETWEEN SINGLE EXCITATION
SUPERRADIANCE AND SUPERCONDUCTIVITY AND ROBUSTNESS TO DISORDER

previous publications in the literature as a consequence of the presence of an imaginary energy gap.
Finally, we analyze the role of the range of the interaction, showing that an energy gap emerges

in the Hermitian system when the interaction is long-ranged.
In perspective, the relevance of these energy gaps to transport and other system properties will

be analyzed. From a mathematical point of view, we have shown that the emergence of such gapped
states can be connected with the long-range nature of the interaction. Indeed both the discrete BCS
model and the SES model share a distance -independent coupling (all-to-all coupling). �e connection
of a gapped state with the long-range nature of the interaction has been also pointed out in Ref. [17].

Indeed, we analyze realistic models for quantum transport in presence of non-Hermitian and
Hermitian interactions and to study the relevance of the gapped regime to the transport e�ciency
in Chapter 4.
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Chapter 4

Transmission

In the Chapter 3 we demonstrated the emergence of a gap in the Picket-Fence model with Hermitian
and non-Hermitian couplings. A�er a general introduction of the Anderson model, which is a tight-
binding model in presence of onsite disorder where we de�ne the �nite size critical disorder in a linear
chain in section 4.1.

We show the emergence of the energy gaps in this paradigmatic model for quantum transport in
presence of additional long-range all-to-all hoppings for small and large disorder strengths in section 4.2.
�e all-to-all Hermitian coupling or the all-to-all non-Hermitian coupling are both realistic. For the
Hermitian case such a coupling can be realized for instance in ion-traps [5], while for the non-Hermitian
case one can think of a molecular chain in the small volume limit when the wavelength is much larger
than the system size [61] (even if in this case, also Hermitian dipole-dipole terms would appear).

�us, we introduce the mathematical formalism of the transmission in a linear chain and we derived
an equation for the integrated transmission, we also present the general equation for variance of the
eigenstates and the dynamical variance in a stationary distribution in section 4.3.

In sections 4.4 and 4.5, we study the transport properties for the Hermitian and non-Hermitian
couplings with the �gures of merit for transport that we analyze below in presence of the energy gap.
We explain the di�erent disorder regimes which emerge using the shape of the eigenfunctions for both
couplings and we also derived expresions for the hybrid eigenstates which emerges in the superradiant
regime using perturbation theory for the Hermitian coupling.

4.1 Anderson Model

Here we brie�y review the Anderson model and the de�nition of the Anderson localization [62].
�e Anderson model describes a particle which hops between neighbors sites of a linear chain with

N sites in the presence of onsite disorder [16]. �e Hamiltonian H0 for the Anderson model can be
wri�en as

H0 =

N∑
j=1

Ej |j〉 〈j|+ Ω

N−1∑
j=1

(|j〉 〈j + 1|+ |j + 1〉 〈j|) , (4.1)

where Ei are random variables uniformly distributed in [−W/2,W/2], W is the disorder parameter
and Ω is the tunneling transition amplitude to nearest neighbors sites.

In this study, we assume a constant tunneling transition amplitude, i.e. Ω = 1. In Fig. 4.1 we show
a scheme of the Anderson model with N sites where the self-energies Ej are random.

49



4. TRANSMISSION
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Figure 4.1: Scheme of a linear chain in the Anderson model with length N . �e black lines represent

the tunneling transition amplitude Ω and the orange circles are the sites in the linear chain with random

self-energy En.

In the absence of disorder, W = 0, the linear chain is ordered and the eigenstates are extended
wave functions with the form [16]

Ψq(j) =

√
2

N + 1
sin

(
πq

N + 1
j

)
(4.2)

and the eigenvalues

Eq = −2Ω cos

(
πq

N + 1

)
, (4.3)

where q = 1, . . . , N is a quantum number and j = 1, . . . , N is a discrete coordinate. In this case, the
eigenvalues lie in the interval [−2Ω, 2Ω] and the mean level spacing can be estimated as D = 4Ω/N .

If W 6= 0 the structure of the eigenstates change drastically: a 1D tight-binding chain with a
random diagonal potential will cause all the eigenstates of the system to get localized exponentially,
�e envelope of the eigenstates Ψq(j) decays exponentially from some point j0 in space [63] as:

|Ψq(j)| ∼ exp

(
−|j − j0|

ξ

)
, (4.4)

where ξ is the localization length of the eigenstate Ψq(j). Even if all eigenstates are localized in the
1D Anderson model, for �nite sizes, we can consider that the eigenstates are extended if ξ > N , while
they are localized if ξ < N . From ξ = N we can de�ne a system size-dependent critical disorder WAT

cr .
For the 1D Anderson model with weak disorder, �ouless was the �rst to obtain a closed expression

for ξ in terms of the variance σ2 of the site energies distribution [64] as follows:

ξ =
8(1− (E/2Ω)2)

σ2
Ω2 . (4.5)

�e relation (4.5) is valid everywhere apart from the vicinity of the band edges |E| = 2Ω and the
E = 0. In the case of an uniform distribution in [−W/2,W/2] we have that the variance σ2 =
〈E2

j 〉 = W2/12. For the energy E = 0 the Eq. (4.5) has the following expression [65]:

ξ(E = 0) = 105.2

(
Ω

W

)2

. (4.6)

Using Eq. (4.6) and the condition for the critical disorder (ξ = N) we have a �nite size critical disorder
WAT

cr :

WAT
cr =

√
105.2

N
Ω (4.7)

where Ω is the tunneling transition amplitude to nearest neighbor sites and N is the system size of
the chain.
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4.2 Anderson Model with long range hopping

4.2 Anderson Model with long range hopping

Here we analyze the 1D Anderson model in presence of long range all-to-all hopping. For this purpose
we add the coupling V0 in the Hamiltonian (4.1) where the coupling V0 can be real or imaginary. �e
total Hamiltonian H can be wri�en as

H =

N∑
j=1

Ej |j〉 〈j|+ Ω

N−1∑
j=1

(|j〉 〈j + 1|+ |j + 1〉 〈j|)− V0

∑
j,j′

|j〉 〈j′| (4.8)

Here, the Hermitian coupling V0 = γ/2 is a real number and the non-Hermitian coupling V0 = iγ/2
is a pure imaginary number where γ is the strength of the coupling for both cases.

4.2.1 Energies gaps

Here we analyze the emergence of an energy gap in the Anderson model with the addition of long
range hopping. In order to analyze the emergence of an energy gap we follow the same procedure we
used in Chapter 3. For the non-Hermitian coupling, see (3.29)-(3.30), we can de�ne the gap as:

∆NH = max
i

{
min
j 6=i

[dist (Ei,Ej)]

}
(4.9)

where the distance in the complex plane between two eigenvalues is

dist (Ei,Ej) =

√
(Ei − Ej)2

+
1

4
(Γi − Γj)

2
. (4.10)
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Figure 4.2: a) Gap ∆NH, vs. the coupling parameter Nγ. Symbols are computed numerically using the

expressions (4.9)-(4.10), while the continuous blue curve shows the analytical estimate (3.32). �e dashed

vertical line marks the critical coupling strength γNH
cr from Eq. (3.34). b) Gap ∆H, vs. the coupling parameter

Nγ. Symbols are given by (4.11) while the continuous blue curve shows the analytical estimate (3.17). �e

dashed vertical lines indicate the critical coupling strength γH
cr from Eq. (3.20). Here, W = 100, N =

{100, 1000, 4000} and the number of disorder con�gurations is Nr = 100.
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4. TRANSMISSION

For the Hernmitian coupling, see (3.36), the gap is de�ned as follow:

∆H = max
i

{
min
j 6=i

[dist (Ei, Ej)]

}
, (4.11)

where dist (Ei, Ej) = |Ei − Ej | is the distance in the real axis.
We compute numerically the Eqs. (4.9) and (4.11) for each disorder con�guration and then we

average over the di�erent disorder realization.
In Fig. 4.2 we show the energy gap ∆H,NH, both for the Hermitian and non-Hermitian coupling,

as a function of the coupling strength Nγ for di�erent system sizes N and for the disorder W = 100.
For small couplings strength γ, the energy gaps ∆H,NH goes to zero as the system sizeN increases, on
the other hand, for large coupling strength γ, the gap is independent of N above the critical coupling
strength γH,NH

cr (3.20) and (3.34). In this regime, the analytical expressions, see Eqs. (3.17) and (3.32),
for the energy gaps ∆H,NH obtained in the Picket-Fence model are valid also for this model, in the
case of large disorder, see continuous curves in Fig. 4.2.

In Fig. 4.3 we show the energy gap ∆H,NH, both for the Hermitian and non-Hermitian coupling,
as a function of the coupling strength Nγ for the small disorder W = 1.
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Figure 4.3: a) Gap ∆NH, vs. the coupling parameter Nγ. Symbols are given by (4.9)-(4.10), while the

continuous blue curve shows the analytical estimate (3.32) using S = 2Ω. �e dashed vertical line marks the

critical coupling strength γNH
cr from Eq. (3.34). b) Gap ∆H, vs. the coupling parameterNγ. Symbols are given

by (4.11) while the continuous blue curve shows the analytical estimate (3.17) using S = 2Ω. �e dashed

vertical lines indicate the critical coupling strength γH
cr from Eq. (3.20). Here, W = 1,N = {100, 1000} and

the number of disorder con�gurations is Nr = 100.

Here, the numerical results show deviations from the analytical equations around the critical
coupling γH,NH

cr . On the other side, for large coupling strength, the analytical expression are still
correct.

We demonstrated that the same type of gap that arises in the Picket-Fence model, also arises in
this paradigmatic model when we add a Hermitian or non-Hermitian all-to-all couplings. In fact, in
the large disorder limit, we �nd that the same formulas (3.17) and (3.32) for the gap in the Picket-Fence
model can be applied in the Anderson model as we can see in the Fig. 4.2. In contrast, for small disorders
we obtain deviations from these formulas around the critical disorder, as we can see in Fig. 4.3.
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4.3 Tranport properties

4.3 Tranport properties

Here we describe the �gure of merit we used to characterize the transport properties of the system,
such as the integrated transmission and the variance of the eigenstates.

4.3.1 Transmission

Transmission can be studied by coupling the �rst and the last site of the chain (i.e. sites 1 and N ) to
two di�erent leads with coupling strength ν, so that the components of the Hamiltonian read [37]

(Heff)k,l = (H)k,l −
i

2
ν(δk,1δl,1 + δk,Nδl,N ) , (4.12)

where H is given in Eq. (4.8).
A pictorial representation of our transmission set-up is shown in Fig. 4.4, where it is shown an

excitation which can hop among the chain sites.

Figure 4.4: Pictorial representation of the transmission set-up. �e black lines represent the Anderson

model spectrum with a random level spacing δ while the yellow circle is an excitation which can hop to all

the other states with an amplitude V0 (green dashed lines). �e excitation can then be collected by the leads

at the edge states with an amplitude ν.

In general, the transmission T a,b(E) from channel a to channel b can be determined [37]:

T a,b(E) = |Za,b(E)|2 (4.13)

where

Za,b(E) =

N∑
i,j=1

Aai

(
1

E −Heff

)
i,j

Abj (4.14)

is the transmission amplitude, Heff is the e�ective non-Hermitian Hamiltonian in Eq. (4.12) and Aai
are the decay amplitudes from the discrete internal states i to external states a. We can also write
T a,b(E) in a di�erent way, diagonalizing the Hamiltonian Heff . Its eigenfunctions |r〉 and 〈r̃| form a
bi-orthogonal complete set,

Heff |r〉 = Er |r〉 〈r̃|Heff = 〈r̃|E∗r , (4.15)

and its eigenenergies are complex numbers with the form

Er = Er −
i

2
Γr , (4.16)

corresponding to resonances centered at the energyEr with the decay widths Γr . �e decay amplitudes
Aai are transformed according to
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4. TRANSMISSION

Aar =
∑
i

Aai 〈i|r〉 , Ãbr =
∑
j

〈r̃|j〉Abj , (4.17)

and the transmission amplitude Za,b(E) are given by

Za,b(E) =

N∑
r=1

Aar
1

E − Er
Ãbr . (4.18)

Note that the complex eigenvalues E ofHeff coincide with the poles of the transition amplitude Z(E).
Since the excitation is collected by the leads at the edges of the chain, the amplitudes in Eq. (4.17)

are Aar =
√
νΨ1

r and Ãbr =
√
νΨN∗

r , i.e. the amplitude Aar is
√
ν times the �rst or the last component

of the eigenfunction of the state r in the non-Hermitian Hamiltonian Heff in Eq. (4.12). Moreover, the
transmission amplitude Za,b(E) in Eq. (4.18) becomes

Za,b(E) = ν

N∑
r=1

Ψ1
rΨ

N∗
r

E − Er
(4.19)

where Er = Er − i
2Γr . �e conjugate of the transmission amplitude Za,b(E) is

Za,b(E)∗ = ν

N∑
k=1

Ψ1∗
k ΨN

k

E − E∗k
(4.20)

and the transmission T a,b(E) = |Za,b(E)|2 = Za,b(E)Za,b(E)∗ is

T a,b(E) = ν2
N∑
r=1

N∑
k=1

Ψ1
rΨ

1∗
k ΨN

k ΨN∗
r

(E − Er)(E − E∗k)
. (4.21)

Let us integrate the Eq. (4.21) over all the energies, i.e. Tint =
∫∞
−∞ dE T a,b(E). So, we get the

integrated transmission Tint with the following expression

Tint = ν2
N∑
r=1

N∑
k=1

Ψ1
rΨ

1∗
k ΨN

k ΨN∗
r

∫ ∞
−∞

dE

(E − Er)(E − E∗k)

= 2πν2
N∑
r=1

N∑
k=1

Ψ1
rΨ

1∗
k ΨN

k ΨN∗
r

(Γr + Γk)/2− i(Ek − Er)
. (4.22)

Let us note that the Eq. (4.22) is exact and it depends only with the amplitudes of the eigenfunctions
at the edges of the chain and the complex eigenvalues Er of Heff . �e integrated transmission Tint

represents the overall transmission over a wide spectral energy band and for instance it is relevant for
analyzing the transport under a large applied voltage: the shape of the current-voltage characteristic
can sometimes be signi�cantly di�erent depending on the potential pro�le or the voltage drop. �is
is important in determining the maximum current of a transistor. [66].

For more detail of how the Eq. (4.22) depends with the coupling strength γ and the system size N
see the appendix C.
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4.4 Hermitian case

4.3.2 Variance of the eigenstates

Another important �gure of merit for the transport properties of the system is the average variance
σ2(x) of the probability distributions in space of all the eigenstates of the Hamiltonian in Eq. (4.8).

�e average variance is de�ned as σ2(x) =
1

N

N∑
α=1

σ2
α(x) where σ2

α(x) ≡ 〈x2
α〉− 〈xα〉

2. Note that

the average square position and average position can be computed as:

〈x2
α〉 =

∑
i

i2 | 〈i|α〉 |2∑
i

| 〈i|α〉 |2
, 〈xα〉 =

∑
i

i | 〈i|α〉 |2∑
i

| 〈i|α〉 |2
. (4.23)

where |α〉 is a system eigenstate and the states |i〉 represent the site basis.
For the Hermitian case, we also compute the variance from dynamics considering an excitation

localized on a single site in the middle of the chain and we simulate the dynamical evolution of the
system numerically. �e spread the initial localized excitation will reach a stationary distribution, from
which we compute the variance of the position operator. For the expectation value of any operator A
we can write:

〈A〉 = 〈ψ(t)|A|ψ(t)〉 =
∑
E,E′

〈E|A|E′〉〈E|ψ(0)〉〈ψ(0)|E′〉e−i(E−E
′)t/~

�e stationary value of 〈A〉 can be wri�en as:

〈A〉 =
∑
E

〈E|A|E〉|〈E|ψ(0)〉|2

From the last expression, we have that if the �uctuations of the operatorA for di�erent eigenstates
are negligible, then we can write:

lim
t→∞
〈ψ(t)|A|ψ(t)〉 =

1

NE

∑
E

〈E|A|E〉

where the last term represents an average over the eigenstates in a certain energy interval. If the
characteristics of the eigenstates are uniform, than we can consider the average over all the eigenstates
as we will do below.

Note that the average variance of all the eigenstates represents the variance of the stationary
distribution obtained dynamically from the spreading of an initial excitation localized on a chain site.

From now, we will analyze the quantum transport properties in the Anderson model for both
Hermitian and non-Hermitian coupling. We will analyze the consequences of the emergence of the
energy gaps using on quantum transport using both the integrated transmission and the average
variance of the eigenstates as �gure of merit of transport e�ciency. First, we will study the Hermitian
coupling in Sec. 4.4 and then we will focus on the non-Hermitian coupling in Sec. 4.5.

4.4 Hermitian case

For the Hermitian coupling where V0 = γ/2, the components of the e�ective Hamiltonian read:

(Heff)k,l = (H0)k,l −
γ

2
− i

2
ν(δk,1δl,1 + δk,Nδl,N ) , (4.24)
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4. TRANSMISSION

where H0 is the Hamiltonian in the Anderson model in Eq. (4.1), the second term represents the
o�-diagonal Hermitian hopping with coupling strength γ and the third term represents the coupling
strength ν to the leads.

4.4.1 Integrated transmission and the variance of the eigenstates

Here we analyze the transport properties of the Hermitian long range system as a function of disorder
strength W. We will compare the transport properties (integrated transmission Tint and variance
σ2(x) of all the eigenstates) with the transport properties of the Anderson model without the all-to-
all coupling strength γ, where disorder strength W is known to induce an exponentially suppressed
transmission above the �nite size Anderson transition critical disorder WAT

cr , see Eq. (4.7).
We show that in presence of long range hopping, the emergence of an energy gap ∆H can donate

robustness to disorder to the transport properties of the system. For instance, the transmission of the
gapped ground state remains perfect, see appendix B, up to the critical disorder for which the energy
gap ∆H disappears, which is WH

cr = γN lnN/2. Most interestingly, we will show that the presence
of an energy gap ∆H in the ground state is able to donate robustness also to the excited states of the
system. Moreover we will show the emergence of di�erent transport regimes in di�erent disorder
ranges.
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Figure 4.5: Average variance 〈σ2(x)〉, see section 4.3.2, vs. disorder strength W for the coupling strength

γ = 1 and the system size N = 10000. Here, Ω = 1, ν = 0, Nr × N = 105 where Nr is the number of

disorder con�gurations. �e vertical lines mark the critical disorders strength WAT
cr , W1

cr, W2
cr or WH

cr, see

the description in section 4.4.2. �e dashed blue curve shows the results for the Anderson model without

long range hopping, γ = 0. �e dashed red line goes like W0.7 and the dashed green line goes like W−1.
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4.4 Hermitian case

4.4.1.1 Variance of the eigenstates

In Fig. 4.5 we show the average variance 〈σ2(x)〉 as a function of the disorder strength W. �e average
variance has been computed over all the eigenstates, including the ground state. �e parameters for
the simulations were: system size N = 10000, coupling strength γ = 1 and the coupling strength
to the leads ν = 1. For this choice of parameters and in absence of disorder, we are in the gapped
regime with an energy gap ∆H = 5000 for W = 0. As we increase the disorder W a transition to a
non-gapped regime will occur at WH

cr ≈ 432051.70, as mentioned above. �e numerical results were
obtained using Eq. (4.23) for the variance σ2(x).

Let’s show the general behavior of the variance σ2(x) as the disorder strength W increases. We
can observe 5 di�erent transport regimes in Fig. 4.5 described below

1. For weak disorder W < WAT
cr , the variance σ2(x) is very large and strongly dependent on

disorder strength W.

2. Above the �nite size Anderson transition critical disorder WAT
cr , the variance σ2(x) decays like

in the Anderson model, see dashed blue curve, up to a critical disorder W1
cr, at which the variance

reaches a local minimum. We will de�ne this critical disorder later.

3. For the disorder W > W1
cr, the varianceσ2(x) increases with the disorder strength approximately

as W0.7, up to another critical disorder W2
cr, at which the variance reaches a plateau and it

becomes independent of disorder. We will de�ne this disorder threshold later.

4. �e variance σ2(x) remains independent of the disorder up to the critical disorder strength WH
cr.

Above this critical disorder the energy gap disappears [15].

5. Finally, we have the regime where the variance σ2(x) decreases as the disorder strength W
increases. For W > WH

cr, σ2(x) decays approximately as W−1. �is disorder range corresponds
to the non-gapped regime.

4.4.1.2 Integrated transmission

In Fig. 4.6 we show the average integrated transmission 〈Tint〉 as a function of the disorder strength
W. �e average integrated transmission 〈Tint〉, see section 4.3.1. In Fig. 4.6, the same parameters of
Fig. 4.5 have been used. �e numerical results were obtained using Eq. (4.22).

We observe 5 di�erent transport regimes also in Fig. 4.6 similarly to what we observed for the
variance in Fig. 4.5. �e di�erent transport regimenes are described below:

1. For weak disorder, below of the disorder W < WAT
cr the integrated transmission Tint is large

and weakly dependent on disorder strength W, see Fig. 4.6.

2. Above the �nite size Anderson transition critical disorder WAT
cr , the integrated transmission Tint

decays like in the Anderson model, see the dashed blue curve, up to the critical disorder W1
cr,

at which the integrated transmission Tint reaches a local minimum. We will de�ne this critical
disorder later.

3. For the disorder W > W1
cr, the integrated transmission Tint increases with the disorder strength

W approximately as W0.3, up to the critical disorder W2
cr. We will de�ne this critical disorder

later.

4. �en, we observe the regime where the integrated transmission Tint is independent of the
disorder strength W up to the critical disorder WH

cr.
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the description in section 4.4.2. �e dashed blue curve shows the results for the Anderson model without

long range hopping, γ = 0. �e dashed red line goes like W0.3 and the dashed green line goes like W−2.

5. We have the regime where the integrated transmission Tint decreases as the disorder strength W
increases. For W > WH

cr, Tint decays approximately as W−2. �is disorder range corresponds
to the non-gapped regime.

To summarize the results presented in this section, we can say that the behavior of the variance
σ2(x) and of the integrated transmission Tint for the case of the Anderson model in presence of
long rage hopping is very di�erent from the behavior of the Anderson model without the long range
hopping. Indeed for the Anderson model with γ = 0, see dashed blue curves in Figs. 4.5 and 4.6, Tint

and the variance σ2(x) decay exponentially with the disorder. On the other hand, for γ > 0 these
physical quantities do not decay exponentially above the critical disorder W1

cr; in fact, we observe an
improvement for Tint and σ2(x), as the disorder strength W increases, which is very counter-intuitive.
Most interestingly, we also observe a disorder range below the critical disorder WH

cr where Tint and
σ2(x) are independent of the disorder.

4.4.2 Relationship between shape of eigenfunctions and transport properties

�e analysis of the shape of the eigenfunctions will be essential to understand the transport properties
of the system. Moreover, this analysis will allow us to to explain the di�erent transport regimes
discussed above and to analytically estimate the di�erent critical disorders discussed in the previous
section.

�e dependence of the shape of the eigenfunctions on the disorder strength W in our model is
much richer than what we have in the Anderson model in absence of long range hopping. Indeed in
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the 1D Anderson model, the eigenfunctions are always exponentially localized, even if below the �nite
size Anderson transition critical disorder WAT

cr , the localization length ξ is larger than the system size
N , so that they behave as e�ectively extended wave functions. On the other hand, for W > WAT

cr

their localized character fully emerges.
�e situation is very di�erent in presence of long range hopping as it has been recently reported in

literature. For instance, the shape of eigenfunctions in 1D and 3D Anderson models with the addition
of all-to-all non-Hermitian couplings, have been already analyzed in Refs. [16]. In the superradiant
regime and above the �nite size Anderson transition critical disorder WAT

cr , the subradiant states of
the system have been shown to have an hybrid nature, with an exponentially localized peak and an
extended tail. �e exponentially localized peak is identical to exponentially localized peak which
characterizes the Anderson model without long range hopping. On the other side, the extended tail
represent a plateau in the probability distribution of the eigenfunctions and it decreases as 1/N as we
increase the system size N in the superradiant regime. Most interestingly, the plateau is independent
of the disorder strength W in the superradiant regime.

Here we analyze in details how the shape of the eigenfunctions changes as a function of disorder.
As we discussed in the previous Chapter the regime corresponding to the superradiant one in case of
Hermitian coupling is the gapped regime, where the ground state plays the role of the superradiant
state, while the excited states play the role of the subradiant states. We will show that in the gapped
regime, the excited states have an hybrid nature, similarly to the subradiant states in Ref. [16].

For this purpose, we study the shape of the eigenfunctions |Ψ〉 in the site basis for di�erent
disorders, �xed γ and N and no coupling to the leads, i.e. ν = 0.

�e shape of the eigenfunctions have been obtained for each disorder con�guration as follows:

1. We diagonalize the Hamiltonian (4.24),

2. We consider those eigenfunctions peaked within the 20% of sites around the middle of the chain.

3. We shi� the position of those maximum values in the eigenfunctions so that all coincide.

4. We determine the average shape of the eigenfunctions by averaging their probability distributions.

In Fig. 4.7 we show the average shape of the eigenfunctions 〈|Ψ|2〉 in the site basis k for the coupling
strength γ = 1, system size N = 100 and di�erent disorders W indicated in the legends. For the
largest disorder shown in each panel, we also show the shape of the eigenfunctions for the Anderson
model with γ = 0. By analyzing the shape of the eigenfunctions we can identify di�erent disorder
regimes which will be relevant to understand the transport properties of the system as we showed in
the previous section.

We can identify the following disorder regimes:

1. (W < WAT
cr ) Below the �nite size Anderson transition critical disorder, the localization length

ξ of the eigenfunctions is larger than the systems size N , i.e. ξ > N , so that eigenfunctions are
delocalized. �e shape of the eigenfunctions is similar to the Anderson model in the absence of
long-range coupling, see Fig. 4.7–(a).

2. (WAT
cr < W < W1

cr) Above the �nite size Anderson transition critical disorder, the exponential
peak becomes visible and the tails of the eigenfunctions decay more exponentially as the disorder
strength W increases, see the vertical black arrow in Fig. 4.7–(b). In this regime the shape of the
eigenfunctions are similar to the shape of the eigenfuctions of the standard Anderson model,
up to a critical disorder strength. We can de�ne this second critical disorder W1

cr taking into
consideration that the eigenfuctions of the excited states have an hybrid caracther as discovered
in Ref. [16]. Indeed they present an exponentially localized peak with the same localization
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length of the standard Anderson model, and an extended tail which decreases with the system
size as 1/N . �us, we can estimate the critical disorder strength for which the eigenfuctions of
the Anderson model with long range hopping will di�er from the eigenfuction of the standard
Anderson model, by �nding the disorder strength for which the probability of the exponentially
localized peak at the chain edges becomes equal to probability in the plateau. Considering that
the plateau in the gapped regime decreases as 1/N and considering that the exponential peak
at the chain edges is given by exp(−N/2ξ), we can determine W1

cr by the following equation:

exp

(
−N

2ξ

)
≈ 1

N
⇒ −N

2ξ
≈ − lnN, (4.25)

where the localization length ξ for E = 0 [65] is

ξ(E = 0) = 105.2

(
Ω

W

)2

, (4.26)

so that Eq. (4.25) becomes

− N

210.4

(
W1

cr

Ω

)2

≈ − lnN ⇒W1
cr ≈

√
210.4 lnN

N
Ω . (4.27)
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3. (W1
cr ≤ W < W2

cr) Above the critical disorder W1
cr, the excited states of the system have

an hybrid nature constituted by an exponentially localized peak with an extended tail which
represent the plateau in the probability distribution of the eigenfunctions. �e amplitude of the
extended tails increases as the disorder strength W increases, as indicated by the vertical black
arrow in Fig. 4.7–(c). Moreover the peak of the shape of the eigenfuctions bem¡comes more and
more localized on one site as the disorder increases.
�e third critical disorder can obtained by imposing that the probability on the closest site
to the peak, to be equal to the probability in the pateau. Considering that the plateau in the
gapped regime decreases as 1/N and it is independent of disorder, and considering that the
exponential peak on the closest site is given by exp(−1/2ξ), we can determine W2

cr by the
following equation:

exp

(
− 1

2ξ

)
≈ 1

N
⇒ − 1

2ξ
≈ − lnN (4.28)

so that Eq. (4.28) becomes

− 1

210.4

(
W2

cr

Ω

)2

≈ − lnN ⇒W2
cr ≈

√
210.4 lnNΩ (4.29)

4. (W2
cr ≤ W < WH

cr) Above the critical disorder W2
cr, the eigenfunction of the excited states are

fully localized on one site with an extended tail which represent the plateau in the probability
distribution of the eigenfunctions. �e amplitude of the extended tails is independent of the
disorders, see Fig. 4.7–(d).

5. (W ≥ WH
cr) Above the critical disorder WH

cr, the eigenfunction of the excited states are fully
localized on one site with an extended tails which amplitude decreases as the disorder increases,
see the vertical black arrow in Fig. 4.7–(e).

We have demonstrated the hybrid nature in the eigenfunctions of the excited states in the gapped
regime, similar to the subradiant states in the case of all-to-all non-Hermitian couplings in the Refs. [16].
Moreover, the analysis of the shape of the eigenfunctions indicate a strong correlation with the transport
properties of the system. Speci�cally, we observe that both the integrated transmission Tint and the
varianceσ2(x) are robust to disorder, in the same disorder range where the plateau of the eigenfunctions
is independent of the disorder strength W. �us, we can claim the plateau in the probability distribution
of the eigenfunctions supports the robustness of transport properties in the gapped regime.

�e analysis of the shape of the eigenfunctions also allowed us to determine the scaling with the
parameters of the critical disorders which de�ne the di�erent transport regimes. In order to verify the
scaling of the critical disorders, we analyze below the transport properties of the system for di�erence
system sizes N .

In Figs. 4.8 and 4.9 we show the average variance 〈σ2(x)〉 divided byN2 and the average integrated
transmission 〈Tint〉 as a function of the disorder strength W for the same parameters (apart from the
system size) as in Figs. 4.5 and 4.6. Note that with this scaling we have the same range of normalized
variance for di�erent systems size N .

We can observe the scaling of the critical disorders computed above work quite well for all the
system sizes N shown. Note that the critical disorder shown in the �gures are just an estimate and
even if they reproduce correctly the scaling with the system size, some discrepancies are visible mainly
for the critical disorder WH

cr.
�erefore, the presence of an energy gap ∆H in the ground state is able to donate robustness to the

excited states of the system and more counterintuitive it is able to induce a disorder regime where the
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integrated transmission Tint and the variance σ2(x) increases with disoder or they are independent of
disorder.

4.4.3 Perturbation approach

Since we demonstrated that the shape of the eigenfunctions allows to understand the transport properties
of the system, here we intend to derive a perturbative expression for the shape of the excited state
eigenfunctions in presence of long range all-to-all Hermitian coupling in the gapped regime. For this
purpose, we rewrite the Eq. (4.8) in its matricial form as follows

H = H0 −
γ

2
Q+

γ

2
I (4.30)

where Q is a full matrix with components 1 and I is the identity matrix. �e Q matrix can be easily
diagonalized. It has only two di�erent eigenvalues. �e �rst eigenvalue −γN

2
corresponds to the

lowest energy state, which is a fully non degenerated extended state |d〉 =
1√
N

(1, . . . , 1)T . While

the second eigenvalues are zero, corresponds aN − 1 degenerated subspaces spanned by all the states
orthogonal to the lowest energy extended state.

Following [67], we can rewrite the Hamiltonian H in Eq. (4.30) in the basis of these eigenstates,
using the transformation matrix V , which has as its columns the eigenstates of the matrix Q:

H = V TH0V −
γ

2
V TQV +

γ

2
I =

(
−γ

2
(N − 1) ~hT

~h H̃

)
. (4.31)

Let us note that in the component (1, 1) of the Eq. (4.31) there should be also the sum over the
unperturbed energies of all the sites, 1

N

∑
iEi which is zero since the disorder �uctuations are random

and uncorrelated. Here, the matrix elements of the (N − 1) × (N − 1) submatrix H̃ on the basis of
the excited states of the matrix Q are

H̃µν = 〈µ|H0 −
γ

2
Q+

γ

2
I|ν〉

= 〈µ|H0|ν〉 − 〈µ|
γ

2
Q|ν〉+

γ

2
δµν ,

the second term vanishes since the eigenvalues of the degenerated excited states are 0. If we rewrite
the Hamiltonian H0 in its basis |n〉, we get

H̃µν = 〈µ|

(∑
n

εn |n〉 〈n|

)
|ν〉+

γ

2
δµν

=
∑
n

εn 〈µ|n〉 〈n|ν〉+
γ

2
δµν , (4.32)

where δµν is the Kronecker delta and |n〉 is an Anderson state with the eigenvalues εn which are
distributed uniformly in the interval [−W/2,W/2] for large disorder strength W� Ω. �e components
of the vector ~h, with dimension N − 1, in the basis of the eigenstates of the matrix Q are

hµ =
∑
n

εn 〈d|n〉 〈n|µ〉 . (4.33)
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Now, we diagonalize the submatrix H̃ and we call |µ〉 its eigenstates with eigenvalues ε̃µ, i.e.

H̃µν = ε̃µδµν (4.34)

Note that the |µ〉 eigenstates of H̃ are also eigenstates ofQ since they belong to theN−1 degenerated
subspace of the Q matrix.

If we multiply Eq. (4.32) by the components 〈m|µ′〉 where |µ′〉 is an eigenstate of the submatrix H̃
and |m〉 is an Anderson state, and then we sum over all the states µ′, we obtain

∑
µ′

H̃µ′µ 〈m|α〉 =
∑
µ′

∑
n

εn 〈µ′|n〉 〈n|µ〉 〈m|µ′〉+
γ

2

∑
µ′

δµ′µ 〈m|µ′〉

=
∑
n

εn 〈n|µ〉 〈m|

∑
µ′

|µ′〉 〈µ′|

 |n〉+
γ

2
〈m|µ〉

=
∑
n

εn 〈n|µ〉 〈m| (I − |d〉 〈d|) |n〉+
γ

2
〈m|µ〉

=
∑
n

εn 〈n|µ〉 (δmn − 〈m|d〉 〈d|n〉) +
γ

2
〈m|µ〉

= (εm +
γ

2
) 〈m|µ〉 −

∑
n

εn 〈d|n〉 〈n|µ〉 〈m|d〉

= (εm +
γ

2
) 〈m|µ〉 − hµ 〈m|d〉 . (4.35)

On the other hand from Eq. (4.32), we get∑
µ′

H̃µ′µ 〈m|µ′〉 =
∑
µ′

ε̃µ′δµ′µ 〈m|µ′〉 = ε̃µ 〈m|µ〉 . (4.36)

Comparing the Eqs. (4.35) and (4.36), we obtain

ε̃µ 〈m|µ〉 = (εm +
γ

2
) 〈m|µ〉 − hµ 〈m|d〉 , (4.37)

i.e.
|µ〉 =

hµ
H0 + γ/2− ε̃µ

|d〉 . (4.38)

�e Eq. (4.38) can be rewri�en in the Anderson basis as follows

|µ〉 = hµ
∑
n

〈n|d〉
εn + γ/2− ε̃µ

|n〉 =
hµ√
N

∑
n

∑
j 〈n|j〉

εn + γ/2− ε̃µ
|n〉 (4.39)

where |j〉 is the site basis and the normalization coe�cients hµ are given by

hµ =

(∑
n

〈d|n〉 〈n|d〉
(εn + γ/2− ε̃µ)2

)−1/2

. (4.40)

In the gapped regime and for su�ciently large disorder W2
cr < W < WH

cr where the eigenstates
have hybrid nature, we can assume that the Anderson eigenstates coincide with the site basis, see the
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Figure 4.10: Probability of the eigenfunction |Ψ|2 vs. the site basis i for the �rst excited state |µ〉 and the
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mark the probability of the eigenfunction obtained by the Eq. (4.39). Note that ST occurs at WH
cr ∼ 230258.5

so we cannot expect agreement in panel (f).

Fig. 4.7–(d). So, the Eq. (4.39) with the normalization coe�cients hµ in Eq. (4.40) becomes

|µ〉 ≈

(
1

N

∑
i

1

(εi + γ/2− ε̃µ)2

)−1/2
1√
N

∑
i

1

εi + γ/2− ε̃µ
|i〉

≈

∑
i

1(
(εi−ε̃µ)

W + γ
2W

)2


−1/2∑

i

1
(εi−ε̃µ)

W + γ
2W

|i〉 (4.41)

Our perturbative expression, although it does allow to compute the eigenstates analytically, it
allows to explain many features of the shape of the eigenfunctions discussed above. Mainly the
existance of a disorder independent plateau in the disorder range W2

cr < W < WH
cr, as we discuss

below. From Eq. (4.41) we can see that both the normalization coe�cients and the weights on the site
basis are independent of disorder for W � γ since both εi and ε̃µ are proportional to the disorder
strength W for large disorder. �is is an important results since our perturbative approach is able
to explain the independence of the plateau from disorder in the disorder regime W2

cr < W < WH
cr.

Since the disorder strength W is uncorrelated from the sites, this also shows that we have a distant
independent tail in the eigenfunctions of the system. Moreover, since (εi−ε̃µ)

W decreases as 1/N , this
also explains the dependence of the probability of the plateau on the system size for W� γ.
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4.4.3.1 Shape of the eigenfunction for the �rst excited state

Note that, even if we obtained a closed expression for the |µ〉 states in Eq. (4.39), to compute them we
still need to relay on numerical approaches. Indeed, we obtain the |µ〉 states in the following way:

1. We diagonalize the Anderson model without the all-to-all Hermitian coupling to obtain the
Anderson basis |n〉 and the eigenvalues εn.

2. We use the transformation matrix V , which has as its columns the eigenstates of the matrix Q
in Eq. (4.30) to obtain the submatrix H̃ .

3. We diagonalize H̃ to obtain the eigenvalues ε̃µ ordering them by energy.

4. From the knowledge of εn and ε̃µ and the eigenstates of the Anderson model |n〉 we can use
Eq (4.39) to obtain the perturbative expression of the eigenstates |µ〉.

Here we compare the perturbative eigenstates computed as described above, with the eigenstates
of the total Hamiltonian in Eq. (4.8) computed by numerical diagonalization. For this purpose, in
Fig. 4.10, we show the probability |Ψ|2 for the �rst excited state as a function of the site basis i
obtained by diagonalize the total Hamiltonian H in Eq. (4.8), see black symbols. Also, we show
the corresponded probability |Ψ|2 obtained by the perturbative approach using Eq. (4.39), see green
symbols. �e parameters for the results were: the disorders strength W = {10−1, 1, 10, 102, 104, 106},
the coupling strength γ = 103 and the system size N = 100.

Our perturbative approach works very well in all panels of Fig. 4.10, except in the panel (f) where
the perturbation approach is not valid since the disorder W = 106 is above the critical disorder WH

cr

and we are in the non-gapped regime.

4.4.3.2 Variance of the position operator on single eigenstates

In the previous section, we obtained the probability |Ψ|2 of the �rst excited state, but we can use the
Eq. (4.39) to compute the probability |Ψ|2 for all the excited states in the gapped regime. From the
knowledge of these eigenstates, we can calculate Tint and σ2(x).

In this section, we compute the variance σ2(x) with three di�erent methods:
1. We diagonalize the total Hamitonian H in Eq. (4.8) and we compute the average variance σ2(x)

over all the eigenstates |α〉 of H .

2. We average the variance over all the states using the perturbative eigenstates |µ〉 in Eq. (4.39)
for the excited states, and using the expression |d〉 =

1√
N

(1, . . . , 1)T for the ground state,

3. We considered an excitation localized on a single site in the middle of the chain and we simulate
the dynamical evolution of the system numerically. �e spread the initial localized excitation will
reach a stationary distribution, from which we compute the variance of the position operator.

In Fig. 4.11 we show the average variance 〈σ2(x)〉 as a function of the disorder strength W for the
system sizes N = 100 and the coupling strength γ = 103. We compare the variance σ2(x) obtained
by diagonalize the total HamiltonianH in Eq. (4.8) indicated with circles, by the perturbative approach
in Eq. (4.39) indicated with squares and by the dynamical evolution, see dashed curves.

�e results obtained by the perturbative approach are in good agreement with those obtained by
diagonalizing the total HamiltonianH for all disorder strengths below the critical disorder WH

cr. Above
of this critical disorder, the perturbative approach is not valid and the results do not coincide with each
other. On the other hand, the variance of the stationary distribution obtained dynamically is in fair
agreement with the average variance over all the eigenstates in the whole disorder range considered.
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Figure 4.11: Average variance σ2(x) vs. the disorder strength W for the coupling strength γ = 103 and

the system size N = 100. Here, Nr ×N = 105 where Nr is number of disorder con�gurations, the circles

indicate the variance σ2(x) obtained by diagonalize the total Hamiltonian H in Eq. (4.8), the squares are

obtained by the perturbative approach in Eq. (4.39) and the dashed curves are the variance of the stationary

distribution obtained by dynamical evolution of a localized excitation. �e vertical lines mark the critical

disorders strength WAT
cr , W1

cr, W2
cr or WH

cr, see the description in section 4.4.2. �e dashed blue curve shows

the results for the Anderson model without long range hopping, γ = 0.

4.4.3.3 Integrated transmission for excited states

In this section we compare the integrated transmission Tint obtained with Eq. (4.22) from numerical
diagonalization and with the integrated transmission obtained with Eq. (4.22) using the perturbative
eigenstates |µ〉 Eq. (4.39).

In Fig. 4.12 we show the average integrated transmission 〈Tint〉 as a function of the disorder
strength W for the system size N = 100, the coupling strength γ = 103 and the coupling strength to
the leads ν = 1.

In order to obtain the integrated transmission from the knowledge of the perturbative eigenstates
|µ〉 and |d〉, let us note that the decay widths Γµ of each state |µ〉 can be obtained from the following
expression:

Γµ ≈ ν(|Ψ1
µ|2 + |ΨN

µ |2) ,

i.e., the decay widths Γµ of the state |µ〉 are proportional to the coupling strength ν to the leads at the
edges of the chain times the probability of the eigenfunction of the state |µ〉 at the edges of the system.

From Fig. 4.12, we can observe that 〈Tint〉 obtained by the two methods are quite similar in the
gapped regime. In the non-gapped regime strong di�erences are easily explained by the fact that our
perturbative approach is not valid there.
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Figure 4.12: Average integrated transmission Tint vs. the disorder strength W for the N = 100, γ = 103

and ν = 1. Here, Nr × N = 105 where Nr is number of disorder con�gurations, the circles indicate the

results obtained by the analytical Eq. (4.22) and the squares indicate the results obtained by Eq. (4.39) for all

the excited states |µ〉. �e vertical lines mark the critical disorders strength WAT
cr , W1

cr, W2
cr or WH

cr, see the

description in section 4.4.2. �e dashed blue curve shows the results for the Anderson model without long

range hopping, γ = 0.

4.5 Non-Hermitian case

For the non-Hermitian couplingV0 = iγ/2, the components of the e�ective non-Hermitian Hamiltonian
are

(Heff)k,l = (H0)k,l − i
γ

2
− i

2
ν(δk,1δl,1 + δk,Nδl,N ) , (4.42)

where H0 is the Hamiltonian in the Anderson model in Eq. (4.1), the second term is the all-to-all non-
Hermitian coupling with coupling strength γ and the third term is the coupling to the leads at the
edges of the chain with coupling strength ν.

As we did in section 4.4, let us show the e�ect of non-Hermitian coupling on the integrated
transmission Tint and on the variance σ2(x) for all the eigenstates for the same parameters as Figs. 4.5
and 4.6.

4.5.1 Integrated transmission and the variance of the eigenstates

Here we analyze the transport properties of the non-Hermitian long range system as a function of
disorder strength W. We will compare the transport properties (integrated transmission Tint and
variance σ2(x) of the all eigenstates) with the transport properties of the Anderson model in absence
of the all-to-all coupling strength γ.
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4.5 Non-Hermitian case

We show that in presence of long range hopping, the emergence of an energy gap ∆NH in the
superradiant state is able to change the transmission properties in the system below the critical disorder
WNH

cr = γNπ/2, correponding to the gapped/superradiant regime. Moreover we will show the
emergence of di�erent transport regime in di�erent disorder ranges.

4.5.1.1 Variance of the eigenstates

In Fig. 4.13 we show the average variance 〈σ2(x)〉 as a function of the disorder strength W for the
same parameters as Fig. 4.5. �e numerical results were obtained using Eq. (4.23).

�e behavior of the average variance for the non-Hermitian all-to-all coupling is almost identical
to the behavior for the variance in the Hermitian case, see Fig. 4.5. Indeed also in this case we have 5
di�erent transport regimes and the critical disorders in the two cases are same apart from the critical
disorder which determines a transition to a non-gapped regime WH

cr, which di�eres from the critical
disorder which determines a transition to superradiance WNH

cr .

4.5.1.2 Integrated transmission

In Fig. 4.14 we show the average integrated transmission 〈Tint〉 as a function of the disorder strength
W for the same parameters as Fig. 4.6. �e numerical results were obtained using Eq. (4.22).

�e integrated transmission Tint shows a similar behavior like the Anderson model in absence of
the long range coupling below the critical disorder W < W1

cr in the gapped regime, see the dashed
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Figure 4.13: Average variance 〈σ2(x)〉 vs. the disorder strength W for the coupling strength γ = 1 and the

system size N = 10000 for all the states. Here, Ω = 1, ν = 0, Nr ×N = 105 where Nr is the number of
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4. TRANSMISSION

blue curve in Fig. 4.14.
Also for non-Hermitian all-to-all coupling, a�er the critical value W1

cr the integrated transmission
Tint increases with W as W0.6. Nevertheless, contrary to the Hermitian case, the integrated transmission
reaches a maximum and then decreases well below the superradiant transition. �is e�ect is due to
the losses present in the system. Indeed an excitation can be lost before reaching the exit lead and this
implies a reduction of the integrated transmission due to the fact that as we increase disorder W we
also increase the losses from the subradiant states [50].

�e existence of the losses in the system implies that there is no disorder regime where the integrated
transmission Tint is independent to the disorder strength W as we observed in the all-to-all Hermitian
coupling, see Fig. 4.6.

Now, as we did in section 4.4, let us check the e�ect of the non-Hermitian coupling on the shape
of the eigenfunctions for �xed coupling strength γ and system size N on di�erent disorder regimes
without coupling to the leads, i.e. ν = 0 in Eq. (4.42). �is analysis has been already performed in
some parameter reagion in Refs. [16].

4.5.2 Shape of the eigenfunctions

In Fig. 4.15 we show the average shape of the eigenfunctions 〈|Ψ|2〉 as a function of the site basis k
for the coupling strength γ = 1 and the system size N = 100. We use the same procedure to obtain
the average shape of the eigenfunctions as we did in the Hermitian coupling, see section 4.4.2 .

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

W

10
-8

10
-6

10
-4

10
-2

10
0

<
T

in
t>

γ=1

γ=0

W
cr

NH

W
cr

1

W
cr

2

W
cr

AT
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70



4.5 Non-Hermitian case
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Figure 4.15: Average shape of the eigenfunctions 〈|Ψ|2〉 vs. the site basis k. In each panel, di�erent disorder

regimes are shown: (a) W ≤ WAT
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We can observe that the shapes of the eigenfunctions in Fig. 4.15 are quite similar to the Hermitian
coupling case in Fig. 4.7. Note that our results are consistent with the results in Refs. [16]. Note also
that the critical disorders have been computed as in section 4.4.2.

In order to verify the scaling of the critical disorders computed above with the system size N , we
analyze below the transport properties of the system for di�erence system sizes N .

So, in Figs. 4.16 and 4.17 we show the average variance 〈σ2(x)〉 divided by N2 and the average
integrated transmission 〈Tint〉 as a function of the disorder strength W for the same parameters as in
Figs. 4.13 and 4.14.

We can observe the critical disorders strengths work quite well for all the system sizes N shown
here for the variance σ2(x). On the other hand, only the critical disorders WAT

cr and W1
cr work well

for the integrated transmission Tint, since, as we discussed above, losses produce a di�erent behavior
for the non-Hermitian case.

Nevertheless, more work is needed in the future to understand the e�ect of losses and to determine
the local maximum of the integrated transmission as a function of disorder strength W.
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Figure 4.17: Same as in Fig. 4.16 for the average integrated transmission 〈Tint〉.
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4.6 Conclusions of Chapter 4

We demonstrated that the energy gap that arises in the Picket-Fence model, studied in Chapter 3, also
emerges in the Anderson model with Hermitian and non-Hermitian long-range hoppings. Indeed, the
same formulas for the energy gaps in the Picket-Fence model are valid for the Anderson model in the
large disorder limit.

�e e�ect of the emergence of energy gaps on the transport properties of the system was studied
by analyzing two transport properties: the average integrated transmision and the average variance
over all the eigenstates.

We derived an analytical expression for the integrated transmission which depends on the amplitudes
of the eigenfunctions at the edges of the chain, the complex eigenvalues of the e�ective Hamiltonian,
and the coupling strength to the leads. �is expression allowed us to evaluate the integrated transmission
exactly without relying on numerical integration of the transmission. �e integrated transmission
represents the overall transmission over a wide spectral energy band.We used this formula to study
the transmission properties in the Anderson model with Hermitian and non-Hermitian couplings as
the disorder crosses from the gapped regime to the non-gapped regime.

We also analyzed the average variance over all the eigenstates. We have shown that, in our case,
this quantity gives a very good approximation to the variance of the stationary distribution obtained
by the dynamical evolution of an initial localized excitation in the middle of the chain.

For the Hermitian coupling, the presence of an energy gap in the ground state is able to provide
robustness to the disorder to the excited states of the system as we observed the integrated tranmission
and the variance over all the eigenstates. More counter-intuitively, the gapped ground state is also
able to create a disorder independent transport regime. �e transport properties can be explained by
analyzing the shape of the eigenfunctions of the system, which, in the gapped regime and in presence
of disorder, show an hybrid nature. We obtained an analytical expression for the eigenstates of the
system in the gapped regime by means of a perturbative approach, which is able to explain the above
mentioned counter-intuitive behavior of the transport properties of the system.

For the non-Hermitian coupling, the presence of an energy gap in the superradiant state is able to
change the transmission properties in the system and it is able to improve transport e�ciency up to
a critical disorder where it reaches a maximum peak connected with the presence of the losses in the
system. In the future, we plan to understand be�er the role of losses in the case of a coupling to an
unbounded external environment.
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Chapter 5

Conclusions

In this thesis we have studied the e�ects of coupling a quantum system to external unbounded and
bounded environments. Such couplings are able to induce long-range hoppings between the system
components. �e e�ect of such couplings on the transport properties of paradigmatic models of
quantum transport, such as the Power-law Banded Random Matrix (PBRM) model and the 1D Anderson
model, has been analyzed. Two di�erent kinds of long-range hoppings were considered: an all-to-
all Hermitian hopping (induced by the coupling to a bounded environment) and an all-to-all non-
Hermitian hopping (induced by the coupling to an unbounded environment). Both kinds of couplings
can be realized experimentally in ion-traps [5], in photosynthetic antenna complexes [61], or molecular
chains in optical cavities [1].

Our general conclusion is that the presence of long-range hopping terms drastically changes the
transport properties of a quantum system. Speci�cally, below we list the most interesting results
discussed in this thesis.

In Chapter 2, we considered the PBRM model in presence of a coupling to an external environment.
�e PBRM model can be considered a paradigmatic model for one-dimensional quantum systems in
presence of random long-range hopping terms. One of the most interesting features of this model is
the presence of a localization transition characterized by the multifractal nature of the eigenstates.
Moreover, at the localization transition the degree of multifractality can be controlled by a parameter
that represents the spacial range of the random hopping. �e most interesting result obtained here was
for the case where the sites of PBRM model are coupled to a common decay channel. �is coupling is
able to induce a superradiant transition in the model. At the superradiant transition the multifractality
of the eigenstates strongly depends on their life time. �us, the introduction of this coupling adds a
whole new parameter axis which is able to control the multifractality of the eigenstates.

In Chapter 3, we compared two paradigmatic models for Superconductivity and Superradiance,
focusing on the emergence of an energy gap in the real and complex plane, respectively. We showed
that a gap arises also in the Superradiance model and it is equal to the Superconductivity gap in the
large coupling regime. We also showed that the usual superradiance transition can be interpreted
as a transition to a gapped regime. �e energy gap in the complex plane can induce robustness to
perturbations in the system, similarly to a gap in the real axis.

�e results obtained in the Chapter 3 were included in the article “Real and imaginary energy
gaps: a comparison between single excitation Superradiance and Superconductivity and robustness to
disorder”, Nahum C. Chávez, F. Ma�ioti, J.A. Méndez-Bermúdez, F. Borgonovi and G.L. Celardo, Eur.
Phys, J. B 92, 144 (2019).

For the Anderson model studied in Chapter 4, the presence of Hermitian and non-Hermitian all-
to-all coupling induces a rich phase diagram in the transport properties of the system controlled by
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the strength of disorder. Moreover, it is able to induce very counter-intuitive e�ects in the transport
properties. Speci�cally, while below a critical disorder strength the transport properties of the system
are the same as those of the 1D Anderson model without long-range hoppings, above a critical disorder
the transmission e�ciency increases with the disorder instead of decreasing exponentially as in the 1D
Anderson model. Furthermore, for large disorder strength, the system enters a regime where transport
is independent of disorder. Both features can be captured by the shape of the eigenfuctions of the
system which we were able to determine analytically using a perturbative approach.

In perspective, our results open the path to a be�er control of the transport properties of quantum
systems that interact with external environments. In the literature there are several works dedicated
to sca�ering properties of the PBRM model [30, 33, 68]. Nevertheless, no study has been done on the
multifractal structure of the eigenstates by modulating the decay widths of the system. It would be
extremely interesting to verify experimentally the dependence of multifractality on the decay widths of
a system. Since the decay widths of a state represents its life time, our results could open the possibility
of di�erent transport regimes arising in time.

As far as our results about the 1D Anderson model are concerned, one of the most interesting future
research directions is the analysis of the interplay of an unbounded or bounded external environment
with a decoherent environment (dynamical noise, inelastic sca�ering, etc.). �e introduction of time
dependent noise will be essential to prove, at least theoretically, the possibility of dissipative-less
transport. Also, it would be interesting to study the interplay of many body correlations with the
coupling to unbounded and bounded external environments.

Clearly, an experimental veri�cation of our results would be very interesting. Indeed, the disorder-
independent transport regime we found could be tested in several real systems: in ion trap experiments
where all-to-all hopping can be engineered, in molecular aggregates with strong superradiance [69],
in perovskites superla�ices [70], or in molecular chains in optical cavities [1].
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Appendix A

Widths of the subradiant states

In the Chapter 2, we reported the analytic expression of the widths of all the eigenstates for γ <
γSR (3.27) and of the widths of the subradiant states for γ > γSR (3.28). Here we derive those
expressions, as well as the critical coupling strength γSR, following [13].

Let us consider the case of oddN , so that we can writeN = 2M + 1 withM an integer. Note that
the limit N → ∞ corresponds to M → ∞ and in that limit there is no distinction between even or
odd values of N . �e Hamiltonian (3.1), with Ek given by (3.2) and V0 = iγ/(2N), can be mapped to

H = δH = δ

(
M∑

k=−M

k |k〉 〈k| − iα
M∑

k=−M

M∑
k′=−M

|k〉 〈k′|

)
, (A.1)

where the center of the unperturbed spectrum is assumed to be at E0 = 0, without loss of generality,
and the coupling parameter is

α =
γ

2Nδ
=

γ

2S
. (A.2)

We now proceed to compute the eigenvalues λ of H , which are related to the eigenvalues λ of
H by λ = δλ. �us, let us consider the matrix 〈k|H |k′〉. By construction, all column and row
vectors, respectively, of the non-Hermitian part of that matrix are linearly dependent. Summing iα
times the central row (k = 0) to all the other rows (k 6= 0), one gets the following expression for the
characteristic polynomial:

PM (λ) =

M∏
k=−M

(k − λ)− iα
M∑

k=−M

M∏
j=−M
j 6=k

(j − λ) = 0 . (A.3)

According to Eq. (A.3), PM (λ) is the sum of two polynomials,

PM (λ) = QM (λ)− iαRM (λ) (A.4)

which are related in a simple manner,

RM = − d

dλ
QM .

Taking the limit M →∞ and using the in�nite product expansion of the sine function we have

P∞(λ) = sin[πλ] + iαπ cos[πλ] = 0 (A.5)
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with λ = E − i
2Γ. �en, we can substitute this expression of λ to get

P∞(λ) = sin

[
π

(
E − i

2
Γ

)]
+ iαπ cos

[
π

(
E − i

2
Γ

)]
= 0 . (A.6)

Separating real and imaginary parts one hassin[πE]
[
eπΓ(1− απ) + (1 + απ)

]
= 0

cos[πE]
[
eπΓ(1− απ)− (1 + απ)

]
= 0

. (A.7)

So there are two solutions:
i) sin[πE] = 0, E = n ∈ Z

eπΓ =
1 + απ

1− απ
, (A.8)

from which
Γ =

1

π
ln

(
1 + απ

1− απ

)
(A.9)

under the conditions eπΓ > 0, α < 1
π . �is result represents the widths of all the eigenstates below

the Superradiance transition.
ii) cos[πE] = 0, E = n+ 1

2 , n ∈ Z

eπΓ =
απ + 1

απ − 1
, (A.10)

which gives

Γsub =
1

π
ln

(
απ + 1

απ − 1

)
(A.11)

under the conditions eπΓ > 0, α > 1
π . �is result represents instead the widths of the subradiant

states above the Superradiance transition. From these results a critical coupling parameter αSR = 1/π
emerges, which marks the Superradiance transition.

Now, let us map our expression for λ to λ = E − i
2Γ. Multiplying by δ we have

En = nδ (n ∈ Z) (A.12a)

Γ =
δ

π
ln

(
1 + α/αSR

1− α/αSR

)
for α < αSR (A.12b)

and

En =

(
n+

1

2

)
δ (n ∈ Z) (A.13a)

Γsub =
δ

π
ln

(
α/αSR + 1

α/αSR − 1

)
for α > αSR , (A.13b)

where we can use (A.2) to express the ratio between α and αSR as
α

αSR
=
γπ

2S
. (A.14)

�us, equations (A.12b) and (A.13b) can be rewri�en in terms of the parameters of H as

Γ =
S

Nπ
ln

(
1 + γ/γSR

1− γ/γSR

)
for γ < γSR (A.15)

78



A.1 Long and short-range interaction

and
Γsub =

S

Nπ
ln

(
γ/γSR + 1

γ/γSR − 1

)
for γ > γSR , (A.16)

by de�ning the critical coupling
γSR =

2S

π
. (A.17)

A.1 Long and short-range interaction

In the Chapter 2, we reported how the energy gap ∆H changes with the range of the interaction for
α = {1/3, 1, 5}. Here, in Fig. A.1, we show the dependence of ∆H on γ for some additional values of
the range of interaction, namely for α = {1/10, 1/2, 3/2, 2}. We would like to point out also that the
de�nition (3.36) is equal toE2−E1 in the range of γ that we plo�ed in this �gure and in the Chapter 2
(Fig. 3.6).
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Figure A.1: a) Gap ∆H, as given by Eq. (3.36), vs. the coupling strength γ with the interaction (3.47) for

di�erent values of the interaction range α. Here we set W = 1.

As we reported in the Sec. 3.4, in order to obtain the gap ∆H for di�erent range of interactionα, the
interaction (3.47) is normalized by the constant vN,α de�ned as the di�erence between the maximum
eigenenergy and minimal eigenenergy of the matrix V given by the expression

V ′ = −
∑
k,k′

k 6=k′

|k〉 〈k′|
|k − k′|α

, (A.18)

i.e. vN,α = V ′max − V ′min. In Fig. A.2 we plot vN,α vs. N for di�erent values of α and we show that
the exact results obtained from the diagonalization of V ′ (symbols) �t well the scaling (3.48) for all the
values of α shown here.
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Figure A.2: �e energy range of the interaction vN,α vs. the system size N for di�erent α =

{0, 1/10, 1/3, 1/2, 2/3, 1, 2, 5}. Symbols are obtained by diagonalizing V (3.47) without the prefactor

γ/(2vN,α), while lines are the best �ts with the functions (3.48).
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Appendix B

Resonance transmission in the ground

state

For the Hermitian coupling, above the critical coupling strength γH
cr = 2W/(N lnN), the energy gap

∆H donates robustness to the disorder to the ground state.
In this large coupling regime, the ground state is fully extended and the resonance of the transmission

TE1
(E) for the ground state has the analytical expression

TE1
(E) =

(ν/N)2

(E − E1) 2 + (ν/N)2
(B.1)

where E1 is the ground state energy, N is the system size and ν is the coupling strength to the leads
at the edge of the system.

In Fig. B.1 we show the transmission TE1(E) as a function of the energy E around the ground
state energy E1 with only one disorder con�guration (Nr = 1) for the coupling strength γ = 103,
the system sizes N = {100, 1000} and the disorders strength W = {10, 100} comparing them with
Eq. (B.1).
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Figure B.1: Transmission TE1(E) vs. the energy (E −E1)N obtained by the Eq. (C.3) and by the Eq. (B.1)

for the system size (a) N = 100 and (b) N = 1000. Here, γ = 103, Ω = ν = 1, W = {10, 100} for one

disorder con�guration.
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B. RESONANCE TRANSMISSION IN THE GROUND STATE

We normalized the energy axis byN in order to observe the complete resonance of the transmission
because the decay width Γ ≈ 2ν/N . �e blue curves mark the analytical pro�le of the resonances in
Eq. (B.1).

From Eq. (B.1), we observe that transmission for the ground state remains perfect, i.e. TE1(E1) = 1
for all the values of N and W shown.

Let us note that the value of the ground state energy E1 changes from random con�guration to
another but the transmission remains perfect for each realization as we can observe in Fig. B.2 where
the case N = 100, γ = 10 and W = 10 is shown.
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Figure B.2: Transmission T (E) vs. the energy E for the ground state energy E1 with N = 100, W = 10

and coupling strength γ = 10 for four disorder con�gurations. �e vertical dashed black lines indicate the

ground state energy E1 in each disorder con�guration.
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Appendix C

Integrated transmission: comparison of

di�erent numerical methods

In the Chapter 4, we derived the analytical Eq. (4.22) for the integrated transmission Tint. �is equation
is valid for the both Hermitian and non-Hermitian coupling. Here, we compare the numerical results
obtained by the Eq. (4.22) and by a direct numerical integration of the integrated transmission, obtained
applying the composite Simpson’s rule.

C.1 Composite Simpson’s rule

Suppose that the interval [a, b] is split up into n sub-intervals with n an even number. �en, the
composite Simpson’s rule is given by

∫ b

a

f(x)dx ≈ h

3

f(x0) + 2

n/2−1∑
j=1

f(x2j) + 4

n/2∑
j=1

f(x2j−1) + f(xn)

 , (C.1)

where xj = a+ jh for j = 0, 1, . . . , n− 1, n with h = (b− a)/n, x0 = a and xn = b.
For our simulations: x0 = −W −Nγ/2, xn = W and we used the length of the bin h = ∆E =

10−5.

C.2 K-matrix method

To obtain a direct numerical evaluation of the integrated transmission, we compute the transmission
T (E) as a function of the energy E using the K-matrix method de�ned as

Ka,b(E) =
∑
n

AanA
b
n

E − En
, (C.2)

where En are the eigenvalues of the Hamiltonian in the Anderson model and the elements Aa,bn are
the decay amplitudes from the states n to the continuum channels a or b. �e transmission amplitude
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C. INTEGRATED TRANSMISSION: COMPARISON OF DIFFERENT NUMERICAL METHODS

from channel a to channel b is

Za,b(E) =

(
K(E)

1 + i
2K(E)

)
a,b

, (C.3)

and the transmission is T a,b(E) = |Za,b(E)|2.
So that, in the Fig. C.1 we show the integrated transmission Tint, for both Hermitian and non-

Hermitian coupling, for the disorder con�gurationsNr = 100. We use the set of parameters: N = 100,
W = 10 and the couplings strength γ = 102γH,NH

cr with γH
cr = 2W/(N lnN) for Hermitian coupling

or γNH
cr = 2W/(Nπ) for non-Hermitian coupling. �e black circles were obtained with the numerical

integration method in Eq. (C.1) and the red circles with Eq. (4.22). We indicated the averages integrated
transmission obtained by the two method in the legends.
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Figure C.1: Integrated transmission Tint vs. the realization i for disorder W = 10, N = 100, Ω = ν = 1,

∆E = 10−5 and the couplings strength γ/γH,NH
cr = 102 comparing the integrated transmission obtained

by the composite Simpson’s rule in Eq. (C.1) and the Eq. (4.22) for the Hermitian coupling in panel (a) and

for the non-Hermitian coupling in panel (b). �e average integrated transmission 〈Tint〉 obtained by two

methods are indicated in the legends.

From Fig. C.1 we can observe that the numerical results of the integrated transmission obtained by
the Eq. (4.22) and by the numerical integration method in Eq. (C.1) are quite similar in all the random
realizations.

Meanwhile in Fig. C.2 we show the average integrated transmission 〈Tint〉 as a function of the
coupling γ/γH,NH

cr obtained by the two methods for the same parameters as in Fig. C.1. As you can see,
we have a good results for Hermitian and non-Hermitian couplings in all di�erent coupling regimes.
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C.2 K-matrix method

10
-2

10
-1

10
0

10
1

10
2

10
3

γ/γ
cr

H

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

<
T

in
t>

numerical
analytical

N=100, W=10, N
r
=100

10
-2

10
-1

10
0

10
1

10
2

10
3

γ/γ
cr

NH

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

numerical
analytical

(a) (b)

FigureC.2: Average integrated transmission 〈Tint〉 vs. the coupling strength γ/γH,NH
cr for disorder W = 10,

Nr = 100, N = 100 comparing the integrated transmission obtained by the composite Simpson’s rule in

Eq. (C.1) and the Eq. (4.22) for the Hermitian coupling panel (a) and for the non-Hermitian coupling in panel

(b).

Here we veri�ed that we can use the analytical equation of the integrated transmission Tint in
substitution of a direct numerical integration. Direct numerical integration implies longer computational
time and more computational resources.
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Appendix D

�e dependence of the integrated

transmission on system size N and

coupling strength γ

In the Chapter 4, we showed the dependence of the integrated transmission Tint on disorder for both
the Hermitian and non-Hermitian coupling. Here, we will analyze the dependence of Tint on the
system size N and the coupling strength γ.

For the Hermitian coupling, we will exclude the contribution of the ground state to the integrated
transmission Tint, while for the non-Hermitian coupling, we have considered the contribution of all
the states to the integrated transmission Tint.

First, we will analyze the dependence of the system sizeN and then the dependence of the coupling
strength γ for the Hermitian case and then for the non-Hermitian case. Note that for the non-Hermitian
case, more work is needed to have a complete picture.

D.1 Hermitian case

D.1.1 Ground state: dependence on system size N

In Fig. D.1 we show the average integrated transmission 〈Tint〉 as a function of the system size N for
the ground state obtained by Eq. (4.22).

From Fig. D.1, we can observe that for large couplings strength γ/γH
cr � 1, the average integrated

transmission 〈Tint〉 for the ground state is given by the following expression:

〈Tint〉 ≈
π

N
(D.1)

where γH
cr = 2W/(N lnN) for Hermitian coupling. �is expression shows that 〈Tint〉 is independent

of disorder strength W in the gapped regime and it depends only on the system size N .
Let us note, we can derive the Eq. (D.1) from the analytical Eq. (4.22) for the integrated transmission

Tint. To show this, let us consider the ground state eigenfunction components Ψi
g with the complex
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D. THE DEPENDENCE OF THE INTEGRATED TRANSMISSION ON SYSTEM SIZE N AND
COUPLING STRENGTH γ
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Figure D.1: Average integrated transmission 〈Tint〉 vs. the system size N for the ground state, the

normalized couplings strength γ/γH
cr = {1, 100} and the disorders strength W = {10, 100}. Here,

Ω = ν = 1, the number of disorder con�gurations Nr is such that Nr × N = 105. �e dashed black

and red lines are W2/N3 and the dashed blue line indicates the Eq. (D.1).

energy Eg = Eg − i
2Γg . It is easy to prove that the decay widths can be wri�en as Γg ≈ ν(|Ψ1

g|2 +

|ΨN
g |2), i.e., the decay width Γg is approximately the coupling strength ν to the leads times the

probability to be at the edges of the chain for each eigenstate. �us, for the ground state, Eq. (4.22)
becomes

Tint ≈ 2πν2
|Ψ1
g|2|ΨN

g |2

ν(|Ψ1
g|2 + |ΨN

g |2)
. (D.2)

In the gapped regime for large coupling, the ground state is an extended state, i.e. Ψi
g ≈ 1/

√
N , and

we get

Tint ≈ 2πν
(1/N)(1/N)

(1/N) + (1/N)
≈ πν

N
. (D.3)

From Eq. (D.3) we get Eq. (D.1) for ν = 1.
From Fig. D.1, we can observe that for γ = γH

cr, 〈Tint〉 = W2/N3, see the dashed black and red
lines in Fig. D.1.

We did not show the results for small couplings since for this coupling regime, the ground state is
not gapped and it is expected to behave as the other excited states which will be discussed in the next
section.

D.1.2 Excited states

D.1.2.1 Dependence on system size N

In Fig. D.2 we show the average integrated transmission 〈Tint〉 as a function of the system size N for
the disorder strengths W = {10, 100} and the coupling strengths γ/γH

cr = {10−2, 1, 102} for all the
states except for the ground state.
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Figure D.2: Average integrated transmission 〈Tint〉 vs. the system size N for the normalized couplings

strength γ/γH
cr = {10−2, 1, 102} and disorders strength W = {10, 100}. Here, Ω = ν = 1, the number of

disorder con�gurationsNr is such thatNr×N = 105. �e dashed black and red lines indicate the Eq. (D.4).

While the dashed blue line indicates the Eq. (D.5).

From Fig. D.2, we can observe that the decay of the average integrated transmission 〈Tint〉 with
the system size N , depends on the normalized coupling strength γ/γH

cr as follows

〈Tint〉 ≈
60π

N(lnN)2

(
γ

γH
cr

)2

, (D.4)

see the dashed black and red lines in Fig. D.2. While at large coupling strength γ/γH
cr = 102,

〈Tint〉 ≈
9π

2N
, (D.5)

indicated by the dashed blue line in Fig. D.2 for the all disorders W shown.
In the following section, we will obtain an analytical estimate of the dependence of 〈Tint〉 on the

system size N under the assumption that resonances do not overlap.

D.1.2.2 Estimation of the dependence of the integrated transmission Tint on the system size.

It is possible to obtain the dependence of Tint on the system size N using the assumption of non
overlapping resonance. �is assumption requires the decay widths of the eigenstates Γk ≈ ν(|Ψ1

k|2 +
|ΨN
k |2) to be smaller than the mean level spacing. Under this assumption, we can neglect interference

e�ects between di�erent resonance and the double sum in Eq. (4.22) becomes a sum over the contributions
of all the single resonances:

Tint ≈ 2πν2
∑
k

|Ψ1
k|2|ΨN

k |2

Γk
≈ 2πν

∑
k

|Ψ1
k|2|ΨN

k |2

(|Ψ1
k|2 + |ΨN

k |2)
. (D.6)

In Fig. D.3 we show 〈Tint〉 as a function of the disorder strength W for N = {100, 1000} comparing
the Tint obtained by Eq. (4.22) and by Eq. (D.6).
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Figure D.3: Average integrated transmission 〈Tint〉 vs. the disorder strength W for the system size (a)

N = 100 and (b) N = 1000 comparing the Eqs. (4.22) and (D.6). Here, Ω = ν = 1, γ = 1, the number

of disorder con�gurations Nr is such that Nr × N = 105. �e vertical lines mark the critical disorders

strength WAT
cr , W1

cr, W2
cr or WH

cr, see the description in section 4.4.2. �e black lines mark the Eq. (D.7), the

green lines mark the Eq. (D.9) and the dashed orange lines mark the Eq. (D.10).

We can observe that the numerical results obtained by Eq. (D.6) capture the general behavior of
〈Tint〉 given by the exact results obtained from Eq. (4.22).

Using Eq. (D.6) we can estimate the dependence of 〈Tint〉 on the systems parameters in di�erent
disorder regimes as follows:

1. Disorder regime below �nite size Anderson transition critical disorder WAT
cr . �e eigenfunctions

are extended, so that the probability to be at the edges of the chain is proportional to N−1, i.e.,
|Ψi
k|2 ≈ 1/N . �us, Eq. (D.6) becomes

Tint ≈ πν
∑
k

4

5N
≈ 4πν

5
(D.7)

In this regime, Tint is independent of N and disorder, see black lines in Fig. D.3.

2. In the disorder regime W2
cr < W < WH

cr, for the majority of the eigenfunctions, the probability
to be at the edges of the chain is approximately the same, i.e., |Ψ1

k|2 ≈ |ΨN
k |2 ≈ |Ψ

edge
k |2 and

Eq. (D.6) becomes
Tint ≈ πν

∑
k

|Ψedge
k |2 . (D.8)

It is important to determine how the eigenfunctions probability |Ψedge
k |2 depends on the system

size. Since the decay width Γ depends on the eigenfunctions probability at the edges, we can
analyze Γ for all the states.
So, in Fig. D.4–(a) we show the distribution of the logarithm of the decay widths P (ln (ΓN2))
with disorder strength W = 102. We use the same system parameters as in Fig. D.3
We can observe that the decay widths Γ depend on the system size asN−2. �is implies that for
the typical value of the eigenfunction probability at the edges we have: |Ψedge

k |2 ≈ 9/(2N2).
�us, Eq. (D.8) becomes
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Figure D.4: (a) Distribution of the logarithm of the decay widths P (ln (ΓN2)) for the disorder strength

W = 102 and (b) distribution of the logarithm of the decay widths P (ln (Γ)) for the disorder strength

W = 105. Here, N = {100, 1000}, Ω = ν = 1, γ = 1, the number of disorder con�gurations Nr is such

that Nr ×N = 105.

Tint ≈ πν
∑
k

9

2N2
≈ 9πν

2N
, (D.9)

i.e., Tint is independent of the disorder, see blue lines in Fig. D.3. �e Eq. (D.9) is in agreement
with Eq. (D.5).

3. Above the critical disorder WH
cr, from Fig. D.4–(b) we observe that the distribution of the logarithm

of the decay widths P (ln (Γ)) is independent of the system size N for the disorder strength
W = 105, i.e., the decay widths Γ are independent of the system size N . �is result is in
agreement with Ref. [16] in which the authors reported that the eigenfunctions probability is
independent of N and it goes like (γ/W)2. So, Eq. (D.6) becomes

Tint ≈ 15πν
∑
k

( γ
W

)2

≈ 15πνN
( γ

W

)2

, (D.10)

i.e., the integrated transmission Tint depends on the parameters set (γ,N,W) for large disorder
regime or small coupling strength, see orange lines in Fig. D.3.
Recalling that γH

cr = 2W/(N lnN), the Eq. (D.10) is rewri�en as

Tint ≈ 15πνN

(
γ

γH
cr

2

N lnN

)2

≈ 60πν

N(lnN)2

(
γ

γH
cr

)2

. (D.11)

Eq. (D.11) is valid for large disorder regime or small coupling strength and it is in agreement
with Eq. (D.4).

D.1.2.3 Dependence on coupling strength γ

In order to verify the previous analytical estimates, in the Fig. D.5–(a) we show the average integrated
transmission 〈Tint〉 multiplied by N(lnN)2 as a function of the normalized coupling strength γ/γH

cr,
meanwhile in Fig. D.5–(b) we show the average integrated transmission 〈Tint〉 multiplied by N as a
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function of the normalized coupling strength γ/γH
cr for the disorder strength W = 100 and the system

sizes N = {100, 400, 1000, 4000} for all the states except for the ground state.
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Figure D.5: (a) Average integrated transmission 〈Tint〉multiplied byN(lnN)2 vs. the normalized coupling

strength γ/γH
cr, (b) average integrated transmission 〈Tint〉 multiplied by N vs. the normalized coupling

strength γ/γH
cr for the disorder W = 100. Here, we used the system sizesN = {100, 400, 1000, 4000}, the

number of disorder con�gurations Nr is such that Nr ×N = 105, Ω = ν = 1. �e horizontal dashed line

indicates the Eq. (D.9) and the dashed orange line indicates the Eq. (D.11).

From Fig. D.5–(a), we can observe that the numerical results are in agreement with Eqs. (D.11) for
γ < γH

cr. While, from Fig. D.5–(b) we observe agreement with Eq. (D.9) for γ > γH
cr.

D.2 Non-Hermitian case

D.2.1 Dependence on coupling strength γ: all states

In the Fig. D.6–(a) we show the average integrated transmission 〈Tint〉multiplied by N2 as a function
of the normalized coupling strength γ/γNH

cr , meanwhile in Fig. D.6–(b) we show the average integrated
transmission 〈Tint〉 multiplied by N as a function of the normalized coupling strength γ/γNH

cr for the
large disorder W = 100 and the system sizes N = {100, 400, 1000, 4000} for all the eigenstates.
Recall that the critical coupling strength is γNH

cr = 2W/(Nπ).
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Figure D.6: (a) Average integrated transmission 〈Tint〉 multiplied by N2 vs. the normalized coupling

strength γ/γNH
cr and (b) average integrated transmission 〈Tint〉multiplied byN vs. the normalized coupling

strength γ/γNH
cr the disorder W = 100 and the system sizesN = {100, 400, 1000, 4000}. Here, Ω = ν = 1,

the number of disorder con�gurations Nr is such that Nr × N = 105. �e dashed orange line goes like(
γ

γNH
cr

)2

.

From the Fig. D.6–(a) and D.6–(b), we can establish a relation for the average integrated transmission
〈Tint〉 for large disorder W = 100 as follows:

〈Tint〉 ≈


1

N2

(
γ

γNH
cr

)2

, γ < γNH
cr

1

N
, γ � γNH

cr

(D.12)

Note that the above expressions are valid only for the very large disorder case. For smaller disorder,
more work is needed to �nd the dependence of the integrated transmission Tint on the system size N .
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