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Abstract

A theoretical approach is proposed in order to describe, in the absence of hydrodynamic interactions, the
equilibrium self and collective dynamics of brownian liquids conformed by non-spherical interacting particles.
As an extension of the so-called self-consistent generalized Langevin equation formalism (SCGLE), we derive
equations of motion for the spherical harmonics projections of the collective and self intermediate scattering
functions, Fj, ;m(k,t) and F,fn m(K,1). In the long-time asymptotic limit, these equations become the so-
called bifurcation equations, whose solutions (the nonergodicity parameters) can be written, extending the
spherical case, in terms of one translational and one orientational scalar dynamic order parameters, Yr and
Yr, Which characterize the possible dynamical arrest transitions of a given system. As concrete and ilustrative
applications of our derivations we consider two model systems, namely, a dipolar hard sphere fluid, for which
we determine the arrested phases diagram; and a classical Heisenberg dipolar system with positional disorder,
for which we solve the full rotational dynamics to characterize spin glass transitions.
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Introduction

One of the most challenging and relevant problems in statistical physics refers to the study of the dynamical
properties of the so-called colloidal suspensions [1, 2]. Their science and technology is truly interdisciplinary,
combining basic aspects of physics as well as chemistry, biology and engineering. Colloids possess the ability
to display complex states of matter with a profound impact on modern technology as well as many other
applications, and hence, have raised much interest in recent years in materials science. A particular aspect of
the general problem of determining the dynamic properties of a colloidal suspension involves the description
of the translational and rotational diffusion processes in suspensions of colloidal particles interacting through
non-spherical pair potentials [3, 4, 5, 6]. In addition, the fundamental understanding of dynamically arrested
states, which are commonly observed in a significant number of colloidal systems as well as many other
relevant materials, is a major subject in the field of condensed matter physics [9, 10, 11]. The first principles
description of dynamically arrested states represents a crucial step towards understanding the properties of an
enormous amount of rather common materials, such as glasses and gels [12, 13], with which humans have an
intimate daily contact.

Thus, a major challenge for statistical physics is to develop a fundamental theory that predicts the proper-
ties of these materials in terms of the intermolecular forces, applied external fields and, desirably, the protocol
of fabrication. Truly first-principles theoretical frameworks leading to quantitative predictions of the dynamic
properties of Brownian liquids near their dynamical arrest transitions are the conventional mode coupling the-
ory (MCT) [14, 15] and the more recently proposed self-consistent generalized Langevin equation (SCGLE)
theory of dynamic arrest [16, 17, 18, 19]. In the context of model liquid systems involving only spherically
symmetric interparticle interactions both theories have demonstrated the ability to describe the collective and
self dynamics and to predict the existence of dynamical arrest transitions, given the equilibrium structural
properties of the system.

In systems that involve non-spherical interactions, the complex intrinsic coupling between orientational
degrees of freedom and translational degrees of freedom leads to a variety of different dynamic phenomena
[3, 4, 5, 6]. This opens the opportunity to study a wider range of new and fascinating properties, including
a richer dynamical arrest scenario, not observed in liquids involving only radially symmetric interactions
[6, 7, 8]. As a concrete example of these features, let us refer first to the recent experimental work carried out
by Kazem V. Edmond and co-workers [3]. Using high-speed confocal microscopy to directly visualize the 3D
translational and rotational motion of tracer tetrahedral colloidal clusters in a dense amorphous suspension of
colloidal spheres, Edmond ef al. showed how the translational and rotational diffusion of the tracers decouple
from each other as the colloidal environment is brought to the so-called glass transition. Specifically, as this
glass transition is approached, the long-time rotational diffusion of the tracers decreases proportionally with
the bulk viscosity 1 whereas long-time translational diffusion decreases by a much lesser extent [see Fig. 1].

As showed in Fig. 1, near to the glass transition point of the colloidal environment, the mean square
displacement of the tetrahedral clusters displays a plateau (blue circles, corresponding to a volume fraction
¢ = 0.5) while the corresponding orientational mean square angular displacement remains in the diffusive

ix



X Introduction

10° —— .
F 4 00 1
[ e 039
Fo» 040
L < 044
—~ 1 v 045
g 10E L0 3
3 E : 0:56 ]
S
10 ¢ 4 3
10
10
100;' 3
S . ]
g0 . ’
3 107 ‘ L
10°F
10-4-0 . I”””I1 I I“”“I2 I .“““]3 I ‘”“”-4
10 10 10 10 10 S

At(s) 2 um

Figure 1: Translational and rotational mobility of tetrahedral colloidal clusters embedded in a dense hard
sphere colloidal fluid. The upper panel (A) displays the mean square displacement, < [Ar(¢)]? >, measured
using high-speed confocal microscopy, for a range of volume fractions of the hard sphere fluid. The lower
pannel (B) shows the corresponding mean square angular displacement, < (A¢)?(z) >. The solid circles and
squares correspond to pentagonal clusters and the solid straight lines show a slope of 1 indicating the measured
value of D and Dg. This plot was extracted from Ref. [3].
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Figure 2: (a) The self-intermediate scattering function F5(k,t) evaluated at k = 2.3um ™! (the first peak position
in the structure factor at high density). (b) Orientational correlation function Ly(z), for different area fractions
ocupied by the hard ellipsoids. This plot was extracted from Ref. [5].

regime, indicating the occurence of the referred decoupling. The solid circles and solid squares in Fig. 1
correspond to pentagonal clusters. As argued by the authors of this work, the decoupling of traslational and
rotational diffusion seems to be a generic feature of glass forming molecular liquids that results from crowding.

In addition, let us consider as a second example the experimental work carried out by Zhongyu Zheng
and co-workers [5], in which, video microscopy techniques were employed to study the slow dynamics and
glass transitions in monolayers of colloidal hard ellipsoids strongly confined between two glass walls. The
hard ellipsoids system is one of the most representative models of liquids with non-spherical interactions. As
discused by Z. Zheng et al., and in clear contrast with the glassy dynamics found by Edmond et al. for the
tetrahedral clusters, a glass transition in the rotational degrees of freedom was observed to occur at a lower
density than that in the translational degree of freedom. Specifically, the self-intermediate scattering function,
FS(k,t) =< ijyzl e i) =10l /N > (describing the translational degrees of freedom), and the orientational
correlation function Ly (r) (where L, (1) =< ley: ycosn[0;(t) —0;(t =0)] >), were measured for a range of area
fractions, ¢ = mabn, with a and b denoting, respectively, the semilong and semishort axes of the ellipsoids and
n the number density [see Fig.2].

As shown in Figs. 2(a) and 2(b), the glass transitions of rotational and translational motions occur in
two different area fractions, defining an intermediate orientational glass phase. At high concentrations both,
FS(k,t) and Ly(t), develop two-step relaxations and displays an increase of the relaxation time, which are
well known characteristics upon approaching the glass transition. The so-called short-time 3 relaxation corre-
sponds to motion within cages of neighboring particles, whereas the long-time o relaxation reflects structural
rearrangement involving a series of cage breakings.

In a further attempt to study and characterize the referred decoupling of the orientational and translational
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Figure 3: Behavior of F$ (k,t) evaluated at k = kyqy, Where kg, is the wave vector corresponding to the first
maximum of the center-of-mass static structure factor; and C,(¢) for a fixed volume fraction, ¢ = 0.50, and
different values of X,. Symbols are data from MD simulations. Solid lines are fits to exponential functions,
while long-dashed lines are fits to stretched exponentials (B is the stretching parameter). Top: Prolate ellip-
soids with Xy = 3.2, C, shows a significant stretching while F$ decays exponentially. Middle: Xy = 1.0 for
FS and Xy = 1.1 forC,. Bottom: Oblate ellipsoids with Xy = 0.348. Plot extracted from Ref. [8]
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Figure 4: Upper left panel: Self-intermediate scattering functions for hard ellipsoids at several volume frac-
tions ¢ (prolate: 0.474, 0.511, 0.533, 0.551, 0.565, 0.578, 0.588, 0.598; oblate: 0.473, 0.504, 0.533, 0.550,
0.565, 0.578, 0.589, 0.598, 0.606, 0.614). At high volume fractions there is a plateau on intermediate time
scales. The final relaxation is slowed down strongly with increasing volume fraction, indicative of glassy dy-
namics. Upper right panel: Second-order orientational correlators, L, (¢) at the same volume fractions. Again
a plateau develops with increasing ¢. Hence, orientational degrees of freedom are coupled to the positional
ones. Also shown are the third-order correlators at the highest density (bold green lines). They do not slow
down, indicating that flipping modes are not affected. This plot was extracted from Ref. [6]
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degrees of freedom upon the corresponding glass transitions, Cristiano De Michelle and co-workers performed
computational simulations for hard ellipsoids in three dimensions [8]. In such work, the self-intermediate
scattering function, F5(k,t), was found to exhibit stretched relaxation (i.e., glassy dynamics) only for large
volume fraction, ¢, and aspect ratio Xp ~ 1; whereas the second order orientational correlator C; (1) =<
P>(cosO(t)) > only shown stretching for large and small X, values [see Fig. 3], indicating thus that the
referred decoupling depends, not only on the volume fraction occupied by the hard ellipsoids, but also on
the specific aspect ratio. Clear indicators of glassy dynamics, however, would include a strong increase of
relaxation times with volume fraction, even pointing towards dynamical arrest. Typically, correlators then
develop a two-step decay, whose second step is affected by this slowing-down. Such phenomena which has
not explicity exhibit in [8] was observed in the independent simulation work carried out by P. Pfleiderer and
co-workers [6]. Again, a slowing down of the diffusion and relaxation procces, accompanied by two-step
relaxation in positional and orientational correlators were observed [see Fig. 4]. In this work however, the
decoupling of both degrees of freedom was put into question.

From a theoretical point of view, the extension of MCT to non-spherical systems was an important step
in understanding relaxation procces [20, 21] and slow dynamics in glass-forming molecular liquids [22, 23].
In this regard, the pioneering work carried out by Schilling and co-workers [7, 24, 25, 26], applied to study
the idealized glass transition in liquids conformed by linear molecules, should be highlighted. In fact, when
applied to hard ellipsoids in three dimensions, the MCT formalism was able to predict a very similar dynamical
arrest scenario observed by Z. Zheng et al. [see Fig 5(a) and the discussion in Ref. [25] for the details]: one
corresponding to the conventional glass transition for spherical particles, driven by the cage effect; a second
transition with a glassy phase, consisting of domains within which there exist nematic order and where the
center of mass motion is quasiergodic whereas the interdomain orientations build an orientational glass; and
finally, a third kind of transition for nearly spherical ellipsoids where the orientational degrees of freedom
with odd parity (e.g., 180° flips), freeze independently from the positions.

Another important and interesting application of the MCT formalism (closely related to the referred decou-
pling of the orientational and translational degrees of freedom) refers to the description of the slow dynamics
and the dynamical arrest transitions of a dipolar hard sphere fluid [7, 26] which constitute another classical
reference model for systems with non-spherical interactions. For this case, MCT also predicts the existence
of three different phases depending on the control parameters which define the macroscopical state of the
system: a fully ergodic liquid phase, where translational and orientational degrees of freedom are ergodic, a
“mixed” phase where the former are frozen into a nonergodic glassy state, whereas the latter remain ergodic,
and, finally, a fully non-ergodic or glassy phase where both degrees of freedom freezes [see Fig. 5(b)].

In contrast with the extensive MCT developments for non spherical systems, the SCGLE theory has only
been applied so far to the simpler case of liquids involving only spherically-symmetric interactions. A first
step in building the non-spherical version of the SCGLE formalism has its foundations on the work performed
by Martin Hernandez-Contreras and co-workers [27, 28, 29, 30, 31], where the generalized Langevin Equa-
tion (GLE) formalism [32, 33, 34] was employed in order to determine the memory kernels associated to the
diffusion processes of non-spherical interacting tracer particles. As it will be shown later on this thesis, these
results will provide some of the elements needed to perform the formal extension of the SCGLE for Brow-
nian liquids constituted by non-spherical particles. Furthermore, a second step in the development of such
extension was recently carried out by Pablo Zubieta-Rico [35], as the first concrete attempt to construct the
referred non-spherical version of the full SCGLE formalism. While this attempt was a necessary and illustra-
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Figure 5: Left panel: arrested phases diagram predicted by MCT in Ref. [25] for the hard ellipsoids system in
3D (see text above). Right panel: arrested phases diagram predicted by MCT in Ref. [7] for the dipolar hard
sphere fluid (see text above).

tive excersice, many questions and issues remain to be understood. For example in the work of Zubieta-Rico,
it remain unclear what is the proper way to approximate the memory kernels associated to the transaltional
and orientational degrees of freedom. Also, the explicit form of the equations describing the corresponding
nonergodicity parameters lead to non expected results (compared with previous MCT predictions in Refs.
[7, 26]) when applied to specific systems.

Thus, the main goal of the present work, is to stablish the final steps in the formal derivation of the
non-spherical equilibrium version of the SCGLE theory, and to test its predictions for simple models. This
expectation was nicely performed, and the main contribution of this thesis is contained in a recent manuscript
publicated in the Physycal Review E [36], where such extension of the theory is proposed and applied to
characterize the dynamical arrest scenario for the dipolar hard sphere fluid. Our expectative is that the al-
ternative theoretical framework proposed in this work will join other approaches, (most notably MCT, and
not many more), in the effort to improve our understanding and our predictive capability regarding dynamic
arrest phenomena. Although the extension of the SCGLE theory to this richer class of systems is important
by itself, a relevant additional motivation to develop such an extension is provided by the recent emergence
[37] of the non-equilibrium generalization of the SCGLE theory (denoted as NE- SCGLE), which allows,
for example, the description of aging phenomena [38, 39]. Extending this non-equilibrium theory to systems
involving non-spherically symmetric interactions will thus allow the description of the aging processes of the
rotational degrees of freedom in structural glasses, a highly desirable complement of the study of aging in
simpler non-structural spin glasses [40]. Thus, an aditional fundamental basis of the SCGLE extension to
non-spherical systems proposed in this work, is that it lends itself to the development of a promising approach
to the description of irreversible non-stationary procces, which are the genuine fingerprint of glassy matter.
The non-equilibrium extension of the theory mentioned here is in fact the subject of work in progress in co-
laboration with the group of professor Magdaleno Medina-Noyola [41]. The development of the rotational
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version of such non-equilibrium theory requires, however, the previous development of the corresponding
equilibrium SCGLE theory, and this is, as we have already stablished, the main aim of the present thesis.
For this, as in the spherical case, here we apply the generalized Langevin equation (GLE) formalism [42]
and the concept of contraction of the description [32] to derive exact memory function equations for the
spherical harmonics projections Fj, ;,,(k,t) and F,fm,m(k,t) of the collective and self intermediate scattering
functions F(k,Q,Q’ ) and F5(k,Q,Q,t). These dynamic equations only involve the corresponding projec-
tions Sy um (k) of the equilibrium static structure factor S(k, Q, Q). The exact equations thus derived require
the independent determination of the corresponding self and collective memory functions. In a manner similar
to the spherical case, here we propose simple Vineyard-like approximate closure relations for these memory
functions, which convert the originally exact equations into a closed self-consistent system of equations for
the dynamic properties involved.

One important application of the resulting theory is the description of dynamical arrest transitions in
liquids with orientational degrees of freedom. Just like its MCT analog, the present theory only describes
the dynamics of equilibrium states, and hence, cannot describe non-stationary non-equilibrium phenomena
such as aging. Nevertheless, the dynamical arrest diagrams predicted by these equilibrium theories have a
deep physical significance for the description of those non-equilibrium phenomena, as explained in Refs.
[38, 39] in the context of liquids formed by spherical particles. Thus, as a concrete illustrative application
of the general theory developed in this work we determine the dynamical arrest diagram of a simple model
system, namely, the dipolar hard-sphere liquid, previously studied with MCT [7]. In adition, we also use
the SCGLE formalism to describe the full rotational dynamics of a classical Heisenberg dipolar system with
frozen positional disorder, for which we describe the occurence the so-called spin glas transitions.

This thesis is organized as follows: In chapter 1, for the benefit of the reader, we recall several well
known results, and introduce the appropriate notation and many conceptual framework needed to construct
our theoretical approach. In chapter 2 we formally derive the non spherical SCGLE formalism in order to
obtain the exact equations of motion for the generalized dynamical properties, Fim(k,?) and F | (k1)
which, upon the introduction of a few simple approximations, turn into the desired self-consistent closed
system of equations. Then, by taking the long-time asymptotic limit of these self-consistent equations, we
derive the equations for the stationary solutions (referred to as the bifurcation equations for the nonergodicity
parameters, in the MCT language). This is the main contribution of the present work. In chapter 3 we apply
these bifurcation equations to the dipolar hard-sphere liquid in order to exhibit the ability of these equations to
identify dynamical arrest transitions and to obtain the corresponding arrested phases diagram. We contrast the
predictions of our theory with previous results derived within the MCT formalism. In chapter 4, we adapt the
full SCGLE equations in order to characterize the slow dynamics near the spin glass transition of a disordered
Heisenberg-dipolar system, for which we describe dynamical properties and determine the corresponding
phase diagram. Finally, we summarize the main conclusions of this thesis.



Chapter 1
General Concepts.

As we have already established, the main purpose of this work is to derive a theoretical approach able to
describe the collective and self dynamics of colloidal suspensions conformed by particles interacting through
non-spherical potentials. For this purpose, we need to describe the time evolution of a specific set of physical
observables characterizing the dynamical state of a given system. As it will be shown, we will rely on the
Generalized Langevin Equation formalism and the concept of contraction of the description [42, 32] to derive
the corresponding equations of motion for the referred observables. In the process, many other conceptual
objects and physical quantities will emerge and previous knowledge in the field of colloids, and in general in
the theory of complex fluids, will be needed to follow our derivations.

Thus, let us start by briefly reviewing the most general aspects concerning to these objects and defining
the relevant physical properties to be considered within our approach, as well as to introduce the appropriate
language which is customary employed in the description and characterization of the structural and dynamical
properties of non-spherical colloidal fluids. Rather than provide a detailed discussion for each of these objects,
we will refer to the reader to appropriate original references and we will assume a minimun basic background
in molecular-liquids theory. For the benefit of the reader, however, in appendix A we include a summary of the
important results involved in the characterization of Brownian motion and the collective and self dynamics for
spherical systems, in order to facilitate (some times by direct comparison) the comprehension of the discussion
presented in what follows.

1.1 Soft Matter and Colloids.

The study of soft matter physics involves the understanding of the properties of materials which possess
structural length scales in the range of a few nanometers (~ 10~m) to several micrometers (~ 10~3m), and
which are significantly affected by thermal fluctuations [1, 2]. A particularly important example of soft-matter
materials are the so-called colloidal suspensions. To a large extent, colloids may be referred as complex
systems constituted of “large molecules” (~ 10~%mn) in solutions, where by large, we mean compared to the
length scale associated to the constitutive molecules of the solvent (commonly ~ 10~%m). As a consequence
of this separation in lenght scales, a noticeable difference in the time scales associated to each component in
the systems also appears. Because of the direct interactions between these particles and due to the interactions
of the particles with the solvent constituents, colloids behave as Brownian particles. Colloids are considered
large with respect to the solvent particles, but still “small” enough to exhibit thermal motion. A minimum size
of a colloidal particle is set by the requirement that “the structure of the solvent on the molecular (or atomic)
length scale enters the interaction of the colloidal particles with the solvent only in an averaged way” [1].
There are many reasons why physicist are interested in the study of colloids. They have proven to be
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nobel experimental reference systems to study simple fluids, mostly due to the fact that, with the sufficiently
careful preparation, colloids approximate to hard particles [2, 43]. From a practical point of view, there are
several examples, raging from biomedical applications [44, 45], the modelling of biological materials and
processes [46], or even technological developments [47] which demands a thorough understanding of the
dynamics and self assembly properties of coloidal fluids [48, 49]. The outstanding abundance in nature of
these fascinating systems, as well as the promising future applications of these materials, placed them as one
of the most relevant topics in the soft matter community [50]. Furthermore, as indicated on the introduction,
the first principles description of the relaxation processes in colloidal systems pose one of the most important
problems of statistical mechanics [12].

A particular, very relevant and forefront topic in this context, concerns to the understanding of the oc-
curence of dynamically arrested states, in which, a given system (not necessarily colloidal) might suffer a
kinetic transition and remain “fraped” in a non-ergodic state, exhibting thus its inability to reach thermody-
namic equilibrium within experimental times. Hence, their properties depend on the protocol of preparation,
in obvious contrast with materials that have reached equilibrium. The theoretical description of such arrested
states constitute one of the most outstanding problems in condensed matter physics, and the main purpose of
this work is to address this fundamental problem, specially in what concerns to systems with both, transla-
tional and orientational degrees of freedom. As it will be shown latter, in this work we will derive a theoretical
approach able to deal with these issues. Nevertheless, to construct such theory, we need to appeal to many
known results in the context of the colloidal fluids, thus, in what follows we refer to this basic knowledge.
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1.2 Brownian Motion of non spherical particles.

The very great theoretical importance presented by the phenomena of Brownian motion has
been brought to our attention by M. Gouy. We are indebted to this physicist for having clearly
formulated the hypothesis which sees in this continual movement of particles for suspended in
a fluid an echo of molecular-thermal agitation, and having demonstrated this experimentally,
at least in a qualitative manner, by showing the perfect permanence of Brownian motion,
and its indifference to external forces when the latter do not modify the temperature of the
environment.

P. Langevin

We have repeatedly pointed out that the main goal of the present thesis consist in deriving a theoretical
approach able to describe the relevant dynamical properties of Brownian liquids constituted by particles in-
teracting through non-spherical pair potentials. As argued above, in deriving such theory, many concepts and
physical quantities will appear. While in the spherical case, the characterization of Brownian motion is a well
known and classical problem in statistical mechanics (whose most important results can be found extensively
discussed elswhere in the literature [1, 55, 51, 52, 53, 54], see also apendix A), the extension of this generic
problem to the case of particles interacting through non-spherical potentials entails a set of new considerations
with a considerable degree of complexity.

1.2.1 Langevin Equation for a non-spherical interacting particle

Let us consider the translational and rotational Brownian motion of a non-spherical colloidal tracer particle,
in the absence of hydrodynamic interactions, but in the presence of other colloidal particles exerting direct
forces and torques on it. For simplicity, we will assume that the other particles are identical to the tracer, that
is, we will restrict to the monodisperse case. In order to further simplify the present discussion, we will also
consider the particular case of linear particles, that is, particles which possess a symmetry axis. Ellipsoids,
cylinders, hard spheres with a linear dipole in the center, and many other geometrical bodys belong to this
class.

As it was nicely discussed by M.Hernandez-Contreras in Ref. [27], the translational and orientational
degrees of freedom of the tracer particle may be described by the following linearized Langevin equations
describing the Brownian motion of the non-spherical colloidal tracer [see also Ref. [28, 29, 30]]

PO~ T ()~ The000) +00) + [ draQ{Vy(e, Q)hn(r, Qo1 (L1
Id(:t(t) — T vl = T @) + () + / drdQ [V gory(r,Q)n(r,Q;1) (1.2)

with v,(¢) and @, (1) denoting, respectively, the linear (center of mass) and angular velocity of the tracer, whose
components are referred to a coordinate system with origin fixed in the laboratory frame but with orientation
changing in time to coincide with the principal axis of the tracer. Also, Vror =1 X V+ Vg, where Vg is
the angular gradient operator [57], and y(r, Q) denote the potential energy of the direct interactions between
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the tracer and anyone of the particles, located at position r relative to the tracer’s center of mass and with
principal axis rotated by a rotatlon Q with respect to the orientation of the tracer particle. In addition, the

friction tensors { 9 T C TR C RT ¢9 r are assumed to produce hydrodynamic drag forces and torques, linear
on the velocities, that couple to the thermally driven solvent random forces f* and torques t° and are related
by a fluctuation-dissipation theorem in the sense of Eq. (9) of Ref. [30]. Finally, the last terms in the right
hand side of both equations describe the total force and torque on the tracer produced by the direct interactions
with the instantaneous local concentration n(r,;¢) of the host suspension. Both Langevin equations may be
written compactly as ! [31]

W"YI(I):—?V@H?@) V(1)) 08n), (1.3)

where v t(t)] v = [V,VROT}, <E>(l‘) = [fo(l),to(l)}, W,’j = mﬁij fori,j=1,2,3 and Wij =

8;jli—3 for i z, j= 4,5,6, with m, I, 1,13 being, respectively, the mass and principal moments of inertia of the

tracer particle; also, the generalized tensor § clearly groups the friction tensors § %, € 9%, C %7, R . We
have introduced the inner product operator "o" defined here as the convolution operator [ dr [dQ and also,
for the sake of notation, we used underlined symbols to not write explicit the (r,Q) dependence of y and
on(r).

< >
As argued in Ref. [27], in the particular case of linear molecules the coupling tensors § 7 9 7r and %T

vanishes and therefore, the only nonzero components of ?? are §J, =3, =%, % = ﬁ, 9, =% =% and
Cg6 = 0. Thus, in Eq. (1.3), the force and the torque on the tracer due to direct interactions can be written ex-
actly as linear functions of the instantaneous fluctuations dn(r,Q;¢) of the local concentration [see Eq.(1.11)],
whereas the force and torque exerted by the solvent can be written as an ordinary Langevin equation, that is,
a dissipative plus a random term; the latter assumed to have zero mean and time-correlation function given by
the fluctuation-dissipation relation <<E>(t)<ﬁ7(0)> = kBT?ZS(t).

As discussed in Refs. [27] and [29], a time evolution equation for on(7) can be obtained from general
arguments of linear irreversible theory of fluctuations. Such equation together with (1.3) constitute a stationary
procces that can be modeled using the theorems of stationarity and contraction of the description (see Ref.
[33]) for the stocastic vector a(t) = [V (t),0n(t)]'. Thus, contracting the description to eliminate 8n(¢) one
arrives to the following Langevin equation

W-dz(’)——?-V( /thC 1—1)- V() +F ), (1.4)

=
with F (¢) grouping a random force and torque on the tracer which turns out to have zero mean, time-

s
correlation function given by <?(t) F "(0)) =kgTA C (1), and where the time-dependent friction function is
given by

A?(f) = kBT[Vn“f] oo 'oC(t)o [?n“’]*. (1.5)

!Compare equations 1.3 with the corresponding Langevin equation A.7 in appendix A for the spherical case. Clearly, both possess
the same mathematical structure.
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where n°Y =< n(t) >, and o~ ! denotes the inverse function of the inhomogeneous static correlation function
o, defined trough the relation

/a’r”dQ"G(r,r”, Q.Q"o (" r, Q" Q)=5r-r)(Q-Q). (1.6)

Also C(t) denotes the collective-diffusion propagator C(t) = G*(t) o6~ !, with G*(¢) being the van Hove
function G*(r,r',Q,Q';t) = n=! (8n(r,Q;¢)dn"(r',Q’;0)), referred to the tracer’s position and orientation.
That is, G*(¢) is the solution of the linearized diffusion equation that governs the diffusive relaxation of
on(t), as described from the tracer’s reference frame, and whose initial condition is, the static correlation
G*(0) = (8n(0)3n'(0)) = o/n.

1.2.2 Homogeneity approximation

To evaluate A?(t) from Eq.(1.5) we need to determine first the two static structural properties n°? and 6~!. In
principle, these equilibrium properties should be obtained by means of the statistical thermodynamic theory
of inhomogeneous fluids [55]. In fact, the determination of n®(r,Qr,Q) involves only a pair correlation
function (between the tracer and other particle with center of mass located at r as seen from the tracer’s
reference frame), whereas the determination of o(r,r’,Q,Q’) requires the determination of a three-particle
distribution function (two particles in the presence of the tracer). This last calculation may constitute by itself
a rather difficult task in practice. For this reason, it is useful to introduce a simplifying approximation which
consists into approximate G by its value in the absence of the tracer, i.e., by its bulk value. This amounts
to ignoring the inhomogeneity produced by the field generated by the tracer, and thus, ¢ reduces to a pair
correlation function. Under such conditions, 6(r,r’,Q, Q") and 67! (r,r’, Q,Q’) no longer depends separately
on r and r/, but only on the difference r —r’. This approximation can be expressed as

or,r,Q Q) ~ or-r,Q Q"

= 7 2;)3 / Phe * gk, Q, Q) 1.7)

Thus, o(k, Q,Q’) denotes the spatial-Fourier transform of the function 6(r —r’,Q, Q'), which is directly
related to the static structure factor by 6(k,Q, Q') = nS(k,Q, Q') [57, 55]. A similarly assumption may be
proposed for the collective diffusion propagator C(t) = C(r,r’,Q,Q’;¢). Thus, using this approximations
together with the generalized Parseval’s theorem we can approximate (1.5) by:

e
AL(t) = é’j;n / dk / deQ’dQ”dQ”’[V,{h(k,QT,Q)]S*(k,Q,Q’)
X F Q0" (k,Q",Q") x [V [k, Q7, Q"] (1.8)

=
where h(k,Q,Q’') denotes the Fourier transform of the total correlation function, V; = [k,k x V; +LJ",
and with F*(¢) being the intermediate scattering function, (n(k,Q;#)n’(k,Q’;0)), where the superindex *“*”
indicates that the local concentration n(¢) (and consequently F*(¢)) is referred to the tracer’s reference system.
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1.2.3 Decoupling approximation

—
To obtain more explicit results for the sub-tensors A { «(¢) (oo = T,R) in Eq. (1.8) let us consider the Fourier
representation of C(z) given by

Ck,Q,Q't) = / dQ'F*(k,Q,Q":1)s7(k, Q" Q)), (1.9)

As discussed by Medina-Noyola in [33], for the spherical case one can adopt a decoupling approximation
(first suggested by Hess and Klein [58]) for the dynamic correlator F*(k,¢) for the case where the tracer is
one of the macrofluid particles. Such approximation reads F*(k,t) ~ F3(k,t) x F(k,t) where the collective
propagator referred to the tracer coordinate system is substituted by the product of the normal (referred to a
fixed laboratory frame) collective propagator times the tracer-diffusion propagator. Thus, in order to obtain
the spherical SCGLE as the spherical limit of our derivations, we may propose the following approximation:

F*(k,Q,Q';t) ~ /dQ”FS(k,Q,Q”;t)F(k,Q”,Q’;t), (1.10)

which represents the angular convolution of both propagators.

1.3 Collective dynamics of non spherical systems

In this section we present the correlation functions of our interest and introduce some features that will be
considered in what follows in the construction of the non-spherical SCGLE formalism. Rather than provide a
detailed discussion of the theoretical description of fluids with orientational degrees of freedom, we refer the
reader to the classical textbook of C. Gray and K. Gubbins [57]. Thus, let us start by considering a colloidal
system composed by N-linear and rigid identical particles, with mass m and inertia tensor I contained in a
volume V. The translational degrees of freedom are described by the vectors r¥ = (ry,...,ry) and p" =
(p1,-..,pn), Where r, denotes the center-of-mass position vector of the nth-particle and p, = mdr,/dt =
mv,(t) is the associated linear momentum. Also, the orientational degrees of freedom are described by the
abstract vectors Q" = (Qi,...,Qy) and LY = (L, ...,Ly), where Q, denotes the Euler angles which specify
the orientation of the nth molecule, and L,, = I(Q,)®, is the corresponding angular momentum. In this last
equation, ®, denotes the angular velocity. In the particular case of linear particles, the third Euler angle
results redundant and thus Q, = Q,(0,,0,). For our present purpose we will assume that, in the absence
of hydrodynamic interactions, the microscopic translational and rotational dynamics of this system can be
described by the Langevin equations (1.3)

As in the spherical case discussed in appendix A, the most basic quantity for the description of the dy-
namical properties of a non-spherical colloidal system is the time dependent microscopic one-particle density
[see Eq. A.17] which, for this case, may be extended to

n(r,Q;t) = ( 1/\FIZV: d(r—r,(1))8(Q—Q,(1)). (1.11)

By using the fact that any function f(r,Q) can be expanded with respect to plane waves and spherical
harmonics as
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11 . —iKkry*
70,0) = 3 [T inth)e (@)
where

Jin(k) = Vami' [ dr [ dQf(r.Q)e *¥i,()

we obtain, from (1.11) the so-called tensorial density modes

I’llm(kl Zelkr” Ylm n ))

and thus, the following generalized correlators can be defined as

Flm;l’m’(kvt) = <8n7m(kat)8nl’m’(kao)>
4751 V'

N
= Y (MO Ol (0,0)) i (@0(0))),
n#n'

where dnyy, (K, 1) = nym(K,t) — (nim(K,1)). Fork =0, (I,m) = (I',m") = (0,0), Fyy yp (k,t) vanishes.

For completeness, we also define the self components

i (K, 1) = VAT XY Q1 (1)),

and the corresponding self-correlator

Flﬁul’m’(kJ) <nlm(k t)”l’ (k>0)>
— amil- 1< [rr(z)—rr(o)]ylm(gT(,))Yl,m,(QT(O))>’

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

where rr(f) denotes the position of the center of mass of any of the particles at a given time, and Qr(¢)

describes its orientation.

It is useful to introduce now the translational (T) and rotational (R) current densities, j7, (k,?) and jR (k,1),

respectively, as

Jim(k,1) \/» Z )€™ OY, (R (1)),

where we are employing the convenient notation of reference [7], and thus

Va(t): {Vn<t)> =T,

®,(r), a=R.

Note that equations (1.14) and (1.18) imply the following continuity equation:

(1.18)

(1.19)

7



CHAPTER 1. GENERAL CONCEPTS.
1.3. COLLECTIVE DYNAMICS OF NON SPHERICAL SYSTEMS

onm(k,t) . .
"’a(t):zzka-.n?:n(k,t)j (1.20)
o
where Kk, is an operator defined in terms of the k-wave vector and the angular momentum operator L by:
k, a=T
ko=1<¢_~ ’ 1.21
a {L ek (1.21)

and whose action over a function fj,, is given by the following equations:

K fim(K, 1 o=T
k&ﬁm(k7t) — lflm( 7V)7 b (1.22)
Z)11’:—[Ll7mm/ﬁml(k7t)7 o= R7
where V = x,y, z denotes cartesian components and
;Camm’ iL{mm = Llj:,mm’ = \/l(l + 1) _m(m:l: l)sm’.,mih (1.23)
Limm, = md,y .

There are important symmetry properties for these correlators due to time translations, time reversal and/or
rotations that we will not discuss here. Most of these properties are summarized, for example, in ref. [7], and
are extensively discussed in [57]. Also, in the particular case of linear particles, it is usually more convenient
to represent these correlators (as well as other properties) in the so-called k-frame [55, 57], i.e., we choose
a reference frame such that k = (0,0,k). Under such conditions, it can be show that Fj,, y,,y (k,t) must be
diagonal in m and m/, that is

Fiygrm (K, 1) = Fipro (k1) Sy (1.24)




Chapter 2

SCGLE theory for the dynamics of Brownian liquids of non-spherically
interacting particles

Glasses are disordered materials that lack the periodicity of crystals but behave mechanically
like solids. The most common way of making a glass is by cooling a viscous liquid fast enough
to avoid crystallization. Although this route to the vitreous state —supercooling— has been
known for millennia, the molecular processes by which liquids acquire amorphous rigidity
upon cooling are not fully understood.

Pablo G. Debenedetti and Frank H. Stillinger

In this chapter we present the main contribution of this work, namely, the formal derivation of the SCGLE
theory for colloidal system composed of linear interacting particles. We will show that, starting from a proper
set of dynamical variables, the extension of the SCGLE approach can be done following a similar procedure
of the the previous spherical case. For the benefit of the reader, the main feature of the spherical version of the
SCGLE is considered in appendix B. Thus, using the GLE formalism and the concept of contraction of the
description [32, 33] we will obtain exact memory function equations for the generalized dynamic correlators
Fim:m(k,t) and Fli;lm(k,t) in terms of the corresponding static correlation functions Sy, (k). These exact
equations require the independent determination of the corresponding self and collective memory functions.
To obtain a closed self-consistent system of equations for the dynamic properties involved we propose simple
Vineyard-like approximate closure relations similar to the spherical case. In the long-time asymptotic limit,
these equations leads to the so-called bifurcation equations, whose solutions can be written, extending the
spherical case, in terms of one translational and one orientational scalar dynamic order parameters, Yr and
Yr, Which characterize the possible dynamical arrest transitions of a given system. The spherical limit of the
SCGLE formalism is thus recovered for the particular case / = m = 0. The main features, possible applications
and limitations of the present theory are discussed.

2.1 State of the Art

The most basic and fundamental information describing the thermodynamic properties of a given material is
contained in its equilibrium phase diagram [59, 60]. The description of the gas-liquid transition using the
so-called van der Waals state equation is one of the oldest and paradigmatic attempts to contruct such phase
diagram starting from molecular arguments [61]. Furthermore, the microscopical description of the second
law of thermodynamics [62] is perhaps the greatest achievement of statistical mechanics. Given an interaction
potential, statistical thermodynamics allows to obtain the corresponding phase diagram by identifying each

9
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equilibrium state using the so-called minimum energy principle. During nearly a hundred years, this funda-
mental principle has been the basis for the study of the equilibrium properties as well as phase transitions of
many relevant systems [63, 64].

Statistical thermodynamics is thus appropiate to study systems in equilibrium, leaving out of reach the
characterization of the properties of all those systems which are not in thermodynamic equilibrium. Such
is the case of glasses, gels, foams, spin glasses and many other materials with which we have daily contact
and which possess a common feature, namely, a noticeable growth of their corresponding relaxation times,
exhibiting thus their inability to reach equilibrium within experimental times. Understanding the origin of
this behavior falls outside the realm of classical and statistical thermodynamics. In fact, as indicated on the
introduction of this work, a major challenge for statistical physics is to develop a fundamental theory that
predicts the properties of these materials in terms not only of the intermolecular forces and applied external
fields, but also in terms of the protocol of preparation of the material [65, 66].

As we have already mentioned previously, both, the MCT and SCGLE formalisms, are first principles
theoretical approaches leading to quantitative predictions for the dynamic properties of liquids near their
dynamic arrest transition. Both formalisms allows to describe the collective and self dynamic properties
of a given system and are able to predict the existence of dynamical arrest transitions, given the equilibrium
structural properties. In systems involving non-spherical interactions, the degree of complexity increases given
the emerging coupling between orientational degrees of freedom (ODF) and translational degrees of freedom
(TDF). The main added complication is the fact that the phase-space probability density for particles with
ODF is not immediately factorisable into kinetic and configurational parts. This leads to a variety of different
dynamic phenomena and a richer dynamical arrest scenario (see for instance [3, 4, 5, 6]). The non spherical
version of the MCT formalism has been carried out previously [7, 20, 21, 22, 23, 24, 25, 26] and it has been
applied to several systems composed by linear particles. In contrast, the SCGLE approach has been limited so
far to the study of systems with spherical symmetry. The development of the corresponding equilibrium non
spherical SCGLE theory and its application to describe dynamical properties as well as dynamical arrested
states in model systems is the main aim of this work.

Thus, in this chapter we will formaly derive the extension of the SCGLE theory to non spherical systems
and show that a dynamical arrest theory can be derived, extending the previous spherical case. As a result, we
will construct a practical tool able to sistematically obtain arrested phases diagrams and, in general, to predict
the relevant dynamic properties of a given system using as an input the corresponding equilibrium structural
properties. To simplify the discussion as much as possible, we will restrict here to the case of monodisperse
systems conformed by linear molecules, however, the extension of our derivations to consider mixtures and/or
particles of arbitrarily shape is straightforward. In what follows we will show that the generalization of the
SCGLE approach for non-spherical systems whose configurational space state is extended from r" to (r", Q)
may be proposed following a similar procedure of the spherical case. In the process we will arrive to a new set
of coupled equations for generalized dynamical correlators and we will derive a simplified dynamical arrest
theory able to describe the loose of ergodicity in both, translational and orientational degrees of freedom. The
mathematical form of the equations for the corresponding nonergodicity parameters results very similar that
of the SCGLE dynamical arrest theory for spherical colloidal mixtures [19].

10
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2.2 Generalized Langevin Equation Formalism

In this section, we introduce our theoretical approach for the description of the dynamics of nonspherical
colloids. Our procedure will lead us to exact equations for the time evolution of the spherical harmonic
projections of the self- and collective intermediate scattering functions defined in eqs. (1.15) and (1.17) in
terms of the corresponding unknown memory functions and of the static properties. These exact expressions
must be complemented with a number of approximations, leading to a closed system of equations that has to
be solved self-consistently.

The basis of this approach are thus the general mathematical conditions that the dynamical variable
on(r,Q;r), defined in eq. (1.11), must satisfy. These general conditions are stated by the theorem of sta-
tionarity [32], according to which, the most general linear stochastic differential equation that describes a
(multi-variable) stationary stochastic process, denoted by the abstract vector a(r) = [a; (¢),a2(?)...,ay(t)], must
have the following structure

da(t !
Z(t) = _mx“a(t)—/ dtL(t —1")x " a(t') +1(2), 2.D
0
where  is the matrix of static correlations, );; = (a;(0)a}(0)), @ is an anti-Hermitian matrix [@;; = —07;]

and the memory matrix L(t) is determined by the fluctuation-dissipation relation L;;(t) = (fi(¢) f;(¢)), where
fi(1) is the ith-component of the vector of random forces £(r).

The application of this general formalism starts with the concrete identification of the variables
ay(t),ax(t)...,ay(t) that describe the state of the system. The selection of these variables depends of the
actual physical system and process we wish to describe, and of the specific questions we want to answer. For
example, to derive a time-evolution equation for the dynamical variable dn(r,Q;¢) we must include this vari-
able as one of the components of the state vector a(r) = [a;(t),ax(t)...,ay(t)]. Thus, for a;(z) we may choose
either a;(t) = dn(r,Q;¢) or a;(t) = dnyy(K,1). The rest of the variables, as(t)...,ay(t), are chosen according
to the degree of detail of the description from which we wish to derive the desired time-evolution equation for
on(r,Q;r) or for its components dn;,, (K, 7). Our choice for the present derivation is defined by the stochastic
vector

a(t) = [Smn(k,1),8;] (k)87 (k,1)]", (2.2)

where the super index t indicates transpose, and where we have defined the normalized fluctuations on the
longitudinal current densities as

1

Slgn(k’t) = k(X(k) kaj%n(k?t)v 2.3)
I
with
k o=T
K =4 2.4
l ( ) {\/ma o=R. ( )

Notice that the choice of the stochastic variables in a(¢) implies that the static correlation matrix 7 of Eq.
(2.1) possesses the following structure (see Eq. (40) of Ref. [7]),

11
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Slm;lm(k) 0 0
xX= 0 (kgT /m) 0o . (2.5)
0 0 (kgT/I)

The hermiticity of L(¢) and the anti-hermeticity of ®, along with the time-reversal symmetry properties of the
stochastic components of the vector a(¢), define selection rules [32] that determine the vanishing of some of
the elements of ® and L(¢). This leads immediately to [35]

0 O, Wpr
o= |-, 0 01, (2.6)

and

L@ o 0
L= o "0 Lo 27
Im Im
0 L) LY ()

In addition, some of the non-zero elements of the matrices L(¢) and ® can be determined as follows. Using
Egs. (2.5)-(2.7) in Eq. (2.1) leads to the time evolution equation of the components of the state vector a(z).
The resulting equation for dny, (K, ), however, must coincide with the continuity equation (1.20), and this

determines ®,7 = —;,, = —(kgT /M)ik, 0,r = —®k, = —(kgT /1)i+/I(l+ 1), and L (1)=0. As a result,
we can rewrite Eq. (2.1) as three time-evolution equations (for dny,,(k,7), l'le(k,t), and o l’fm(k,t)), namely,

%’”gt(k”) = i[k8;7 (k,t)++/1(1+1)8;% (k,1)], (2.8)

33,7 (k,1)

i = —OJTnS;;;,m(k)Smm(k,t)

t
Im
— /Odt’L(T -1 otz 8j; (k1)

t
Im _ .
| L =% ) +£10) 2.9)

93;" (k.1)

ot - wR”Slm lm( )Snlm (k, f)

- /dtle 'S (k,1)
/dtL (t—t XT18]I (k,t") + (1), (2.10)

where X1 = kgT /m, g = kT /I.
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The next step in our derivation is to contract the description, i.e., to eliminate J ZITm(k,t) and O l’fm(k,t)
from this set of equations. This can be done by solving Eqgs. (2.9) and (2.10) and then substituting the solution
in Eq. (2.8), a process referred to as a contraction of the description [32, 33], leading to the desired time-
evolution equation for dny,,(K,#) alone. This equation, multiplied by the initial value dny,, (k,0), becomes an
equation for the time correlation function F,.,(k,t) = (n}, (K, 1)dn;,(k,0)) which, in Laplace space, reads
[35]

Slm;lm (k)
2+ (k,2)S;, L (k)

Fim:im (k,Z) = (2.11)

where

rm) (k,z) =

kZXT
—1,,—1y (Im) (im)
1, (Im X7 Xg Lyr (2)Lpr’ (2
Z+XT1L(T )(Z)_ T AR ille ((lrzl)RT (2)
2+%g Ly ' (2)
XXk 'L )L (2)

4% L (2)
/1T D)LY (2) + Ly (2)]

— im) . (2.12)

e+ L @k L™ ()~ e Lk ()L (2)
Notice that the use of the parenthesis in the super index symbol (Im) of T is intended to emphasize the fact that
these quantities are not spherical harmonic projections of certain memory functions. Instead, I'“"?) represents
the memory function associated to the projection dny,, considered in a(z).

It is worth stressing that equations (2.11) and (2.12) are exact and general results, whose usefulness only
appears when they refer to particular classes of systems and after introducing simplifying approximations. In
this regard, from now on let us only consider the particular case of orthotropic particles, i.e., geometric bodies
with three pairwise orthogonal planes of symmetry. Spheres, spheroids (ellipsoid of revolution), biaxial (or
triaxial) ellipsoids and cylinders belong to this class. Orthotropic particles have no short-time translational-

2+ 'Ly (2)

e
rotational coupling [67], i.e., the translational-rotational subtensors [ { °7z and [ { %]z of the short-time (or

“free-diffusion”) friction tensor £ (appearing, for example, in the first term of the right side of the Langevin
equation in Eq. (1.3)) vanishes. In addition, let us assume for simplicity that, for orthotropic particles, this
translational-rotational decoupling also holds at the level of the corresponding memory functions, so that in a
first approximation the memory functions L(Tl;?)
for ") (K, z) in Eq (2.12).

An additional simplification appears when one considers the overdamped limit of this equation. This
limit refers to long times compared with the velocity relaxation times t7 = M /L] or tg = 1/CE, where (¢
are the corresponding orientationally-averaged free diffusion friction coefficients. To introduce these time
scales, let us first take the time-derivative of the oo = 7" component of Eq. (2.3) (together with the microscopic
expression for ji* (k,z) in Eq. (1.18)). To evaluate dvy (¢)/dt of the right side of the resulting equation, we

(z) and Lg?) (z) vanish. This clearly simplifies the expression
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use now the N-particle Langevin equation, i.e., one %uation like Eq. (1.3) for each particle. Approximating
g Ry d
the translational-translational diagonal component [{” |7 as [?}T =% T', with T being the 3 x 3 identity

tensor, the resulting equation reads

CLTN

T(k,t) = Tsjl (k,t) + —z Zkb )y, (Q(t))

4j 1 - i . lk rn( )
n=1

where b(t) = L{f%(t) + F,(t)}. The first two terms in the right-hand side of this equation clearly derive from
the first two terms of the o« = T component of the referred N-particle Langevin equation. They describe the
effect of the solvent friction on each colloidal particle due to spatial translations. Although it is not possible to
establish a detailed correspondence of the other terms with those of Eq. (2.9) the above results suggests that
the memory function Ly (¢) could be written as

0
L™k z) = Cnfxf + ALY (k7). (2.14)
An analogous argumentation for the o0 = R components leads to
L™ (k,z) = S P+ AL (k2). (2.15)

Introducing these considerations in Eq. (2.12), the expression for [/ (k,z) simplifies to

20 0
rimk,z) = K07 + NI+ DDy (2.16)

1 + +m2[32D0 l’") 1+ = +IZBZD%ALgm) 7
ZR

where B! = kT, DY = kpT /Y, being the free particle diffusion coefficients, and with zr = £ /m and zz =
Cg /I being the corresponding Brownian frequencies T, t T,,;l. At this point we can take the overdamped limit,
defined as 7 > max[tr,g] (or, alternatively, by z/zr < 1 and z/zg < 1), which transforms eqs.(2.11) and
(2.16) in the following expression for Fj.m (K, z),

Sim(K)
K*D%.S, 1(k)  1(1+1)D%S, (k)
1+ (k2 1+C8" (k,2)

Flm(kvz) = (2-17)

with C{™ (k,z) = m2B2DOALY™ (k,z), and where for the sake of notation, we have omitted the second Im
subindex in the collective dynamic and the static correlators. A similar argumentation for the self-components
(see Eq. (1.17)) leads to
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1
k2D I(1+1)DY
Tt S(im) S(im)
1+C7(k,z) 1+Cg 7 (k,z)
Egs. (2.17) and (2.18) constitutes then the first element of the SCGLE theory for orthotropic-linear molecules.
Notice that for / = 0, these equations clearly reduce to the spherical case in eqs. (B.1) and (B.2).

F9(k,z) =

m

(2.18)

2.2.1 Self consistent scheme

Given the choice of the stochastic variables in a(r) (Eq. (2.2)) it is not possible to determine in more detail
the structure of the translational and rotational memory functions C((xlm) (k,z) and cgi(””) (k,z) in eqs.(2.17) and
(2.18). In the present work we are primarily interested in developing a simplified version of the non-spherical
equilibrium SCGLE theory which allow us to qualitatively test its predictive ability when applied to simple
systems but also that can be easily implemented from a technical point of view. Also, this theory should be
such that, in the appropriate limit, reproduce the spherical equations discussed in appendix B. Thus, similar
to the spherical case, we expect to introduce again the intuitive notion that collective and self-dynamics may
be connected at the level of memory functions (see Eq.(B.3)). For that purposes, let us introduce now the
following simple first order Vineyard-like approximations

™ (k,2) = Co™ (K, 2). (2.19)

which will be regarded as the second element in our self consistent scheme.

Let us recall that the basic idea behind these Vineyard’s approximations is that the collective motion must
be indeed some form of superposition of the individual motion of the particles, however the detailed manner in
which are realted is not known exactly. This physical expectation, together with the aim of simplify as much
as possible our derivations, clearly inspires this proposal. where we are neglecting coupling effects between
them. We could stablish these relations at the level of still higher order memory functions, however, from
the previous experience in the spherical case (see, for instance, refs. [17, 18]) we would expect that this will
only lead to quantitative improvements relevant only at short times. Since the main purpose of the present
extension of the SCGLE theory is to study the long-time features of the slow dynamics of glassy systems, we
prefer to leave this topic out of the scope of the present work.

At this stage, a model for the self-memory functions c(i”’”) (k,7) must be suggested. By considering the
spherical SCGLE theory, eqs.(B.1-B.6), discussed previously as a reference case (the particular condition
! =m = 0 in our equations), we choose to connect these self memory functions to those properties describing
the individual coupled motion of non-spherical Brownian interacting particles. As discussed in the previous
chapter, translational and rotational memory kernels for the tracer diffusion can also be obtained within the
EGL formalism [29, 27]. Thus, using eqs. (1.8) and (1.10) we may propose the following factorization
approximations

m * m . 1 <_>* m
" k) = AGHOM () = Tr [A T 7(0)] 45 (k) (2.20)

S(im) % 1 \n (Im) 1 o (im)
G (I,1) = AL (A" (K]) = 577 (AT 70| 25" (1K) (2.21)
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where the function X(Tlm)(|k|) coincides, for / = m = 0, with the phenomenological interpolating function
introduced in the spherical version of SCGLE (see Eq. (B.5)), namely,

A (k) = [1+ (k) (2.22)

where k. = O X kyqy, With kyuq, denoting the position of the principal peak of Spo(k) and where o is an arbi-
trarily chosen parameter. In general, the SCGLE formalism allows flexibility in the election of a. To fix a
specific value of this adjustable parameter, we must use certain criterium. For example, o may be adjusted
to fine-tune a comparison between the SCGLE results and simulation data [90]. For concrete applications, in
this work we may calibrate o. = 1.941 for reasons that will be explained later in chapter 3.

Aprd Apre g
The diagonal components of the tensors A { /() are defined as [A € :;(t)} = [A € O((t)} /18] (i=
12

ii v
x,y,z). For further specific purposes, we may simplify these approximations by considering kgm)(\k\) =1.
Egs. (2.20)-(2.21) together with (1.8) constitutes, respectively, the third and fourth elements of the present
theory.

Let us finally summarize the main results and approximations that will constitute, thus, our simplified
version of the SCGLE for non spherical liquids. For simplicity and technical convenience we will consider
hereafter the k-frame reference system [57]. Also, in order to simplify our approach as much as possible we
will restrict our equations to the case where all the static and dynamic correlators involved become diagonal
in [ and m (see, for instance, eqs. (36) and (37) of Ref. [26] and recall that this condition is satisfied exactly
in the particular case of the Mean Spherical Approximation (MSA) for the dipolar hard sphere system for
Ry (k) and Sy e (k) [68]. First, from egs. (2.17)-(2.21) we obtain

Slm<k)
Fim(k,z) = , 2.23
im(k:2) K2DYS, 1(k) 11+ 1)DYS, (k) (229
it i) (i)
1+ AL (2)Ap (k) 1T+ACR(2)Ag " (k)
1
FS (k,7) = 2.24
lm( ,Z) kzD(% l(l—‘y-])Dg ( )

+ o () o ()
[+AG @A™ E) | 1+AG M ®)

On the other hand, within well defined approximations discussed in appendix A of reference [36] it is
straightforward to obtain a spherical harmonic expansion of the diagonal elements of eqs.(1.8) which leads to

* 1 D(% 2 —1/2\12 S
ACH (1) = 3 npn / dkk Xl"[zz+1] (1=, (k)] Fg(kst)Fo(kst) (2.25)
with Dy = 2D + D}, and
1 DY 1

2 (o | T 0 ron? (85K B (s Fnllin) — 226)
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where, in general, &, (k) denotes the diagonal k-frame projections of the total correlation function h(k, Q,Q'),
i.e., hy(k) are defined as fy, (k) = (47/n) [Spu(k) — 1]. Also Apyw = [C}l 81w +CpBm1,m] and Cj; =
VIFm)(I£m+1).

Thus eqgs. (2.23)-(2.26) will form a self-consistent and closed set of coupled equation of motion whose
solution provide the full time evolution of the dynamic correlators Fy,(k;t) and F; (k;t) and the memory
functions A} (¢). These equations, which constitutes the main result of the present work, may be numerically
solved using standard methods once the projections S;,, (k) of the static structure factor are provided.

2.3 Dynamical arrest theory

The complete solution of the self-consistent system of equations discussed above provides the full wave-vector
and time dependence of the generalized correlators Fj,, (k;t) and F;> (k;t). Thus, a detailed description of the
slow dynamics of a given system may be realized by solving Eqs. (2.23)-(2.26) for every relevant value of
[ and m (in many cases, as in the example described below, these values for / and m are restricted due to
symmetry considerations imposed by the system itself). Under some circumstances, however, one may only
be interested in identifying and locating the regions of the different ergodic or non ergodic phases involving
the translational and orientational degrees of freedom of our system in its state space. For this purpose it is
possible to derive from the full SCGLE equations the so-called bifurcation equations which allow us to obtain
the dynamical arrest diagram in a similar fashion as in the spherical case. In this section we first derive these
bifurcation equations and latter, in the following chapters, we will apply them to particular systems, namely,
a dipolar hard sphere fluid and a classical Heisenberg system with positional disorder for which we will also
solve the full rotational dynamics to characterize spin glass transitions.

2.3.1 Long-time asymptotic stationary solutions

One important aspect of the SCGLE theory refers to the long-time stationary solutions of equations (2.23)-
(2.26). These are referred to as the nonergodicity parameters, defined as

. Fp(kst)
fim(K) = lim S (2.27)
fim(K) = lim Fy, (ki1), (2.28)
and
AL = Tim AL (1), (2.29)

with oo = T (translational) and R (rotational). The simplest manner to determine these asymptotic solutions is
to take the long-time limit of Egs. (2.23)-(2.26), leading to a system of coupled equations for the nonergodicity

parameters fi,(k), f (k), and AL,
It is not difficult to show that the resulting equations (referred to as bifurcation equations in the context of
MCT) can be written as
[Sun (k)] 2™ ()™ (k)
St (O™ ()AE™ (k) + K2y ™ () + 11+ 1)yeA™ (k)

fim(k) = (2.30)
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and (1m) 13, m)
13 0) = U {0 ) 31)
A (k) (k) + k2yrg ™ (k) +1(1+ 1) yeAr " (k)
with the dynamic order parameters yr and Yg, defined as
DO
Yo = — 15 (2.32)
AGy
given by
RIS ey _ o113 S
o = G ) ek FL20-41] 1= (0] S0k 74 o), (2.33)
and | | N
2 2¢-1 S 2
T e YR SO RO AT AR (.34

Fully ergodic states are described by the condition that the nonergodicity parameters (i.e., fin(k), f5 (k),

and ACZ;(M)) are all zero, and hence, the dynamic order parameters yy and Yz are both infinite. Any other
possible solution of these bifurcation equations indicate total or partial loss of ergodicity. Thus, yr and Yg
finite indicate full dynamical arrest whereas y7 finite and Yg = oo corresponds to the mixed state in which the
translational degrees of freedom are dynamically arrested but not the orientational ones. Notice, however, that
according to Egs. (2.30)-(2.34), the opposite mixed state, in which the orientational degrees of freedom are
dynamically arrested but not the translational ones (yr = oo and g finite), is not a mathematically allowed
possibility. To see this, let us consider first the state defined by the equations yr finite and Yz = co. From
eqs. (2.30)-(2.34), we observe that yr (which explicitly depends on yg) may be finite for Yz = oo due to
the contribution of the / = 0 = m summand in the right hand side of eq. (2.33) which contains products
of the form /(I + 1)yg on the denominator. On the other hand, the opposite state demands Yy = oo which
now, by virtue of eq. (2.34), automatically implies Yz = o. Nevertheless, it is worth to stress that this
mathematical restriction might be the result of all the approximations and assumptions performed to arrive to
these bifurcation equations and therefore, this feature should not be considered as a general result applicable
to any arbitrary system.

The application of this set of equations for a given system -i.e., for a given pair potential- requires the
determination of the the k-frame projections S;,, (k) of the static structure factor at every point in state space.
This is the only external input needed to solve Eqgs. (2.33) and (2.34) for yr and yg simultaneously using, for
example, iterative methods. Then, analyzing the resulting numerical values of these coupled parameters, one
can determine the dynamical arrest diagram of the system, i.e., one can identify the regions of fully ergodic,
fully arrested, and possible mixed states, and the different transition lines which separates these regions.
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Chapter 3
Applications I: The Dipolar Hard Sphere Fluid

In this chapter we apply the dynamical arrest theory derived from the non spherical SCGLE formalism in order
to determine the arrested phases diagram of a model system, namely, a dipolar hard sphere (DHS) fluid . As
discussed in the previous chapter, to solve the bifurcation equations for the dynamic order parameters yr and
Yr» we need to determine previously the spherical harmonics projections, S, (k), of the static structure factor
of the system. For this, we will rely on the mean spherical approximation (MSA) for the DHS fluid [68] and
the Ornstein-Zernike integral equation formalism extended to systems with orientational degrees of freedom
[69, 70]. For the benefit of the reader, the main details in the determination of the non-zero projections,
Soo(k),S10(k) and Sy (k) are summarized in appendix C. For completeness, we also determine the behavior of
the ergodicity parameters, fj,,(k), in the vicinity of the glass transition lines and show how our theory is able
to predict dynamically arrested states in a similar fashion of the MCT formalism. From the comparison of
the results of both theories we contrast the main diferences as well as the relevant similarities between these
two approaches. As an additional bonus, however, the behavior of the localization length along the different
transition line is annalized and discussed in order to describe the different glass transitions occuring in the
system.

3.1 The Dipolar Hard Sphere Fluid

The description of the structural and dynamical properties of homogeneous molecular fluids is of paramount
importance in the physics of complex fluids, specially in the context of soft matter and disordered systems
[72, 73, 74]. As discussed in the first Chapter of this thesis, the corresponding particle densities, distribution
functions and relevant dynamic properties can be developed along lines similar to those followed in the atomic
case [55, 57]. As we have mentioned previously, there exist an emerging complexity caused by the inclusion
of the orientational degrees of freedom, and this entails fascinating dynamic phenomena not observed in
the spherical case, for example, the occurence of exotic mixed dynamically arrested (glassy) states [3, 7,
5, 4]. Within a wide range of systems with orientational degrees of freedom, the dipolar hard sphere fluid
(DHS) emerges as one of the most representative reference models with anisotropic interactions which has
been subject of many studies and characterizations ranging from its structural [68, 69, 70, 72, 73, 74] to
their dynamical properties [7, 71]. Because of the long-range nature of the dipolar interactions, ~ 1/r°, the
orientational motion of different molecules are correlated over long distances.

In the context of systems exhibiting dynamically arrested states, the remarkable work of W. Gétze and
co-workers [20, 21, 22, 23], as well as the work of R. Schilling and co-workers [7, 24, 25, 26], extending
and applying the MCT approach to characterize fluids consituted by linear molecules, should be referred as
one of the most outstanding theoretical efforts in understanding glass transitions in system with anisotropic

19



CHAPTER 3. APPLICATIONS I: THE DIPOLAR HARD SPHERE FLUID
3.2. STATIC STRUCTURE FACTOR

interactions. One important prediction of the MCT approach for the DHS fluid is the existence of two different
dynamically arrested states for the system [7, 26]: one in which the traslational degrees of freedom freezes
whereas the orientational degrees of freedom remain ergodic, and a fully dynamically arrested state in which
both degrees of freedom freezes in a random configuration of positions and orientations [see Fig. 5 b) on the
Introduction]. As we will show latter in this chapter, the nonspherical SCGLE theory predicts essentially the
same physical scenario, providing mutual support to both approaches and their predictions. Before considering
this dynamical characterization, however, let us recall the main details involved in the determination of the
static structural properties of the DHS system, which are needed in our dynamical arrest theory to sketch the
corresponding arrested phases diagram.

3.2 Static structure factor

Let us consider a model system consisting of N-identical hard spheres with diameter d and dipolar momentum
u,, where |u,| = u for all n. Besides the hardcore interaction, the pairwise potential also includes a dipolar
term given by

Udzp rN QN ,u Z |rn — Iy | _rn) (en 'en’)
n#n'
=3((ra — 1) - ) ((rn — 1) -€w)], (3.1

where the unit vector e, = u,, /u pointing in the direction of the dipole u, describes the orientation of the nth
particle, also denoted previously as Q,,.

For this system, approximated analytical results for the pair direct correlation function c(r, u,u’) exist. As
showed by M. S. Wertheim [68], within the MSA approximation, which consist in approximate c(r,u, ) by:

c(r,u ) =—BU(r,m i), r=|r|>d) (32

the calculation of ¢(r,u,u’) may be reduced to the case of simple hard spheres, for which ¢(r) is known,
e.g., in the Percus-Yevick approximation. The main details in the determination of the spherical harmonics
projections, S, (k), of the corresponding static structure factor, S(k,u, i'), can be found elsewhere, however,
we summarize them in appendix C.

The typical behavior of the only non zero projections, Soo(k),S10(k) and Sy (k), of S(k,,u, ¢') within this
approximation is displayed on Figs. 3.1(a), 3.1(b) and 3.1(c). The “hard sphere” correlator, Soo(k), describes
TDF, that is, the center of mass distribution of the system. The couppling between the TDF and ODF is
described by the correlator Sjo(k) which resembles as an “effective hard sphere*. Finally, the correlator S; (k)
describes the long range correlations induced by the dipolar contribution to the potential energy.

3.3 Dynamical arrest diagram

We now illustrate the use of the bifurcation equations derived in Chapter 2 to determine the dynamical arrest
diagram of the DHS. The only external input needed to solve Eqs. (2.33) - (2.34) can be obtained using
the equations of appendix E of Ref. [7] together with eq. (C.20). Recall we need to solve, simultaneously,
Egs. (2.33) - (2.34) in every point in the state space spaned by the two control parameters of the system,
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Figure 3.1: Behavior of the spherical harmonics prohections of the static structure factor within the mean
spherical approximation (a) Soo(k), (b) S1o(k) and (c) S11(k), for three different points (7;*,m;), i = A (black
dashed lines), B (red dashed-pointed) and C (blue pointed).
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(M, T*) , whose solutions are the values yr(n,7*) and Yg(n,T*) of the dynamic order parameters at that state
point. This determine the expected dynamic state of the system at that particular point. Thus, scanning in this
manner the full state space, we may determine the regions of fully ergodic, fully arrested, and dynamically
mixed states.

The result of these calculations is summarized in the dynamic arrest diagram of Fig. 3.2, where the state
space (M, T*) is partitioned into three distinct regions. A fully-ergodic fluid region (I) is delimited by two
different boundaries. Thus, starting from a point in this region, the control parameters may be varied to induce
two types of transitions. One of these transitions, occurring at the (blue) vertical dashed line, drives the system
into a mixed state (II) where the translational degrees of freedom freeze, whereas the orientational degrees
of freedom remain ergodic. Notice that this transition occurs at a virtually 7* independent critical volume
fraction, n = 0.51, which coincides with the MCT prediction for the glass transition of the hard sphere fluid
using the Percus Yevick approximation. Let us recall, however, that we have calibrated the parameter ¢ in
Eq. (2.22) to the value o0 = 1.941 to match this transition line to the corresponding MCT predicted line in [7],
in order to contrast the results of both formalisms for the same system.

The second transition, occuring at the (black) solid line of Fig. 3.2, may be observed starting from the same
initial point as before and isochorically lowering the temperature. This process drives the system into a fully
non-ergodic phase (III), where both, translational and orientational degrees of freedom freeze simultaneously
in a glassy state. Finally, another type of transition (spin-glass like), occuring at the (red) dashed-pointed line,
is observed by starting from a point in the mixed region (II), where the orientational degrees of freedom can
also be freezed lowering the temperature.

In the inset of this figure we also display a comparison between our results and the corresponding MCT
phase diagram for the DHS fluid . From this comparison we may infer that, within our approach, the general
physical scenario for the dynamical arrest transitions is essentially the same predicted by MCT in ref. [7].
The localization of the two transition lines enclosing region III clearly differs, as well as the position of
the corresponding bifurcation point (white square for SCGLE and black square for MCT). In particular, our
predicted transition line separating region I from region III (solid black) is located above the corresponding
line predicted by MCT (black dots). In other words, we observe this transition under less structured conditions
for the system. In contrast, the line which separates regions II and III (red dashed-pointed) is predicted to lie
below the corresponding MCT line (red diamonds). Also, the bending of the latter is more pronounced than
the former.

To complement these results, we may consider the critical nonergodicty parameters, fl(,;) (k), defined as the
solution of Eq. (2.30) evaluated at the transition line separating regions I and III (solid-black). We specifically
evaluate these parameters in the three points A,B and C (white circles) in Fig. 3.2. The values of the packing
fractions, M4, Mp and 1n¢, were chosen to coincide with the three values used in the upper panels in Figs. 2, 3
and 4 of ref. [7], two of which correspond to the black circles in the inset of Fig. 3.2.

The k-dependence of fég) (k), fl(g) (k) and fl(lc) (k) is displayed, respectively, in Figs. 3.3(a), 3.3(b), and
3.3(c). This dependence is in phase with the k dependence of S, (k). From Fig. 3.3a we observe a similar
behavior for fé(c)) (k) as already found in the spherical SCGLE theory. The meaning of fj,(k) — 1 when k — 0
has been discussed in ref. [18]. Also, in agreement with the MCT results of ref. [7], a strong m dependence
for f, (k) is observed. The same qualitative behavior for fj;,(k = 0) and f{, (k = 0) going from point A to C
is obtained.
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Figure 3.2: Phase diagram for the liquid and glassy states of the dipolar hard spheres system. Inset shows a
comparison between this diagram and the MCT phase diagram (black circles and red diamonds) in reference.
[7]. The corresponding translational arrest lines (dashed vertical blue) match at a volume fraction n = 0.51
calibrating the parameter o in Eq. (2.22) to the value ow = 1.941.
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Figure 3.3: (Color online) The critical nonergodicty parameters, (a) fég) (k), (b) fl(g) (k) and (c) fl(? (k) , for
three different points (7;*,m;), i = A (black dashed lines), B (red dashed-pointed) and C (blue pointed), on the
critical line which separate fully ergodic states from fully nonergodic states.
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Figure 3.4: (Color online) Localization length, yTl/ 2, along the glass line which separates region I from

regions II (blue triangles) and III (black dots). In the inset of this figure, we also display this localization
length along the line which separates region II from region III (red diamonds).

Finally, we also calculate the localization length, (yr) 1/2 along the glass line which separate regions I and

III (solid black in Fig. 3.2), up to the bifurcation point and then going through the other two different transition
lines. As shown in Fig. 3.4, for 7* < 0.103, and going from point A to point C in Fig. 3.2, (YT)l/Z behaves
as a decreasing function of 7. For this temperature regime, the influence of the dipolar interactions become
important, even for a dense fluid, where one observes that both ergodicity parameters, yr and Yz, become
finite simultaneously. At the bifurcation, however, the localization length display a discontinuous “jump” to a
constant value (~ 0.1d) observed at the purely translational arrest line (dashed blue in Fig. 3.2). This feature
is characteristic of the hard sphere system and may be interpreted as a dense fluid forming an amporphous
solid. Also, in the inset of this figure we show the behavior of (yr) 1/2 as a function of 1 calculated at the two
transition lines enclosing the region of totally arrested states III.

Thus, both approaches predict the occurence of three different dynamic phases depending on 7* and 1 and
the same mechanisms to trigger the dynamical transitions between each phase. Also, both theories suggest
a hierarchy for freezing: the orientational degrees of freedom can never be frozen before the translational
degrees of freedom. To decide which of these results are more accurate, we should compare them in the light
of experimental or computational simulation data.
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Chapter 4

Applications II: Spin Glass transitions in a classical and disordered
Heisenberg system.

As a second application of the nonspherical SCGLE formalism, we now discuss the slow dynamics near to
the spin glass (SG) transition [75] of a Heisenberg system consisting of a set of linear interacting classical
dipoles with random positional disorder. Starting from the dipolar fluid reference model discussed in the
last Chapter, we artificially introduce quenched positional disorder in the system to annalize the rotational
dynamics near the SG transition in terms of the correlation functions, Fi (k1) = (e cos(8(t)) cos(8(t = 0)))
and FJ (k,t) = (¢®Tsin(8(t))sin(8(t = 0))e®(")), where 0(t) and ¢(t) denote, respectively, the spherical
coordinates describing the orientation of any dipole at time t. Our findings suggest a progresive increase of
the equilibrium relaxation time as the effective temperature, 7%, decreases; and its eventual divergence at a
critical temperature, T, suggesting the loss of ergodicity in the system. Using the bifurcation equations (2.27),
(2.28) and (2.29), the corresponding state space can be partitioned in two regions: a) an ergodic isotropic phase
above T, where the spatially fixed dipole moments explore all its orientational configuration space; and b) a
spin-glass phase, below T, where the orientational degrees of freedom freezes in a configuration of random
orientations. Regardless the simplicity of the model proposed here, our results are in qualitative agreement
with recent experiments for disordered magnetic materials, and with more sophisticated simulation results.

4.1 Disordered dipolar materials and Spin Glass transitions.

One of the most intriguing and fundamental problems in condensed matter physics refers to the study of
the combined effects of disorder and frustration in magnetic materials, both of which may cause the in-
dividual magnetic moments (or spins) to freeze into disordered states [75, 76, 77]. Disordered-magnetic
systems possess different and richer properties than those of their “pure" (ordered) counterparts, and these
properties may modify dramatically the thermodynamic behavior of the system [78] (mostly because of the
greater difficulty to find equilibrium configurations). In addition, within the mean field models of magnetic
materials using “Ising-like" Hamiltonians, it is a well known fact that disorder and frustration are factors
which may suppress the expected ferromagnetic transition, leading to the possibility of the occurrence of ex-
otic dynamically arrested states, such as it occurs in the spin-glass (SG) phase observed in certain magnetic
materials [75, 79, 80, 81]. From the experimental point of view, there are well-defined criteria to deter-
mine if a given magnetic material behaves as a SG. For instance, the slow decay of the correlation function
C(t) = (M(t)M(t =0)), where M(t) denotes the time-dependent magnetization of the system, or the emer-
gence of a sharp cusp in the nonlinear susceptibility x”(f,T), where T denotes the temperature and f the
frequency of an applied external field, may be considered as concrete phenomenology associated to the SG
transition [78] [see Fig. 4.1].
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Figure 4.1: Experimental characterization of a Spin Glass material. Upper left panel: temperature dependence
of the zero-field cooled (squares) and fiel cooled (triangles) magnetization recorded in H = 5kOe applied along
the c axis, and perpendicularly to this axis, to a YbCoGaOy sobgle crystal. Upper right panel: temperature
dependence of the zero field cooled magnetization recorded in H = 500e applied along the c axis. Lower left
panel: imaginary part of the AC susceptibility, %", as a function of frequency, f , normalized to its maximum
value Yuqx at frequency f,,ax, and for temperatures between 77 mK and 260 mK. Right lower panel: real part
of the AC susceptibility, x'(f,T), as a function of temperature. All the plots where extracted from Journal of
Physics: Conference Series 303, (2011) 012064.
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Figure 4.2: The left panel shows the crystalline tetragonal structure of LiHoF, with lattice spacing a = 5.175
and ¢ = 10.75. The thin solid lines illustrate the superexchange pathways between magnetic Hot3 ions (black
circles) mediated via fluorine F~ ions (green circles). In LiHo, Y _,F4, the magnetic Ho™3 ions are substituted

randomly by non-magnetic Y3 ions, with the lattice structure remaining the same for all x. The global Ising
direction is along the c axis and a magnetic field B, is applied perpendicular to that axis in transverse field
experiments. The right panel shows a schematic temperature (7")—dilution (x)—transverse field (B,) phase
diagram of LiHo,Y|_,F4. At high temperature T or large By , the system is in a paramagnetic (PM) phase.

For x = 1, LiHoFy is an Ising dipolar ferromagnet (FM) below 7. = 1.53K. Upon the substitution of Ho™3

by Y3, the FM phase persists down to x ~ 0.25. Upon cooling the diluted FM for 0.25 < x < 0.5, magnetic
susceptibility measurements find the development of a “ferroglass” regime (FM or SG?). As x decreases,
random frustration builds in and, for x < 0.25, a dipolar Ising spin glass (SG) phase develops (shaded blue
region). Whether the dipolar SG exists down to x = 0™ or an exotic quantum disordered “antiglass” (AG) phase
occurs at x > 0 (red line segment) is not yet resolved and is the subject of much controversy. The application
of a transverse field B, introduces quantum fluctuations causing a reduction of 7.(x) (surface delineated by
dotted lines) which, ultimately, drives a zero temperature quantum phase transition at zero temperature (dash-
line curve in the x-B, plane). Both curves where extracted from Ref. [83].

As a particular and relevant example of a magnetic material displaying this phenomena let us mention the
rare earth compound LiHo,Y_,F4 [80, 81, 82, 83]. The parent compound LiHoF,, which is one of the best
realizations of the Ising model, is a well known ferromagnet with a transition temperature 7, = 1.53K [80, 84]
[see the left panel of Fig. 4.2]. The main interactions between the Ho™> ions are magnetostatic dipole-dipole
interactions [83]. Random disorder may be induced by randomly replacing magnetic holmium atoms by non-
magnetic yttrium atoms, yielding the compound LiHo,Y_,F4. Recently, the slow dynamics of this material
has been the subject of experimental characterizations [85] and of computer simulation modelling [81], and
evidence of the SG behavior has been found in terms of " (f) [85] as well as the magnetization-correlation
function C(t) [see Fig. 4.3].

In this Chapter, a simplified (yet physically sound), model to describe the SG transition in a classical
Heisenberg dipolar system with frozen positional disorder is proposed and discussed within the SCGLE ap-
proach. After solving our corresponding dynamic equations for the correlators Flfn(k,t), we contrast our
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Figure 4.3: Dynamic correlation function, C(f), maesured in experiments (black curves) for the
LiHog.045Y0.955F4 compound compared with Monte Carlo simulations results (red curves), including
dipolar, hyperfine and exchange interactions. The temperatures considered in the experiments are
0.10,0.11,0.12,0.14,0.15,0.17 and 0.20K, from right to left. This plot was extracted from Ref. [80].

results with experimental data to show that the SCGLE theory predicts a similar physical scenario. Although
this topic constitutes by itself a relevant motivation in the context of SG phases in magnetic materials, the
recent emergence [37, 38, 39] of the non-equilibrium generalization of the SCGLE theory (refered to as NE-
SCGLE), and its further extension proposed to describe systems with orientational degrees of freedom (ODF)
[41], suggest that this work may be extended to describe aging phenomena in non-structural spin glasses [40].

4.2 Slow Dynamics and Spin Glass transitions of a classical and disordered
Heisenberg system.

As already mentioned, the physics of the SG transition may be described in terms of both, the temperature
and frequency dependence of the ac susceptibility x(¢) as well as the slow decay of the correlation function
C(t) = (M(r)M(0)). Within the experimental work for the LiHog 045Y0.955F4 compound, an increase of the
relaxation time of C(¢) of the order of three decades has been observed for temperatures varying from 0.2K
to 0.12K [85]. Further work on simulations for the system corroborates these results [80, 81]. In what
follows we show how our theoretical approach can be employed to describe these observed SG transitions
in dipolar disordered systems. Regardless the simplicity of our model or the fact that the SCGLE formalism
is, in principle, a theory developed to describe dynamics in brownian liquids (instead of a formal theory of
magnetic disordered systems) it is remarkable that we may reproduce, to a large extent, the same physical
behavior upon the SG transition.
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4.2.1 Slow dynamics

Let us explain how to use the SCGLE equations together with the MSA approximation to describe the rota-
tional dynamics of a classical Heisenberg system with positional disorder. We start by considering the DHS
fluid of the previous chapter. From section 3.2 and appendix C, we know that the MSA allows to calculate
the static correlators Sy, (k),(I = 0,1,m = —1,0, 1), which are needed to solve the equations of motion for
Fym(k,t) and FS (k,t). In figure 4.4 we display again the behavior of these projections for fixed 7* and for
three different concentrations: 1 = (1/6)pd> = 0.1,0.01, and 0.001.

For n 2 0.01 the k variations of Soo(k) and Sjo(k) are rather similar to each other and resemble that of
a simple liquid with a well pronounced main peak at k = 2w/d. In contrast, the dipolar correlator Sy (k)
behaves quite differently. It exhibits only one well defined peak at k = 0, and it becomes almost structureless
for kK > Ak, with Ak being the peak width at half maximum. Thus, the distribution of centers of mass (or,
equivalently, the spatial distribution of the dipoles) is very similar to that of a Hard Sphere (HS) fluid , that is,
with no long range order. However, as showed in fig. 4.4, the hard core interactions become neligible in the
dilute regime, and the short range order is supressed, i.e., a random distribution of linear dipoles is obtained.

Besides the structural information contained in the projections S;,, (k), let us recall that another important
input of the SCGLE equations are the short-time self-diffusion coefficients, DY, (ot = T,R). These are the
diffusion coefficients that describes the translational and rotational motion of the particles between collisions,
so that, if we arbitrarily set D% = 0 in Eqgs. 2.23, 2.24, 2.25 and 2.26, it means that the particles are assumed not
to diffuse in any time scale, i.e., to remain fixed in space. Hence, we may consider the particular application
of the SCGLE equations in which D% # 0 whereas D} = 0. Notice that this implies that yr = 0, so that, in
the assymptotic long time regime, we only need to solve Eq. 2.34 for the dynamic order parameter Yz to
characterize the dynamic state of the system.

Thus, we proceed as follows: first, we obtain the static structure factor within the MSA approximation
for the DHS fluid; once the static correlators Spo(k), Sio(k) and S1; (k) are determined, we arbitrarily set the
translational difussion coefficient, D(%, equal to zero and solve the resulting dynamic equations, which now
reads

Sim(k)

Fim(k,2) = 1(14+1)DYS;, 1 (k) “.1)

1H+AG, (A" (k)

1
S _
1+AG, (A" (k)
and
AGH(1) _1Dgn 1 / Ak Y 20+ 111 () [Aron) [S;,) (k)] S (ks 1) Fi (K3 ) (4.3)
72034 (4m)2 ) T & ’ tm m7 ’

Hence, within this simplified model, the orientational dynamics of the system is described by the corre-
lators Fio(k;t), Ff(kt), Fi1(k;t) and F3 (k;t), for which we solve eqs. (4.1), (4.2) and (4.3). In Fig. 4.5(a)
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Figure 4.4: Characteristic behavior of the Sy (k), S10(k) and Sio(k) spherical harmonic projections of the static

structure factor, S(k,Q,Q’), in the MSA approximation for a fixed effective temperature T* = Bu?/d> = 0.1
and packing fractions 1 = 0.1,0.01,0.001.
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Figure 4.5: a) Time dependence of the self correlator FISO(k = 1;1) predicted by the SCGLE equations for
fixed packing fraction 1 = 0.001. From left to right, the scaled temperature decreases from 7% = 0.007 to

T; = .022. b) A qualitative comparison of our results with the experimental data of reference [81] showed

in Fig. 4.3. ¢) Relaxation times, Tq, as function of the inverse temperature; the SCGLE formalism predicts a
divergence of Ty at T, = 0.22
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we display representative results for Fi})(k = 0.1;¢) o< (€T cos(6;,(t)) cos(6;,(0))) for fixed concentration
(n =0.001) and for a set of scaled temperatures near the SG transition.

The relaxation time, T, defined by the relation FISO(k;c(x) = 1/e, is predicted to increase by almost four
decades within a temperature range T, = 0.0223 < T* < T}* = 0.03. Below T, the correlator Fj(k = 1,1)
reaches a plateau suggesting the loose of ergodicity in the system, that is, its inability to find a minimal
energy configuration. In figures 4.5(b) and 4.5(c), we contrast the results of our simplfied model with the
experimental data of reference [81] for the compound LiHog 045Y0.955F4 in a range of temperatures from
T =0.1Kto T = 0.2K. We use the rotational difussion coefficient as an “adjustable” time parameter to fit the
curves. Clearly, a divergence of the relaxation time is predicted by our theory for 7' = T,.

This comparison with the experiments exhibit important differences of both, the short and long time
regimes of Flso(k7 t) predicted by our theory. For example, a two steps relaxation not observed in the referred
work (but characteristic of relaxation procces in brownian simple fluids), is predicted by the SCGLE solu-
tions. From the previous experience in the spherical SCGLE theory, we already know that the short time
regime (which is not relevant within our discussion of dynamically arrested states) may not be correctly de-
scribed due to the simplicity imposed in the Vineyard approximation 2.19. In addition, the differences in the
long time relaxation could be due to the hyperfine interactions which are not considered in our simple model.
As discussed in [83], in many Ho-based materials there is a strong hyperfine coupling between the electronic
(J = 8) and nuclear (I = 7/2) moments of Ho>* in LiHoFy. The hyperfine interaction also strongly influences
the phase diagram of the dilute compound LiHo,Y_,F4. Thus, the hyperfine interaction is extremely impor-
tant, and should not be omitted in a proper quantitative description of the low-temperature properties of this
material. Again, the results presented here, should be considered at the moment only to illustrate the abilty of
our approach to predict dynamically arrested states for dipolar magnetic and disordered systems.

4.2.2 Arrested Phases Diagram

Finally, to complement our results, and in order to exhibit in more detail how our theory is also able to describe
a more general scenario for dynamically arrested states, let us now make use of the bifurcation equations 2.23,
2.24, and 2.26 to scan state space of the system. From the previous Chapter, we know that considering the
numerical value of the ergodicity parameter Yg in all the state space, we may determine the corresponding
arrested phases diagram. In the context of our actual discussion, this exercise allow us to consider also
the effect of the excluded volume (hard core interactions) in our description. This incorporates short range
correlations due to the referred hard core interactions which affects the critical temperature 7, = T,(1). In
Figure 4.6 we display the resulting phase diagram.

The existence of a concentration-dependent critical temperature, 7, = T,(1), at which the SG occurs,
is predicted to behave as an increasing function of the concentration. In the dilute limit, this temperature
behaves as a non-linear funtion of the concentrarion of dipolar hard spheres. For 1 = 0.2, a linear behavior
is predicted. To describe separately the influence of both control parameters on the SG transition, we may fix
for example the volume fraction to an arbitrary value and annalize the solutions of the full SCGLE equations
for several values of temperature near the SG transition line. This is done for the trajectory described by the
points A,B,C,D,E in our phase diagram, and the results for FISl (k,t) are displayed in the left panel of Fig.4.7.
The other possibility is to fix 7 and vary the value of n, for instance, by following the trajectory described by
the points a,b,c,d, e in the phase diagram. This is done in the right panel of Fig. 4.7.

34



CHAPTER 4. APPLICATIONS II: SPIN GLASS TRANSITIONS IN A CLASSICAL AND
DISORDERED HEISENBERG SYSTEM.

4.2. SLOW DYNAMICS AND SPIN GLASS TRANSITIONS OF A CLASSICAL AND DISORDERED

HEISENBERG SYSTEM.
ROTATIONALLY ERGODIC STATES
15 _
0,15 oA YT=0; 'YR:oo
o\l
5 oB
o> C
©
N
Qﬁa abocdef oF
o0 [ ]
Il /
SN POSITIONALLY DISORDERED N
SPIN GLASS
V=0 Yyofinite
0,05
0,1 02 03 04 05 0,6
3
N=nno /6

Figure 4.6: Arrested phases diagram of a classical and disordered Heisenberg system.
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Figure 4.7: Left panel: behavior of the correlator F}; (k = 7.18,¢) for fixed volume fraction, N = 0,2, and
for different temperatues in the vicinity of the SG transition predicted by the ergodicity parameter, Yg. Right
panel: behavior of F; 1S1 (k =17.18,t) for fixed temprature 7 = 0.106 and several volume fractions in the vicinity
of the transition line shown in Fig. 4.6
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At the present momment, we are working on the complementary simulation work to corroborate all these
results and we expect to report soon all these calculations.
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Chapter 5

Conclusions.

In this work we have developed the formal extension of the equilibrium SCGLE theory of colloid dynamics
to describe the translational and rotational dynamics of Brownian liquids formed by particles that interact
through non-spherically symmetric pairwise potentials. The main result of our formal derivations is a set
of coupled equations describing the time-evolution of the spherical harmonics projections of the collective
and self intermediate scattering functions, Fj.;, (K, ) and Flfn im (K1), whose respective memory functions are
written approximately in terms of the translational and rotational time-dependent friction functions involving
AL (t) and Alk(¢). Introducing approximate expressions for these friction functions in terms of the intermedi-
ate scattering functions themselves, leads to a self consistent scheme (Egs. (2.23)-(2.26)), which only requires
the projections Sy, (K) of the equilibrium static structure factor as an external input.

The resulting self-consistent theory is now ready to be applied to the description of the dynamic properties
of specific model liquids. In this work, however, we did not attempt the solution of the full self-consistent
scheme. Instead, here we discussed its use in the derivation of the bifurcation equations, Egs. (2.33) - (2.34),
whose solution allows us to determine the dynamical arrest diagram of the generic system studied in chapter 3,
namely, the dipolar hard sphere liquid. This is an interesting exercise in terms of its prediction of the existence
of two distinct dynamically arrested states, one in which both, the translational and the rotational degrees
of freedom are arrested, and another involving mixed states, in which the translational degrees of freedom
are arrested but not the rotational ones. The impossibility to arrest the orientational degrees of freedom with
the translational ones not arrested, is probably originated by the decoupling of translational and orientational
degrees of freedom imposed to the memory function. Let us stress, however, that these results are presented
here only to illustrate the ability of the SCGLE theory to predict physically complex and fascinating dynamical
arrest scenarios when the rotational degrees of freedom are included in the description.

In the present thesis we did not aim at achieving any specific progress in the description and understanding
of the dynamic arrest phenomenology of the dipolar hard-sphere liquid, since that specific model system was
thoroughly studied before with MCT by Schilling and Scheidsteger [7]. It is reassuring, however, that the main
qualitative features of our results are fully consistent with the results of that pioneering study. This applies not
only to the mere dynamical arrest diagram of the DHS fluid, but also to the additional information generated
in our illustrative exercise such as the behavior of the relevant nonergodicity parameters f;fn(k) Of course,
it will be interesting to report and discuss more information, as well as the results of the actual solution of
the complete self-consistent scheme in Eqs. (2.23)-(2.26) to exhibit the full time dependence of the dynamic
properties involved.

We also employed the SCGLE approach in order to describe the spin glass transitions of a dipolar system
with positional disorder. For this, we adapted our general equations and solve the rotational dynamics of
a simplified model in which we artificially introduce quenched positional disorder by arbitrarily seting the
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translational diffusion coeficient, D}, equal to zero. The behavior of the only dynamic order parameter,
Yr, Was also studied in order to determine the corresponding arrested phases diagram. Our findings are in
qualitative agreement with previous experimental and simulation characterizations of disordered magnetic
systems suggesting that our approach might be able to predict and describe dynamically arrested states in
disordered magnetic systems as well. In fact, we have started to develop this particular application of the non
spherical SCGLE theory, but this has proved to possess by itself a very rich phenomenology which demands
a more carefully and detailed characterization. We believe that such discussion is beyond the scope of the
present work and should form part of a separate work. The theory presented and discussed here, also opens
additional perspectives of research on the translational and rotational dynamics of liquids involving non-
spherical interactions. For example, to simplify our derivations here we considered only the particular case of
monocomponent systems conformed by orthotropic-linear particles. The extension of these derivations to the
case of mixtures of particles of arbitrary shape may, however, be proposed following the canonical procedure
employed in this work [see for instance Ref. [35]]. Similarly, although the conceptual framework that we
employed here refers to colloidal systems [without hydrodynamic interactions], we expect that the essential
ideas and results in this work will also be relevant to molecular liquids, very much in the same fashion as in
the spherical case [86, 87, 88, 89]. Finally, as we stated in the introduction, we expect that this formalism
may be generalized in order to describe aging phenomena on systems involving non-spherically symmetric
interactions, as already done for liquids formed by spherical particles [37, 39].

Furthermore, the non-equilibrium extension of the theory presented here is in fact the subject of work in
progress, carried out in collaboration between the author of this work and a PhD student (Ernesto Cortés-
Morales) in the group of Professor M. Medina-Noyola. Due to the extension and the authorship of such work
we have to keep these developments separate from the present discussion. The development of the rotational
version of such non-equilibrium theory requires, however, the previous development of the corresponding
equilibrium SCGLE theory, which is the main aim of the work presented in this thesis. We expect that the
results of the present work will be the basis of a program of research dealing with these problems.
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Appendix A
Brownian motion of spherical particles

A.1 Langevin equation for a Brownian spherical tracer particle

Let us consider the Brownian motion of a spherically symmetric colloidal particle in the absence of direct
interactions with other particles and embedded in a solvent. The motion of this particle may be described
using the so-called Langevin equation [51, 52]:

mdv(t)
dt
where v(t) denotes the instant velocity of the tracer, m its mass and {° is the hydrodynamic friction coefficient
that we assume previously determined through some given experiment or a theoretical framework. As we
know, in the spherical {° is determined by using the linearized Navier-Stokes equation. A well known result
for spherically symmetric particles within this theory reads: {® = 6nnc, where 1 denotes the viscosity of the
solvent and ¢ is the diameter of the particle.

In addition, f°(¢) represents a random force which characterizes the spontaneous fluctuations on the total
force excerted by the solvent on the tracer particle. Customarily, this force is “modeled” as a stationary-
gaussian-random stocastic procces [1] (white noise), with zero mean ((f(z)) = 0) and correlation function
given by the following fluctuation disipation theorem [1, 42]

=~ +£() (A1)

(F()F7(0)) = 2kpT 8 (1)1 (A.2)

where 1 is the 3 x 3 identity matrix, 8(¢) denotes the delta Dirac function, kp is the Boltzman constant and
T is the temperature. Thus, v(¢) is also a stationary-gaussian-random stocastic proces with zero mean and
self-correlation function given by !

(v(1)-v'(0)) = %iexp (Cmot> (A3)

Unlike the Newton’s equation, where a given mechanical problem is considered “solved” once v(¢) is
determined at any time, the Brownian motion is fully characterized once Eq. (A.3) is used to determine
physical observables like the difussion coeficient or the mean square displacement (MSD), {(Ar(¢))?), where
Ar(r) =r(t) —r(0) denotes the displacement of the tracer after the time #, and the angular braquets (.. .) denote
ensemble averages. It is easy to show from Eq. (A.3) that, in the diffusive regime

IEq. (A.3) defines the time scale Tz = m / CO at which the average mommentum of a tracer particle relaxes to equilibrium. We will
be interested in consider the diffusive regime, that is, the time scale defined by 7 > tp where inertial terms are negligible.
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APPENDIX A. BROWNIAN MOTION OF SPHERICAL PARTICLES
A.2. LANGEVIN EQUATION FOR A BROWNIAN SPHERICAL TRACER PARTICLE IN THE
PRESENCE OF OTHER INTERACTING PARTICLES

kgT

((8r(1))?) = 6=~ (Ad)
The diffusion coefficient is defined as

Ar(t))?

D0 = 1im {&ZO)) (A3)
t—ro0 t
or equivalently through the Green-Kubo relation:
1 [~ 5

=3 | o) (A.6)

and thus the Einstein’s relation, D° = kzT /(°, is trivialy obtained.

A.2 Langevin equation for a brownian spherical tracer particle in the pres-
ence of other interacting particles

The previous discussion refers to the description of a Brownian particle in the absence of direct interactions
with other Brownian particles (infinite dilution limit). In more realistic situations (that is, for finite concen-
trations) the effect of these interactions on the observables must be considered. For this, we may describe the
motion of one of these particles, a tracer, with the following generalized Langevin equation [51, 53, 54]

mE ) =~V +00) — [ 8L~ w) +F() (A7)

where F(7) is an additional fluctuating force, whose origin lies in the spontaneous fluctuations of the force
excerted on the tracer only due to the direct interactions with the other particles. In the time scale of our
interest (diffusive regime), F(7) might be modeled as a stationary stocastic procces, not necessarily gaussian
and certainly not white noise. Its self-correlation function is given by:

(F(1)-F'(0)) = TkgT AL (2). (A.8)

The memory function A{(#) contains the friction contributions due to the direct interactions of the tracer
with the rest of surrounding Brownian particles. Its own relaxation time is determined by the relaxation of this
cloud of surrounding colloids. Let T; be the time in which one of these particles difusses the mean distance.
In general t; > tp. Thus, in the diffusive regime (¢ > tp) we might define a separation of time scales in
reference to T;. Hereinafter we will refer to long times to the regime ¢ >> T;, whereas we will refer to short
times to the regime defined by r < 1y, but still 7 > 1p.

To illustrate this in more detail, let us consider both regimes for Eq. (A.7). In the short time limit, where
the direct interactions effects have not manifested, we already know that

kgT

((Ar(1))*) ~ 6@t Tp <Lt K T (A.9)
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In the opposite limit (+ > ;) A{(¢) may be approximated essencially by a Dirac delta function, i.e., its
Markovian limit. This is equivalent to write Eq. (A.7) like Eq. (A.l) but with the purey hydrodynamic
coefficient, {°, replaced by an “effective” total friction coefficient given by { = % + A{
where A is given by:

AL = /OMAC(t)dZ (A.10)

Hence, in this time regime we may use again the results of the previous subsection to calculate the MSD,
which now reads

kpT
0 +AC

also, the long time diffusion coefficient (Eq. (A.5)) may be written as

((Ar(1))?) ~6 t 1> (A.11)

kgT
§+AL
The full solution of this problem, namely, the complete determination of the time evolution of {(Ar(z))?)

between these two limits might be obtained once the memory function, A{(z) is determined. Assuming that
this is possible, then we may use the exact relations

DF=6 t (A.12)

(AF()2) =2 /O "d (= )C() (A13)

where C(t) = 1(v(¢) - v(0)). In terms of the corresponding Laplace transforms we may write

[SSTE

kT
Clz) = —2——
By

kgT
{0 +AL(z)

where, in the second line of Eq. (A.14) we have considered the diffusive regime, £ /m >> z. In summary, the
Brownian motion of a tracer particle in the presence of another interacting particles is characterized once the
memory function A{(¢) is determined.

Q

(A.14)

A.3 Generalized Langevin Equation Formalism and A{(¢)

According to the previous discussion, to characterize the Brownian motion of a tracer particle, which interacts
with other Brownian particles the memory function A{(f) must be determined. As discused by Medina-
Noyola, this can be done within the Generalized Langevin Equation (EGL) formalism [33]. Under given
specific approximations and assumptions, this approach allows to write A{(#) in terms of the structural prop-
erties of a given system. A concrete result of this approach can be written as [33, 34]
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. ETr[ / B / d3r [Vy(r)] (3n(r; t)dn(r ;0)) [v’w(/)]} (A.15)

where B = (kgT)~! and y(r) denotes the pair potential between the tracer particle and any other surrounding
Brownian particle. The function (8n(r;7))dn(r’;0)) (usually referred to as the van Hove function) contains
the information concerning to the relaxation of the diffusive procces of the surrounding “cloud” of interacting
particles. Within the EGL formalism, to determine A{(¢) using Eq. (A.15) we need to approximate in some
way the van Hove function. For example, as showed in Ref. [34] one possibility leads to the result

07,2
- [ [ 20
where n denotes the bulk density and S(k) = 1 + nh(k ) [52, 55] is the structure factor. Notice that, even
though several assumptions and approximations must be considered in order to obtain Eq. (A.15), we have
not defined yet the pair potential y(r). Furthermore, the application of Eq. (A.15) might involve additional
approximations which may not be of dynamic character, for example, the independent determination of S(k)
for a given system.

A.4 Collective Dynamics

We have briefly discussed above the basic aspects concerning to the characterization of the individual Brow-
nian motion of tracer particles within the Langevin equation formalism. For more details in Brownian motion
theory we refer to the reader to Refs. [1, 42, 51, 52, 55]. As indicated on the introduction of this thesis,
the main purposes of this work is to develop a theoretical approach able to describe both, self and collective
dynamics of colloidal fluids with translational and orientational degrees of freedom. Recall that we want to
addres an important issue in the context of Brownian fluids with orientational degrees of freedom, namely, the
fundamental understanding of dynamically arrested states, a genuine collective phenomena.

Thus, it is necessary to consider a different type of physical observables characterizing simultaneously the
self and collective dynamics and which are able to identify (from an experimental point of view) dynamically
arrested states [9, 11].

A.4.1 Correlation Functions

Let us consider a system of N identical, spherical and interacting colloidal particles . The relevant dynamical
variable of the system is the so-called microscopic density [54, 55] which is defined as

3\

N
Z r—r,(t (A.17)

where r is a fixed point in space and r,(z) denotes the position vector of the nth-particle at the time 7. Also,
the corresponding current density is defined as

3\

N
Z S(r—r,(1)) (A.18)
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where v,(t) = dr,(t)/dt denote the velocity of the nth- particle. For completeness, we also define the self
components
ng(r,t) = 8(r — (1)) (A.19)

with r,,(t) denoting the position of a tracer particle. The van Hove correlation function, G(r,r ;¢), is defined
in therms of the fluctuations of n(r,7) arround its equilibrium value as [54]

G(r,r;t) = V{(8n(r,0)dn(r 1)) (A.20)

1 N N
_ Z<Z Y 8(r =1 ()8~ 1 (1)) ) ~ (A21)
n=1n'=1

where we have used (n(r,t)) = /N /V and where the fluctuations of an arbitrarily dynamic variable, A(r,)
are given by

BA(r,r) = A(r,1) — (A(r,1)) (A.22)
In addition, the self-part of G(r,r’;t) : is defined as

GS(r,rs0,t) = V{(8ny(r,0)8n(r 1)) (A23)
= V{8(r—r1(0)8(r —r; (1)) —V~! (A24)

A.4.2 Correlation Functions in Fourier Space

The van Hove correlation functions play a essential role in the description of the dynamical properties of
colloidal fluids because they provide all the relevant information needed to characterize self and collective
dynamics. They are also physical quantities which are accesible through real experiments [9]. For this reason,
it is useful to introduce the Fourier components of G(r,r’;¢) and G3(r,r’;¢) usually refered to as the collective
and self intermediate scattering functions, F(k,t) and F5(k,t). For homogeneous systems, these functions
may be writen as [54]

F(k,f) = < Y ety <0>1> —n(2m)38(k) (A.25)
= <n;;(0)nk (r)> —n(2m)38(k), (A.26)
and
Fo(k,t) = (e m@=mO)) (A27)
Clearly
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1 &
n(k,t) = — Y *nl) (A.28)
s
Notice that the following continuity equation is clearly satisfied
on(k,t
”(at’ T (A.29)

Finally, the self correlation function defined in Eq. (A.27) contains the necessary information to describe
self difussion. From this quantity we may obtain properties [56] like the MSD or the time dependent difussion
coefficient. For example we have

((Ar(n))) _  11*Fi(k.1)

2L ok2
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Appendix B
SCGLE theory of the dynamics of simple brownian liquids

In this appendix, we briefly review the main feature of the equilibrium SCGLE theory of the dynamics of
liquids formed by spherical particles. Let us start by considering a model colloidal suspension in the absence
of hydrodynamic interactions, formed by N spherical Brownian particles which execute Brownian motion
characterized by a short-time self-diffusion coefficient Dy, and which interact between them through a pair
potential u(r). The dynamics of this system is described in terms of the relaxation of the fluctuations dn(r,) of
the microscopical local density (or concentration) n(r,¢) = (1/v/N) YN_, 8(r —r,(¢)) around its bulk equilib-
rium value n°? = (n(r,t)), where r,(¢) is the position of the particle n at time 7. This relaxation can be analyzed
by considering the intermediate scattering function (ISF) F(k,t) = (dn(k,)dn(—k,0)), which describes the
average decay of the Fourier transform of 8n(r,?), defined as dn(k,t) = (1/N)YN_ exp[ik - r,(¢)]. F(k,t) is
commonly referred to as the intermediate scattering function. Also, it is possible to define the self-component
of F(k,t) as F5(k,t) = (exp[ik - AR(¢)]), where AR(¢) denotes the displacement of any of the N particles.

We now summarizing the four distinct fundamental elements of the spherical SCGLE theory of colloid
dynamics, for the main details of the construction of this theory, the reader is referred to Refs. [17, 18]. The
first of these elements consists of general and exact memory-function expressions for F(k,t) and F5(k,t),
derived within the generalized Langevin equation (GLE) formalism [33, 32], and written in the Laplace space
as [17]

S(k
F(k,Z) = kzl)(();_l(k) ’ (B.1)
T rCko)
1
F(k2) = ——75— Do (B.2)

ot 1+ CS (k, Z)
where S(k) = F(k,t = 0) is the static structure factor and C(k,z) and Cs(k,z) are, the corresponding memory
functions of F(k,z) and F5(k,z).
The second element is an approximate relationship between the collective and self-dynamics, namely, the
Vineyard-like approximation [17].
C(k,t) = Cs(k,t1). (B.3)

The third element consist of an independent approximate determination of the (self) memory function Cg(k,?),
which is proposed to be factorized as

Cs(k,1) = [AT" ()M (k) (B.4)
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where A(k) is a phenomenological interpolating function,
Mk) = [1+ (k ko)) (B.5)

with k. being an empirically-chosen cutoff wave-vector, roughly associated with the position k;,,, of the main
peak of the static structure factor S(k) [18]. The time-dependent friction function A*(¢) is the non-Markov
contribution of the direct interactions to the friction coefficient of a tagged particle of the system, which is
approximated by [33]

AT (1) = 3(550)3”/&[ 1S (()k)_ ]] FS(k,1)F (k,1), (B.6)

wheren=N/V.

Equations (B.1)-(B.6) constitute the simplified (spherical) version of the SCGLE theory. We emphasize
that these equations can be numerically solved as soon as the structural static information contained in S(k)
is determined for a given system. As we have pointed out earlier, the main aim of this work is to generalize
these equations to systems that also possess orientational degrees of freedom.

B.1 Long-time asymptotic stationary solutions: dynamical arrest theory

The solution of (B.1)-(B.6) provides the detailed time dependence of the ISFs F(k,¢) and F5(k,t), and allows
us to discuss different regimes of the relaxation processes at specific points in the state space of a given
system. It is also possible to consider more global properties, such as the dynamic arrest diagram, for which
it is not necessary to solve the complete set of equations for the full time and wave-vector dependence of all
the dynamic properties. For this one solves the so-called bifurcation equations, that is, the equations for the
long-time stationary solutions of the full SCGLE theory. It is easy to show that such stationary solutions are
given by [18]

. ~ Mk)S(k)
lim F(k,1) = W(S(k)’ (B.7)
and
. (k)
s _
Hm Fo o) = 50 1 iy B-8)
where the scalar nonergodicity parameter 7 is the solution of the following equation
1 1= [S(k) — 11222 (k)
—=— [ dkk* : B.9
= o MBS < e T E2

The physical meaning of y can be recognized as the long-time asymptotic value of the MSD. For a state point
of a given system (for which we must know S(k)), this parameter can be used as follows: in the arrested states
vis finite, representing, in fact, the localization length of the particles, whereas in the ergodic states it diverges.
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Appendix C
Mean Spherical Approximation for the dipolar hard sphere fluid

Let us consider a model system consisting of N-identical hard spheres with diameter d and dipolar momentum
u,, where |u,| = u for all n. Thus, besides the hardcore interaction, a pairwise potential also exists, which
characterizes the dipole-dipole interactions . As discussed by M.S. Wertheim in Ref. [68], the direct corre-
lation function of the system, denoted as ¢(r,u,4’), can be determined using the so-called Ornstein-Zernike
(OZ) equation [52, 55], which may be analytically solved appealing to the mean spherical approximation
(MSA) 2. Hence, as explained in Ref. [68], within the MSA, c(r, u, g/ ) may be written as

c(r,pu, 1) = eps(r) + ea(r)A(p,p') + ep(r)D(p, ) (C.1)
where
Alp,p') = p-of (C2)
/ 3(u- £ !
D(p,p) = (”rr)z(#r)—(#-#) (C3)

with r = |r|. The r-dependent functions in Eq. (C.1) are thus given by [7, 68]

cns(r) = cpy (r) (C.4)
ca(r) = 2x[epy (r;2€kM) — cpy (r; —xm)] (C.5)
ep(r) =) —3r73 /Ordr’r’cOD(r’) (C.6)
where
& (r) = x[2cpy (r;2€M) + cpy (r; —xM)] (C.7)
and where

eon(r) = {com) +am)(r/d)+em)(r/a), r<d s

0, r>d,

!'Such potential is explicity described by Eq. (3.1) in Chapter 3
2See Eq. (3.2)
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FLUID
with
com) = —(1+2m)*/(1—m)* (C9)
ci(n) =6n(1+n/2)*/(1-mn)* (C.10)
c3(n) =ne(m)/2. (C.1D)

In turn, the cumulative parameter, ¥ = «(7,m), appearing in Egs. (C.5)-(C.7) satisfies the following
nonlinear equation

—co(2KM) + co(—Kn) = 8npy’ /d’ (C.12)

The reader should recognize Eqs. (C.8)-(C.11) as the well known result for the direct correlation function
of the one component hard sphere fluid within the Percus-Yevick approximation [52, 55]. The two control pa-
rameters of the system appearing in these equations are the temperature, 7 (p = 1/kgT), and the packing frac-
tion, 1| = ntnd> /6. Given that y? /d® represents the characteristic dipolar energy, the quantity 7* = [Bu?/d®]~!
is a scaled (dimensionless) temperature which describes the “competition” between the thermal energy and
the dipolar energy.

Hence, using Eq. (C.1)-(C.12), the calculation of the spherical harmonics projections of ¢(r,u, i) given

by

cumanr () =110 [ [ [ dpapl (e, pa) x €78, ()i W) (C.13)

is straightforward.

As discussed in sec. 1.3 of Chapter 1, it is convenient to consider the k-frame [55, 57], where the compo-
nents defined in eq. (C.13) become diagonal inm and m', i.e., ¢y (k) — €117, mOpny . In addition, as discussed
in Refs. [7, 57], within the MSA approximation for the dipolar hard sphere (DHS) fluid, these components are
diagonal in [ and !’ too; and ¢;,, (k) = 0 for [ > 2. The explicit annalytical expressions for the resulting nonzero
components coo(k) , cio(k) and cq1(k) can be consulted, for example, in appendix E of Ref. [7]. However,
the reader should be careful in noticing that those expressions clearly contain typographical errors. For this
reason, in what follows we provide the correct expressions to compute the functions coo(k), c1o(k) and ¢y (k).
Such expressions reads

coo(y) = 16m*d>y° [{24C3 —2c1y*} 4 {—24c3y+ (cpy +2¢1 +4c3)y’ ) siny (C.14)

+{—24c3+ (2¢c1 + 1ZC3)y2 —(cpy +c1+ C3)y4} cosy}
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APPENDIX C. MEAN SPHERICAL APPROXIMATION FOR THE DIPOLAR HARD SPHERE

FLUID
2
coly) = 168y [{8(c5) +4cy)) = S () +8ch n) (C.15)
1
+ {- 8( +4cg))y+3(C(A)+2c<A)+4c(A)+10€E))+14c(3) B,u )y }siny
2 16
+ {—8((:(A3) +4c§)3)) + (gc(Al) +4C(AS) + ?c(l) + 1665)3)))/2
1
- g(c(AO) +C(Al) +C(A3) +2cg) +2cl()3) — [3,u )y }cosy]
2
enly) = 16m2d3y~ [{s(c(j) — 29y - 5(c(A” —acn?y (C.16)
1 2 :
+ {*S(C(;) — ZCS))y + 3 (C(AO) + 2C(Al) +4C(A3) — SC(DI) — 7C(D3) + [Zé)yS} siny
2 8
+ {—8(C(A3) —2cg>) + <§C(Al) +4C(A3) — gcm — 8cg)>y2
1
- 3 (C<A>+C(A) Ly Bu ) 4}Cosy]
where y = kd is a dimensionless wave number and with
e = 2x[ey(2xm) — ey (—k)]; v=0,1,3 (C.17)
1
cp = x[2e1(2en) + 1 (—xn)] (C.18)
3 _1
) = Sxi2es(2xn) +es(—xn)] .19)
Finally, using the OZ equation [69, 70]
n -1
Slm(k> = [1 - &Qm(k)] (CZO)

the desired correlators Soo(k),S10(k) and S1; (k) may be obtained.
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