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Abstract

This dissertation conducts an in-depth analysis of two higher order systems: the extended
Maxwell-Chern-Simons theory and Weyl gravity. Higher-order theories, identifiable by the
inclusion of time derivatives of third order or higher in the Lagrangian, exhibit interesting
properties. On one hand, these theories demonstrate distinct dynamics, enabling them to
fit experimental data and serve as viable models in situations where traditional theories de-
viate from empirical observations. On the other hand, challenges such as the Ostrogradsky
instability and the loss of unitarity are prevalent in these theories. Due to their intricacy,
the “Hamiltonization” procedure is highly non-trivial, necessitating the incorporation of so-
phisticated mechanisms. This study makes use of the Faddeev-Jackiw and Hamilton-Jacobi
Hamiltonization methods, introducing additional degrees of freedom as an order reduction
mechanism and obtaining a first-order Hamiltonian with equivalent dynamics. This process
introduces constraints among variables, which must be properly treated for the dynamics to
remain consistent. These frameworks are used to find the canonical structure of the actions,

the symmetries of both theories and establish the algebra of the constraints.
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Conventions

Index notation is used throughout the thesis, employing the Greek alphabet («, 3,7, ...) for
space-time indices and the Latin alphabet (a,b,¢,...) for space-only indices. Summation con-
vention is assumed for repeated indices unless otherwise stated, with the number of terms being

either explicitly mentioned or able to be deduced from the context.

Partial derivatives are indicated as d,A, or as A,, with the time derivative 9yA also repre-
sented as an overhead dot A. Covariant derivatives are denoted as A.,,, whereas the d’Alembert
operator is represented as JA = 9,0"A. While performing space-time decompositions in sec-
tions 3 and 4 some terms will present contractions of the spatial indices, to indicate this an

overhead tilde will be used A = A;°.

There will be situations in which multiple objects are represented in a succinct manner,
say A, B, C" and D. We choose to express the set by means of a single index in parenthesis,

vW = {A, B,C, D}.

The metric sign convention used in this work is the mostly plus metric convention (—, +, +, +),
where the minus sign is assigned to the dimension of time. Sections three and four deal with
systems with constraints, where the symbol =~ is used to represent equalities that are valid in
the constrained hypersurface and not necessarily outside of it. Approximations of any other

kind, such as Taylor series, are represented by ~.



Chapter 1

Introduction

Of the four fundamental interactions of nature, gravity is the only force that, to date, has not
been represented by quantum field theory. In contrast, the electromagnetic field, as well as
the strong and weak forces, have been incorporated into the standard model since the 1970s.
But gravity, perhaps by its very nature, has refused to cooperate [1]. This stands as one of the
pivotal challenges in modern physics, sparking numerous scientific advancements and an array

of theories.

This work does not aim to obtain a quantum theory of gravity, but only the Hamiltonian de-
scription of two higher-order systems, the first step in the quantization procedure. This “Hamil-
tonization” is achieved by making use of the Faddeev-Jackiw and Hamilton-Jacobi methods,
which have their roots in the Dirac quantization procedure and thus place the present paper
within the framework of canonical quantization. Furthermore, due to the nature of the systems
at hand, the work is placed within the field of extended theories of gravitation; specifically,

within the higher-order gravitational theories.

In this chapter, we will discuss the current status of general relativity and the Lambda-CDM
cosmological model. This is done with an emphasis on the physical properties of Einstein’s
general relativity (GR), including its phenomenology at cosmological scales, and its arduous

relation with quantum mechanics; the quantization frameworks of GR, i.e. the canonical and



covariant formulations; as well as alternatives to string theory and loop quantum gravity;
including higher-order theories. Chapter 2 is devoted to quantization methods for higher-order
theories, giving a brief review of the Dirac method and focusing on the Gitman-Lyakhovich-
Tyutin (GLT) and Hamilton-Jacobi (HJ) frameworks. Chapter 3 analyzes the higher-order
Maxwell-Chern-Simons action by means of the HJ and GLT methods, including an analysis
of the gauge symmetries and a comparison of both methods. Finally, in Chapter 4 the Weyl

gravity is analyzed by the HJ method and its gauge symmetries are obtained.

1.1 General Relativity and the Lambda-CDM model

1.1.1 Generalities

General relativity, formulated by Albert Einstein between 1907 and 1915, stands as the
prevailing theory of gravitation, employed to explain gravitational phenomena. It integrates
the principle of relativity and the invariance of the speed of light from his theory of special
relativity with the principle of equivalence. Simultaneously, it significantly alters conceptions of
space and time. Widely considered an elegant theory, derived from first principles, it generalized
the concepts of time and space, incorporating them into a dynamic space-time continuum. At
the same time, it describes gravity not as a force, but as the curvature of said space-time,
caused by the unequal distribution of mass. Which in turn moves through space-time along

geodesic lines.

But the popularity of the theory is due not only to the elegant description of nature and
the simplicity of its equations, but also to the large number of tests and predictions that the
theory has achieved [2]. In 1915, Einstein used his theory to calculate the bending of light by
the gravity of the Sun; which was later measured by Arthur Eddington during the famous solar
eclipse of May 29, 1919. That same year of 1915, Einstein successfully described the perihelion

precession of Mercury. This without resorting to the inclusion of Vulcan, a hypothetical planet



thought to orbit between Mercury and the Surﬂ Additionally, the Pound-Rebka experiment
in 1959 corroborated Einstein’s prediction that gravitational effects could cause a frequency
shift of light. Finally, the theory has also passed more recent tests, such as the detection of
gravitational waves by the LIGO and Virgo collaborations [3][4], which since 2016 have recorded

multiple detection events.

The prevailing standard cosmological model, known as the ACDM or Lambda-CDM model,
postulates that the universe originated from a big bang, underwent a transient phase of rapid
expansion known as inflation, and subsequently expanded and cooled to its current state.
Based on general relativity, this model proposes that the universe has three main components:
a cosmological constant (\) associated with dark energy, which has a negative pressure that
counteracts gravity and generates the expansion of the universe [5]; followed by cold dark
matter (CDM), which does not emit, absorb or reflect electromagnetic radiation; and finally

ordinary matter.

The model, as demonstrated by its success 6], skillfully explains several phenomena, includ-
ing the existence and structure of the cosmic microwave background, the large-scale structure
of the universe and its accelerating expansion. It also provides an excellent fit to the large
amount of observational data, based on a minimal number of cosmological parameters: the
density of matter Q,,h%, the density of atoms €,h%, the expansion rate of the universe Hy, the
amplitude of primordial fluctuations og, their scale dependence ng, and the optical depth of the

universe 7 [7].

1.1.2 Issues

However, ACDM is not without its unsolved questions [8]. One such issue is the flatness
problem, as the value of the matter density parameter € is very close to the critical value needed

for the universe to be flat. The conundrum is that any deviation from the critical value would

! Although the notion of a new planet within our solar system may seem implausible today, it is crucial
to have in mind that previous irregularities in the orbit of Uranus prompted the discovery of Neptune by Le
Verrier.



cause {2 to increase rapidly, so the early universe must have had a density extremely closer to
the critical one, not deviating by more than 1 part in 10%° [9]. There is also the cosmological
horizon problem, in which multiple regions of the universe that are causally disconnected share
similar properties. Due to their relative distance, these regions of space have not been able
to physically interact with each other, not even light has been able to travel between them.
However, this is in conflict with the observed homogeneity of the universe and the similarities

in the observed values of the cosmic background radiation temperatures [10].

Further complications arise in relation to the densities of dark energy and dark matter,
giving rise to the problem of cosmic coincidence. This phenomenon shows that, while the vac-
uum energy remains constant over time, dark matter energy strongly depends on the redshift.
However, both densities currently exhibit comparable magnitudes [11]. In addition, there is
tension in the scientific community over the value of the Hubble constant, which manifests itself
as a difference between its predicted value using measurements, according to the early universe

physics and its observed value in the late universe [12].

But the inconsistencies lie not only in the cosmological model, but are also found, and
perhaps caused, by the peculiarities of general relativity itself, which is not exempt of short-
comings. Among the most notable ones are those regarding dark matter, dark energy, the

cosmological constant and, of course, quantum mechanics.

Dark matter, a hypothetical form of matter, derives its name from its characteristic of
neither absorbing, reflecting, nor emitting electromagnetic radiation. This type of matter was
originally proposed as a workaround to reconcile astronomical observations and theory. Specif-
ically, its existence was postulated a posteriori by Zwicky in 1933 [13] to explain discrepancies
in radial velocity measurements of several galaxies in the Coma cluster. Not only does its
postulation raise questions, but also its implementation. For example, dark matter has been
invoked to explain the absence of a Keplerian decay in rotational velocities with respect to dis-
tance from the center of many galaxies |[14]. The caveat is that, in order to do this, a number
of parameters have to be adjusted. This would not be a problem, if these values did not have

to be adjusted for each galaxy |15]. This way, dark matter seems to know precisely where and



exactly how much of it is needed to fit the measurements. Moreover, as we move to even larger
scales, problems begin to appear for galaxy clusters, whose amount of gravitational lensing

disagrees with theory.

In the discussion of the principles of general relativity, it is imperative to address the
cosmological constant A. It was first proposed in 1917 by Albert Einstein out of a necessity to
obtain a static solution for his equations |16]. It took the role of the intrinsic energy of space and
acted as a repulsive force that counteracted the attractive force of gravity on large scaleﬂ This
was a compromise between his theory and cosmological considerations, as Einstein thought that
the cosmological constant “detracted from the beauty of the theory”. It has historically fallen
in and out of favor over the years. After its conception, Hubble’s discovery of the expansion
of the universe |17] led Einstein to dismiss the constant from his equations, going so far as to
regard it as his greatest failure [18]. Towards late 20th century, the seminal work of Perlmutter
et al. demonstrated that the universe not only expands, but does so at an accelerating rate |19].
This led to a renewed interest in the cosmological constant as a repulsive force and prompted

profound inquiries into its value and fundamental characteristics.

The first of these problems arises when quantum mechanics gets involved, since the estimates
for the value of the vacuum energy density from quantum field theory (QFT) do not coincide
with the observed values. That is, if one considers contributions from the zero-point energies of
quantum fields to the cosmological constant, the cosmological constant has a value that is 60
orders of magnitude larger than the measured one; with initial estimates famously disagreeing
by as much as 120 orders of magnitude. This is known today as the cosmological constant
problem and has its roots with the historical work done by Zel’Dovich [20], and was later
famously approached by Weinberg [21]. Even though modern research suggests that the degree
of discrepancy is closer to 60 orders of magnitude 22|, this still remains one of the biggest

problems in physics today.

Alongside A lies the notion of “dark energy”. When the accelerating expansion of the

universe came to light, a plethora of models, collectively referred to as “dark energy models”

2At the time there was no knowledge that the universe was expanding, so a static solution was paramount



emergedﬁ The development of these models marked a turning point in cosmological research.

The most straightforward of which is the aforementioned cosmological constant; but dy-
namical models such as quintessence [24], K-essence [25], Chaplygin gas [26], holographic dark
energy |27], chameleon fields [28], among others, have also been considered [29]. Dark energy
models often run into the problem of cosmological coincidence. This refers to the remarkable
similarity between the energy densities of dark energy and ordinary matter in the present cos-
mic epoch. This is despite their different evolutionary behaviors over time. It is important to
stress that, although these models offer possible solutions to the cosmic coincidence problem,
they often introduce additional complexities and are highly sensitive to initial conditions to

match the observational data [30].

These problems have been addressed with varying degrees of success. Inflation helps with
both the flatness and horizon problems and is an important part of the ACDM model [31];
despite its issues and questions, dark matter explains a wide range of astrophysical and cos-
mological phenomena; the anthropic principle has also been taken into consideration as to
amend cosmological coincidences [32]. Dynamical models of dark energy (such as quintessence,
k-essence, coupled dark energy and unified dark energy) also provide a framework for under-
standing how dark energy might change and interact with other components of the universe,

and can also potentially address the problem of cosmic coincidences [33].

1.2 Quantum gravity

General relativity has one last major problem to discuss: its incompatibility with quantum
mechanics. An issue that began with the failure of the covariant quantization program to
obtain a quantum theory for gravity. Because of this, it is said that GR is a perturbatively

non-renormalizable theoryEI [34].

3The name “dark energy” was coined by Michael Turner in 1998, in a parallel to the “dark matter” so named
by Fritz Zwicky in the 1930s [23].
4At least in the strong sense, in which an infinite number of counter-terms do not have to be added.



The absence of a complete quantum theory of gravity is due to both technical challenges and
the inherent difficulties in directly observing quantum gravitational effects |35]. However, the
deeper challenges arise from fundamental conceptual disparities between quantum mechanics
(QM) and Einstein’s theory, as elegantly outlined by Rovelli |[36]. Concepts such as time, space,
causality, matter, and measurements undergo profound modifications in both realms. Notably,
both theories rely on assumptions that directly contradict each other. While QM uses time as
an external independent parameter, GR views it as a dynamical entity. Even quantum field
theories, which tend to work in a fixed, non-dynamical space-time, often overlook the dynamical

aspect of the metric tensor, one of the most important concepts of Einstein’s theory.

It is natural to wonder whether a quantum theory of gravity (QG) is even necessary.
The conventional perspective assumes the necessity of unification. Beginning with Maxwell’s
groundbreaking integration of electromagnetism, and extending through the developments of
the standard model, these efforts have yielded significant advancements. However, the profound
importance of a quantum theory of gravity becomes evident when considering environments
where both gravitational and quantum effects play pivotal roles, such as near black holes or
dense astrophysical bodies like neutron stars. These scenarios are anticipated to reveal the
significance of quantum gravitational effects [37], particularly in phenomena which appear at
the Planck length Ipjanet = \/Gh/c® ~ 107%m. Such a theory would help us with complex

issues including

e Addressing gravitational singularities. GR not only predicts the existence of singularities,
points where space-time curvature becomes infinitely strong, but it also tells us that they
are unavoidable in some real-world circumstances, such as at the center of black holes or
the initial singularity of the Big Bang. These signal the breakdown of space-time and

general relativity [38]. Quantum gravity could lead to a theory without divergences.

e Understanding the microscopic structure of space-time. To consider space-time as a dy-

namic entity that can undergo quantum fluctuations leads to quantization of its geometry

[39).



e Advancing our understanding of the cosmos and black holes. To unravel the mysteries
surrounding the early Universe, its primordial conditions after the big bang and the
conclusive phases of black hole formation, a broader theoretical framework is essential
[40]. The advent of a quantum theory of gravity promises to enrich our knowledge of the

characteristics of black holes.

e The problem of time, which poses a major challenge. Quantum mechanics and Einstein’s
theory offer completely opposite notions of time, which makes them fundamentally mu-
tually inconsistent. In quantum mechancis, time remains an external parameter, devoid
of an inherent quantum operator. In contrast, in General Rrelativity, space-time emerges
as a dynamical entity delineated by the metric tensor. It is clear that any attempt to
bring quantum theory and GR together requires a revision of our understanding of time

36).

e Understanding early cosmology. According to the current standard cosmological model,
in the early instants of the universe density, temperature and curvature were extreme, an
analysis of such conditions requires a theory that incorporates both gravity and quantum

mechanics.

Given the formidable challenge of unifying GR with QM and the profound scientific implica-
tions such a theory would entail, researchers have pursued various avenues in their quest for a

quantum theory of gravity.

1.2.1 Frameworks

Initial efforts to quantize general relativity resulted in what is now known as the covariant
quantization program. This method attempts to formulate quantum gravity as a quantum
field theory that describes the gravitational field as the fluctuations of the metric tensor in a
Minkowski space. The program, rooted in the early 1930s |1], traces its origins to the pioneering

work of Rosenfeld [41]. However, it was not until 1952 when Gupta [42], building on the



contributions of Fierz [43] and Pauli [44], consolidated the flat space quantization approach.
The appearance of tools such as Feynman diagrams [45] and the introduction of Faddeev-
Popov phantoms made it possible in 1967 to derive a consistent set of Feynman rules for
general relativity [46]. This, together with the discovery of dimensional regularization [47],
sparked renewed interest in perturbative analyses of the graviton propagator and facilitated

investigations of various matter-gravity couplings, in particular at the one-loop level [34].

However, in 1974, the seminal work of t" Hooft and Veltman [4§], along with that of Deser
and Van Nieuwenhuizen [49], highlighted significant issues in the perturbative expansion of GR.
Notably, they demonstrated that coupling even a single scalar to the pure (i.e., matter-free)
theory compromised its finite behavior. By 1975, it became widely acknowledged that coupling
GR to matter leads to a non-renormalizable theory. This corroborated echoed concerns raised

as early as the 1930s by physicists such as Heisenberg, Bergman [50], and Bronstein [51].

However, by 1974, the work of t'Hooft & Veltman [48|, as well as that of Deser & Van
Nieuwenhuizen [49|, revealed serious problems in the perturbative expansion of GR. Most
notably, they showed that the finite behavior of the pure (i.e. matter-free) theory was destroyed
by coupling it even to a single scalar. By 1975 it had become generally accepted that GR coupled
to matter is not renormalizable. This confirmed assumptions and concerns of physicists like
Heisenberg and Bergman, who pointed out the possible problems of the theory as early as the
thirties [36], [51], [50].

Although a covariant quantum theory for gravity has not been achieved, work in this field
has played an extremely important role in the development of QFT as a whole [34] and has
led to advances such as the understanding of the aforementioned Faddeev-Popov ghosts, the
background field method, the effective action, advances in gauge fixing, as well as progress in

the field of constrained dynamics [52].

Moreover, this framework has paved the way for theories like supergravity and string the-
ory, which directly evolved from the standard model and is firmly grounded in the techniques

and conceptual framework of quantum field theory. It takes as basic entities of nature ex-

10



tended one-dimensional objects, called strings, rather than particles. This hypothesis gives rise
to a comprehensive unified theory, encompassing a wealth of physical developments, such as
fermions, Yang-Mills fields, as well as gravitons [36]. Among the many achievements of string
theory are its elegant unification of different theories, its well-defined perturbative expansion,
and its theoretical and mathematical richness and complexity. These theoretical advancements
come with a significant amount of additional physics, including supersymmetry, extra dimen-
sions, and an infinite array of fields with varying masses and spins, among other elements.
Despite the absence of experimental observations confirming these theoretical constructs [53],
string theory remains the most extensively investigated candidate theory of quantum gravity

to date.

Another increasingly popular approach is the canonical framework. It began in the late
1960s with the work of DeWitt [37], and is based on Bergmann’s phase space quantization
program [54], as well as Dirac’s analysis of constrained Hamiltonian systems [55]. This for-
mulation attempts quantization based on the Hamiltonian formalism, treating the symplectic
structure El as paramount. This implies choosing a specific parameterization of time and the
loss of the manifest covariance of the theory. The goal is to obtain a quantum formulation in
which operators are constructed from the metric tensor, whose algebra is consistent not only
internally, but also with the constraints of the theory [56]. This removes the need to fix the

background metric [57] and allows for a non-perturbative treatment.

The method had been properly established by 1961 with the ADM formulation of GR,
which greatly simplified its Hamiltonian formulation and made its geometrical reading clearer
[58]. Inspired by the ADM formalism, the work of John Wheeler and Bryce DeWitt resulted
in the development of the Wheeler-DeWitt equation in 1967 [59]; a constraint equation that
describes the quantum state of the gravitational field and any associated matter fields in a given
space-time, meaning it imposes conditions on the possible quantum states of the universe. This
formulation is not free of technical difficulties, as it presents challenges, such as the problem of

time, difficulties in recovering the classical limit, as well as complications related to obtaining a

®i.e. the Poisson brackets’ algebra
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solution for a given and specific physical situation [60]. Although the Wheeler-DeWitt equation
falls short of offering a comprehensive and self-contained theory for gravity in a quantum
context, it has been instrumental as a foundational concept for the emergence and exploration

of various theoretical frameworks, notably including loop quantum gravity (LQG).

Loop quantum gravity is based on the connection formulation of GR developed by Ashtekar
[61]. Here, space and time are quantized, which means they are divided into discrete, funda-
mental units rather than being treated as continuous. This is done by using discrete structures
called “loops”, which are woven into what’s called a spin network. The main advantage of
LQG is its capacity to describe quantum space-time in a background-independent and nonper-
turbative fashion, while also providing a physical picture of the world at the Planck scale. The
principal shortcoming of the theory relates to the formulation of the dynamics. In particular,

recovering classical GR physics from loop gravity is not yet possible [1].

String Theory and Loop Quantum gravity are the two most prominent theories of quantum
gravity to date, representing the covariant and canonical approaches, respectively. However,
this does not mean that other approaches have not been considered [36]. Alternative research

avenues include theories such as

e Causal dynamic triangulations, a path integral (or sum-over-histories) approach where
space-time is discretized into three-dimensional analogs of triangles, connected to form a

lattice [62].

e Non-commutative Geometry, in which a non-commutative algebra of functions over space-

time is used [63].

e Regge calculus, an approximation scheme for general relativity and quantum gravity via

space-time discretization [64].

e Penrose’s twistor theory, which describes the physical information of space-time in the

so-called twistor space; a vector space of four complex dimensions [65].

e Mini- and midisuperspaces: These concepts examine space-times featuring high degrees

12



of symmetry and seek to represent quantum states of the gravitational field through

functions of three-dimensional spatial geometry [66].

e Causal sets, in which the Lorentzian geometry is replaced by the set of locally finite

posets, or causal sets; which encode the principles of causality and discreteness [67].

e Horava-Lifshitz Gravity, which introduces anisotropic scaling between space and time,

breaking Lorentz invariance at high energies [6§].

e Emergent gravity, in which gravity (and perhaps space-time itself) is a collective mani-

festation of very different underlying degrees of freedom [69].

e Modified theories of gravity, also called extended theories of gravity (ETG). Which seek
to broaden the scope of GR in order to improve its behavior at different scales, leading

to different equations of motion (EOM) as well as a different count of DOF.

Modified gravitational theories seek to amend the limitations of General Relativity (GR)
at both infrared and ultraviolet scales. These modifications intend to preserve the founda-
tional principles of Einstein’s theory while addressing critical issues including inflation, dark
energy /matter, and the large-scale structure of the universe, as well as incorporating aspects
of quantum gravity. This framework makes use of higher-order curvature invariants as well as
minimally (or non-minimally) coupled fields to the Einstein-Hilbert (EH) action |70 [71]. It’s
worth emphasizing that, within gravitational frameworks, there exists no inherent rationale for
restricting the Lagrangian to a linear function of the Ricci scalar, minimally coupled to matter

[72]

These theories have attracted attention for their inflationary features and their ability to
address the limitations of the Standard Cosmological Model. In particular, cosmological models
based on these theories align well with Microwave Cosmic Background Radiation data |73} [74].
Furthermore, via conformal transformations, it can be demonstrated that higher order terms
and non-minimally coupled components invariantly reduce to GR minimally coupled with one

or more scalar fields |75, |76]. Schemes such as superstrings and supergravity incorporate such

13



terms, the inclusion of which is considered inevitable to derive the effective action of Quantum

Gravity [72)].

Within this field there is a diverse array of models, each with its own merit. These encompass
metric and non-metric theories [77], as well as metric-affine 78] and purely affine theories [79].
Some proposals, in addition to the graviton, include scalar [80], vector [81] and tensor degrees
of freedom [82]. Non-local models [83] and those challenging equivalence principles, both in the
gravitational and matter sectors [68], have also been studied. Another approach is to extend the
geometric structure of the manifold, with theories utilizing metric-independent affine structures,
as in Palatini’s variation method [78]. There are also theories that consider torsion [84] as well

as non-metricity [85].

These theories have their specific strengths and weaknesses, and each of them has proven
to be effective in dealing with the problems of general relativity. This paper focuses on the

higher-order theories, as their properties have shown great potential in addressing the problems

of GR.

1.3 Higher-Order Theories

Higher order theories, also called theories with higher order derivatives, incorporate time
derivatives of order two or higher in their action formulations. This departure from conven-
tional physics, established by Newtonian principles, introduces fourth-order derivatives in the
equations of motion. Such formulations introduce a layer of complexity that departs from
traditional paradigms, often resulting in improved system behavior by adding higher order

terms.

Higher-order gravitational theories focus on the dynamics of the metric and/or a linear
connection, but allow for much more complex structures, such as RQBMRQ’B‘M, R, R", R* OR,
VYRV, R. Therefore, it is not uncommon for such terms to result in higher-order derivatives

acting on the metric tensor, with the appearance of field equations of order higher than two

14



as a direct Consequenceﬂ These supplementary structures usually have a geometrical meaning
akin to that of the metric in Einstein’s theory. Some examples include the Starobinsky model,
whose quadratic term can be associated with inflation [86]; the Lanczos-Lovelock Lagrangians,
which correspond to the Euler density of a 2m-dimensional manifold without boundary [87];

and the Chern-Simons term, which encodes information about the space-time’s topology [88].

This field is very broad and has given rise to many different theories, one of the most notable
examples are the f(R) theories. These are based on general scalar curvature functions, as the
name implies, and have remained relevant due to their explanation of large-scale phenomena
[89]. While f(R) theories do not have to include higher-order terms, there are models, such as
the Starobinsky model, that take advantage of the quadratic scalar curvature term to deal with
inflation [90]. Additionally, the quadratic or Ricci-based models f(g,., R,.), where the Ricci
tensor is incorporated to comply with the semi-classical corrections of quantum nature [91].
Other higher-order modifications can be given when making use of the full Riemann tensor
f(Guw R3,,). Among these, Weyl’s theory is notorious due to its conformal symmetry [92]. In
addition to this, terms with covariant derivatives can be added, such as V,,,RV*R or even
V2R. The dynamics of these theories are even more complex, and are not the focus of this

thesis.

Higher-order gravitational theories serve as a framework designed to address the limitations
of General Relativity (GR) across both infrared and ultraviolet scales. This approach seeks to
maintain the foundational insights of Einstein’s theory while tackling conceptual and experi-
mental challenges that have arisen in recent years within Astrophysics, Cosmology, and High
Energy Physics. These models usually attempt to incorporate problems such as inflation, dark
energy and dark matter, the large-scale structure of the universe, and a quantum description

of gravity [72].

In the low energy limit of string/M-theory, higher-order terms are anticipated, appearing
as one-loop corrections in the process of field quantization on curved spacetimes. These terms

are nearly inevitable in any perturbative framework aimed at constructing a self-consistent

6There are exceptions to this, e.g. the Lanczos-Lovelock Lagrangians.
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theory of quantum gravity [93]. It has been shown that employing higher-order terms as
counter-terms eliminates singularities when quantized matter fields are taken into account.
This, in turn, improves the behavior of General Relativity in the ultraviolet regime [94]. They
have worked as tools for characterizing various properties of strongly coupled conformal field
theories within the framework of holography [95]. Certain higher-order gravity models exhibit
asymptotic freedom [96], while others inherently generate an accelerating expansion [97] [98].
Furthermore, these theories have been proven to be renormalizable [99] |[100], a characteristic

that has kept them relevant in recent years, notwithstanding associated issues [96].

The intricate structure provided by the higher-order terms not only enhances the dynamics,
but can also lead to several undesired behaviors. Higher order theories often bring in additional
degrees of freedom or extra fields, often leading to stability problems. It is crucial to take
into account the presence of ghost fields, characterized by negative kinetic energy and often
associated with higher order terms. The negative sign of the ghosts suggests that the energy
linked to these fields lacks a lower bound, resulting in a linear dependence of the corresponding
Hamiltonian on one or more of the conjugate momenta [101}, 102]. Similar instabilities, as well
as nonphysical behavior, can also be produced by the presence of non-minimal [103] or strong
couplings [104]. Further pathologies include the so-called gradient instabilities [105], violation
of multiple energy conditions [106]|, and even modifications of the gravitational wave speed

[107).

Despite these complications, active research persists in the field. Studies have explored
systems in which the additional degrees of freedom, including ghost degrees of freedom, can be
eliminated [108, 109, 110, 111]. In addition to this, in supersymmetric systems, the singular
behavior of the ghosts is benign, thus preserving the unitarity of the associated quantum theory

[112).

Moreover, in recent years, additional studies have supported the idea that the addition of
these terms improves the behavior of galaxy rotation curves [113] removing the need for dark

mater.
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This consistent behavior is also evident in gravitating structures such as stars, spiral and
elliptical galaxies, as well as clusters of galaxies [114]. Moreover, researchers have examined
the behavior of these modified theories in the high-curvature limit, leading to the discovery of
exact cosmological solutions |115]. Regarding black holes, these theories have found success
describing their energetic properties [116] as well as the structure of their solutions [117].
Results such as these show that, while there are challenges to overcome, these theories have the
potential to achieve a realistic description of gravitational systems. In this work, two specific
higher-order theories will be addressed: the Extended Maxwell-Chern-Simons theory and Weyl
gravity. These two systems will be described in more detail in the following chapters, but a

brief overview is provided below.

The Maxwell-Chern-Simons (MCS) theory is an extension of Maxwell’s electromagnetism
that incorporates a Chern-Simons term into the standard electromagnetic Lagrangian. This
new term introduces a topological mass generation mechanism and leads to the emergence of
massive vector bosons. Its higher-order extension introduces additional powers of both the
electromagnetic field tensor and its derivatives in order to account for more complex physical
phenomena and to describe the behavior of electromagnetic fields in nontrivial backgrounds
[11§]. Three-dimensional Chern-Simons (CS) gravitational theories are regarded as intriguing
toy models, providing avenues to explore different facets of gravitational interaction and the fun-
damental principles of quantum gravity. The Extended Maxwell-Chern-Simons (EMCS) theory
exhibits numerous properties akin to higher-dimensional gravity models, which are typically
more challenging to investigate. This theory holds intriguing applications in both gravitational

and cosmological contexts [119} |120].

The other focus of this thesis is Weyl Gravity, also known as Conformal Gravity. In addition
to diffeomorphism invariance, the theory exhibits invariance under conformal transformations
of the metric. These transformations maintain the causal structure of space-time while enabling
the rescaling of distances but also maintaining angles. There are multiple ways to incorporate
this symmetry into a theory of gravity, if one follows Weyl’s original work one can embed the

symmetry at a more fundamental level within the manifold, arriving at Weyl [121] geometry.
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We, on the other hand, work on a Riemannian manifold and embed the symmetry in the
structure of the Lagrangian, which is composed only of the squared Weyl tensor. This choice
calls for a higher-order theory, Weyl gravity, whose galactic and cosmological applications have

been well studied [122].

The Hamiltonian description of both systems will be shown in subsequent sections. Due to
the presence of higher-order (time) derivatives, special techniques are needed. More precisely,
we will use both the Hamilton-Jacobi and Gitman-Lyakhovich-Tyutin methods to obtain a
Hamiltonian description for Maxwell-Chern-Simons theory, while Weyl gravity will be worked

out only with the Hamilton-Jacobi method.
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Chapter 2

Method

This section it will be shown how the Hamiltonization of high-order Lagrangian systems can be
performed by making use of the Gitman-Lyakhovich-Tyutin (GLT) and Hamilton-Jacobi (HJ)
procedures. The chapter is intended to be instructive, so that the calculations in subsequent

sections can be carried out in a straightforward manner.

The description of a physical system can be done by either the Lagrangian or the Hamilto-
nian formalisms. The former has the advantage of fulfilling the requirements of special relativity
in a very simple way, but in order to obtain the quantum description of a system we must begin
with the latter. To go from one framework to another it is necessary to identify the canonical
conjugate momenta. For non-singular systems, the momenta will be independent functions of
the velocities, which allows to solve the velocities as functions of the coordinates and momenta;
which, in turn, allows us to obtain the Hamiltonian. For singular systems this will not be
possible, at least for some momenta, a fact that can also be seen by the non-invertibility of
the system’s Hessian matrix. Which means that we are dealing with a singular system and
that the Hamiltonian cannot be constructed using the usual methods. Consequently, multiple
methodologies have been developed to deal with the complex structure of these systems. Below
we start by showing a brief overview of the Dirac-Bergmann algorithm, upon which the GLT

framework is developed.
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2.1 The Dirac-Bergmann Algorithm

The treatment of singular Lagrangian systems was initially outlined by Dirac in 1950 |123],
followed by Bergmann in 1951 [124]. Their primary motivation was to elucidate the structure
of field theories such as electromagnetism and GR, both of which are gauge theories containing
degrees of freedom that do not affect the physical state of the system. Dirac discovered that
the symmetries of a singular system are intertwined with its constraints, along with a method
to convert them into constrained Hamiltonian systems, where dynamics occur within a sub-
space of the phase space. Furthermore, Dirac noted that a spacetime foliation simplifies the
constraint structure of gravity, albeit at the expense of relinquishing the explicit symmetry of
the Lagrangian picture |125]. Dirac’s original formalism is not used in this work, but it might
be instructive to give a brief overview. For a more detailed description see reference [126], as
well as Dirac’s own “Lectures on quantum mechanics” [55]. I hope this brief summary provides

a basis on which to understand both procedures used in the following sections.

e Obtain the conjugate momenta p* = 9L/Jq,, where a goes from one to n, the number of
generalized coordinates. The non-invertibility of s of these relations will give the so-called
primary constraints ¢;(q,p) =0, where i = 1,...,s.

e Second, one has to define the canonical Hamiltonian H.(q, p) via a Legendre transforma-
tion. Even though some velocities cannot be solved for in terms of positions and momenta
the system can always be described using the Hamiltonian formulation. Since the Hamil-
tonian will always be a function of the coordinates ¢ and momenta p, exclusively.

e The next step is to define the primary Hamiltonian Hp = H. + A¢;. This is done via the
addition of the primary constraints as well as their corresponding Lagrange multipliers
A

e Afterwards, one must impose the so-called consistency conditions upon the constraints.
This means that the equations of motion (EOM) for each constraint mush vanish, at least
weakly b; =~ {pi, He} + {0, 0;} = 0. Two functions, Fy and F», defined on the phase

space, are considered to be weakly equal if they are identical only when the constraints
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are satisfied (i.e., within the constrained subspace), but not across the entire phase space.
This equivalence is denoted by fF; ~ F5.
e The consistency conditions will reduce to either
— Trivial identities, when the constraints are directly zero ¢,(q,p) = 0.
— Constraints that will be imposed on the Lagrange multipliers A, such that some
multipliers will be expressed in terms of positions, momenta, and the remaining \’s.
— Additional constraints will be imposed on the coordinates as well as the momenta,

known as secondary constraints ¢,,(q, p) = 0.

If any secondary constraint exist, it must also satisfy the consistency conditions. This may

result in additional identities, more constraints on the \’s, as well as more constraints.

Once all the constraints have been identified and their consistency conditions have been
met, this constraint gathering process is completed. All non-primary constraints are then

grouped under v,,, with the index m naturally being extended to account for this.

The total Hamiltonian Hp is then constructed by with help of the primary Hamiltonian

‘Hp by means of constraints on the Lagrange multipliers.

Both types of constraints (¢,, 1,,) are further classified into first and second class; denoted
by v and &, respectively. First class v constraints are characterized in that their Poisson
bracket vanishes with all other constraints, while second class £ constraints will have at

least one Poisson bracket that does not vanish.

At this point, the equations of motion derived from the so-called Extended Hamiltonian
HE = HCH M\, correspond to Lagrange’s equations for the original Lagrangian. Given that the
Lagrange multipliers A\’ are entirely arbitrary, the phase space transformations induced by the
primary first-class constraints v; do not alter the physical state of the system. In other words,
the first-class constraints serve as generators of gauge transformations [126]. Moreover, despite
the equations of motion defined by HFE not being strictly identical to the original Lagrangian
equations of motion, both theories exhibit concordance in the evolution of physical variables.
The temporal evolution of the phase-space function F'is governed by a Poisson Bracket with
either the extended F,HFE or the total F,Hr Hamiltonian, with physical trajectories confined

to the subspace where the constraints are satisfied.
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We now have two options: we can either eliminate the second-class constraints without
affecting the gauge freedom generated by the first-class constraints, or we can impose a gauge.
The former involves replacing the Poisson bracket with Dirac’s bracket. {A, B}p, which allows
the weak inequalities of the second-class constraints to become strong inequalities; this new
bracket will be shown in more detail in the following section. See [127] and [128] for more

detailed descriptions as well as examples.

2.2 Gitman-Lyakhovich-Tyutin Framework

Dirac’s work pioneered the Hamiltonian analysis of singular systems, but the generalization
to higher order systems would not come until much later. In 1850, Ostrogradsky managed to
analyze non-singular higher order systems [129], where he showed the equivalence between a
Lagrangian of fourth order and a canonical system of 4n equations of first order. The treatment
of higher order singular systems would not take place until the works of Gitman, Lyakhovich

and Tyutin in 1983 |130].

This approach is based on the introduction of new DOF's as an order-reduction mechanism,
and maintains Lagrangian-consistent dynamics through the introduction of constraints. This
allows the system to be of first order, and for the Hamiltonian picture to be introduced via
Dirac’s procedure, with the classification of the constraints into first and second-class being

paramount to the identification of the gauge symmetries.

Let us start with Lagrangian system with N degrees of freedom

. dri
. K . K . K K;
‘C(q17q17"'7q§ 1>aQ27Q2>-~-’Qé 2)7"'7qN7QN7"'aQJ(V N)) ) ql( ): 5 (qz) (21)

Where K; is the highest-order time derivative of the variable ¢;. The procedure is easily

generalized for field theories. The equations of motion, as obtained through the principle of
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stationary action, are shown below

5L S, dv [ oc ,

To switch to a Hamiltonian description, we need to perform a Legendre transformation, which
in turn requires defining the canonical momenta of the system. For a higher order system,
this can become a convoluted process, but here, the derivatives are defined as new coordinates.

This change of variables, to be imposed via Lagrange multipliers, is shown below

(0)

q4; " = 9 = q(1)i,
qz(SZ) = {(s;+1)i > S; = 17 ey K’L - 17 (23)
C]Z(K) = U;-

Hereafter, indices in parentheses do not represent time derivatives, but the parentheses are kept
for consistency. To maintain the dynamics of (2.1)), this change of variable must be present in
the Lagrangian. Iterating over (2.3p) one can find relationships between the velocities and the

coordinates, producing the following constraints

)i —ds+1)i =0 , si=1,.., K; — 1,

(2.4)
qxyi — v = 0.
These equations are introduced into the Lagrangian through the Lagrange multipliers
K—1
I'= /ﬁldt = /E((L v) + Z pl’ (dsiyi — Usinyi) + 7 (dereys — vi) dt. (2.5)

s;=1

The higher order Lagrangian £ has been converted to a first order extended Lagrangian L.

Here, the Lagrange multipliers have been labeled p(*)% and 7’ since, as will be show below,
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these correspond to the conjugate momenta of q(,,);, and q(x,);, respectively.

2 i

Si)t a‘C/ Si )t
p( i) (s5)

s Sizl,...,Ki—l,

- (2.6)
0q(x,yi '
Next, we calculate the EOM for £’
/
0L _ 0L 4 miy g,
oqy;  Oqay  di
oy oL .
f— (S—l)l (5)1 _
- N -7 P 07 § = 27 7Ka
0qsyi  Oq(syi dt )
oL oL
= -7 =0 (2.7)
(SUZ' 0% m ’
oL )
5P = q(s)i = Y(s+1)i = 0, s=1,.,K—1,
oL )

These can always be recombined to recover , thus demonstrating that the dynamics are
equivalent. See reference [131] for an example. For non-singular systems, the velocities can be
solved using in terms of the variables (i.e. coordinates and momenta) G, = f(q, p), which
can then be used to perform a Legendre transformation to obtain the Hamiltonian picture. But
for singular systems, not all velocities will be solvable. Instead, some constraints will arise, a

situation that must be dealt with.

The singularity of the system can be identified by means or the Hessian matrix W;;. The

system is said to be singular if the following condition is met
. 0?L
det W" =det ——— =0 (2.8)
8q(K¢)iaQ(Kj)j

The number of solvable velocities is determined by the rank and nullity of the Hessian

rank W% = ry < N, (2.9)

24



with the nullity of the Hessian ny = N — ry > 0 determining the number of Lagrangian

constraints the system has

or
9qqyi

l Wi =1,y (2.10)

By analogy with the Dirac procedure for singular Lagrangians, this relations are called “primary

constraints”, as they are a consequence of the singularity condition without using the EOM.

With the system now being first-order in the time derivatives, the canonical Hamiltonian

can be constructed

K;—1
He= > pi— L. (2.11)

Sizl
It is worth pointing out that, while we cannot solve for all the velocities, the Hamiltonian
is (still) only a function of the variables and momenta; as can be seen by taking its total
differential [132]. By explicitly writing £’, the Hamiltonian can be written using the initial

Lagrangian £ as

K—-1
He=_ p"Vqsni — L(q.v). (2.12)

si=1
The dynamics of this Hamiltonian are that of a canonical system with 2N variables. The

fundamental Poisson brackets are
{q(syi P77} = 05967, 5, =0, K; — 1 (2.13)

with 7,7 = 1,..., N for both equations. The bracket between two phase-space functions A, B

includes all variables and momenta

K-1
0A OB 0A 0B
A B} = - — : . 2.14

s;=1
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Finally, the Hamilton equations of motion are

. OH.
q(s;)i = {Q(si)i;Hc} = % = Q(si+1)i
Z (2.15)
p(sz‘)i — {p(si)i,’HC} _ I, _ o (sitl)i oL .
9q(s)i Aq(sy)i

where s; = 1,..., K; — 1. For the dynamics to remain unchanged, the constraints arising from
the definition of momenta (2.10) must be added to this system of equations. This is done via

Lagrange multipliers, bringing us to the primary Hamiltonian
H =H.+Ngy, 1=1,..,ny. (2.16)
Following Dirac’s steps, the evolution of a function A(p, q) of the phase space variables is
{A,H'Y = {A MY + N{A, o1} (2.17)

This was done by exploiting the fact that ¢; = 0. However, this is only taken into account
after applying the Poisson bracket, so the second term is not zero directly. This is known as as
a weak equality and is indicated as ¢; &~ 0. Weak equalities are only enforced, or valid, within

the constrained surface of motion; outside which, the condition might not necessarily hold.

Additionally, the constraints must remain unchanged with the passage of time. A sensible
requirement stemming, again, from Dirac’s procedure must be fulfilled for the dynamics to
be consistent. To this end, we must analyze the evolution of the constraints by means of the

Poisson bracket

& = {00, H'} = {61, He} + Mo, &1} = 0. (2.18)

There are four situations that can arise from this; but first, it is necessary to define ®;; = ¢;, ¢;
as the matrix representing the Poisson brackets between the constraints. Depending on whether

®,; is singular, and whether or not {¢;, .} vanishes, the following scenarios can be identified

1. The bracket involving the Hamiltonian vanishes weakly {¢;, H.} =~ 0, but det ®;; % 0.
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This means that all multipliers are weakly zero: A\ ~ 0.

2. If {¢,Hc} % 0 and det @;; % 0 all Lagrange multipliers can be fully determined via
A = —®F{¢p, H.}. Therefore, the EOM will take the ensuing form A = {A, H.} —
{A, ¢} 07 {¢;, H}.

3. If {¢r, H.} ~ 0 and likewise det ®;; ~ 0, then some of the multipliers are fixed, depending
on the rank of ®;;.

4. Finally, having {¢;, H.} % 0 while det ®;; ~ 0 will lead us to an iterative process; where we
could obtain more constraints, which must be added to the system and whose consistency

conditions must be analyzed. This scenario will be discussed down below.

If ®;; is singular, say of rank rg, there must be ne = ng — r¢ null vectors ¢"; which, when

multiplied by the matrix, result in the null vector

" ~0, r=1,...ne. (2.19)

By inserting the null vectors into (2.18) we are able to find further conditions

{r H'} = C{br, He} + NC {0, 1}
(2.20)

= gr{qbra Hc} ~ 0.

Which may or may not produce more constraints, further restricting the motion in phase space.
These new constraints, v;, are called secondary constraints, given that they appear after the
equations of motion have been used. Although they are labeled as secondary, they are no less

important, and their consistency must also be verified.

U = {0k, Het + Moo {tbw, di} + N {bn, ¥} = 0. (2.21)

Where Af. and A, are the Lagrange multipliers of the first and second-class constraints, re-
spectively, and [ runs up to the number of primary constraints and k£ up to the number of
secondary constraints. Notice that the secondary constraints are now involved in the dynam-

ics. This might, again, result in one of the four aforementioned scenarios, with the possibility of
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finding even more constraints. This iterative process ends once no more constraints are found,

but all constraints obtained after using the equations of motion are called secondary.

Once we have verified that the set of constraints is independent, for instance, by contracting
with null vectors, we proceed to perform the classification of the constraints into first and second
class, denoted as v, and &, respectively. This classification is determined through the Poisson
bracket. A given function A(q,p) is classified as first class if its Poisson brackets with all

constraints evaluate to zero

{A, 7} =0,

{Aa gb} R 07

(2.22)

Otherwise, if at least one bracket doesn’t vanish, it is said to be second class.

Physically permissible paths in the reduced phase space must comply with all constraints,
no matter it’s classification. The second-class constraints &,, besides restricting the dynamics,
do not play any relevant role in the theory. Therefore, it would be desirable for the dynamics
to automatically satisfy these constraints. Dirac devised a way to do this by modifying the
Poisson brackets, which gave rise to what is now known as Dirac’s bracket. The consistency

conditions for the second-class constraints

&~ {&, He} + XA Ya} — Ao{&r, Ec} = 0, (2.23)

leads us to the following equation

{6 He} = As{én &} = 0. (2.24)

which suggests the introduction the matrix consisting of the Poisson brackets of all second class

constraints

A = ({e. ). (2.25)

Next, we express the equations of motion as follows

Am {AHY + N AA 7 — {A &AM, HY. (2.26)
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By introducing Dirac’s bracket
{AvB}D = {Aa B} - {Avfa}Aab{&nB}a (227)

the second-class constraints can be eliminated from the set, leaving us with the extended

Hamiltonian, which contains the Hamiltonian . as well as the first-class constraints -,
He =He + XN, (2.28)

This is the final Hamiltonian. The EOM, derived using the extended Hamiltonian and the

Dirac bracket, remain consistent with the original Lagrangian.
A={AHp}p ~{A H}p+A{Ava}p. (2:29)

Notice that the Lagrange multipliers A above are arbitrary. An important feature of the ~,

is that they are the generators of gauge transformations. This can be seen by first writing the

infinitesimal change of a phase-space function, A, with the help of the Hamiltonian equation

of motion

n 1d?A
2 dt?

A(t) = A(0) + %

2 o oe .
t=0 (2.30)
~ Ao+ ({A, M} + A { Ao, vt + . ..

t=0

The arbitrariness of A* means that this change won’t be affected by using a different multiplier

5\(1
A(t) = Ag + ({AH + X{Ag, 7} ) L+ (2.31)

Their difference is given by

§A = { Ay, v} (2.32)

Where €* = (A — :\“)t. This are the infinitesimal form of the gauge transformations. With the

first-class constraints, the gauge generator can be constructed

G=> e (2.33)
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This generator is a crucial component in understanding the symmetries and gauge transforma-
tions within the system. Additionally, one can fix the gauge in order to remove all first class
constraints, turning them into second class and absorbing them with a new Dirac bracket. This
procedure removes the non-physical degrees of freedom of the system. With this in hand, it is
possible to proceed with a first quantization of the system to proceed to the quantum realm,
but at this point the GLT method has been fully executed. We have successfully transformed
a higher order Lagrangian into a Hamiltonian whose dynamics are fully equivalent. The higher
order derivatives were removed by introducing additional variables, the constraints that arose
as a consequence of this have been correctly dealt with and the gauge symmetries of the system

have been properly identified.

2.3 Hamilton-Jacobi Framework

In addition to the Dirac approach and the methods that build upon it, there are other
techniques that can be used to obtain the Hamiltonian formulation for higher order systems.
These usually share the idea of adding degrees of freedom and imposing conditions on the system
to preserve the system’s dynamics over time. Among these, the Hamilton-Jacobi framework

(HJ) is of particular relevance |133].

The HJ frameworkﬂ is based on Carathéodory’s so-called “complete figure of the variational
calculus” [134]. It begins by writing down the Hamilton-Jacobi equation for the system and
makes use of the system’s singularity to write the equations of motion as total differential
equations in many variables. This formalism provides a natural way of dealing with both
symmetries and the singularity of the system. In general, a system can have two different sets
of constraints, which are identified with the system’s Hamiltonians and labeled as involutive and
non-involutive. The integrability of the system is ensured by Frobenius integrability Conditions,
dealing with the non-involutive Hamiltonians by introducing the generalized brackets. At the

end of the procedure, one can eliminate the additional degrees of freedom, retaining only the

Iperhaps better known as the Hamilton-Jacobi method for higher order systems
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original ones. The gauge symmetries of the system can be obtained by means of the fundamental

differential, which describes fully the dynamics of the system.

Before continuing, perhaps a brief review of the standard HJ method is in order. The HJ
theory provides the most powerful method for obtaining Hamilton’s equations and is based on

canonical transformations.

A canonical transformation is that transformation between two Hamiltonians, H(q,p,t)
and K(Q, P,t), which preserves the equations of motion in both systems, i.e. the Hamilton
equations are satisfied for both (g, p) and (@, P). The HJ method aims at obtaining a canonical

transformation
oS

H+ —=K 2.34

where S(q, P,t) is a generating function of type two, such that the New Hamiltonian is trivial

K(Q,P,t) =0.

Naturally, the new variables (@, P) have trivial equations of motion

. oK
Qi_@Pi_O — Qi =B,

with «, 8 being constants. Here, ([2.34]) becomes, by means of the transformation equations

oS oS
- aqz) Qz - 8_37

Di (2.35)

a first order partial differential equation for the generating function S, called the Hamilton-
Jacobi equation

0. (2.36)

oS oS 0S
H (ql,--~,qn, — > =

Lt = =
o og ) T o
The approach for working with higher-order systems is based on the HJ method shown above.

This formalism was extended to treat singular systems by Giiler [135], followed by generaliza-
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tions for higher order derivative Lagrangians by Pimentel and Teixeira [136], who also worked

with applications in the gravitational field |137] and topologically massive theories [138].

In the previous section we showed how a higher-order Lagrangian can be transformed into
an equivalent first-order one. A similar order-reduction mechanism will be done here as well.

Take, for simplicity, an /N-dimensional space with the following action

I= /ﬁ(q,q’,...,q(K),t)dt. (2.37)

Where ¢ the generalized coordinate, ¢ the generalized velocity, and ¢) the time derivative of
order k, and t is the time. By introducing additional variables, either based on geometrical
considerations (such as with the extrinsic curve) or simply as an order reduction mechanism

(as in the GLT method), the system can be transformed into a first-order one

t1
I = / ﬁ(q17q‘17q27q‘27 "'7qN7 ‘N7t)dt' (2-38)

to

According to Carathéodory’s equivalent Lagrangian method, an equivalent system can be con-
structed with the addition of the total derivative of a generic function, say S(q', t)

dS(q',t)

g it ) = L(d bt
L(q",q",t) = L(¢",q",t) + 7

. (2.39)
The equivalence between these two systems is established by means of the variational problem.
Two Lagrangians are equivalent to each other if there exists a function S(q',t) such that the
Lagrangians £ and L£* have equal extrema. It should be noted that Carathéodory’s definition
of extrema for the variational problem is different from the modern definition to which the
reader may be accustomed. Carathéodory defines an extremum as the curve that minimizes

the value of the action I, rather than its variation d1.

To guarantee this equivalence, it is necessary to find two functions S(¢‘,t) and a’(¢’, ) such
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that for neighborhoods of the curve ¢* = o'(¢’,t) the following two conditions are satisfied

L£(q,q" = a'(¢,t),t) =0,

2.40
oe (2.40)
g
Making use of (2.39)) these conditions can be transformed into a more useful form
s  0S
— ' —L=0
o " agt ’
(2.41)
oL 05
oi — o¢ "

The HJ formalism identifies S as the generating function and makes (2.41a) the HJ partial

differential equation for S.

The transition from the Lagrangian to the Hamiltonian formulation requires that the gen-
eralized velocities can be uniquely expressed in terms of the canonical momenta. We consider

the case in which the Hessian matrix is singular, i.e.

det W;; = det (8212;(1]) =0, (2.42)
In such case, the transformation between the Lagrangian and Hamiltonian formulations is not
invertible, and will lead us into a phase space that does not correspond to the original configu-
ration space. In other words, the Hamiltonian will not correspond to the original Lagrangian.
Assuming that the Hessian is of rank P < N. We can split the N-dimensional space into a
regular space of dimension P and a null space of dimension R = N — P. We shall name the
coordinates of the regular space ¢%, a = 1, ..., P and those of the null space in a foreshadowing

manner as t*, z =1, ..., R.

In a regular space, we are able to, via the definition of momentum, obtain the velocities as

functions of the coordinates and momenta

-a -a z a5
Pa = = — ¢ =q (tvt ’qb’a_qb) . (243)



Notice that there is no dependence on the null-space momenta.

Naturally, null-space velocities cannot be solved for; but they are still relevant, as they are
equivalent to the primary constraints in Dirac’s terminology and will constrain the motion to

a phase space of lower dimensionality

Dz = (;i gi (2.44)
We may write as
% +H. (t,tz, q”, g;) =0, (2.45)
Where
H. = —gtﬁz (2.46)

Notice that H, does not depend on t*, otherwise, the momenta p, would be invertibleﬂ We

continue by explicitly separating the null and regular terms in (2.41})

05 05, 05
o et Tog

i — L =0. (2.47)

By recognizing the partial derivatives of S as momenta, via (2.43]) and (2.44]), we can identify

the Hamiltonian function H

05 05 (1%, ¢% 1%, 4") . (2.48)

Hy =
ot? 0q°

Which reveals (2.41) the desired HJ partial differential equation.

oS
S Hy (1,8,4%4°) = . (2.49)

2 And therefore part of the regular space, and not the null one.
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Notably, Hy does not depend on #*, as can be seen by taking the total differential

dy = 22 ai + i (ﬁ) + 95 i 4 o (§> —dL
qa

ot ot=) 0 dq°

oS oL\ .. . . [0S S AL\ ,.  ...[(0S\ oL oL .
= (atz_@) di +td(8tz>+<8q“ aqa) dg +qd(6q“) ot — ot

or .,

. oL oL oL
= t*dp, + ¢“dp, — Edt ~ 9 dt® — g dq®

Where ([2.43) and ([2.44]) have been used.

Furthermore, (2.45]) can be identified as additional HJ equations for the null-space variables.
By grouping the time variable together with the null-space variables t* = (t,t*), as well as

identifying po = 05/0t, we may write these equations in a succinct manner

S a8
—— + H, [t ¢" = =0.1,.... R. 2.
8ta + [0 < ’q ) aqa) O ’a7/8 07 9 ’R < 50)

These are the HJ partial differential equations for the system. The structure of the equation
suggests that each H, is a Hamiltonian that generates dynamical evolution through its respec-
tive parameter t®. Therefore, starting from a higher-derivative Lagrangian, we have obtained a
set of HJ equations for several independent variables ¢*. Singular systems in the HJ formalism
are systems of several independent variables, with the null-space variables treated on equal

footing with ¢.

From the HJ theory, the conjugate momenta are defined to be in the direction of the gradient
of the generating function S, as can be seen from (2.43) and ([2.44). Renaming the null-space
momenta as 7., we can rewrite ([2.50|) as

HL (%, q", 75, pa) = T + Ha(t%, ¢%, pa) (2.51)

as well as identify them as a set of canonical constraints #!, = 0.

35



The system is now completely described by the set of HJ partial differential equations

H;(tﬂ, qa7 Wﬁapa) =0

o5 - _ 08
ore” Do g

(2.52)

T =

These HJ equations form a set of R + 1 first-order partial differential equations. Typically,
when we have a time-dependent Hamiltonian we can write Hamilton’s equations of motion as

follows
dp _8H dq +6H
dt  0q dt  Op’

If the parameters t* form an independent set, as we have so far assumed, the system can be

described by the following equations

dg® = %dt‘l . dp. = —%dta
Pa 1 (2.53)

dS = padq® + madt® — H. dt°

These are called the characteristic equations. The first two are simply Hamilton’s equations of
motion with several independent variables. The latter is obtained from the total differential of

the generating function S

oS . 9S
as = gdi® + 5

dq®

= —H,dt* + p,dq*®

= — (Hy — ma) dt” + padq”

= padq® + T dt® — H. dt®.
The independence of the parameters t* is crucial for this procedure and is ensured by an
integrability theorem, which will be discussed later. For now, notice that we now have solutions

of the form ¢* = ¢*(t%), ps = pa(t), in which the variables t* are evolution parameters in a

phase spaceﬂ spanned by the variables (g, p).

3Usually called reduced phase space.
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At this point it is possible to describe the evolution of a function F(t*, 7, q% p,) in an

extended phase space spanned by (¢, 7., ¢% p,) via the fundamental differential

dF = {F,H }dt (2.54)

with the help of the extended Poisson brackets

0A OB 0B 0A 0A OB 0B 0A
A BY = S on. " amon. T oFop. 9 op. (2.55)

The fundamental differential contains all the dynamics of the system and shows explicitly how

each H/, is associated with the evolution parameters t°.

The HJ equations are a necessary condition for the existence of an extremum to the action,
but they are not sufficient. While obtaining the characteristic equations, we assumed that the
new parameters t* were mutually independent. However, this is not ensured by the Hamilton-
Jacobi equations alone. The independence of t* implies that the evolution of the system
with respect to one of the parameters is totally independent of the others, which involves the
complete integrability of the theory. This entails complete solutions to the Hamilton-Jacobi
partial differential equations, as well as a unique solution to the characteristic equations
once the initial conditions are set. The necessary and sufficient condition that the HJ equations

have to obey is given by the Frobenius’ integrability condition.

Frobenius integrability conditions guarantee the existence of solutions to the characteristic
equations in the phase space, as well as simultaneous complete solutions to the HJ equations.
These can be expressed both in terms of the evolution parameters or in terms of their generators,

but the most useful approach is to express them as follows

(M, M} =0, (2.56)

If this condition is met by all the Hamiltonians of the system, the evolution with respect to any

one parameter is independent from the others. This can also be expressed via the fundamental
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differential as

dH, = 0. (2.57)
Both (2.56|) and (2.57)) are equivalent conditions.

Moreover, by recalling that the Poisson bracket of two invariants is an invariant, and if the

algebra of H/ is closed [139], we can generalize ([2.56)) to
{H,, Hi} = CoH.. (2.58)

It should be noted that, if !, does not possess an explicit time dependence, the integrability
conditions are then equivalent to the consistency conditions in the Dirac quantization method

[140).

If the Frobenius integrability conditions are satisfied, then the system is in complete in-
volution, the t* will form an independent set of evolution parameters, and the Hamiltonians
H!., are said to be involutive and labeled as 2. However, for some Hamiltonians, the equation
may not be satisfied. Such Hamiltonians are called non-involutive and labeled as A,
their presence signals the existence of more Hamiltonians. These should be identified, classified
as well into involutive or non-involutive, and added to the total set of H.; with the correct

number of Hamiltonians obtained via the nullity of the system’s Hessian matrix.

The independence of this new set of Hamiltonians might be checked by first defining a
matrix whose entries are the Poisson brackets between the Hamiltonians and then using its

null vectors to assure independence, as will be shown in the following sections.

After their independence is assured and all Hamiltonians are classified, a fully involutive

set of Hamiltonians can be obtained by defining a new bracket. The generalized bracket

(A B} = (@) B} ~ [ [(A@) AD@}AL 1) A (o), B Py
(2.59)

Where A is a vector composed of the non-involutive Hamiltonians and AE:)) is a symmetric
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matrix whose entries are the Poisson brackets between the non-involutive Hamiltonians

Al {Al,Al} {AI,A2} {Al,An}
A? {A27A1} {A27A2} U {AQ,An}

Aw=| |, Al= . ' . . (2.60)
A" {An’Al} {An’AZ} {An’An}

The generalized bracket takes the information from the non-involutive Hamiltonians and inte-
grates it into the dynamics of the system. By using it, the Non-involutive Hamiltonians become
essentially non-dynamical, as any bracket that involves them will be zero, which removes them

from the set H/,.

Given that we have modified the dynamics, one must re-evaluate the Frobenius integrability
conditions using the generalized bracket. As one might foresee, this can turn previously invo-
lutive Hamiltonians into non-involutive, which can lead to the existence of additional Hamil-
tonians. As in the previous procedure, this becomes an iterative process that concludes when

one has a complete set of involutive Hamiltonians €2(,) under the newest generalized bracket.

Once this process has ended, the dynamical information of the system is fully contained in

the fundamental differential
dF = {F,Hy} dt® + {F, Qu }dt™. (2.61)

Where we have explicitly separated the physical part, i.e. the time evolution given by the
canonical Hamiltonian. The Hamiltonians €2, are not physical, since they were generated by
the procedure to which the system has been subjected. The dynamical evolution described
by their parameters ) can be understood as canonical transformations, with the involutive
Hamiltonians as their corresponding generators. In order to relate these transformations to the

gauge transformations, we first apply the fundamental differential to the variables

o7 = {4 @ H Y dt® + {4, Qe }rat®.

39



Where v(*) = (¢*, p;,t*,7,). This evolution of the dynamical variables with respect to our

parameters t) i.e. by keeping time fixed, is understood as canonical transformations
0y = {4y prdt™. (2.62)

The variation of the action under these transformations makes it possible to obtain the gauge
transformations. Specifically, taking the variation as zero 01 = 0, a process that is shown more

explicitly thorough this work.
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Chapter 3

Higher-order Maxwell-Chern-Simons

This chapter deals with the higher-order Maxwell-Chern-Simons theory. The chapter begins
with a brief overview of the theory, its history, action, and equations of motion. Afterwards,
the theory is examined, but not before performing a 2 4+ 1 decomposition and taking the per-
turbative limit. Then, by using the Hamilton-Jacobi (HJ) framework, a complete analysis of
the theory is performed. This includes the proper identification of a complete set of involutive
Hamiltonians and a generalized differential, from which the symmetries of the theory and the
complete dynamics are obtained. In addition, this study is completed by employing the higher
order Gitman-Lyakhovich-Tyutin (GLT) framework, in which the full dynamics, gauge sym-
metries, constraints and Hamiltonian description are also obtained. We conclude the chapter

by comparing the two frameworks. The content of this section is compiled in [141].
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3.1 Theory

The higher-order Maxwell-Chern-Simons theory is, as the name suggests, a synthesis of
Maxwell’s theory and the higher-order Chern-Simons term; a generalization of the Chern-
Simons (CS) topological term, whose properties in 2 + 1 dimensions are well-known. For

abelian vector fields the action is given by
ICS = %/EO‘BWAQE)/BAA,OZ%.

It is parity violating, of first order, metric-independent, and gauge invariant. The action leads
to the locally flat field equation F,3 = 0. Because of its origin, the CS term is found in many
areas of physics, including gravitational physics, particle physics, String Theory and Loop
Quantum Gravity. And wherever it is found, its presence is quite noticeable. From the particle
physics point of view, the presence of the CS term leads to a gravitational anomaly-cancellation
mechanism in the standard model. In cosmology, the chiral anomaly works together with
inflation to amplify the production of leptons, leading to a viable model of leptogenesis [88].
Einstein’s gravity, which does not have local degrees of freedom and does not propagate any
physical gravitational waves, becomes a dynamical theory, with a propagating particle. The
Chern-Simons term introduces a coupling between the gravitational connection and a gauge
field. This modification leads to the propagation of massive gravitational excitations of helicity
+2 [|142], making the theory non-trivial. Even though the theory has a third time derivative
dependence, it is ghost-free and unitary. In 3D gravity with a Chern-Simons term there can
be black hole solutions with interesting properties, such as fractional spin and exotic statistics

for excitations [143].

Returning to our subject, when added to the Maxwell action I;4x, the theory becomes the
so-called topologically massive electrodynamics (TME), which incorporates a topological mass
term for the photon. TME excitations were found to have interesting properties, they are both
massive and gauge invariant and their single, parity-violating, degrees of freedom (DOFs) are

represented by scalar fields with non-vanishing spins. In general, both spin and the number of
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DOFs are different in massless and massive cases. Moreover, the particle content also differs
from that in conventionally massive theories. Higher derivative extensions of the Chern-Simons

action have also been studied, especially, the third-order action
Tpes = — *M0A,05A,d°
ECS — % € a0p ,yd Z. (31)

Such a term, even if it’s not present originally, is present when fermionic loop integration is
performed [144]. Tt is an intriguing term that remains gauge-invariant and of odd parity, but
it is no longer topological like the CS term. This is because of the metric dependence on the
additional covariant derivative factor. Interesting properties arise from the coupling of this
term to either pure Maxwell, the CS term, or to both of these. Including, but not limited to,

the presence of Anyons [145], as well as the Aharonov-Bohm [146] and Hall [147] effects.

3.2 The Action

The Maxwell-Chern-Simons extended Lagrangian in 2 + 1 dimensions is presented below

1 0 1
L= —ZFo‘ﬁFag + Ze“%laFm + REO‘M(DAQ)FBV. (3.2)

Where A, is the gauge potential, F,z is the curvature tensor, and €7 is the Levi-Civita

symbol. The equations of motion for a higher order field Lagrangian are

oL oL oL
R N .
For our system, these are
0 afy Bor 0 apy 1 afy 1 pv o3y
ZG FﬁV + QgF — 56 87/15 — %6 D@VAB —|— Rﬁu&,g € };’57 = 0 (34)
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These can be written more succinctly by using that

T, F, = T, 05A, — €*1T,0, A5

= "MT,05A, + 1T, 05 A,.

That is to say
T, Fg, = 2" T, 05 A, (3.5)

Using this substitution the equations of motion become
iWF+Wm+LMDF:0 (3.6)
9 By ™m By

We continue the analysis by performing a 2 4+ 1 decomposition

1 I o 0, 0, | R 1
E = _ZFJFij — §F0 FOi + ZLE JA()FZ‘]‘ — §€]AiF0j + REJ(DA())E]' — %EJ(DAZ‘)FOJ‘. (37)

Making use of (3.5)) to change the third and fifth terms, in addition to using the definition of

the electromagnetic tensor to modify the fourth and sixth terms

0 0

| 1 ... . 1 . . .
——F”Fij + §A1AZ -+ Aif)’AO - 581./4081'140 -+ 56”14081'14]' — §€Z]A¢80Aj

L —
4

3.8

. X (3.8)

0 .. 1, g .
+ 56 ]AiajAo + %6 ](DAO)@AJ - %6 j(DAl)aoA] + %6 J(DAZ)@AO
Finally, splitting the d’Alembert operator in its spatial and temporal parts we obtain

1 0 0

1., . - 1, y i 6
£: 514 AZ—Alﬁ Ao—éa AOQAO—ZFJE]+§EJA08ZA]—§E

1 1

1 1, | i . P
— %6 JAoaiAj + %6 JVQAO&-AJ- + 9 JAiAj — %6 jVQAiAj — %6 JAi(?jAO (39)

—¢€
m

1 ..
+ %Ez] VQAZ@]-AO.

We take this Lagrangian as a starting point for our calculations.
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3.3 The Gitman-Lyakhovich-Tyutin Framework

It should be noted that the Lagrangian (3.9)) has dependence on the gauge potential A, as

well as on its velocity and acceleration
L=L(A,, A, 0;A,,0,A,,0,0A,, A, 0:0;A,). (3.10)

The order of the time derivatives of the system is reduced via the introduction of the following

variables
V= A, Bu= 0, (3.11)
Together with their conjugate momenta 7%, 7”; which satisfy
{A 7"} = 0,0%(x — y),

(3.12)
{vu, @} = 610%(x — y).

An equivalent Lagrangian can be obtained by adding the changes of variables with the help of

Lagrange multipliers as

L=L+7"A, —v,)+ 7", — B.) (3.13)

The equivalence can be seen by observing the equations of motion of L, which are

%:AH—%:O,
2 G h—0,
%:%—%(gjﬁ —ﬁ“+aiaj8(a?Tim:0, (3.14)
%:%_HMZO.
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Which can be manipulated to become

oL oL oL oL oL oL oL

54, o4, Yamay Yamay) T 2% manan) T % a@ay Y amaay

Le., the EOM (3.3)). Explicitly, the equations of motion are

~ 1 . ) 1 . 1 .. 0 .. 0 .. 0 ..
L = EUZUZ' — UiaZAO — EaZAOaiAQ — ZFZJ.FZ‘j + éﬁleoaiAj — QEzJAin + §€Z]Ai8jA0
= L g0, 1 L AIVRAGA, + B — IV A, — 504, (3.15)
2m 075 o, 0% T o, T om T 2m AR

1 .. .
+ %6”V2Aiaj140 -+ W#(AM — UN) + ﬁ“(@u - B,u)

We can observe that the theory is now first order in time derivatives.
L= L(A,,v,,0;A,, 0v,,0,0;A,, By, 0:0;A,). (3.16)

Additionally, the canonical momenta have been introduced right at the start, which allows to
identify the constraints in a more convenient manner compared to Ostrogradsky’s formalism. As
a matter of fact, in the GLT framework it is not necessary to introduce generalized momenta
for the higher-order time derivatives of the fields, in contrast to Ostrogradsky’s framework.
Subsequently, the canonical Hamiltonian is given as usual, via a Legendre transformation, or,
by using , as

H = v, + B,I1" — L. (3.17)

That is

ij

A 1. . 1. 1.
H= UQ7TO + 'Uiﬂ'l + 6077’0 + ﬁlﬁ'z — §UZ’UZ' + v,@ZAO + 58114082‘/10 + ZFUF

0 .. 0 .. 0 .. 1 .. 1 ..
- 56”14081'14]‘ + 56”141%' - 56”141‘8]'140 + %eljﬂoaiAj — %EUV2A081-AJ< (3.18)

. . i .
— %6 Jﬁivj + %6 ]VQAZ'UJ‘ -+ %6 jﬁiajA() — %6 JVQAiE)jAO.

The analysis continues as it becomes clear that we cannot solve for the velocities in terms of

the conjugate momenta and the variables. So the system is constrained. A quick calculation
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shows that these primary constraints are

1
¢3 _ a_ﬁ _,ﬁ_O _ ——e”(()iAj _,ﬁ_O zo’
060 2m
o : , (3.19)
V= T T o T g G m T 0.
It is straightforward to see that their algebra is
{¢37 ¢3} = O’
S 1 ..
{00} = ——70%(x —y), (3.20)
{¢37 gbl} = O

It is important to highlight the differences between the HJ and GLT frameworks. On the
one hand, in the GLT formulation we must identify future constraints through consistency,
classifying them into first and second class. Afterwards, Dirac’s brackets can be introduced,
which makes the second class constraints strongly zero. It is only at the end of the calculations
that we can compare both methods. On the other hand, in the HJ scheme, the generalized
bracketsﬂ are introduced from the beginning. After the method is completed, only the involutive

Hamiltonians are left, which agree with the set of first-class constraints of the GLT formalism.

We will now make sure that these constraints are consistent over time by requiring that

their time evolution is zero

oW = {o®, H'} =0. (3.21)

Where ¢ = {#3, ¢'}, and H’ is the primary Hamiltonian, made up of the canonical Hamilto-

nian H,. as well as the constraints

H =H+ Xs36” + Ng". (3.22)

"Which have a construction equivalent to the Dirac Brackets.
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Where A3 and ); are Lagrange multipliers. We begin with ¢°. Its time evolution
o' = {¢" H'} = {¢', H} + Xs{0', 0"} + A {0, ¢} (3.23)
Leads to a condition on the Lagrange multiplier \;
i ij ij L4 i i i om ;; Liio2 g o
¢'=—€")\j+e Bj—ﬁe 0;v9 + mm' —mu +m8A0—76 Aj—ﬁe VZA; = 0. (3.24)
Continuing with ¢?, its consistency condition
0" ={0" H} = {0 H} + {0, 6} + 0i{0", 0} (3.25)

leads to the following equation

¢ = ——7—G(z) + n°(x) = 0. (3.26)

Given that its time evolution must be zero we are forced to introduce a new (secondary)
constraint

1 ..
X' =1 — o0, ~ 0. (3.27)

This newly added constraint must be treated at the same level as our previous ones, so its

consistency must also be reviewed. By demanding xyF° to be zero we find
X' = =0\ + €70,8; — mO'v; + mV*AY — 0meV 0, A; — €IV?9,A; ~ 0. (3.28)

Which does not lead to further constraints, but to a condition for the Lagrange multipliers.

From (§3.24) and (3.28)), another secondary constraint can be obtained
! = ot + Qe”ﬁA- + ié’f’V?aA- ~ 0 (3.29)
' 2 "7 om . '

The consistency conditions of x!' are trivially null. Therefore, the complete set of GLT con-
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straints is given by

1 ..
¢ =70+ 2—e”@AJ ~ 0,

m

1
gf)l =7 — —EUUJ' + —e”E)JAO ~ 0,

2m 2
(3.30)

=m0 — Leijaiv] ~ 0,

0 1 ..
Xl = &W’ + —e”@iAj + —GUVQ(?Z‘A]' ~ 0.
2 2m
To separate them into first and second class, we calculate the 5 x 5 matrix whose entries contain

the Poisson brackets between all constraints. This is

—%EU 0 %Gijaj 0
0 o 0 O
A= 8 (z —y). (3.31)
—Leig; 0 0 0
0 o 0 0

This matrix has a rank = 2 and 3 null vectors; this means that there will be two second class
constraints and three first class ones. The contraction of the null vectors with the constraints

allows us to identify the following first-class constraints

2
JEY (3.32)
7 = o’ + Qe”@ft + LeijVQ&fL
! 2 "7 om e

That is, one null vector is given by © = (0, d;w,w,0). From the contraction with the matrix,
we obtain 2. We observe that the constraints (3.32) coincide with the Hamiltonians obtained

by means of the HJ framework in the previous section. The two second-class constraints are

52 =7 — %‘EU’U]‘ + %GU@AO. (333)

These constraints are removed from the beginning in the HJ approach. In this sense, the HJ is

more concise. It is worth mentioning that the constraints have been obtained consistently. It
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is not necessary to fix them by hand such as has been done previously in the literature [148].
With the correct identification of the constraints, the counting of physical DOF's can be carried
out. There are 12 canonical variables {4, 7}, {v,, 7}, three first-class constraints (y',v%,~v%)

and two second-class constraints (£'); therefore, there are two physical DOFs, as expected.

The second-class constraints can be removed by means of the Dirac bracket

{A(). B(+')}p = {A(x), B(x')} / / (A(2), &)} A5 (9, (€ (=), B)}dPyd=. (3.34)

Where A} is, naturally, the inverse of A, which contains in its entries the Poisson brackets

among the second-class constraints A% = {£2 €%}, That is
AY(z,y) = me’§*(z — y). (3.35)

Once obtained, Dirac’s bracket modifies the canonical relations between the coordinates and

momenta. Resulting in the following non-trivial brackets

{40, 7% p =0 —y),  {Aim}p =58 —y),

{7 v;}p = %8,62(26 —y), {n%7}p =—1£€90,6%(x —y),

4m

(3.36)
{U(J?ﬁO}D = 52(1’ - y)a {Uhﬁ-j}D = %6552('% - y)?

{vi,vitp = mGz’j52(x —y), {7, ®}p= ﬁﬁijﬁsz(x —Y)-
Using these, we see that the constraints v, 42, and v3 are still first class. We will now fix the
gauge in order to remove the redundant DOFs. This will also remove all first-class constraints,

turning them into second class [149]. Demanding consistency of the Coulomb gauge v* = 0; A;

results in a new constraint

P’ ={8:A H'}p = 0" := 7", (3.37)

Consistency of 7% gives no new constraints. Below we present the nontrivial brackets among

50



all constraints
{(v",7’}p = V26 (z — ),
{7*.7*}p = V26 (x — y),

{(7° 7' }p = V2P (x —y), (3.38)

Om 1
{+%,7*}p = 7V252(9€ —y) + §V452($ —y),

{V°.1%)p = m* V2% (z — y).
As can be seen, all have become second class. At this point, a new Dirac bracket can be
introduced. By using these brackets into a new A;bl matrix, new Dirac’s brackets, say {-, -} p,,

can be obtained. These are

{Ao,v0}p, = m2%52(x —y), {Ao,vi}p, = meijg—];f?(x —y),
{A077T0}D2 = 52<I‘ - y)7 {A(bﬂ—i}Dz = _%Gij%(sz(x - y)?
{Ag, 7} p, = —3 &% (z — ), {Ai,vo}p, = —me;; ;6% (x — y),

{Ai> ﬁ-j}Dz = %(53 - %)52(37 - y)? {Uovﬂ-i}Dz = —(Qm# + %)8152(56 - y);
(3.39)
{U077?0}D2 = %52($ - y)? {Uo’ﬁ-i}Dz = _%eij%(p(x - y)?

{Uiﬁj}pg = %(55 - 6%—?)52(33 - ?J), {Ui,WO}DQ = —%31'52(33 - y),

{70, 7%}, = —gn€70;0%(x —y),  {x",®}p, = 1,€70;0°(x — ),

{ﬂ-iv ﬁj}Dz = %(5” - %)52(1‘ - y)

These brackets can be used for quantization of the theory by using the methods reported in
[150], where a procedure of gauge fixing is developed in the path integral approach. Systems
with gauge symmetries can represent different configurations of the variables with the same
physical description if said states are related by means of a gauge transformation. Fixing the
gauge removes this ambiguity from the system. This is the reason for which all Hamiltonians

become involutive.
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3.3.1 Gauge transformations

Aditionally, instead of fixing the gauge, one can obtain the gauge transformations of the
system. In this section, we use Castellani’s procedure [148], [151] to obtain the gauge transfor-
mations. We start this calculation with the Hamiltonian , the constraints given in ,
and the Dirac brackets . First, we define the gauge generator as

G = /eayad%. (3.40)

Where €, are the gauge parameters, a = 1,2, 3. This generates infinitesimal gauge transforma-

tions on the phase space variables, say F, through

5F = / Sea(y) (F(2).7*(4)} oy, (3.41)

In particular, the generator obeys the following equation, called the master equation,

G416 Hrkp =0 (3.42)

Where Hr = H. + u,y* is the total Hamiltonian. From the algebra of the constraints and the

canonical Hamiltonian, we can obtain the so-called structure functions V*, C%, given by

{H,""(z)}p = / Vit(z, )" (y)d%y,

(3.43)
(@ wn = [ Oyt
Using these, the master equation becomes
dEa T cl
di ) —/eb(y)\/f(x,y)de—/eb(y)%(z)Cab(x,y, 2)d*yd*z = 0. (3.44)
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Since the only nonzero structure functions are V3 = —6%(z — y) , Vi = —6%(x — y), with all

the C% = 0, we can obtain the following relations between the generators

€1 = é-37
(3.45)
€y = —ég.
Therefore, the generator has only one parameter and can be written as
G= /(5&'371 — 8é37? + besy?)da. (3.46)

using (49) the gauge transformations of the variables are

540 = / bea(y) [ — )|y,

0
4 1 .. 0 6 .. 0 1 .. 0
ot = /561(y) [%6”@(52(% — y):| + 663(y) [—56”@(52<.’E — y) - %GUVZ@(SZ(Jj — y) d2y,

dvg = /5(—:1(y) [—52@ — y)} d*y,

0
o= [0 52 (x — dy.
w=[a) | o)
(3.47)
Where 679 = §7° = 7 = 0. By using (54) the following gauge transformations are found

dA, = —0,0€s,
ot = 01 (—g + % — %VQ) 0;0€s,
(3.48)
dv, = —0,0¢é3,
ot =0
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3.4 The Hamilton-Jacobi Framework

For the purpose of analysis, we will write the Lagrangian (2) in a new fashion by introducing
the following variables A, — &,, Au — v,. By doing this, the following constraints éu — v, =
0 will be added to the Lagrangian by means of new nonphysical variables ¥*. Thus, the

Lagrangian takes the form

L i L Lo 0 i 0 i 0 i
L= SUi = v;0'§o — 53 20,60 — ZF]E]’ + 56]5031'53' —5€ & + §€j§i3jfo
1. 1o 1o
+ %6 J(—UO + v2€0)ai§j - %6 J(—’Ui + VQ&)U]' + %E j(—’l)i + VQ&)GJ{O (349)

+ 9% (vo — &o) + U (v; — &).

We can observe that the theory is now linear in the temporal derivatives, and we can apply the

HJ analysis. From the definition of the momenta

(3.50)

where Q) = {&, &, vo, vs, %0, 1;} are the canonical variables and P® = {7 7% 70 7% p® p'}

their corresponding momenta, we find the following Hamiltonians

0 =70+ Lei0i; =0, Q=7 — sLei(v; — 0;6) =0, (3.51)
03 =p"=0, =p=0

As well as the canonical Hamiltonian, obtained as usual from a Legendre transformation

H =€, + 0,7 + Yt — L (3.52)
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This is

1 . ) 1 . 1 .. . . .
H = —sv'v; + 0,06 + 58°€°0:6 + ~FV Fyj — 96”50@'5]' + Qﬁ”fﬂ)g’ - Qﬁwfiajfo
2 2 4 2 2 2 (3.53)

+ 70V2E + 7'V2E + vy + T,

Thus, with the Hamiltonians identified, we construct the fundamental differential, which de-

scribes the evolution of any function, say F', on the phase space

dF = / {F, HYydt® + {F, QR }dews + {F, Q) Ydw! + {F, Q5}dwg + {F, Q) }dw;
(3.54)
+H{F, Q§}dwi + {F, Q4 }dwi] dy.

Where w{, w}, w, w?, wi, and w? are parameters associated with the Hamiltonians. To this end,
we separate the Hamiltonians into involutive and non-involutive. Involutive Hamiltonians are
those whose Poisson brackets with all Hamiltonians, including themselves, vanish; otherwise,
they are called non-involutive and labeled as A, respectively. The Poisson algebra between the

Hamiltonians is given by
0 i Lo o
{080, Qh(0)} = —5 10,0 — ),

{Q2(2), B(y)} = —0*(x —y),

04(2). 9(9)} = 5 —I0,0%(x — ), (3.55)
{D1(2), )} =178« — y),

{04(2), 9(y)) =~ 0%z — ).

Hence, we observe that all the Hamiltonians are non-involutive, particularly those related to the

nonphysical fields 1, and their momenta p*. The matrix composed of these Poisson brackets,
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namely

0 0 0 —5e*g -1 0
0 0 €0 0 0 n9
0 —5=c*d, 0 0 0 0 |,
Agp = B & (x—y) (3.56)
7€), 0 0 —Led 0 0
1 0 0 0 0 0
0 —n 0 0 0 0

cannot be inverted. This means that the Hamiltonians are not independent. Therefore, the
null vectors (¢ of the matrix A, are used to identify the independent ones, as is done in a pure

Dirac framework.

/Awgﬁyzg (3.57)

By doing this, a null vector can be found

1 .
C,u = (0,0,'LU,0,0, —%qj@]w) s (358)

where w is an arbitrary function. The contraction of ¢, with a vector composed of the non-
involutive Hamiltonians Q" = {Q9 Q1 09 Q) Q% QL) (i.e. (,QW = 0) yields a new Hamilto-
nian, given by

1

Q70+ %el]aifj - %e” ip; = 0. (3.59)

Its Poisson brackets with all other Hamiltonians can be seen to vanish. Therefore, this new

Hamiltonian is an involutive one. In this manner, the complete set of non-involutive Hamilto-
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nians is given by

i ~1 1 ij
A3 =T — %6](’0]' — 0]-50) = 0, (360)
Ay = po =0,
Al=p"=0

The new A, matrix takes the form

0 0 —5-€"9 -1 0
0 0 0 0 nY
Ay = ﬁeijaj 0 —%eij 0 0 0z —y). (3.61)
1 0 0 0 O
0 —n" 0 0 O

This matrix is, naturally, invertible. Its inverse is found to be

0 0 0 1 0

0 0 0 —Nji

0 6 (z —y). (3.62)

A;bl('rvy): 0 0 mey %]

2

0
-1 0 —30 0 0
0

0 m; 0 0

With this at hand, we introduce the generalized brackets

{A(x), B(z')}" = {A(z), B(x)} - //{A(:v),/\“(y)}ﬁabl(y,Z){Ab(Z)’B(:U’)}dedzz- (3.63)
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Where A is a vector containing the non-involutive Hamiltonians. By using the generalized

brackets, we can calculate the algebra of the phase space variables

{fuv ™} = 5Z§2(:L“ —Y), {fuvwv}* = _77#1/52<x —Y),

{70 v} = 30k0%(x —y), {07} = - L9z —y),
{vo, 7} = 6*(z — y), {vi, v }* = mepd*(z — y), (3.64)

{on ) = 1002 — ), {unt) = S0 —y),

{ﬁi,ﬁk}* = LE“%SZ(QZ —y), {7 e}t = —Leij8j52(x —y).

4m 4m

These generalized brackets will coincide with those of Dirac, which are calculated in the next
section. In particular, we can observe that the generalized HJ bracket between the Hamiltonian
() with itself is trivial

{Q, U} =0 (3.65)
Which tells us that €2; is still involutive, even under the new bracket.

In this manner, the introduction of the HJ brackets removes the non-involutive Hamiltonians
completely, by making them non-dynamical. This leaves us with a new fundamental differential,
given by

dF = / {F, H(y)}dt® + {F, % (y)} do'] dy. (3.66)

By using the fundamental differential, we have removed the nonphysical degrees of freedom
(DOFs) 1o, 1;, making the results in this section match those of the next section. In this
regard, once the generalized brackets are introduced, we could perform the substitution of
the ¢’s with the 7’s in the action; the result would be that the HJ and GLT actions are
equivalent. In other approaches, see [148], the nonphysical DOF are removed until the end of
the calculations, because the separation of the constraints into first and second class allows
the introduction of the Dirac brackets. In contrast, in the HJ framework, the elimination
of nonphysical DOFs is more convenient. We also have to take into account the Frobenius

integrability conditions, which ensure that the system is integrable. Applying these conditions
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to the Hamiltonian €2y, the following Hamiltonian arises
A (z) = / {0 (2), H(y)}rdt® + {(z), U (y)Ydo'] &Py = 7° — o7 (3.67)

This entails the introduction of a new Hamiltonian, Qy = 7% — 9;7*. A quick calculation shows

that

{€2(2), Qa(y) 1" = {2(2), A (y)}" = 0.

Therefore, €y is an involutive Hamiltonian, which has to be included in the fundamental
differential. This new fundamental differential must then be used to check the involution
of all Hamiltonians. The evolution of Omega; is not altered, because its bracket with Omegas

is zero. But from the evolution of Omegas we see that a new Hamiltonian has been obtained.

A(2) = [ [{a(a), W)}t + {9a(a), ()} do’ + {ale), Qalw)) o] 2y = 23 =0,
With
0 = 0+ S0 + 5 IVE, (3.68)

No further Hamiltonians emerge from the inclusion of {25 into the fundamental differential. As

a result, the complete set of involutive Hamiltonians is given by

5 1 ..
Ql = 7T0 + %Ewazfj = O,
Qy =70 — 97 = 0, (3.69)
) 0 ij 1 i v72
Qg = aﬂT + 56 &fj + %E \Y @SJ = 0.

With the fundamental differential being

dF:/[{F,H(y)}*dtoJr{F, O (y)} dot + {F, Qa(y)} do® + {F,Qs(y)}'do’] d°y.  (3.70)

3

Where o, 02, 0% are parameters associated with the Hamiltonians. Therefore, we have pre-

sented an alternative for studying higher-order theories in the context of HJ theory, which
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is more economical than those previously reported in the literature. With the fundamental

differential, we can obtain the characteristic equations and then identify the symmetries.

3.4.1 Gauge transformations

By calculating the characteristic equations from the fundamental differential, the symme-

tries of the theory can be obtained. Using (3.70]), we find them to be
dgo = ’Uodt - dt2,
dfl = ’Uldt + Gidt3,
1., 1 30 . o 1. 1. .

dn® = {Eaﬂ) - §v2§0 + €08 - Vil + ys N0 + 50 } dt,
dn' = — |0, F" + Qeijv- + V27| dt — Leijﬁdal + Qeij(?» + Le’;jVQC(?- do?

/ 2 2m 2° 7 2m / ’

(3.71)

dUO = VQ&)dt + dUl,

1 1 . . 0 .
dUZ' = |:§V2£Z + éaﬂjo — meijvj + me,;jaj&) + Tméz + meijwj} dt — (9z»d02,

70 = —70dt,
T = |:§’U — 56 50 + ZLE Jgj — %6 383-’(]0 + RGJVng — 571'] dt.

The evolution of the dynamical variables with respect to our parameters o* is understood as
canonical transformations, with the corresponding Hamiltonians as generators. Due to Frobe-
nius’ theorem [133], the transformation with respect to one of these parameters is independent

of the evolution with respect to the others. To relate these canonical transformations to the
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gauge ones. Setting dt = 0 yields

660 = —60?,

56 = 0;00°,

om' = —Leija&rl + Qe”@- + LeUVQa' 5o° (3.72)
om~ 2 7" 2m o '

Svg = oot

(S’Ui = —81'50'2.

Where, naturally, 7 = §7° = d7° = 0. In this method, in order to find the gauge transforma-
tions, it is necessary to see the specific conditions in which this equation acts on the Lagrangian.
The Lagrangian must be invariant under these transformations 6/ = 0. This will result in rela-
tions between the parameters o', 02, and o that will lead to the gauge transformations. The

variation in the Lagrangian is
oL oL oL
oL = —0A, + ——0(0,A ——————§(0,0"A,) | dtd*z. 3.73
[ 504+ g @A) + gy @A | ats. G

Where we used A, instead of §, for a more straightforward comparison of both formalisms.

This, up to a total time derivative, is found to be
0L = / {960‘&’85%17 — 0g ™ — ieam(aoa“aﬁfxv) + %EQ’BVVQQBAV} SAndtd®x = 0. (3.74)
We can combine the first and second equations in to write the variation as
§Ay = —0280° + 6.,0;00°. (3.75)
Then, by combining the previous two equations, the variation of the action takes the form

. . | P 1 ..
0L = —/ (96”8@-Aj -+ &-F’O — %e”aiAj + EUVQC%AJ‘) (50'2 + 80503)dtd2:c =0. (376)

m
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Therefore, the theory will be invariant under the transformations (3.75)) if the parameters obey

S0 = —0y00>. (3.77)
Hence, from , the gauge transformations are given by

§A, = 9,60 (3.78)
Additionally, since v, = Au» it can be seen that

So' = 9y0p60°. (3.79)

By identifying 0® = —e3 both formalisms agree.
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Chapter 4

Weyl Gravity

Beginning with the necessity of a gravitational action endowed with conformal invariance, we
derive the Weyl action along with its corresponding equations of motion. Subsequently, we
delve into the study of the action utilizing the Hamilton-Jacobi (HJ) method, but not without
first taking the perturbative limit of the metric around the Minkowski background. To diminish
the order of time derivatives within the Lagrangian, we introduce an extrinsic curvature-like
variable. The conjugate momenta are then obtained employing the conventional definition,
alongside the canonical Hamiltonian. Correct identification of the Hamiltonians is facilitated
through rank-nullity analysis of the Hessian matrix of the system, followed by classification
of these Hamiltonians using Frobenius integrability conditions. Non-involutive Hamiltonians
are seamlessly integrated into the dynamics through the introduction of generalized brackets,
generating a conclusive set of involutive Hamiltonians from which the symmetries of the theory
are derived. While a Hamiltonian analysis of Weyl’s conformal gravity can be found in [152],
employing a reduced Dirac formalism, we present an alternative analysis herein, treating all
fields as dynamical. This encompasses both an extrinsic curvature-type variable and a Lagrange
multiplier, the latter typically assumed as a momentum from the outset. Additionally, we
provide an exhaustive Hamilton-Jacobi analysis of the gauge transformations, a facet typically
addressed marginally within the Dirac method. The outcomes of this section are documented

in [153], but are shown here in a more detailed manner.

63



4.1 Theory

The focus of this investigation revolves around Weyl gravity, a higher-order theory character-
ized by its covariance under diffeomorphism and invariance under conformal transformations
of the metric. These transformations, preserving angles and scaling, extend the concept of

Poincaré transformations and encompass scale transformations as well [154].

In 1850, physicist Mikhail Ostrogradsky introduced a theorem asserting that a non-degenerate
Lagrangian, comprised of finite higher-order time derivatives, yields a Hamiltonian unbounded
from below. Specifically, it was demonstrated that the Hamiltonian of such a system incorpo-
rates linearity in physical momenta, commonly termed the ” Ostrogradsky ghost.” This thesis
delves into methods of circumventing the Ostrogradsky ghost by examining degenerate La-

grangians, thereby imposing constraints on the momenta.

Ostrogradsky’s findings revealed the presence of a “ghost” within these theories, indicat-
ing the influence of an unphysical variable on the theory’s dynamics. This ghost manifests
through negative kinetic energy, linear physical momentum within the Hamiltonian, and un-
stable degrees of freedom. Consequently, the Hamiltonian lacks a lower bound, implying that a
conventional one-derivative system could absorb infinite energy if coupled to an Ostrogradsky
system. Essentially, the Ostrogradsky ghost, or instability, renders the theory fundamentally
“sick”, necessitating the avoidance of such problem for the construction of a viable physical
theory. Recent research has demonstrated that degenerate second-order Lagrangians introduce
constraints capable of circumventing the Ostrogradsky ghost [155]. Through the introduction
of auxiliary variables and constraints, these Lagrangians can be reformulated into equivalent
first-order systems. Moreover, in scenarios involving multiple fields, the presence of higher

derivatives does not necessarily entail the existence of ghosts [156].

This theory encompasses six degrees of freedom, linked to ordinary massless excitations of
spin 2 and 1, alongside a spin 2 ghost |157]. Moreover, the Weyl action gives rise to fourth-order

differential equations and lacks any dimensional coupling constant. Furthermore, this theory
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finds application in conformal supergravity and twistor-string theory [158|, and has spurred

the development of alternative formulations, such as the Weyl-Type f(Q,T") theories [159].

The Weyl action stands out for its remarkable renormalization properties, it being demon-
strated as renormalizable. This property arises from the inclusion of higher-order derivatives in
the Lagrangian and the presence of a dimensionless coupling constant akin to the Yang-Mills
theory [122]. Consequently, it is often viewed as an ultraviolet completion of general relativity
with supplementary attributes. An intriguing correlation exists between Quantum Weyl Grav-
ity (QWG) and the SU(3) Yang-Mills (YM) theory, also known as Quantum Chromodynamics
(QCD). Like QCD, the gravitational interaction in QWG displays anti-screening behavior at
high energies, prompting speculation regarding an analogy between R? gravity and QCD [160],
[161]. However, QWG is generally not regarded as a feasible contender for a fundamental the-
ory of quantum gravity due to its perturbative spectrum harboring a massless spin-2 ghost.
This concern isn’t exclusive to Weyl Gravity but applies to all gravitational theories featuring
higher-order derivatives, where unitarity is jeopardized by the existence of states with negative

kinetic energy, termed ghosts.

The theory maintains its phenomenology at solar system scales, as its solutions extend the
generality of Schwarzschild’s metric. However, the question of whether these solutions hold
physical feasibility remains open [162]. On galactic scales, the theory offers a precise depiction
of rotational velocities observed at the peripheries of galaxies, aligning closely with reported

values without necessitating the inclusion of dark matter [163].

Moreover, the theory’s captivating attributes extend to the cosmological scale. It aligns
with the same cosmological data as the A-CDM model, elucidates dark energy, propels cosmic
expansion, and prevents the necessity for dark matter [15]. Mannheim’s work [15] demon-
strated that within a universe described by the Friedmann-Robertson-Walker (FRW) metric
and the energy-momentum tensor of a perfect fluid, Weyl’s conformal theory excellently fits
luminosity measurements from type la supernovae, all without requiring dark matter or dark
energy. Conversely, Jawad et al. [164], employing the same metric and energy-momentum ten-

sor considerations, explored the equilibrium perspective of thermodynamic laws for the Hubble
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horizon using the Weyl theory coupled to a scalar field. By employing four distinct parameter-
izations of the deceleration parameter, they scrutinized the behavior of the equation of state
parameter, the validity of the second law of generalized thermodynamics, the thermal equilib-
rium condition, and the model’s stability. Their findings indicate that the equation of state
parameter remains sufficiently preserved in the quintessence and vacuum realms, the second
law of generalized thermodynamics holds in the majority of analyzed domains, and the thermal

condition is at least partially satisfied across all models.

Weyl’s insights carry profound implications, offering not only the approach outlined in this
dissertation but also an alternative avenue with comparably favorable outcomes. Some schol-
ars integrate Weyl’s symmetry directly into the geometry itself, leading to what’s known as
Weyl geometry. Here, the fundamental variables include the metric g,, and a Weyl vector w,,
the latter responsible for modulating the length of vectors in parallel transport. This frame-
work extends to generalized connections and consequently the Riemann tensor, introducing an
electromagnetic-like tensor for the Weyl vector and non-metricity. Among these theories, the
f(Q,T) Weyl-type theory stands out, with Q representing non-metricity and T indicating the
trace of the momentum-energy tensor. Studies have indicated the cosmological viability of these
theories. Xu et al. |165] analyzed a Friedmann-Robertson-Walker (FRW) metric incorporating
an energy-momentum tensor for a perfect fluid, demonstrating that both the Hubble and de-
celeration parameters mirror predictions from the Lambda-CDM model. Conversely, Gabdail
et al. [166] investigated a model involving a bulk viscous fluid in a non-relativistic scenario.
Their findings span the evolution of various cosmological parameters, including the Hubble
parameter, density parameter p, Statefinder diagnostics, and Om diagnostics. They conclude
that the model effectively describes the universe’s acceleration in light of current observations,
albeit noting that the constant deceleration parameter they derived precludes a transition from

a decelerating to an accelerating phase.

In this section, we adopt a less radical interpretation of Weyl’s concepts, retaining conformal
invariance while omitting the unification with electromagnetism. As a result, we adhere to the

standard Riemannian geometry, utilizing only the metric as the fundamental variable while
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imbuing gravity with additional conformal symmetry. This naturally steers us toward the
domain of higher-order theories, which diverge even further from conventional frameworks.
Nevertheless, it remains crucial to demonstrate that regardless of the specific formulation of

Weyl’s conformal ideas, they exert significant influence at the cosmological level.

The theory was conceived in 1919, when Hermann Weyl theorized [167] that Einstein’s
theory of general relativity should be invariant with respect to transformations of the metric

tensor of the form

G (@) = G (@) = €T gy (). (4.1)

Which are nowadays called conformal transformations. Using this gauge principle, Weyl
attempted to unify gravity and electromagnetism with a generalized Einstein-Maxwell La-
grangian. Sadly, his theory was unsuccessful, but it gave birth to the discovery of quantum-
mechanical phase invariance ¥(z) — ¢ @)W (x) [168], and to the concept of gauge symmetry,
one of the most profound tenets of modern physics. Even to this day, his ideas are used in

cosmological models, still in an attempt to unify gravity with the quantum theory.

During this period, Weyl developed a keen interest in the cosmological facets of general
relativity, specifically focusing on the curvature characteristics of the universe. Still captivated
by metric gauge transformations, Weyl sought a tensor analogous to the Riemann tensor, one
that remained invariant under the aforementioned transformation. Eventually, he identified
such a tensor, now recognized as the Weyl conformal tensor, only to realize much later its
fundamental significance in modern comprehension of the two gravitational effects of matter:
compression and tidal deformation. It’s noteworthy that the Weyl tensor’s derivation can be

traced back to a simple requirement of invariance under (4.1)), as will be shown subsequently.

Conformal transformations, such as the one in (4.1)), alter the space-time interval, but do
not transform the angles between vectors. Remembering the dot product between two vectors

- U= g(u,v) = guu'v” as well as the angle between them

- =

U - U g(u, )

[ullo] ~ \/9(@, 0)\/9(@ 0)

cos b, =




Applying a conformal transformation leaves this expression invariant

em(x)

e g(1, V)

\/eew(:c)g(a” U) \/eeﬂ(x)g<ﬂl" f[)’)

cos — cosl =

= cos 6. (4.3)

This is not the case for the line element, which is stretched by a factor of e"

ds* = g datdz” — d3* = eTg,, datdr” = e ds? (4.4)

With the exception of the light cone, where ds? = 0.

4.2 The Weyl Tensor

We now will show how to obtain the Weyl tensor in a n-dimensional manifold, working with

the infinitesimal transformation up to first order. Equation (4.1)) becomes

G () = e”(z)gu,,(x) ~ (1+em)gu. (4.5)

Given that the identity g,,¢"* = &, must hold, the inverse metric transforms up to first order

as

g (x) = (1 —em)g"” (4.6)

Therefore, the variation dg,, = g — g of the metric and its inverse is

5guu(x) = €MGuv, ( )
4.7

g (x) = —emgh”.

Now we’ll see how this transformation affects the Connection I'g, the Riemann tensor R*,4,,

Ricci’s tensor Ry, and the scalar curvature 2. We begin with the connection

1 oz)\(

B = 59" (9280 + Iaup — 9B (4.8)
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The connection transforms as

Bu — F,B/.L + 59 [€(7Gos) u+ €(TGopn) 5 — €(TG5u) o) — §7T9 [(9o8) 1+ O(Gop) 5 — (gﬁu),a]~ (4.9)

Next is the Riemann tensor

RPMUV = I‘wa — FZUW -+ qul—‘ga — Fgul—‘gm. (4,10)
Which transforms as
~ €
Rl o = RP o + 5[55(7T,u);0 — 00T ) — gwgp)\(ﬂ,k);o + guag’))‘(m)\);u}. (4.11)

By using the following tensor

€
B = — o 4.12
! 29“’8(775);7 ( )

We can express it in the following, more convenient, way

Rp/w'u == Rp + 559uAB)\0 - 5gpguAB>\V - g/U/BpO' + guaBpV (413)

nov

From here, the Ricci tensor and the scalar curvature are obtained directly by contracting the

indices

R, =R, —(1—-2)B,, — 9.B, (4.14)

R=(1—en)R—2(n—1)B). (4.15)

Where B = B%,. At this point we can obtain a tensor invariant under conformal transforma-
tions by taking the product of (4.15]) with §,, and working our way up to the Riemann tensor.

By taking the above product we can obtain an expression for B in terms of R and R

o gul/R B guuR

Y B = 2= 1) (4.16)
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Which lets us, upon substitution in , yields an expression for B, in terms of Ricci’s

tensor, the scalar curvature and their respective transformed selves

R, — R, n IR — g R

B = (n—2) 2m—2)(n—1)

(4.17)

By lowering all indices on the Riemann tensor and inserting (4.17) into (4.13]) we obtain

(1 - 67)6/4#011 - Cﬁ,ucn/- (418)

Where C 0, is the totally covariant Weyl tensor

1 R(_gung o + 9org 1/)
Ay VHR o O'HR v VRHU URRV £ £
(11—2)(9 (2 g (2 g# +gﬂ» )+ (H—2)(I1—1)

OH,LLO’V = Rn,u,ay + . (419)

In 3 + 1 dimensions the Weyl tensor reads

1 R
CK,[AO'V - Rn,uau + §(gw§Rua - gonRuV - g,w/RnU + g,uURHV) + g(_gwﬁguo + gm-iguu)' (420)

The Weyl tensor characterizes the distortion of the body’s shape due to tidal forces along its
geodesic trajectory, rather than indicating changes in volume. In contrast, the Ricci curvature,
derived from the trace component of the Riemann tensor, is what describes volume changes.
Consequently, the Weyl tensor constitutes the non-trace portion of the Riemann tensor and

shares its symmetries

Coeﬁ/u/ = _Cﬁaur/ = _Cozﬁu/u
(4.21)

COCB,U,V + Oap,z/ﬁ + Cal’ﬂﬂ == 0
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But in addition to this, it is trace-free, meaning that the contraction of any pair of indices is

identically zero, even in curved spaces where R,3 # 0. For a manifold of dimension n

1 R
Cu = Ry + W(Rﬁw —nRu — guR+ Ru) + (n—2)(n—1) (NG — Gpur)
1 guR
= R,, 2 —-n)R,, — guR L
(Y +(Il—2)[( Il) (2 g# ]+<Il—2)

It should be obvious from (4.20)) that the Weyl tensor is identically zero in two dimensions, a

simple calculation can also show that it is also zero in D = 3.

An object A is said to be of conformal weight k if A — eklem) 4. As can be seen by 1D

the metric tensor has weight k = 1, since g**g,5 = 05 it follows that
g =eTg" (4.22)

And thus the metric inverse has weight of £ = —1. Additionally, given that the metric deter-

minant is

g = 5“6"'”ggaglﬁ...gng. (4.23)

The metric determinant has weight £ = n, where n is the dimension
g=e"mg. (4.24)

By the same token, ({4.18]) shows that the totally covariant Weyl tensor has a weight of k& = 1.

A simple raising of an index via a metric tensor C®,5, = g°*C),5, shows that the Weyl tensor
C%upy = R gy + 5(5u Ry — 05 Ry — g R + gusR%) + E(_‘Suguﬁ + 05 9um), (4.25)

has a weight k = 0, therefore, it is conformally invariant
Cauﬂl/ = Oa,uﬁu' (426)
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Some authors express conformal transformations as A — Q2?A. In such case, the conformal

weights found here can be compared by multiplying by a factor of two.

4.3 The Weyl Action and its Equation of Motion

In the pursuit of achieving a conformally invariant gravitational action, a logical approach
involves investigating contractions and squares of the Weyl tensor. Given that the Weyl tensor
is traceless, the simplest conformal action that can be constructed from the metric and the

Weyl tensor is that of the square of the Weyl tensor

I = / V=GCau COP . (4.27)

This action was originally proposed by Rudolf Bach in 1920. In 1977, Kaku, Nieuwenhuizen,
and Townsend showed that Bach’s theory of gravity may be regarded as the gauge theory of
the conformal group [169]. We can see that this action is a conformal invariant by expressing

it in the following way

/—QC%W Co'ngwnggMgw_

By adding the conformal weights of each term k =5 +0+0+1—3 =3 — 2, we can see that

the Weyl action is conformally invariant exclusively in four dimensions.

Expressed in terms of the Riemann tensor, Ricci’s tensor and the scalar curvature, this

action becomes

1
I = /\/__g (RQBMVRQBMV - QRNVRMV + ng) d'z. (428)

Before continuing with the equations of motion, it is perhaps worth recalling the work of
Cornelius Lanczos [170]; which, following Weyl’s lead, managed to describe the Riemannian
quadratic term Ragw,Ro‘ﬁ’“’ in terms of R, R" and R? without affecting the equations of
motion. Thus decreasing the abundance of conformal invariants that can be added to the action,

simplifying the mathematical difficulty of the theory and improving its logical attractiveness.
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Avoiding, for example, once the Lanczos trick is applied, potential conflicts like those present

on Riemann-curved but Ricci-flat spaces, such as with the Schwarzschild metric.

Lanczos’ trick is performed by subtracting I, from our original action, with
I, = / V=9(RasR*"* + AR, R" + BR*)d'x.

With the judicious choice of A = —3 and B = 2/3 it can be shown that the contribution of this
action to the equations of motion is proportional to a Bianchi identity. This leaves the EOM
unchanged, but removes the troublesome R,,,sR**® from the Lagrangian ['| Therefore, the

simplified Weyl action becomes

1
I= / N (RWRW - 532) d*z. (4.29)

Its equations of motion can be obtained via the variation of the action, which can be initially
split into a variation with respect to the metric tensor and a variation of Ricci’s tensor

1 1 2 2
6 = / V=g {igﬂ,, <§R2 — RaﬂRaﬁ> +2R\R,> — gRRMV} §(g" )+ [23#” — gRg“”} §(Ru)d .

Then, by means of Palatini’s contracted identity Ry, = (0T}, ):x — (6T)),, this can be turned

into

1 1 2 . 2
51 = / V=g {EgWRaﬁRaﬁ — 0" R < 2RV 4 SRR 4 2RI — RIS — SRV

2 .
_’_ggﬂuR;a,a _ g'uVRa'B;a;B:| 5g,wd4x.

Finally, using the contracted Bianchi identity R*%.5 = %R?a the last term can be transformed

into %g“”R;OjO‘, yielding

1 1 2 2 .
59" Rag R — g R? 2RI R+ SRR 2R YR o SR 4 g R, = 0. (4.30)

!For a more detailed calculation see [171]
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This equation can be further manipulated to yield

1 1 1 2 v 2o
59" (RaﬁRaﬂ - 532) -0 (RW - 6gWR) —2R'aR" + SRRY £ 2R"," — SR =0,

(4.31)

A version more commonly found in the literature.

4.4 Linearization

In this section we will perform a perturbative analysis of the Weyl action, starting from the

simplified Weyl action (4.29))
v 1 2 4
I'= [ V—=g(Ru.R" — §R d*x.
In particular, we will perform a perturbative expansion of the metric tensor up to first order
G = N + h,uzx + Oz(h) (432)

Where 7, is a flat background metric, i.e. the Minkowski metric, and h,, is a perturbative

field. The inverse of the metric tensor, up to first order can be obtained via the following
property

g,uag(w = 5Z7

and reads as

g = — .

Additionally, as a quick calculation can show, the determinant of the metric expands as

\/—_:\/—_n(lJr%h).
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In the following, we will summarize the first order expressions of the relevant tensors. The

first-order expression of the Christoffel symbols is shown for completeness

(0%
FW ~

UQB(hVB,u + hﬁ#,v - huv,ﬁ)’ (433)

N —

The first-order expressions for the Riemann tensor and its contractions are shown below

R®u80 2~ =0 (huaps — Puvrs — hpapw + Pusaw),

(4.34)

N — N

=
E
12

naﬂ(hlmwﬁ - h.ul/,aﬁ - haﬁ,M,V + hVﬁ,u,a)7

R~ ha,g’a’ﬁ _ hp/a.

We now focus on the terms appearing in the simplified Weyl action. After a simple, but

somewhat lengthy, calculation, the Ricci squared term can be written as

1
R R = 2 (20 a5 — Al a 10 57— Ay 0 b 4 2, o 17
(4.35)

B P 5P A 2R G 4 ).

Thereafter, the scalar quadratic curvature term can be calculated in a straightforward way
R? = hopg®P ™ — 2h o *h ™ + ho*h g " (4.36)

After an initial substitution, Weyl’s action reads as follows

—r1 1
[ N / _/r’ |:§hua7avyhuﬁ’ﬁ7y - hﬂavaﬂ/h/uyvﬁ7ﬂ - hua7a’yh7M7V _'_ §hua7a’yh’/5767u

1 1 1 1

+ Zhuljya7ahuy,57ﬁ + §huy7a7ah”u7l/ + Zh”u,,l/]/uuﬂj — gha67a7ﬁhuyzuzy
2 1

+ ha " — §h,a:ah,ﬁﬂ d*z.
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By performing a number of integration by parts this becomes

1 1 1
[ = / e (—§8a8uh,,°‘DhW + 50a0h, 950" W + Oh,, O
1 1 1 (4.37)
~50,0uh0" 0" h — 500 ha0 O by, + éa“ﬁ”hWDh> dz.

The action above is invariant under both linearized diffeomorphisms and the linearized version
of the Weyl rescalings. Its EOM can be obtained either through variation of the action or via
the Euler-Lagrange equations, or even by linearizing (4.30))
1 le' B 1 Y] « 1 a 20 v 1 21ap 1 af2
— 58 0,0n"” — 58 0,0h “+§3 0°0,,0,h" —1—5[1 h*” — —g*"[J*h

0 (4.38)

1 1
+ 0°0°0h + g*’ 009" hy, = 0.

This equation is of fourth order in the derivatives; a property particular to higher-order theories,
that causes the appearance of additional degrees of freedom and ghosts. After linearizing the
system we proceed with the Hamilton-Jacobi method, but not before performing a space-time

decomposition, as well as a change of variable.

4.5 The Hamilton-Jacobi Framework

In this section we will use the Hamilton-Jacobi method to obtain a consistent Hamiltonian
with dynamics equivalent to that of the original Lagrangian (4.28]). This requires the identifi-
cation of the conjugate momenta, which in turn requires a more explicit identification of the

time derivatives. This is why we will first perform a 3 4+ 1 decomposition. Starting from (4.37)
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and performing a decomposition, we arrive at

1o = houh + Jhou 0 — ST hogh ;4 2o B — g — Thih® — SV heg v
+ ivzhng%Oj — %VQhOmiLmj’j — th’i,mhoj,j’m + %hij,k;h%’i’j — %hz]kh’”k + thlzhmjj
+ %v%mnv%mn - %hm;{nhm{j’" + %hzj:idhmn,m,n - %kﬁh“ﬂ - 1—127ifv2h00 - i'ﬁﬁiﬂ
i Moo Vi o, Lt v Lo,
—~ iv%xv%jf + %hiovihnm»n:m - %hiovivi’hnn + éhhnm”m - %hw?hn”

1 1
- 6v2h00hnm7n’m + EVZhOOVth”.

A large expression. Fortunately, there is a more compact way to write this action, which has the
added benefit of performing a change of variable. Using the following extrinsic curvature-like

tensor

1
Kij = 5(hij = Oihoj — Ojhay). (4.39)
We can obtain the following expression
1 . - o~ . . Co~ ~ .. 1 . ~
L= 5(1(2-]-}(” + RijRY + K ;0'0'h* — 2K;; R — 0,0;hgo R7) — 6(K2 + R?
. .~ ~ 1 . . .
+ KV?hoo = 2K R — RV hio) + 75V hooV?hoo — 20 K0 K™ + 30 K10, K (4.40)
—20,K0; K7 + ;KJ'K.

As mentioned in previous chapters, in order to apply the Hamilton-Jacobi (HJ) method to
higher order systems, it is necessary to perform changes of variables. This is done in order
to reduce the order of the time derivatives. By introducing the extrinsic curvature-like tensor
K;; not only have we simplified the expression, but we also have taken care of this step. Now,

instead of having time derivatives in the perturbation of order two fzij, we will at most have
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first derivatives of the extrinsic curvature K,

1 . .. ~ o~ . . Sy ~ 1 . ~
L= (KyKY + Ry RV + K;j0'0'h" — 2K;; R — 0,0;hgo R7) — 6(K2 + R?
. .. - 1 o . .
+ KV?hoy — 2K R — RV?hgo) + Ev%oov?hoo —20; K0 K™ + 30'K;;0, K™ (4.41)
| . L 1 .

The last term includes the change of variables which, by means of a Lagrange multiplier, is in-
cluded in the Lagrangian to maintain consistency. This procedure has additional consequences.
As we can see, the number of variables has increased. To the initial set of variables {hqo, hoi, hij }
we have added the newly introduced K;;. Not only that, but we will also add the Lagrange

multiplier \¥, as per the method. Therefore, the set of variables becomes

QW = {Kij, hij, hoi, hoos N7} (4.42)
Their conjugated momenta are presented in orderly fashion as follows

PW = {119 7% 7% 7% ;1. (4.43)

These can be readily acquired using the standard definition

(4.44)
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Only two of them are non-zero

. 1 - 1 1 1
Hab — Kab + §h00,a,b . Rab . _nabK o _nabv2h00 + _,'7611)}%7

3 6 3
1
ab __ ~ yba
T —2)\ ,
oL
Oa __ _
= i =0, (4.45)
Wooza_ﬁz
Oho
ab — a)'\ab —

Fulfilling the required canonical relationships

(K (2) 1)) = (0080 + 63000%(x — ),
i), 7)) = (6208 + 5006w ),
{(hou(r), ™ (1)} = 60%(r — ),

{hoo(@), 7 (y)} = 8*(z — y),

(N(), Yaal)} = (0] + i) — ).

Having obtained the canonical momenta we can proceed to obtain the canonical Hamiltonian

H. through a Legendre transformation of all the variables
Hc = KZ]HZJ + hi]”ﬂ'ij + }'LOZ'?TOi + ilog?TOO + )\”T” - L. (446)

A fist substitution yields

. . . S . I U (VR
HC = Ki]’H” + hijﬂl] + hoﬂTOZ + hoo’/TOO + )\Z’jTZ] — §KinU — §R7;jRZ] —

1

§KZ]3’83 hOO

-~ 1 ~ .. 1. 1~ 1. 1. ~ 1~
KR 4 ~0,0;ho0RY + ~K? + ~R?> + ~KV?hoy — =KR — ~RV>h
ARG GG T G R TG ©3 6 %
— Ev%oov?hoo + 20, Ky’ K'* — 30" K;;0, K* + 20, KO, K" — 0; KO'K

g 1. 1 1
+ AY (K’U — §hlj + §h0j7i + §h0i,j)-
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An expression that can be simplified using the definitions of momentum, leading to

1 - 1 o o . )
Hc - éﬂin” - §Hij8i8jh00 —|— HinZ] + 28jKik(")]Km - 381Kij8kK'”
(4.47)

+20,K0; KV — i KO'K + 2" (Kij + hoi)-

Notice that we cannot solve for any velocities from the definitions of momenta, which signals
the existence of both constraints and gauge symmetries. To identify the correct number of

constraints, we turn our attention to the Hessian matrix

9L 0L 2L L. 2L
OR 0K ORp0h"  OKap0h0i  0Kap0hii  0K.,05i
L 9L 2L 2L oL
OhoodK  Dhoodh®  DhooOh%i  Dhoodhid  OhoodNI
.0—5‘ — | oz 0L 2L L L (4.48)
aQ(M) aQ (V) 8h0a8KiJ' 8h0a8h00 6h0a6h0i 6h0a6hij (9h0a(9)\ij
92L 92 02 02 92L

OhapOKii  OhgyOh00  OhapOh0t  Ohapdhii  OhgpON

9L 2L L L 2L
OrabOKT  OrgpOh00  ONGpOR0T  OAgpOhi  OAgpONI

Since our variables are all symmetri(ﬂ this matrix is of dimension 22. The analysis is greatly

simplified by taking into account that only one element is non-zero

9L
RO 0 0 0 0
0 0 0 0 0
oL
20100 0 0 0 0 0 ( )
0 0 0 0 0
0 0 0 0 0
Where
0*L 1 1 1
= 25050+ 2695 — —n%n,. 4.
OKioK, 2 3% g i (4.50)

2Notice that the actual number of independent variables is reduced due to the symmetries. Decreasing the
number of variables below 36.
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This is a 6 x 6 matrix, since the rest of the matrix is trivial (rank 0 and nullity 16) our attention

will center only on this component. Its explicit form is shown below

oL oL oL oL 9L _oC
0K11  0Ki2 0Kiz 0Kz  0Ksz  0Kss

2
20 0 -t 0o -

wl=

- 0 . 0 0 0 0

Q
k:‘
[ V]
V]
Wl

[

Wl
W=

The rank of this submatrix is 5 and its nullity is 1, which means that the rank and nullity of the
Hessian matrix are 5 and 17, respectively. As a consequence, we should have 17 constraints.
The momenta we have account for sixteen of these. The missing one can be obtained by
analyzing the submatrix in detail. Since the first column can be constructed from the fourth

and the sixth C; = —(Cy + Cp) then

oI AN2 I 9er(TN)

; + - ; -
8Kab aKab 8Kab aKab

Which is equivalent to
IT=0. (4.51)
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This is our missing element. Therefore, the total set of constraints is

Q(O) =1II ~ 0,
Q(l) = 7T00 = O,
Q) = 7 ~ 0, (4.52)

Qi = —2m 4 XU > 0,

The HJ method identifies these as Hamiltonians and classifies them in accordance with their
Poisson brackets. We expect the Hamiltonians to be involutive, i.e., for any two €y and Q)
their Poisson bracket must satisfy {), s} ~ 0. But we will most likely also find non-
involutive Hamiltonians, which will have at least one non-zero bracketEl. In such a case, it is
necessary to generalize to the Poisson bracket to eliminate the non-involutive Hamiltonians.
To examine the evolution of the Hamiltonians, we will first obtain their algebra. The only

non-zero bracket is the following
(i oWy = Ligisi 4 sign) (4.53)
(3)? " “ab g\a b bYa /- :

Therefore, Hamiltonians Q’é) and QZ(;) are non-involutive. To differentiate these from the ones

that are in involution, we will use the symbol A. Our set of Hamiltonians becomes

Q(O) =II ~ 0,
Q(l) = 7TOO ~ O,
Q) = 7 ~ 0, (4.54)

A = 29 4 N ),

3As will be the case for Q% and Q((:Z)

(3)
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Now that we have a complete set of Hamiltonians and the non-involutive ones have been
identified, we can eliminate the latter using the generalized bracket. To be precise, we will
modify the Poisson bracket in such a way that the brackets involving the A’s are always zero,
thus making the non-involutive Hamiltonians non-dynamical. The new “generalized bracket”

is defined in the following way

(A(e). B@))" = {4). B} - [ [ {42, AP W) AL (0.9 {Aw (), B}y
(4.55)

Where Ag:)) is a matrix whose entries are made of the Poisson bracket among the non-involutive

Hamiltonians
{AlaAl} {A17A2} {A17An}
A2 AL A2 A2} oo {A2 AT
N A | (40
{An’Al} {An’AQ} . {An’An}

And AW, A,y are vectors composed of the same A’s

Al

AZ
A(M):(Al AZ Am) . Ay = (4.57)

ATL

The matrix at hand is relatively simple as we have only four elements

5 AY (), A% Agy (= A% 5 ) 0 1
Al (.y) = { E y(@), A (W)} {AG) (), Ay ()} — (A5 (@), A9()}
(A (@), A2 ()} {AL (@), AL ()} -1 0
That is
y 1 . . . 0 1
Ag(,y) = 5(5,0 + 6,0;) 8 (x —y). (4.58)
-1 0
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To obtain its inverse we use the property that a matrix times its inverse gives the identity

matrix
ij bk—1 3 1 i ok ick L0 2
Aab(‘ra y)Ajc (ya Z)d Yy = 5(5(150 + 505a> 0 (I - Z) (459)
0 1
A trivial calculation shows that the inverse is
AV P R 4.60
o (Y,2) =0.0; - (y —2). (4.60)

Inserting this into (4.54)) yields the Generalized bracket, with the help of which we can obtain
the generalized algebra of coordinates and momenta. To avoid unnecessary work, note that
only the brackets involving h;;, T;; and A are modified. The resulting generalized brackets for

our coordinates and momenta are
1
{Kij(x), I (2")}* = 5(5f5§' +6,07)8%(x — a'),
1
{hig (x), 7 (@)} = (0705 + 0,07)0° (& — '),
{hoi(x), 7 (2"} = 676° (2 — 2),
(4.61)
{hoo(z), ™ (")} = 6%(x — 2),
{Tij(2), M)} =0,
{hi;(x), M)y = (555; + 55«5;?)(53(37 —').
There are only two brackets that differ from Poisson’s and their differences are directly related
to the non-involutive Hamiltonians. The second to last bracket tells us that T;; is no longer
a dynamical variable, since its bracket with its conjugate variable A* is now zero. The last
one tells us that A* now behaves as a conjugate momentum to h;;, a role that shares with 7%.

This is the same information that is contained in the non-involutive Hamiltonians, therefore

we have now transformed the weak equalities Ag) ~ (), Az(;.l) ~ ( into strong ones. Therefore,
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the set of Hamiltonians is now reduced to

Q(O) - H,

Quy =7, (4.62)
07 __

Q) =

Now, the introduction of a new bracket naturally modifies the dynamics of the system. There-
fore, we must ensure that the Hamiltonians are still in involution. As we have not modified
the brackets of II¥ 7%, 7% the equation is an involutive set, at least with one another.
All that remains to be seen is whether they are in involution with the canonical Hamiltonian.

A quick calculation shows us that we got three more Hamiltonians

100 @) ety dy = 27
/ (Qu (@), Holy) YidPy = —a 9,11, (4.63)
/{QO’ ()Y dy = 20,757

These Hamiltonians depend only on the momenta. Given that we have not modified the

brackets relating to the momenta they are in involution

Q(O) - H,
Q(l) — 7.{_00’
=,
(4.64)
Q(G) — ’ﬁ',

85



Once more, we need just to check the generalized bracket with the canonical Hamiltonian
/{Q ()} d3y_—v2ﬂ + Q ~ 0,
/{Q )} dy = 20,0 ~ 0, (4.65)
10 1)y =o.

These do not lead to any more Hamiltonians, so the set is involutive. These, together
with the canonical Hamiltonian, fully describe the system’s dynamics. We do this by means of

the fundamental differential

dF = / [{F MYy dt + {F, Q) }de© + {F, Quy }de® + {F, Q%) de?
(4.66)
H{F, Qe e + {F, Q) }dg™ + {F, Q) }def | d

The parameters £ correspond to the evolution parameters of each Hamiltonian Q. Accord-
ing to the Frobenius integrability conditions, the evolution concerning one of these parameters,
including time, remains independent of the others. As a result, equation encapsulates all
the system’s dynamical information, encompassing both the characteristic equations and the

gauge symmetries.

Applying the fundamental differential to the variables allows us to derive the characteristic
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equations mentioned earlier

dhi; = (2K + O;hoj + O;hoi)dt + iy de® — %(@d{é? + 8dEY),
dho; = d&g,
dhgy = dW,
AN = —[0'0,11% — V117 + &/ 9,11 ] dt,
(4.67)

1 ~
dfi; = (i — S0,0;hoo + Riy)dt + ;A€ + 8,0;d¢™

dr¥ = —

% [aiaanaj — VI 4 aﬂ'aanai} dt,
1T = [4V2KU — 3010, K% — 3070, K™ + 2000 K + 20" 0,0, K
—IVREK — 27#1} dt.
Additionally, dT = dr® = dz* = 0, which tells us that T;;, 7°°, and 7% are non-dynamical. On

further inspection, it can be seen that d\¥ and dr’s equations contain the same information.

Furthermore, by considering only the evolution with respect to time, we are left with

dh;

(2K;; + O;hoj + O;he;)dt,
1 -
dKij - (H” — §8i8jh00 —|— R”> dt,
dr'l = —§(azamnmﬂ — VY 99, 11™) dt, (4.68)
dllY = (4VPKY — 30'0, K% — 3079, K“" + 20'0" K + 21" 9,0, K™
— MIVAK — 27Tij)dt.

The first two equations yield the equation of motion for h;;, effectively reducing the number
of dynamical variables to 18. Subsequently, we can proceed to count the degrees of freedom.
Excluding ;) and Q%), given that 7%, 7% are not dynamical, we encounter a total of six

constraints. Consequently, the number of degrees of freedom amounts to six.

The canonical transformations can be obtained by taking dt = 0 in the characteristic
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equations and relating the parameters £,

1
dhij = n;;d€® — 5(33‘655(()?) + az‘dfé?)),
dho; = de8?,
(4.69)
dhooy = d¢W,

d;j = ;g + 8;0;d¢).

To obtain the gauge transformation we must first seek a covariant expression for the metric

perturbation by combining the characteristic equations for each component

Sl = 3302660) + (908 + 5,803 + L1 nyd€® — 0,068 — 50065, (470)

7

The gauge transformations are those that leave the action unaltered. Therefore, we take the
variation of (4.37)), as given by {.70]f"} This will guide us to the relationships that the param-

eters £ must adhere to for the transformation to truly qualify as gauge transformations

5 = / [ — 08"9,h° + éaﬂayaaaahaé n %DDhW

(4.71)
1 1 1
— énwmmhéé + émaﬂayhéﬁ + gnwmaaaﬂhw Oh,dtd®x
After substituting equation (4.70) this transforms to
v 1 v 0 1 v 1 v o
5S = [— 0300, ™ + 200" 0,051 + SOOR — <Ok
1 nwary o 1;11/ o 0fp 050 5¢(1) ]'Oi 1 50 (2)
+ 00" hs’ + oy 0070 haﬁ} [5#@55 + 5 (35, + 5,00)d¢]
o 1 1
+ 5,81 (nig6© — 50,065, — 5@555?)] dtd®x
Which can be further manipulated into
58 = / (E(l)(sg(” + Ep)06” — E6)06© + 2 0,065, + Eg)&éfé?)dtd% (4.72)

4That is, omitting time.
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Where

2 o1 ]
E(l) == §V28087;h01 - éaoﬁoaﬁjh” + gVZVQhOO VQGO(?Oh + = V2V2 - —V28 3 h”

1 . 1 . 1 . . . . )
=) = 5000° 000,17 + SV 00,1 4 L0000, + gaoalajakhﬂ’“ + §V28080h(”

1 1 . | . 1 ~ 1 , .
+ §v2v2h°% - 6806’808% + gv%oawo + 6v2a°azh — §v2(9@ajh30,

1 1 2 1 1 I T
=) = 5000 00 — SO + SV VPV 4 (V00 h 4 VPV,

y 1 1 . 1 1 . 1 o
=) = 500NN + A IO — SVPPT Y 4 SVPO N + 00 0

1. 1. 1 | | g
- —818]808kh0k - —alﬁjaa(?bh“b - —8080808%” - —V28080h” - szth”

1 1 . B
+35 7 8,0°0,0°h +55 ”v2aoaoh°0 + anv2a O°h — ”v2v2h°° + En”Wv?h

S~ o L~ . 1 ..
o 0 91 93 29i957,00 2919751, i) 0 0k ij 0 ab
—12(308 0'0"h + —12V 9'0h —12V 0"’ h 677 0y0"0yOrh " 00" 0aOph

1 .. 1 .
- gnlJVQaOakhOk — EUUVQc?a@bh“b.
(4.73)

We now proceed to relate the parameters £ in order to find the gauge transformations. A
brief inspection shows that equations =Z(;y = ), therefore we rename both of them as =.
This establishes a connection between the corresponding parameters £ and £©. Following

substitution and subsequent partial integration, we are presented with
S = / [E (56D + 56 4 =08 5el? — ( 0,2 + 0,=; ) 06, } dtd’z (4.74)
With
o —ij a:ji 1 2006 aOhOi 1 2 QaOhOi 1 2818 o hOO 1 2@18 ) hOk
i) + 035 = —§V o - §V \Y - gv hOoh™ — §V 00k
1 1 ~ 1 . 1 )
— 500" 00 030 + 000000 0'h + V200 h + <000 D' Dpdxh™  (4.75)

1 : 1 y
+ gaoaoalakalh“ — §V260808jh”.
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This expression corresponds to a time derivative of Ezz)

=’ = QE(y) = 0,2, + 0,E)- (4.76)

Which will relate 5[()22-) with 5?5). By reformulating the evolution parameter, we incorporate the
time derivative

065y = 000€l” + 0,06 (4.77)

Upon insertion into the variation of the action and subsequent partial integrations
i =i (2) _ q0=5¢2) .
And by using 9;5(,)0§," = 0"Z0;". This ends up as
58 = / = (560 + 56 4 0062 — = (56 + 66) | doa (479)

In order for this variation to be zero, the parameters have to be related in the following way

8%6¢l? = %€, = —26¢, (4.80)

06 = 5g = —0gl;.

Using this in ) reveals the gauge symmetries as

1
5h,u1/ = an5€ + 5 (au&/ + 81/5#) . (481)

At this point, a canonical Hamiltonian, whose dynamics are equivalent to the original higher-
order Lagrangian, has been found. Additionally, it is possible to provide a comprehensive
description of the system’s dynamics with the help of the fundamental differential, the gener-
alized bracket and the involutive Hamiltonians. Furthermore, the theory’s gauge symmetries

have been found to be those of conformal gravity |152].
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Chapter 5

Conclusions

In this thesis work, the extended Maxwell-Chern-Simons theory was analyzed via two differ-
ent methods. Regarding the Hamilton-Jacobi study, the theory was written as a first-order
Lagrangian using auxiliary fields. Then, with help of the null vectors, all Hamiltonians were
correctly identified. Following this, substituting the Poisson brackets for the generalized brack-
ets allowed the elimination of all non-physical fields. Afterwards, a fundamental differential was
constructed, given in terms of both the generalized brackets and the remaining, fully involutive,
Hamiltonians. As a consequence, the correct identification of the characteristic equations could
be performed, after which the equations of motion, as well as the gauge transformations, were
found. In this way, it is demonstrated that the Hamilton-Jacobi approach is an outstanding

method for the analysis of higher-order systems.

Moreover, using the Gitman-Lyakhovich-Tyutin (GLT) method we reported the full struc-
ture of the constraints. Using this method, the constraints were obtained in a consistent way,
without having to set them manually, as is commonly done in some published studies. The
analysis was concluded by fixing the gauge, which allowed the complete structure of the Dirac
brackets to be observed. This analysis, originally presented in (reference) and shown in an
extended form here, extends previous results. This analysis serves as proof that this type of

study can be carried out for higher order theories, as was done in chapter 4 with Weyl theory.
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Following this preliminary analysis, the Hamilton-Jacobi method was used to analyze Weyl
gravity. Following the same guidelines, supplementary variables were added to reduce the
Lagrangian system to a first order system, which allowed us to obtain the canonical Hamiltonian
in a natural way. As a result of this process, an intricate relationship between the variables of the
system was generated, leading to the existence of Hamiltonians, which, using the null vectors,
were classified. Subsequently, with the help of the generalized bracket, additional degrees
of freedom and non-involutive Hamiltonians were eliminated. The physical degrees of freedom
were counted and the fundamental differential was constructed, which allowed the identification

of the characteristic equations and, through a quick analysis, the gauge transformations.

These methods presented here outline a more detailed type of analysis than has been seen
before, at least concerning higher order theories. It provides a better handling of the Hamil-
tonians, allowing gauge symmetries to be seen more easily. In general, it is desirable to have
at hand different methods to analyze higher order theories, in order to take advantage of the
benefits of each one. Specifically regarding the Hamilton-Jacobi method, it offers the possibility
to obtain gauge symmetries without having to manually fix the gauge, as is common in other
methods. It should be noted that at the end of the procedure the generalized bracket brackets
of the HJ method coincide with those of Dirac. Nevertheless, opting for the HJ method avoids
the laborious classification of the constraints, since the involutive Hamiltonians are obtained
by means of the Frobenius inegrability conditions. This also avoids the Dirac conjecture al-
together. With respect to the gauge symmetries, these can be obtained using the HJ method
by demanding the action’s invariance under the canonical transformations obtained from the

characteristic equations.

As concluding remarks, these methods have previously only been applied to second order
theories. The generalization of these techniques to higher order theories may provide valuable
information, especially when quantization is being pursued. Gravitational theories, in particu-
lar, could benefit, as renormalization is a still an unresolved issue. By revealing properties such
as Ostrogradsky instabilities, as well as providing a Hamiltonian description, these formalisms

can help identify potentially viable higher-order theories. Furthermore, the methods leave the
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theories such that a first quantization can be done in a straightforward manner.
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